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Abstract Here, we study the effect of strong gravitational field on the light rays emitted from the particles in the accretion disk in
the vicinity of the Kerr–Newman–NUT–Kiselev (KNNK) black hole in the Rastall gravity (RG). In our analysis we consider the
thin accretion disk model of Novikov and Thorne. We observe that the thermal flux of the accretion disk strongly depends on the
intensity of the quintessence in the spacetime of the KNNK black hole in the RG, and the flux decreases for the increasing values of
the quintessential intensity. We also notice that the smaller values of the equation of state parameter ωq , for the quintessence, reduces
the thermal flux for very small values of the Rastall parameter κλ. Further we use the numerical codes, namely, the GYOTO and
TM (Temurbek Mirzaev) codes, using C++ and Python languages, to compare the shadow cast by the KNNK black hole in the RG.
We see that both the codes give similar behavior of the shadow cast by the KNNK black hole in the RG. Interestingly, we observe
that the left hand side of the apparent black hole environment with respect to the central black hole is much brighter than the right
hand side. This is due to the Doppler effect, i.e. the frequency of photons coming towards the observer (and thus the observed flux
energy) is always higher than those of moving away form the observer. We demonstrate that increase of the quintessential intensity
increases the size of the shadow cast by the KNNK black hole in the RG, considerably when the parameter κλ is very close to zero.
We also see that the change in the size of the shadow of the KNNK black hole in the RG becomes negligible with the change in the
quintessential intensity parameter α, when the parameter ωq is close to zero and it becomes considerable when the parameter ωq is
smaller than zero. Next, we show that the position and shape of the shadow cast by the KNNK black hole in the RG strongly depends
on the inclination angle of the incident light. We notice that the shadow of the KNNK black hole in the RG has more circular-like
form for smaller values of the inclination angle. Further the shadow of the KNNK black hole in the RG shifts towards the right and
becomes more deformed with the increasing values of the inclination angle.

1 Introduction

To acquire knowledge about the geometric structure of a spacetime and to understand the gravitational field of ultra-compact objects
like black holes, the study of particle motion in black hole spacetimes is a useful tool for this purpose. Usually two types of geodesic
motion in black hole spacetimes are considered, namely, timelike geodesic and null geodesics. The study of the latter one is important
from the point of view as it can be related to the shadow cast by black holes. When a photon or light passes a nearby black hole,
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according to the Einstein theory of General Relativity (GR), it gets deflected by the strong gravitational field of the central black
hole and it may go in circular orbits. These circular orbits of photons are also called light rings. As a result of these light rings
around a black hole, the central object i.e the black hole appears as a dark disk in the sky and in the literature it is known as the
black hole shadow. Falcke et al. introduced the idea of observing the black hole shadow at the galactic centre SgrA* with very long
baseline interferometry (VLBI) at the level of submillimeter wavelengths, where they assumed thin accretion flow in the region of
the spectrum [1]. The recent observation of the shadow of the supermassive black hole at the centre of the galaxy M87, by the Event
Horizon Telescope (EHT) Collaboration [2], has given a boost to the study of black hole shadows. The estimate of the masses of
black hole has already been obtained and the black holes are now classified according to their masses as primordial black holes,
stellar-mass black holes and supermassive black holes [3]. The other important parameter of a rotating black hole is its spin which
may be related with the distortion of the shadow cast by the black hole. The estimation of the spin of a black hole is still an unresolved
issue. Amongst different mechanisms proposed for the measurement of the spin of a black hole, the black hole shadow is a potential
candidate to provide useful information about the estimation of the spin parameter of a rotating black hole [4].

