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A B S T R A C T

This study investigates the optical properties of a rotating black hole in Starobinsky-Bel-Robinson gravity,
characterized by the additional parameter 𝛽. The black hole is assumed to be surrounded by non-uniform
plasma, with the plasma parameter 𝑘 describing its effect on photon motion. The results reveal that the
influence of the 𝛽 parameter on the photon motion is significant near the black hole and it becomes weak at
larger distances from the black hole. The deflection angle of photons for gravitational lensing which depends on
the spin of the black hole demonstrates monotonic decrease with increase in the value of the plasma parameter
𝑘. The presence of the 𝛽 parameter leads to a maximum deflection angle near the black hole, which decreases
with increasing photon distance from the horizon of the black hole. The photon sphere radius is strongly
affected by the 𝛽 parameter and by the black hole spin, but weakly influenced by the plasma parameter. The
shadow cast by the black hole which is altered by the 𝛽 parameter, deformed on the left-hand side. Increase
in the value of the plasma parameter 𝑘 reduces the shadow size of the black hole. The effect of the spin on the
shadow size is observed when 𝛽 takes comparatively bigger values. The average shadow radius is affected by
the spacetime parameters and plasma parameter, exhibiting a non-monotonic behavior with increasing 𝛽. The
distortion of shadow of the black hole is influenced by the parameter 𝛽 in a considerable and non-monotonic
manner. Observational constraints for Sgr A* show our model aligns within confidence bounds but falls short
of upper limits, revealing shadow radius limitations.
. Introduction

Einstein’s theory of gravity known as General Relativity (GR) pre-
icts the existence of black holes which are now have been confirmed
y observing their shadows [1,2] and the gravitational waves [3]
roduced from their collision in the cosmos. So far the theory of GR is
ery promising, however there are certain limitations of it. For example
he theory of GR cannot explain the accelerated expansion of our
niverse and another main challenge is the quantization of gravity in

he framework of GR. Several attempts have been made to present an
cceptable theory of gravity to resolve the issues faced by the theory of
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GR. One of the approaches used to get a theory of gravity other than
the theory of GR is to modify the Einstein–Hilbert action of GR [4]. On
these lines, recently a theory of gravity has been proposed by adding
quadratic terms involving the Ricci scalar and the Bel-Robinson tensor
in the Einstein-Helbert action, which is known as the Starobinsky-Bel-
Robinson (SBR) theory of gravity [5]. The four-dimensional SBR theory
of gravity has been inspired by the eleven-dimensional low energy M-
theory, involve a stringy coupling parameter, 𝛽 > 0, whose value may
be found by the compactification of the M-theory [6].

Black hole solutions of the Einstein field equations of the theory of
GR and of some the other modified theories of gravity have extensively
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been studied in the literature to prob the strong gravitational fields in
the vicinity of these ultra compact objects [7–28]. The study of motion
of massive and massless particles in black hole spacetimes can provide
very useful insights to understand the fundamental properties and
structure of the black hole spacetimes. Static as well as rotating black
hole solutions have been found in the SBR theory of gravity [6,29].
These black hole solutions in the SBR theory of gravity have been
analyzed in the context of geodesic motion and thermodynamics. The
Hawking temperature, pressure and entropy of the Schwarzschild-like
black hole in the SBR theory of gravity have been carried out in a recent
work [6]. The black hole shadows and the gravitational deflection of
photon beam by the static and rotating black holes in the SBR theory
of gravity have recently been studied by Belhaj et al. [29].

From the astrophysical point of view it is believed that photons go
through certain plasma medium in the vicinity of black holes [30]. The
accretion discs of plasma around a black hole can significantly affect
the position of the shadow of the black hole and this phenomenon
results in various wavelengths (observable) of photons [31]. Therefore
plasma may produce a noticeable impact on the dynamics of photons
and their orbits in the vicinity of black hole horizons. This may yield
some new information of the spacetime geometry of black holes. This
motivates one to investigate the motion of photons in the presence of
some plasma medium around black holes. Realizing the importance
of photon motion in a plasma medium in the vicinity of black holes,
some interesting results have been obtained for different black holes in
the theory of GR and some other modified theories of gravity [3,32–
50]. In the present work, we explore the photon motion and related
phenomena of the formation of black hole shadow and the gravitational
deflection of photon beam by the rotating black hole immersed in a
non-uniform plasma medium, in the SBR theory of gravity, charac-
terized by the parameter 𝛽. We study the effects of the non-uniform
plasma parameter 𝑘 on the photon motion near the horizon of the
Kerr-like black hole in the SBR theory of gravity. We show that the
influence of the parameter 𝛽 is significant near the horizon of the
Kerr-like black hole but it becomes weak at larger distances from
the black hole. Here we notice that the gravitational deflection angle
of photons depends on the spin of the black hole and also on the
plasma parameter 𝑘. The presence of the stringy parameter 𝛽 leads
o a maximum gravitational deflection angle in the close vicinity of
he black hole, which decreases with increase in the distance from the
entral object. We further see that the radius of the photon sphere is
trongly affected by the parameter 𝛽 and also by the spin of the black

