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A B S T R A C T

We have studied influence of STVG in circular motion of massive particle around the Schwarzschild-MOG black
hole and discussed the Innermost Stable Circular Orbit (ISCO) and Marginally Bound Orbit (MBO) position of
massive test particle. This research explores dynamics of massive particles within the framework of Scalar–
Tensor–Vector Gravity (STVG) when navigating the vicinity of Schwarzschild-MOG black holes. The study
extends its investigation to the angular velocity of massive particles orbiting Schwarzschild-MOG black holes,
comparing it to predictions from general relativity. Finally, we have investigated gravitational analogue of
radiation reaction by considering Landau–Abraham–Dirac equation in STVG. We have shown that because of
radiation reaction massive test particle falls down to the black hole.
. Introduction

Radiation reaction refers to the phenomenon in physics where a
harged particle experiences a deceleration or acceleration due to the
mission of electromagnetic radiation (photons) as it moves through
pace. This phenomenon is a consequence of the particle’s interaction
ith its own electromagnetic fields according to classical electrodynam-

cs and when a charged particle accelerates or decelerates, it produces
hanging electric and magnetic fields, which in turn generate electro-
agnetic radiation. This radiation carries away energy and momentum

rom the particle, causing it to lose kinetic energy and slow down. The
article’s motion is affected by its own emitted radiation, leading to a
elf-interaction that can influence its trajectory [1–3].

The concept of radiation reaction is important in various areas of
hysics, including radiation theory, high-energy particle physics and
strophysics. For instance, the effect of the radiation reaction force in
he trajectory of charged particle around the magnetized Schwarzschild
pacetime has been investigated in [4–6]. On the other hand, it is
lso interesting to consider the gravitational radiation reaction in a
urved spacetime and in Refs. [7–10], radiative gravitational field and
ravitational radiation reaction has been extensively studied in the
ramework of general relativity.

In our preceding research [11], we have suggested new approach
hat explain gravitational analogue of synchrotron radiation from mas-
ive particle orbiting a black hole in Scalar–Tensor–Vector Gravity
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(STVG) theory which is a modification of General Relativity (GR) that
incorporates an additional scalar and vector fields [12,13]. According
to this theory the geodesic equation is not valid for massive particle
and its four-acceleration is not equal to zero. It means massive particles
generate gravitational radiation.

In later works MOG field equations were directly obtained from the
least action principle and solutions of those equations were compared
to cosmological and astrophysical observations [14]. The theory was
successfully applied for explanation of galaxy rotation curves [15], clus-
ter dynamics [16], gravitational lensing [17–23], black hole shadow
[24,25], quasi-periodic oscillations [26–28] and quasi-normal modes
[29–31]. Some other studies on galaxy clusters and acceleration data
include [32,32,33]. There is a wide range of works on particle motion
around compact gravitational objects in MOG focusing on different
aspects, namely stable orbits [34–36] and energy extraction [27,37].
The motion of S2 star orbiting around Sagittarius A* SMBH has been
studied in [38–41].

The need for modified theories of gravity in astrophysics stems
from the perplexing astrophysical phenomena that elude explanation
within the confines of traditional general relativity established by Ein-
stein. General relativity has been remarkably successful in describing
gravitational interactions at a macroscopic scale [17]. However, at
the vast reaches of the Universe, significant discrepancies arise, neces-
sitating a reevaluation of our fundamental understanding of gravity.
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Dark matter and dark energy, proposed to account for unexplained
gravitational behaviors, remain elusive. Modified theories, such as 𝑓 (𝑅)
gravity [42,43] or Modified Gravity [12,44], offer promising alterna-
tives to bridge these gaps. By modifying the fundamental gravitational
principles, these theories seek to elucidate galactic rotation curves,
gravitational lensing, and the dynamics of large-scale structures in the
universe. A deeper comprehension of gravity on cosmic scales is vital
for accurately interpreting astrophysical phenomena and advancing our
understanding of the fundamental forces shaping the Universe.