The comprehension of the process of the formation of an accretion disk around a rotating black hole is an interesting topic of
research [5]. Different models have been proposed to study the accretion disks around black holes [6, 7]. Using these models the
accretion of different types of matter have been analysed in a variety of black hoe spacetimes [8–11]. The model of thin accretion
disk was presented by Shakura and Sunyaev in the Newtonian gravity background [6]. The Shakura and Sunyaev model of the thin
accretion disk was then extended by Novikov and Thorne in the framework of GR by considering the equatorial accretion on the Kerr
black hole [12]. In the Novikov–Thorne model they assumed that the accretion rate of the matter on the black hole is constant and is
independent of the radius of the disk. The energy flux of the accretion disk was then studied by Page and Thorne [7]. The accretion
disk has also been analysed in the theories of gravity other than GR [13–18]. The study of accretion disk has also been carried out in
other compact objects like wormhole and neutron stars [19–22]. Besides the analytical studies of the accretion disks around black
holes, numerical studies have also been done in black hole geometries [23–26]. Different numerical codes have been developed to
investigate the black hole shadow cast by black holes in the presence of the accretions disks [27, 28]. Vincent et al. have given a
general relativistic ray-tracing code known as GYOTO code for the computation of the images of the astronomical compact objects
in the surrounding of black holes and other ultra-compact objects in the sky [28]. The GYOTO code also provides the trajectories
of massive objects in the relativistic regime as it can integrate the null and timelike geodesic equations in the spacetime metric of
the compact objects. Recently another ray tracing code has been proposed by Temurbek, which is a modified version of the codes
described in [29–31] and is applied in the current analysis.

From the recent observations, the existence of a repulsive gravitational force at the global scale (cosmic dark energy), which may
be responsible for the current accelerated expansion of the observable Universe has been confirmed [32]. One of the candidates for
the dark energy is the quintessential dark energy and is characterized by the equation of state Pq � ωqρq , where Pq , ρq and ωq are
pressure, energy density and the parameter of the equation of state, respectively. The parameter ωq is restricted as −1 < ωq < −1/3
for the quintessence. In an astrophysical situation the quintessential dark energy can give rise to some gravitational effects in the
vicinity of black holes, as, for example, deflecting the photons or light coming from some distant star, and therefore, should be taken
into account in this scenario. To know the role played by the quintessential dark energy in such a situation, Kiselev has obtained
a black hole solution of the Einstein field equations of GR for a point gravitating source both with and without charge [33]. The
Kislev solution was then generalized for an axially symmetric gravitating source [34], and the charged version of the same was then
presented in the literature [33]. The charged-Kiselev black hoe has also been studied with the NUT parameter [35], which can be
interpreted either as a parameter for the gravitomagnetic monopole of the central gravitational source or as a property responsible
for the twisting of the surrounding spacetime [36]. The charged rotating Kiselev black hole in the presence of the NUT parameter
has also been studied in the Rastall theory of gravity [37]. The Rastall theory of gravity is an alternative to the GR, where the matter
field is non-minimally coupled to the geometry [38]. Visser objected the Rastall theory of gravity by arguing that it is equivalent
to the GR [39]. Replying to the Visser claim, Darbari et al., presented that the Rastall theory is not equivalent to the GR and is an
alternative theory of gravity which is to be consider as an open theory in comparison of the GR [40]. In the Rastall theory of gravity
static as well as rotating black hole solutions have been obtained [41, 42]. In a recent work geodesic motion has been studied in
the spacetime of the charged-rotating-NUT Kiselev black hole in the Rastall theory of gravity, where the imprints of the Rastall
parameter have been analysed on the quasi periodic oscillations of particles in the stable circular orbits [43]. For interested readers,
we recommend to see our previously published papers [44–50].

In the present study we are exploring the black hole shadow cast by the KNNK black hole in the RG, along with the thin accretion
disk around it. For this purpose we are considering the Novikov–Thorne thin accretion disk model. Further we use the GYOTO
code and the TM (Temurbek Mirzaev) code to compare the results obtained from both the codes for the images of the KNNK black
hole. We observe that the thermal flux of the thin accretion disk of Novikov and Thorne is strongly dependent on the quintessential
intensity and the Rastall parameter of the KNNK black hole spacetime in the RG. We see that the thermal flux becomes weaker for
the bigger values of the quintessential intensity. Next, we use GYOTO code and TM code to explore the shadow formed around the
KNNK black hole in the RG, with a thin accretion disk, and compare the results obtained using the two codes. The details are given
in the subsequent sections.