hole, but weakly influenced by the plasma parameter 𝑘. We observe
that the black hole shadow is also affected by the parameters 𝛽 and 𝑘,
eforming the left-hand side of the shadow and reducing its size, details
re given in the subsequent sections.

This study of the Kerr-like black hole in the SBR theory of gravity is
rganized as follows. In the next Sec. we briefly discuss the spacetime
etric of the Kerr-type black hole in the SBR theory of gravity. In Sec-

ion 3 we investigate the photon motion and gravitational lensing for
he Kerr-type black hole in the SBR gravity. Section 4 is devoted to the
tudy of the shadow of the rotating black hole in the SBR theory of
ravity. In the last Sec. we present a conclusion of our discussion.

We utilize geometrized units where 𝐺 = 1 = 𝑐, employ Greek indices
panning from 0 to 3, and take the spacetime signature as (−,+,+,+).

2. Kerr-type black hole in Starobinsky-Bel-Robinson gravity

Exact black hole solutions of the field equations in higher dimen-
sional modified gravity theories attract attention. Here we explore
the black hole solutions in the Starobinsky-Bel-Robinson (SBR) gravity
being embedded in M-theory living in the eleven dimensional space-
time, as recently demonstrated in [51]. M-theory is based on a specific
bosonic sector implementing a metric and a tensor 3-form CMND
coupled to M2-branes and dual to M5-branes [52]. In the framework
of the compactification mechanism with the inclusion of stringy fluxes
2

required by the stabilization scenarios one can derive the related four-
dimensional gravity models [6,51]. In other words, the action takes the
form

𝑆𝑆𝐵𝑅 =
𝑀2

𝑝𝑙

2 ∫ 𝑑4𝑥
√

−𝑔

[

𝑅 + 𝑅2

6𝑚2
−

𝛽
32𝑀6

𝑝𝑙

(2 − 2)

]

, (1)

where 𝑔 is the determinant of the metric tensor, 𝑀𝑝𝑙 is reduced Planck
mass which is 𝑀𝑝𝑙 = 1∕

√

8𝜋𝐺 ≃ 2 × 1018 GeV, and 𝑅 is the Ricci scalar
curvature. A free mass parameter 𝑚 may take different interpretations
depending on the theory explored. Quartic contributions 2 and 2
are related to the Pontryagin and the Euler topological densities. And
finally, the last term is related to the Bel-Robinson tensor in the
following way [6,51]

𝑇 𝜇𝜈𝜆𝜌𝑇𝜇𝜈𝜆𝜌 =
1
4
(2 − 2) , (2)

where new 4-rank tensor

𝑇 𝜇𝜈𝜆𝜎 = 𝑅𝜇𝜌𝛾𝜆𝑅𝜈𝜎
𝜌𝛾 + 𝑅𝜇𝜌𝛾𝜎𝑅𝜈𝜆

𝜌𝛾 −
1
2
𝑔𝜇𝜈𝑅𝜌𝛾𝛼𝜆𝑅𝜎

𝜌𝛾𝛼 (3)

is introduced.
The SBR gravity action involves two new parameters 𝑚 and 𝛽 with

espect to the Hilbert action in GR and was used for getting new physi-
al models including inflation [53]. The static Schawarshild-type black
ole solutions were obtained in SBR gravity where the parameter 𝑚 was

derived by solving the equation of motion [6]. It was demonstrated
that thermodynamic quantities are corrected by the stringy gravity
parameter 𝛽. Accordingly, the line element of this non-rotating solution
takes the form