In this paper, we are aimed to investigate of the effect of radiation
reaction in dynamical motion of test particle around the Schwarzschild-
MOG black hole in STVG. We study gravitational analogue of radiation
reaction by considering Landau–Abraham–Dirac equation in STVG. The
paper is organized as follows. In Section 2, we discuss circular motion
of a massive particle around the Schwarzschild-MOG black hole and
present how the innermost stable circular orbit (ISCO) and marginally
bound orbit (MBO) for massive particle depend on the MOG parameter.
In Section 3, we investigate the gravitational analogue of radiation re-
action for massive particle orbits around the Schwarzschild-MOG black
hole. Finally, in Section 4, we summarize the main obtained results.
Throughout the paper, we adopt a space-like signature (−,+,+,+), a
system of units in which 𝐺𝑁 = 𝑐 = 1.

2. Basic equations

Here we briefly discuss dynamical motion of massive particle around
the Schwarzschild-MOG black hole in STVG. In the Boyer–Lindquist
coordinates 𝑥𝜇 = (𝑡, 𝑟, 𝜃, 𝜙), the spacetime metric is expressed as [24]

𝑑𝑠2 = −𝑓𝑑𝑡2 + 𝑓−1𝑑𝑟2 + 𝑟2(𝑑𝜃2 + sin2 𝜃𝑑𝜙2) , (1)

with 𝑓 = 1 − 2(1 + 𝛼)𝑀∕𝑟 + 𝛼(1 + 𝛼)𝑀2∕𝑟2, where 𝑀 is the total mass
of the black hole, 𝛼 is STVG (MOG) parameter. The spacetime metric
is associated with the following vector potential 𝛷𝜇 = −𝛿𝑡𝜇

√

𝛼𝑀∕𝑟
egarded the fifth force with massive particle. The horizon of the
chwarzschild-MOG black hole is located as 𝑟+𝐻 = 𝑀

(

1 + 𝛼 +
√

1 + 𝛼
)

,
which is always greater than the Schwarzschild radius corresponding
to the positive values of 𝛼 parameter.

According to STVG theory massive particle does not follow geodesic
line. Therefore, equation of motion or the four-acceleration of test
particle of mass 𝑚 in Schwarzschild-MOG spacetime is defined as [13]

𝑤𝜇 = 𝐷𝑢𝜇

𝑑𝑠
=

𝑞
𝑚
𝐵𝜇

𝜈𝑢
𝜈 , 𝐷𝑢𝜇

𝑑𝑠
= 𝑑𝑢𝜇

𝑑𝑠
+ 𝛤 𝜇

𝜈𝜆𝑢
𝜈𝑢𝜆 , (2)

here 𝑢𝜇 = 𝑑𝑥𝜇∕𝑑𝑠 is the four-velocity of particle normalized as 𝑢𝜇𝑢𝜇 =
−1 and orthogonal to the four-acceleration of particle i.e. 𝑢𝜇𝑤𝜇 =
0, while 𝐵𝜇𝜈 = 𝜕𝜇𝛷𝜈 − 𝜕𝜈𝛷𝜇 is anti-symmetric tensor, and coupling
constant 𝑞 is defined 𝑞 = 𝜅𝑚 =

√

𝛼𝑚 which means MOG parameter
lways should be positive, i.e. 𝛼 ≥ 0.

As one can see from Eq. (2) that massive particles do not follow
he geodesic line in this theory. Due to the symmetry of the spacetime,
here are two constants of motion, namely, specific energy and specific
ngular momentum i.e.  = 𝑓 𝑡̇ and  = 𝑟2 sin2 𝜃 𝜙̇. For simplicity, one
an consider circular motion of massive particle in the equatorial plane
i.e. 𝜃 = 𝜋∕2), and using normalization of the four-velocity, equation for
adial motion in the Schwarzschild-MOG spacetime yields

̇ 2 =
(

 − 𝛼𝑀
𝑟

)2
− 𝑓

(

1 + 2

𝑟2

)

=
[

 − 𝑉+(𝑟)
] [

 − 𝑉−(𝑟)
]

, (3)

where the effective potential 𝑉±(𝑟) is defined as

𝑉±(𝑟) =
𝛼𝑀
𝑟

±

√

𝑓
(

1 + 2

𝑟2

)