This work is organized as follows: In the next section, the KNNK black hole in the Rastall theory of gravity is briefly reviewed.
In Sect. 3 the Novikov–Thorne accretion disk model is discussed. In the Sect. 4 the shadow cast by the KNNK black hoe in the
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Table 1 Exact analytical solutions
for the inner and outer horizons of
the KNNK black hole in the RG
for selected values of parameters
ωq and κλ

ωq , κλ Horizon (r±)

0,0
(
M + α

2
) ±

√(
M + α

2
)2 + l2 − a2 − q2

− 1/3,0 M
1−α

±
√
M2−(a2+q2−l2)(1−α)

1−α

0,1/6 M
1−α

±
√
M2−(a2+q2−l2)(1−α)

1−α

− 1/3,− 1/2
(
M + α

2
) ±

√(
M + α

2
)2 + l2 − a2 − q2

1/3,0 M ±
√
M2 + l2 + α − a2 − q2

Rastall theory of gravity is studied by using the GYOTO code. The shadow cast by the KNNK black hoe in the Rastall theory of
gravity with the use of the TM code is done in the Sect. 5. A discussion of the work done is presented in the last section.

2 Kerr–Newman–NUT–Kiselev spacetime in the Rastall gravity

The spacetime around the KNNK black hole in the RG is described by the metric (see [37])

ds2 � − �

ρ2 [dt − {a sin2 θ + 2l(1 − cos θ )}dφ]2

+
ρ2

�
dr2 + ρ2dθ2 +

sin2 θ

ρ2 [adt − {r2 + (a + l)2}dφ]2, (1)

where

� � r2 − 2Mr + a2 + e2 + g2 − l2 − αrv, (2)

v � 1 − 3ω

1 − 3κλ(1 + ω)
, (3)

ρ2 � r2 + (l + a cos θ )2, (4)

and, M and a are the gravitational mass and specific angular momentum of the black hole, respectively. The rest of the parameters
related to the KNNK black hole in the RG are: l is the gravitomagnetic charge or so-called NUT parameter, α is the quintessential
intensity, κλ is the Rastall gravity parameter, ωq is the parameter of equation of state of the quintessence, e and g are related to the
electric and magnetic charges of the black hole, respectively [37]. New parameter q2 � e2 + g2 is introduced to take into account
the contribution of the electric and magnetic charges of the KNNK black hole in the RG to the spacetime properties.

The KNNK black hole in RG may have several horizons depending on the values of the parameters ωq and κλ. The event
horizons are determined as the coordinate singularity of the spacetime and as a null hypersurface of constant r. Consequently, the
event horizons are defined as the roots of the following algebraic equation

r2 − 2Mr + a2 + q2 − l2 − αrv � 0. (5)

The horizon coincides to have only inner and outer parts or there is no cosmological horizon for the selected values of the parameters
ωq and κλ. The thermodynamic properties of black holes can be easily explored in this specific case of the horizon. Due to this
reason only two roots for the horizon are explored in [51]. It is difficult to study, for example, the entropy product in case of existence
of more than two roots of the horizon equation due to more complicated computations. In [37], the circumstances when there will
be two analytic roots are explored and collected in the Table 1.

3 Thin accretion disk model

According to the Novikov–Thorne model [12], accretion disk formed around the central KNNK black hole in the RG is geometrically
thin but optically it is thick. The vertical size or the height of the thin accretion disk is always considered negligible as compared
to the horizontal size or spread of the accretion disk. In other words, the maximum half thickness (height h) of the accretion disk
in the vertical direction is always much smaller than the characteristic radius r of the disk in the horizontal direction, consequently
h � r . In the accreting matter the pressure gradient and gradient of a vertical entropy are both negligible due to hydrodynamic
equilibrium in a thin accretion disk. The efficient cooling through the thermal radiation over surface of the whole disk prevents
disk from simulation of the heat produced by stresses and dynamical friction. This equilibrium stabilizes thin vertical size of the
accretion disk. Consequently, in the higher orbits the accreting plasma is in a typical Keplerian motion and an inner edge of the thin
accretion disk is at the marginally stable orbit around the compact object.
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For steady state accretion disk models the mass accretion rate Ṁ0 does not depend on time. The physical quantities averaged over
a characteristic time scale, e.g. �t , for a total period of the orbits over the azimuthal angle �φ � 2π and over the vertical height h,
describe the orbiting plasma [6, 7, 12]. For a particle with mass m orbiting the central KNNK black hole in the RG at the equatorial
plane the effective potential can be written as [7, 12, 52]

Veff(r ) � −1 +
E2gφφ + 2ELgtφ + L2gtt

g2
tφ − gtt gφφ

, (6)

where the conserved quantities E and L are the specific energy and the specific angular momentum of a particle, respectively. These
two constants of motion can be expressed through the components of the metric tensor as