𝑑𝑠2 = −𝑓 (𝑟)𝑑𝑡2 + 1
𝑓 (𝑟)

𝑑𝑟2 + 𝑟2𝑑𝛺2 , (4)

where the metric function 𝑓 (𝑟) is

𝑓 (𝑟) = 1 −
𝑟𝑠
𝑟
+ 𝛽

(

4
√

2𝜋𝑟𝑠
𝑟3

)3
(

108𝑟 − 97𝑟𝑠
5𝑟

)

, (5)

and 𝑟𝑠 = 2𝑀 where 𝑀 is the total mass parameter. Then the Newmann-
Janis algorithm [54,55] can be adopted for some modified gravity
models using extra parameters in order to obtain rotating black hole
solutions. In particular, the rotating black hole solution in the SBR
gravity in the Bover-Lindquist coordinates takes the following metric
line element [51]

𝑑𝑠2 = −
(

𝛥 − 𝑎2 sin2 𝜃
𝛴

)

𝑑𝑡2 + 𝛴
𝛥
𝑑𝑟2 + 𝛴𝑑𝜃2

− 2𝑎 sin2 𝜃
(

2 − 𝛥 − 𝑎2 sin2 𝜃
𝛴

)

𝑑𝑡𝑑𝜙

+ sin2 𝜃[𝛴 + 𝑎2 sin2 𝜃
(

2 − 𝛥 − 𝑎2 sin2 𝜃
𝛴

)

𝑑𝜙2], (6)

where new parameters

𝛥 = 𝑎2 + 𝑟2
[

1 − 2𝑀
𝑟

+
1024𝜋3𝛽𝑀3(108𝑟 − 194𝑀)

5𝑟10

]

, (7)

and

𝛴 = 𝑟2 + 𝑎2 cos2 𝜃 (8)

are introduced. Two parameters 𝑎 and 𝛽 recover well known black hole
solutions: 𝑎 = 0 gives non-rotating black holes and 𝛽 = 0 in turn
recovers the Kerr solution with the delta function

𝛥𝐾𝑒𝑟𝑟(𝑟) = 𝑎2 + 𝑟2 − 2𝑀𝑟 . (9)

From the condition 𝛥 = 0 one can get the relation between the
event horizon radius and spacetime parameters as demonstrated in
Fig. 1. It is clearly demonstrated that an increase in the spin of the
black hole reduces the event horizon radius but, the rate of change
strongly depends on 𝛽 parameter as shown in the upper panel of Fig. 1.
Meanwhile, the second panel of the same figure shows that the behavior
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Fig. 1. Dependence of the event horizon radius from the spacetime parameters.

f the event horizon radius with the change of the parameter 𝛽 is also
ifferent for different values of spin 𝑎. One can see that for relatively
low rotation of a black hole, the event horizon is reduced in size
ith the increase of the parameter 𝛽 while for rapid rotation the event
orizon goes up with the increase of 𝛽 parameter.

The effect of the stringy gravity parameter 𝛽 on the thermodynamic
roperties of the SBR black holes was studied in [6]. Our main purpose
ere is to study the optical properties such as black hole shadow and
eflection of light of the rotating SBR black hole.

. Photon geodesics and gravitational lensing

In this section, we discuss the motion of photons and the phe-
omenon of the gravitational lensing in the spacetime of Kerr-type
lack hole in SBR gravity.

.1. Photon motion

It is believed that a black hole environment is surrounded by a non-
agnetized cold plasma. The electron plasma frequency is expressed

hrough the electron density in the plasma 𝑁(𝑥) as [56]

𝑝(𝑥)2 =
4𝜋𝑒2𝑁(𝑥)

𝑚𝑒
, (10)

here 𝑥 refers to spatial coordinates, 𝑒 and 𝑚𝑒 are the charge and mass
f the electron, respectively. In the axial symmetric spacetime it can be
aken in the following way [57]

2 =
ℎ(𝑟) + 𝑔(𝜃)

, (11)
3

𝑝 𝛴 t
here ℎ(𝑟) and 𝑔(𝜃) are the radial and angular functions, respectively.
ne can choose 𝑔(𝜃) to be zero and ℎ(𝑟) = 𝑘

√

𝑟 [57]. Since we are
interested in the motion of photons in the equatorial plane where
𝜃 = 𝜋∕2 then the electron plasma frequency becomes simply

𝑤𝑝(𝑟)2 =
𝑘

𝑟3∕2
. (12)

The plasma refraction index is defined by the ratio of the plasma
frequency 𝑤𝑝 to the photon frequency 𝑤 measured by a proper observer
and reads

𝑛2 = 1 −
𝑤2

𝑝

𝑤2
. (13)

Accordingly, the trajectory of the photon is limited to the equatorial
plane. Hereafter we assume that 𝑀 = 1 and apply the condition 𝜃 = 𝜋∕2
for the equatorial plane for the calculations.