. (4)

The concept of the effective potential stands as an invaluable tool
or gaining insights into the trajectories of test particles in the vicinity
2

Fig. 1. Left panel: The ISCO and MBO positions for massive particle in the
Schwarzschild-MOG spacetime as function of MOG parameter 𝛼, dashed line represents
the critical distance 𝑟0 that angular velocity occurs, while a filled gray region represents
horizon of the black hole 𝑟+𝐻∕𝑀 . Right panel: Radial dependence of angular velocity
for different values of MOG parameter.

of black holes. It is well-known that a stationary point of the effec-
tive potential corresponds to a position of so called innermost stable
circular orbit (ISCO). Here, we focus on determining the ISCO radius
for massive particles around the Schwarzschild-MOG black hole and
briefly examining its dependence on MOG parameter 𝛼. By applying the
conditions 𝑉+(𝑟) =  , 𝑉 ′

+(𝑟) = 0, and 𝑉 ′′
+ (𝑟) ≤ 0, one can readily pinpoint

the ISCO radius. The dependence of the ISCO position on the MOG
parameter is determined through numerical analysis, as shown in Fig. 1.
It shows that the ISCO position for massive particle forces to increases
due to MOG. It is clear that all characteristic radii in this theory such
as horizon, photonsphere as well as the ISCO position increases due
to effect of the external vector field [13]. It is also interesting to study
marginally bound orbit (MBO) of massive particle in the Schwarzschild-
MOG spacetime. The energy of particle in this orbit suppose to be equal
to the rest energy, that means the critical value of the specific energy
satisfies the following condition  = 1. Notice that in the Schwarzschild
spacetime MBO radius is located at 𝑟MBO = 4𝑀 . However, in MOG it
depends on the 𝛼 parameter. After careful numerical analyses we have
shown dependence of the MBO position from the 𝛼 parameter in Fig. 1
along the ISCO position.

It is also important to discuss about angular velocity of massive
particle in circular motion around the black hole. Using Eq. (2) and
considering motion in the equatorial plane, the angular velocity of
massive particle in the Schwarzschild-MOG spacetime can be derived
as [40]

𝛺 = 𝛺𝐾

√

1 + 𝛼 − 𝛼
(

1 + 3𝛼
2

) 𝑀
𝑟

− 𝛼
√

1 − 3𝑀
𝑟

𝐾 , (5)

𝐾 = 1 + 𝛼 −
(8 + 9𝛼)𝑀

12𝑟
,

where 𝛺𝐾 =
√

𝑀∕𝑟3 is the Keplerian angular velocity. It is essential
to highlight that Eq. (5) yields real results under conditions: when
𝐾 ≤ 𝑟∕3𝑀 or when 𝑟 ≥ 𝑟0. Here, 𝑟0 is determined by the expression
𝑟0 = 𝑀(3 + 3𝛼 +

√

9 + 10𝛼)∕2. This signifies that the angular velocity of
a massive particle occurs at a distance greater than the critical radius.
In Fig. 1, we show the radial dependence of the angular velocity for
various values of the MOG parameter. Additionally, the left panel of
Fig. 1 features the critical radius 𝑟 represented by a dashed line.
0
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Fig. 2. The trajectories of massive particle orbiting the Schwarzschild-MOG black hole with (bottom panel) and without (top panel) including radiation reaction force, respectively.
Initial conditions are chosen to be the same for each cases and shown in the second row. The initial position of particle is depicted by black dot in each plots. The first and
second columns represent the trajectory of massive particle in (x-y) and (x-z) planes, respectively. The third column represents finite motion of test particle in the region given by
dashed line (contour plot of the effective potential in (4)), while in the last column particle’s trajectory is shown in 3𝐷.
3. Radiation reaction

Now we examine the dynamics of massive particles within the
framework of the STVG theory, which incorporates a radiation reac-
tion term. While the Lorentz–Abraham–Dirac (LAD) equation is widely
recognized as the equation governing radiation reaction for charged
particles (See e.g. [4,45]), our research focuses on the gravitational
counterpart of this phenomenon. In this context, the equation of motion
(2) can be modified as
𝐷𝑢𝜇