E � − gtt + �gtφ√−gtt − 2�gtφ − �2gφφ

, (7)

and

L � �gφφ + gtφ√−gtt − 2�gtφ − �2gφφ

, (8)

and the angular velocity is

� � dφ

dt
� −gtφ,r ± √{−gtφ,r }2 − {gφφ,r }{gtt,r }

gφφ,r
. (9)

The inner edge of the thin accretion disk around central KNNK black hole in the RG coincides with the inner most stable circular
orbit (ISCO) of test particles orbiting the KNNK BH in the RG in the chosen model. A solution of the following set of conditions
on the effective potential of the test particle

Veff(r ) � 0 , V ′
eff(r ) � 0 , V ′′

eff(r ) � 0 , (10)

provides the position of the inner edge of the thin accretion disk around the central KNNK black hole in the RG.
The accretion disk emits the electromagnetic radiation with the total flux [7, 12]

F(r ) � − Ṁ0c2

4πM2

�,r√−g(E − �L)2

∫ r

rI SCO

(E − �L)L ,rdr, (11)

where g is the determinant of the metric tensor. For the selected values of the spacetime parameters, the radial dependence of the
flux of the radiant energy over the accretion disk is presented in Fig. 1, containing two upper and bottom panels. From the upper and
bottom panels, one can see that increase of the parameter α essentially reduces the flux of the accretion disk. This behavior justifies
that the quintessential intensity has strong impact on the gravitational field of KNNK black hole in the RG. Moreover, it is observed
that increase of this parameter shifts the lines outwards the central object indicating that for the bigger values of the parameter α, we
would get bigger ISCO location which in turn defines the inner edge of the accretion disk around the KNNK black hole in the RG.
One can also see that for smaller values of the parameter ωq the maximum value of the flux also decreases while for the far distances
this change is negligible. One can also notice a small increase in the values of the flux for the smaller values of the parameter κλ as
it can be easily seen from the set of the graphs in the bottom panel of the Fig. 1.

The radial profile of the temperature of the accretion disk of the KNNK black hole in the RG is demonstrated in Fig. 2 based
on the assumption that the flux of the accretion disk is expressed as F � σT 4 corresponding to the black body radiation where
σ is the Boltzmann constant. It is demonstrated that the temperature of the disk is higher when the quintessential intensity takes
smaller values. It is also shown that for bigger values of the parameter ωq one would get higher temperature of the disk in the
close environment of the central black hole. While for the far distances the temperature becomes higher for the smaller values of
this parameter being opposite to the behavior of the lines for the different values of the parameter κλ. Again, we observe that the
quintessential intensity has much stronger influence on the behavior of the lines compared to the other parameters as we have seen
in the previous paragraph.

4 Black hole shadow obtained using GYOTO code

GYOTO is an open ray-tracing code [28], and based on the suggestion that a black hole is surrounded by enough objects (e.g.
accretion disk) which can emit light rays. The observer at the infinity can receive the rays in order to get the information of the black
hole and the surrounding matter around the black hole.

The original code of the geometrically thin infinite accretion disk in GYOTO describes the Schwarzschild and Kerr spacetimes.
In order to describe other spacetimes one needs to modify the code accordingly. The main modification of the code for our case
contains two major changes: (i) to change the spacetime metric from the Kerr one to the KNNK spacetime metric in the RG; (ii) to
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Fig. 1 The radial dependence of
radiant flux of the accretion disk
around the KNNK black hole in
the RG for different values of the
spacetime parameters. For the top
panel, each row has different value
for the parameter ωq . For the
bottom panel, each row has
different value for the parameter
κλ
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Fig. 2 Temperature profile of the
accretion disk around central
KNNK black hole in the RG for
different values of the spacetime
parameters. For the top panel each
row has different value for the
parameter κλ. For the bottom
panel each row has different value
for the parameter ωq
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change the equation of motion. The first change is easy to implement while the second one is a bit tedious. Below we describe the
modifications of the GYOTO code due to the change of equation of motion.

Using the Hamiltonian formulation one can express the Lagrangian L and the momentum pα in the following form:

L � 1

2
gαβ q̇

α q̇β,

pα ≡ q̇α, (12)

pα ≡ ∂L
∂ q̇α

� gαβ q̇
β � gαβ p

β . (13)

The covariant and contravariant components of the momentum can be related as:

pt � gtt p
t + gtφ p

φ ,

pr � grr p
r ,

pθ � gθθ p
θ ,

pφ � gφφ p
φ + gφt p

t .