Geometrical optics is a helpful model of optics when under cer-
tain circumstances electromagnetic waves (light) propagation can be
approximated in terms of rays. In GR in geometrical optics, the light
propagates in the curved spacetime, and in addition, is influenced by
a refractive and dispersive plasma medium, as first demonstrated by
Synge [58] in the framework of the Hamiltonian approach for the
description of the geometrical optics.

The Hamiltonian for the photon propagating in the curved space-
time in the presence of plasma takes the following form [59]

𝐻(𝑥𝑖, 𝑝𝑖) =
1
2
[𝑔𝑖𝑘𝑝𝑖𝑝𝑘 +𝑤2

𝑝] = 0 . (14)

Using the Hamiltonian differential equations

𝑑𝑥𝑖

𝑑𝜏
= 𝜕𝐻

𝜕𝑝𝑖
,

𝑑𝑝𝑖
𝑑𝜏

= − 𝜕𝐻
𝜕𝑥𝑖

, (15)

nd two constants of motions from the stationarity and axial symmetry
f the spacetime as the energy and angular momentum of the particle:

= −𝑝𝑡 = 𝑤,𝐿 = 𝑝𝜙 , (16)

ne can obtain �̇�, �̇�, �̇� as

𝑑𝑡
𝑑𝜏

=
𝐸𝑔𝜙𝜙 − 𝐿𝑔t𝜙
𝑔2t𝜙 − 𝑔𝑡𝑡𝑔𝜙𝜙

,

𝑑𝜙
𝑑𝜏

= −
𝐸𝑔𝑡𝜙 + 𝐿𝑔𝑡𝑡
𝑔2𝑡𝜙 − 𝑔𝑡𝑡𝑔𝜙𝜙

,

(𝑟) = 𝑑𝑟
𝑑𝜏

=

√

√

√

√

√

𝐸2𝑔𝜙𝜙 − (𝑔2𝑡𝜙 − 𝑔𝑡𝑡𝑔𝜙𝜙)𝜔2
𝑝 + 2𝐿𝑔𝑡𝜙 + 𝐿2𝑔𝑡𝑡

𝑔𝑟𝑟(𝑔2𝑡𝜙 − 𝑔𝑡𝑡𝑔𝜙𝜙)
. (17)

.2. Gravitational lensing

Here the gravitational lensing of photons by the Kerr-type black
ole in SBR gravity is studied. It is assumed that a photon travels from
far distance in the equatorial plane of the Kerr-type black hole in

BR gravity with impact parameter 𝑏 = ∕ . Then it travels back to
symptotic infinity. We derive the dependence of the radius of the
losest approach 𝑟0 from the impact parameter based on the third
quation of the system (17) under the condition �̇� = 0. For the selected
alues of the spacetime parameters, we present the relation between
0, 𝑏 and spacetime parameters in Fig. 2. From the top-left panel, it
an be seen that in the close vicinity of the black hole, the difference
etween the impact parameter and the radius of the closest approach
f photons considerably differ from each other and this difference
ecomes smaller with the increase of these two parameters. It is also
oticeable that the presence of the 𝛽 parameter strongly affects this
elation. However, it takes place only in the close environment of the
entral black hole. One can see that the bigger values of this parameter
atch the smaller values of the impact parameter for the same radius of
he closest approach. From the top-right panel, it is evident that faster
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Fig. 2. Dependence of the radius of closest approach 𝑟0 on the impact parameter 𝑏, plasma parameter 𝑘, and parameter 𝛽.
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rotation of the black hole makes the radius of the closest approach of
photons bigger for the same impact parameter. It is caused by the fact
that the bigger spin of the black hole makes the resultant gravitational
field weaker. Accordingly, for the fixed impact parameter photons
approaching the central black hole are less attracted in turn making
the radius of the closest approach bigger. The panel in the bottom-
left demonstrates the change of the radius of the closest approach
with the change of 𝛽 parameter. It can be seen that this relation is
considerable only for small values of impact parameter and becomes
weaker with the increase of the latter. Lastly, in the bottom-right panel,
it is demonstrated the effect of plasma through the 𝑘 parameter. One
can see that the relation between 𝑟0 and 𝑘 is almost linear for the
chosen range of these two parameters. One can clearly underline that
the increase of 𝑘, increases 𝑟0 as well.