𝑑𝑠
=

𝑞
𝑚
𝐵𝜇

𝜈𝑢
𝜈 + 1

2
𝜏0

(

𝑅𝜇
𝜈 + 𝑢𝜇𝑢𝜆𝑅

𝜆
𝜈
)

𝑢𝜈

+ 𝜏0

(

𝐷2𝑢𝜇

𝑑𝑠2
+ 𝑢𝜇𝑢𝜆

𝐷2𝑢𝜆

𝑑𝑠2

)

, (6)

where 𝑅𝜇𝜈 is the Ricci tensor, 𝜏0 is the damping time of gravitational
radiation defined as 𝜏0 = 2𝑞2∕(3 𝑚) ≪ 1𝑠 and this parameter can play
a role of expansion parameter. To have an idea one can estimate of
damping time for electron and it yields

𝜏0 =
2𝛼𝐺𝑁𝑚𝑒

3𝑐3

(

𝑚
𝑚𝑒

)

∼ 10−66𝛼
(

𝑚
𝑚𝑒

)

s , (7)

while the stellar black hole (SBH) orbiting around supermassive black
hole (SMBH) is

𝜏0 ≃ 3.3 × 10−4𝛼
(

𝑚
10𝑀⊙

)

s . (8)

Given that the final term of Eq. (6) is significantly smaller when
compared to the other terms, therefore one can employ the Landau
trick to expand the equation in terms of the damping time 𝜏0. By
differentiating Eq. (6) and neglecting the highest-order terms with
respect to the damping time 𝜏0, we obtain:

𝐷2𝑢𝜇

𝑑𝑠2
≃

𝑞
𝑚

(

𝑢𝛼∇𝛼𝐵
𝜇
𝜈 +

𝑞
𝑚
𝐵𝜇

𝛼𝐵
𝛼
𝜈

)

𝑢𝜈 + 
(

𝜏0
)

. (9)

Substituting expression (9) into to (6) and after simple algebraic ma-
nipulations, equation of motion can be rewritten as
𝐷𝑢𝜇

𝑑𝑠
=

𝑞
𝑚
𝐵𝜇

𝜈𝑢
𝜈 + 1

2
𝜏0ℎ

𝜇𝜆𝑅𝜆𝜈𝑢
𝜈

+ 𝜏0
𝑞
𝑚

(

𝑢𝛼∇𝛼𝐵
𝜇
𝜈 +

𝑞
𝑚
ℎ𝜇𝜆𝐵𝜆𝛼𝐵

𝛼
𝜈

)

𝑢𝜈 , (10)

where ℎ𝜇𝜈 = 𝑔𝜇𝜈 + 𝑢𝜇𝑢𝜈 and ℎ 𝑢𝜈 = 0.
3

𝜇𝜈
The main idea of the reducing Eq. (6) into form of (10) is that it is
the third order system of differential equations for four coordinates.
It turns out that one has to find twelve constants of motion which
one of main issue in particle motion in curved spacetime. However,
this problem can be avoided using the Landau trick and equation
of motion reduces to the second order system of equations for four
coordinates 𝑥𝜇 . The analytical form equations for each coordinates in
(10) are too long therefore we will not report them in the Letter. How-
ever, careful numerical analyses for given initial conditions (0, 𝑟0, 𝜃0, 0)
and

{

−∕𝑓 (𝑟0), 0, 0,∕(𝑟0 sin 𝜃0)2
}

, allows to find each coordinates as
function of affine parameter, i.e., 𝑥𝜇 = 𝑥𝜇(𝑠). Hereafter performing co-
ordinate transformation 𝑥 = 𝑟 cos𝜙 sin 𝜃, 𝑦 = 𝑟 sin𝜙 sin 𝜃, and 𝑧 = 𝑟 cos 𝜃
the trajectories of particle can be produced in Cartesian coordinates
using parametric plots in 2𝐷 or 3𝐷.