(14)

Now one can define the Hamiltonian in the following standard way:

H � pμq̇
μ − L � 1

2
gαβ pα pβ . (15)

Through Hamilton’s equations:

q̇i � ∂H

∂pi
, ṗi � −∂H

∂qi
, (16)

one can easily express the equations of motion (with E � −pt and L � −pφ ):

ṙ � grr pr , (17)

ṗr � − 1

2
(gtt )′E2 − 1

2
(grr )′ pr 2 − 1

2
(gθθ )′ pθ

2 (18)

− 1

2
(gφφ)′L2 − (gtφ)′EL , (19)

θ̇ � gθθ pθ , (20)

ṗθ � − 1

2
(gtt )�E2 − 1

2
(grr )� pr

2 − 1

2
(gθθ )� pθ

2 , (21)

− 1

2
(gφφ)�L2 − (gtφ)�EL , (22)

ṫ � gtt E , (23)

ṗt � 0 , (24)

φ̇ � gφφL (25)

ṗφ � 0 , (26)

where the superscripts ′ and � denote differentiation with respect to r and θ , respectively.
It is worth to mention that the equation of the emitted flux we used is same as Eq. (11) and has the following form [28]:

Iν ∝ 1
(
ρ2 − 3

)
ρ5

{

ρ − 3√
2

ln

[

(3 − 2
√

2)
ρ +

√
3

ρ − √
3

]}

, (27)

where the ρ � √
r/M .

The accretion disk in GYOTO does not have the bottom region which can be explained in the following content. The Fig. 3 shows
two different types of photon orbits in the accretion disk. In each figure, four points (A, B, C and D) correspond to the emission
source around the accretion disk. In Fig. 3a the four points (A, B, C and D) emit light rays which are bent by the black hole and
finally captured by the observer. In this figure the light rays do not cross each other, so one may call them uncrossed orbits. In Fig. 3b
the same four points (A, B, C and D) as in Fig. 3a emit light rays but the light rays cross another light ray, so one may call them
crossed orbits.

The different types of photon orbits in the accretion disk will form different regions of the accretion disk as shown in Fig. 4a.
The uncrossed orbits (Fig. 3a) form the upper region as shown in Fig. 4a with the blue colour. The bottom region is formed by the
crossed orbits (Fig. 3b) as shown in Fig. 4a with green colour. In Fig. 4 we show the accretion disk of the Schwarzschild black hole
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Fig. 3 Different photon orbits in the accretion disk. The photon orbits in left figure do not cross but in right figure they cross

Fig. 4 The accretion disk of the Schwarzschild black hole illustrated using two different codes. The left figure is the accretion disk generated using TM
code, the right one is the accretion disk generated using GYOTO

with inclination angle equal to 80◦. The right figure is from the GYOTO code, and the left figure is from the TM code. Through this
figure one can see that GYOTO only considers the uncrossed orbits when calculating the accretion disk. Particularly, in [53], the
images are similar to the one shown in Fig. 4b are called direct images of the disk

In Fig. 5 we get the accretion disk from GYOTO for the fixed values of a � 0.80, q � 0.70, l � 0.30 and observation angle
θ � 80◦. The upper plots in Fig. 5, correspond to the fixed value of ω � −1/2 and for different values of κλ(− 0.4, − 1.0 and −
4.0) and α (0.10, 0.20 and 0.30). The lower plots in Fig. 5 correspond to the fixed value of κλ � −0.4 and for the different values
of ωq (0, − 1/3 and − 1/2) and α(0.10, 0.20 and 0.30). From the first row in the upper plots of Fig. 5 one can observe that with the
increase of α the area of the shadow of the black hole will increase. The second and third rows show that with the increase of κλ the
area of the shadow of the black hole increases intensively. From the first column in the upper plots of Fig. 5 one can see that with
the increase of κλ the area of the shadow of the central black hole will increase. The second and third columns show that with the
increase of α the area of the black hole shadow increases intensively. From the first row in the lower plots of Fig. 5 one can observe
that with the increase of α the area of the shadow of the black hole will increase. The second and the third rows show that with the
increase of ωq the area of the shadow of the black hole increases intensively. From the first column in the lower plots of Fig. 5 one
can see that with the increase of ωq the area of the shadow cast by the black hole twill decrease. The second and third columns show
that with the increase of α the area of black hole shadow increases intensively.

In Fig. 6 we get the accretion disk from GYOTO code for the fixed values of a � 0.80, q � 0.70, l � 0.30 and of the observation
angle θ � 45◦. The upper plots correspond to the fixed value of ω � −1/2 and for the different values of κλ(− 0.4, − 1.0 and −
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Fig. 5 The accretion disk
generated using GYOTO code for
the fixed values of a � 0.80,
q � 0.70, l � 0.30 and
observation angle θ � 80◦. The
upper plots correspond to the fixed
value of ω � −1/2 and for the
different values κλ (− 0.4, − 1.0
and − 4.0) and α(0.10, 0.20 and
0.30); the lower plots correspond
to the fixed value of κλ � −0.4
and for the different values of ωq
(0, − 1/3 and − 1/2) and α(0.10,
0.20 and 0.30)
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Fig. 6 The accretion disk
generated using GYOTO code for
the fixed values a � 0.80,
q � 0.70, l � 0.30 and
observation angle θ � 45◦. The
upper plots correspond to the fixed
value ω � −1/2 and for the
different values κλ(− 0.4, − 1.0
and − 4.0) and α(0.10, 0.20 and
0.30); the lower plots correspond
to the fixed value of κλ � −0.4
and for the different values of
ωq (0, − 1/3 and − 1/2) and
α(0.10, 0.20 and 0.30)
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4.0) and α(0.10, 0.20 and 0.30). The lower plots in the Fig. 6 correspond to the fixed value of κλ � −0.4 and for the different values
of ωq (0, − 1/3 and − 1/2) and α(0.10, 0.20 and 0.30). One may see similar results as shown in Fig. 5: α and κλ will increase the
shadow cast by the KNNK black hole and also the rate of increase. The parameter ωq will decrease the shadow size of the black hole
and also the rate of decrease. In Fig. 7 we get the accretion disk from the GYOTO code for the fixed value of a � 0.80, q � 0.70,
l � 0.30 and of the observation angle θ � 45◦. The upper plots of the Fig. 7 correspond to fixed value of ω � −1/2 and for different
values of κλ(− 0.4, − 1.0 and − 4.0) and α(0.10, 0.20 and 0.30). The lower plots of the same Fig. 7 correspond to fixed value of
κλ � −0.4 and for the different values of ωq (0, − 1/3 and − 1/2) and α(0.10, 0.20 and 0.30). We observe the similar results as
shown in Figs. 5 and 6.

5 Development of the TM code to obtain black hole shadow

Ray tracing technique is used to simulate imaginary rays of light sent from the observer to the object, in three-dimensional space.
The C,C++ and Python programming languages are used to create this code. The code algorithm consists of processing all possible
trajectories which may exist in black hole environment [29–31].

5.1 Black hole shadow

The determination of the geometrical structure of the black hole shadow consists of several steps described below.

1. Determination of initial conditions of the photon assuming the position of the detected photon in the screen. The following
basic expressions [54]

ri � (
d2 + ᾱ2 + β̄2)1/2

, (28)

θi � arccos

(
d cos θobs + β̄ sin θobs

ri

)
, (29)

φi � arctan

(
ᾱ

d sin θobs − β̄ cos θobs

)
, (30)

and
(

dr

dλ′

)

i
� d

ri
, (31)

(
dθ

dλ′

)

i
�

− cos θobs + d
r2
i

(d cos θobs + β̄ sin θobs)
√
r2
i − (d cos θobs + β̄ sin θobs)2

, (32)

(
dφ

dλ′

)

i
� −ᾱ sin θobs

ᾱ2 + (d cos θobs + β̄ sin θobs)2
, (33)

(
dt

dλ′

)

i
� −

[

grr

(
dr

dλ′

)2

i
− gθθ

(
dθ

dλ′

)2

i
− gφφ

(
dφ

dλ′

)2

i

]1/2

, (34)

are used to determine the initial position and the four-momentum of each photon. Here, d is the distances from the observer to
the black hole, ᾱ and β̄ are the celestial coordinates in the observer’s sky and θobs is the inclination angle.