In Fig. 2, we present trajectory of massive particle including and
without including radiation reaction term in STVG. In order to see the
effect of radiation reaction term in circular motion we set damping
time to 𝜏0 = 1s. However, real value of the damping time 𝜏0 can be
calculated by following formulae (7) for electron and (8) for stellar
black hole. This means that damping time is much lower than 1s and
particle rounds many times than shown in Fig. 2 around black hole and
eventually fall into black hole due to radiation reaction force. From
Fig. 3 one can conclude that for the larger values of MOG parameter 𝛼
and damping time 𝜏0, a particle falls into black hole faster.

4. Conclusions and discussions

As previously discussed, massive particles exhibit non-geodesic be-
havior when navigating the vicinity of black holes within the frame-
work of STVG. This peculiar behavior arises from the similarity be-
tween the equations of motion governed by the external vector field and
the Lorentz-like equation. Taking into account this fact, this research
endeavors to explore the circular motion of massive test particles in
the equatorial plane around the Schwarzschild-MOG black hole. We
have concentrated on circular orbits and derived the effective poten-
tial that dictates the motion of these massive particles orbiting the
Schwarzschild-MOG black hole. Our numerical computations have un-
veiled a noteworthy revelation: the ISCO position for massive particles
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Fig. 3. Plot is comparing the trajectories of a particle without radiation reaction force
(black circular line) and with radiation reaction force for different 𝜏 parameter (blue
and red). In each cases, initial positions are chosen to be the same and depicted by
black dot. (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)

orbiting the black hole experiences a notable shift in position due to
the presence of an external vector field within the STVG framework.
Furthermore, we have visually depicted this ISCO’s dependence on
the MOG parameter 𝛼 through graphical representations. These find-
ings collectively contribute to a deeper understanding of the intricate
dynamics governing massive particle motion in the context of STVG
theory as well as on their trajectories.

It is well-known that the Keplerian velocity is measurable quantity
for distant observers in the field of astrophysics. Consequently, it
becomes intriguing and significant to assess the STVG theory by exam-
ining the angular velocity of a massive particle orbiting a black hole.
We have explored the angular velocity of massive particles orbiting a
Schwarzschild-MOG black hole, comparing it to the Keplerian angular
velocity predicted by general relativity. Additionally, we have investi-
gated how the MOG (Modified Gravity) parameter influences angular
velocity. An intriguing discovery has emerged from this research: in
MOG angular velocity does not always exist itself but emerges for spe-
cific distance from the central object. This finding suggests that STVG
could potentially have implications for Keplerian motion, opening up
exciting avenues for further investigation in this field. Furthermore,
this work offers valuable opportunities for future research endeavors,
particularly in the realm of quasi-periodic oscillations (QPOs) of test
particles.

In our prior publication [11], we demonstrated that the radiative
intensity emitted by a typical stellar black hole with a mass of 10𝑀⊙,
orbiting around a typical supermassive black hole with a mass of
109𝑀⊙, can be estimated as 𝐼 ∼ 2.43 × 1039erg∕s. To expand upon our
research, we leveraged the concept that massive particles experience
four-acceleration due to external vector fields, subsequently incorpo-
rating the radiation reaction term into the equation of motion. Based
on this insight, we delved into the gravitational analogue of radiation
reaction experienced by a massive particle orbiting a Schwarzschild-
MOG black hole. By employing the Landau trick, we simplified the
equation of motion by discarding high-order terms concerning damping
time. Furthermore, we investigated the gravitational counterpart of
radiation reaction occurring when a stellar black hole orbits a super-
massive black hole. This exceptionally high intensity value suggests
that such systems may serve as potent sources of gravitational waves.
Indeed, the detection of gravitational waves stemming from binary
black hole mergers by the LIGO and Virgo collaborations has ushered
in a fresh perspective on the study of black holes and their surrounding
environments within the framework of STVG. The potential observation
4

of gravitational waves originating from other black hole systems, par-
ticularly those involving orbiting massive particles, holds the promise
of yielding deeper insights into the fundamental physics governing
black holes and their intricate interactions with their surroundings.
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