2. Numerical solution of the equation of motion. Geodesic equations

d2xμ

ds2 + �
μ
αβ

dxα

ds

dxβ

ds
� 0, (35)

with

�β
αν � 1

2
gμβ

(
∂αgμν + ∂νgμα − ∂μgαν

)
,

�
β
αν as the Christoffel symbols are applied to determine the equations of motion of a photon.

3. Determination of photon trajectory.
4. Selection of photons whose trajectories most closely approach to the black hole and do not fall inside the region of the event

horizon.
5. Construction of the shadow structure based on the positions of the light rays of the selected photons in the screen as described

in item 4.
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Fig. 7 The accretion disk
generated using GYOTO code for
the fixed values of a � 0.80,
q � 0.70, l � 0.30 and
observation angle θ � 15◦. The
upper plots correspond to the fixed
value ω � −1/2 and for different
values of κλ(− 0.4, − 1.0 and −
4.0) and α(0.10, 0.20 and 0.30);
lower plots correspond to the fixed
value of κλ � −0.4 and for the
different values of ωq (0, − 1/3 and
− 1/2) and α(0.10, 0.20 and 0.30)
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5.2 Black hole accretion disk

Ray tracing code allows to determine the shadow of a black hole, and in addition is powerful tool to get an image of its accretion
disk. We will use here the well known Novikov–Thorne model [12] of a thin accretion disk. According to this model the radiation
energy flux of the accretion disk of the black hole is determined by using Eq. (11).

The algorithm for numerical solution of the given problem consists of the following steps:

1. Determining the initial conditions of the photon considering the position of the photon being fixed in the screen.
2. Numerical solution of the equations of photon’s motion;
3. Determination of photons trajectory.
4. Selection of photons. Selected photons have to meet the following conditions and criteria:

(a) the photon trajectory does not intersect the event horizon;
(b) photons trajectories have to cross the accretion disk

5. If the condition 4(b) is satisfied, we keep the position of inter-crossing with the disk and the initial conditions of the corresponding
photon.

We calculate the energy flux of radiation for the position found according to the statement (5) using Eq. (11). We display the results
of the performed calculations in the form of color-map as in Figs. 8, 9, and 10 for different inclination angles and values of the
spacetime parameters we are interested in. It is worth noting that in the figures the frequency of photons has tendency to be increased
with the change of the color from red to white (black parts determine the regions where photons are absent) due to the well-known
Doppler effect. Figure 8 indicates the appearance of close environment of a black hole as it is seen by a distant observer being far
away from the gravitating object containing thin accretion disk when the inclination angle is fixed to be θobs � 80◦. The black region
in the center defines the shadow formed due to the capture and bending of photons by the central black hole. We will explore the
shadow in a detailed way latter but even here one can clearly observe that the size of the shadow of the black hole is strongly affected
by the quintessential intensity and is enlarged for bigger values of the latter. One can also see that the change of the shadow size with
the change of parameters κλ and ωq becomes noticeable only for the bigger values of the parameter α. It appears that the left part
(with respect to the central black hole) of each panel is brighter than the right part. This is due to the fact that particles moving around
the central black hole and forming the accretion disk are assumed to have retrograde motion so particles in the left correspond to
the ones approaching the observer while the particles in the right to the ones receding the observer. Since the frequency of photons
approaching the observer is higher than the frequency of the receding ones due to the Doppler beaming effect, the left hand side of
the pictures looks brighter than the right hand side. Figures 9 and 10 represent the appearance of the central black hole with accretion
disk for the inclination angles 45◦ and 15◦, respectively, and can be interpreted in the same way as in the previous case. The case
of θobs � 15◦ is especially interesting as it has the inclination angle being close to the one for the black hole source M87 observed
by EHT consortium [55, 56], and one can see that the given pictures indeed represent the image obtained observationally.

Now, we study the change of the shape and size of the shadow formed around the KNNK black hole in the RG in a more detailed
way as a continuation of the discussion done in the previous paragraph. The shape of the black hole shadow is presented as the
curved closed lines in the Figs. 11, 12, and 13 for the selected values of the inclination angle and the spacetime parameters. It can
be observed that the increase of the parameter α considerably enlarges the size of the shadow of the KNNK black hole in the RG
when the parameter κλ takes bigger values and ωq takes smaller values. It was stated in the previous paragraph that for the bigger
values of the parameter α the change of the shadow size with the change of κλ and ωq is considerable and one can now clearly
observe this phenomena from the figures presented here. One can see that when κλ � −0.4 the change of the shadow cast by the
KNNK black hole in the RG with the change of the rest two spacetime parameters is negligible. Similar behavior of the shadow
of the central black hole can be observed when ω � 0. Now one can clearly observe that the change of the shadow size with the
change of α is noticeable only when κλ is close to 0 and ωq is smaller than 0. One can also notice from the figures that the position
of the center of the shadow of the black hole and its shape strongly depend on the inclination angle at what the observer looks to the
central black hole. It is demonstrated that the center of the shadow coincides with the center of the black hole for smaller values of
the inclination angle and shifts towards the right side when one increases the angle. As for the shape of the shadow one can observe
that it takes circle-like form for smaller inclination angles and becomes more deformed for bigger values of the inclination angle.

6 Discussion

In this work we have explored the spacetime around the KNNK black hole in the RG to study the effects of strong gravitational
field on the light rays emitted from the particles in the accretion disk formed around the central black hole. We have used the thin
accretion disk model of Novikov and Thorne in our study. We have shown that the observed thermal flux of the thin accretion disk
strongly depends on the quintessential intensity of the KNNK black hole in the RG. We have observed that the thermal flux of the
accretion disk decreases for the bigger values of the quintessential intensity parameter α. We have also observed that the thermal flux
of the accretion disk has reduced for comparatively smaller values of the parameter ωq , and this effect is more considerable when
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Fig. 8 The simulated image of the
accreting disk from the TM code
for θ � 80◦. The values of
spacetime parameters are taken as
in Fig. 5
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Fig. 9 The same as Fig. 8 but for
θ � 45◦
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Fig. 10 The same as Fig. 8 but for
θ � 15◦
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Fig. 11 Appearance of the shadow
with the change of the spacetime
parameters of the KNNK black
hole in the RG when a � 0.8,
q � 0.7, l � 0.3. The case when
θobs � 80◦
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Fig. 12 The same as Fig. 11 but
for θobs � 45◦

123



Eur. Phys. J. Plus          (2023) 138:47 Page 19 of 21    47 

Fig. 13 The same as Fig. 11 but
for θobs � 15◦
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the Rastall parameter κλ tends to 0. We have noticed that the change in the thermal flux with the parameter κλ is more prominent
when the parameter ωq has values considerably below 0. Since we assume that the radiation coming from the accretion disk to
be the same as the radiation of the absolute black body, therefore, the temperature profile of the accretion disk can be defined as
F(r ) � σT 4, and consequently, the similar behavior of the temperature profile can be predicted.

Next, we have used two separate codes, namely, the GYOTO code and the TM code to explore the shadow formed around the
central KNNK black hole in the RG with a thin accretion disk. It is worth mentioning that the TM code was developed by the
first author (TM) of this project, using C++ and Python languages and named after him as the TM code. We have found that both
the codes give similar behavior of the shadow with the change of spacetime parameters of the KNNK black hole solution in the
RG, except the fact that in the GYOTO code the light rays that come from the bottom part of the central black hole are not taken
into account, while this issue has been resolved in the TM code. We have shown that the left hand side of the apparent black hole
environment with respect to the central black hole is much brighter than the right hand side which is because of the fact that the
frequency of photons approaching the observer (and thus the observed flux energy) is always higher than that of the receding ones
(also known as the Doppler beaming effect). We have demonstrated that the increase of the quintessential intensity increases the
size of the shadow around the central black hole considerably for very small values of the parameter κλ. We have also demonstrated
that the change in the size of the shadow cast by the KNNK black hole in the RG becomes negligible with the change of α when the
parameter ωq tends to zero and this change in size becomes considerable when ωq is considerably below zero. We have shown that
the position and shape of shadow of the KNNK black hole in the RG strongly depends on the inclination angle of the observer. An
other observation is that when the inclination angle is small the geometrical center of the shadow of the black hole shifts to the right
for the selected values of spacetime parameters of KNNK black hole in the RG and the shadow has more circle-like form. We have
seen that the shadow of the black hole shifts towards the right side and becomes more deformed with the increase in the inclination
angle.
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