The relation between the radial coordinate 𝑟 and the angle 𝜙

𝑑𝜙
𝑑𝑟

= −
√

𝑔𝑟𝑟
𝑔2𝑡𝜙 − 𝑔𝑡𝑡𝑔𝜙𝜙

𝑔𝑡𝜙 + 𝑏𝑔𝑡𝑡
√

𝑔𝜙𝜙 − (𝑔2𝑡𝜙 − 𝑔𝑡𝑡𝑔𝜙𝜙)
𝑘

𝑟
3
2
+ 2𝑏𝑔𝑡𝜙 + 𝑏2𝑔𝑡𝑡

(18)

is obtained at equatorial plane (𝜃 = 𝜋∕2) from the second and third
equations in (17).

Then, the deflection angle can be written as

𝛼 = 2∫

∞

𝑟0

𝑑𝜙
𝑑𝑟

𝑑𝑟 − 𝜋. (19)

The above integral is evaluated numerically and presented in Fig. 3. It
is demonstrated in the first plot of Fig. 3, that an increase in the spin of
the black hole reduces the angle of deflection of photons moving in the
spacetime of the rotating Kerr-type black hole in SBR gravity. One can
see similar behavior of the lines in the second panel of the figure where
4

the dependence of the deflection angle on the plasma parameter 𝑘 is
resented. In the last panel, it is shown that how the deflection angle
f photons is altered with the change of radius of closest approach. It
an be seen from the last plot that the dependence of the deflection
ngle on the radius of the closest approach is not monotonic, i.e. in the
lose vicinity of the black hole the former increases with the increase
f the radius of the closest approach and reaches its maximum after
hich it starts descending. This is due to the fact that the additional

erm which appears in the spacetime metric involving 𝛽 is in turn not
onotonic for the entire range of the radial coordinate 𝑟. In all plots,

the deflection angle is reduced with the increase of the parameter 𝛽.
By finding solutions from the following conditions

𝑉 (𝑟) = 0 , (20)
𝑉 ′(𝑟) = 0 , (21)

one can find the dependence of the photon sphere on the spacetime
parameters which is important for the shadow formed around the Kerr-
type black hole in SBR gravity. The radial function 𝑉 (𝑟) is given in (17)
and the derivative with respect to the radial coordinate 𝑟 is denoted by
prime. Fig. 4 demonstrates the dependence of the photon sphere on the
spacetime parameters. The first panel in the figure demonstrates that
the increase of the parameter 𝛽 reduces the photon sphere radius and
this rate of change is bigger for the small spin of the black hole. For
example, for a non-rotating case (𝑎 = 0) and in the absence of plasma
around the black hole (𝑘 = 0) one can observe that the radius of the
photon sphere plunges around 𝛽 ∼ 0.001 and the lines become much
smoother for higher values of spin parameter. From the second panel
of Fig. 4 one can easily notice that the increase of the plasma parameter

𝑘 changes the photon sphere almost linearly and the increase of the spin
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Fig. 3. Dependence of the deflection angle of photons on 𝑟0, 𝛽, 𝑎, and 𝑘 parameters.
olid lines are responsible for 𝑘 = 0, dashed lines for 𝑘 = 0.5, and dotted lines for 𝑘 = 1.

f the black hole shifts the lines downward. From the last plot, it can be
een that the rate of change of photon sphere radius with the change of
lasma parameter strongly depends on the parameter 𝛽. It can be seen

that bigger values of this parameter 𝛽 make the rate of change smaller.

. Black hole shadow

Using the Hamiltonian for the light ray moving around a black hole
n plasma (14), the Hamilton–Jacobi equation can be written as

(𝑥, 𝜕𝑆 ) = 0 . (22)
5

𝜕𝑥 r
Fig. 4. Photon sphere radius as the function of spacetime and plasma parameters. The
first panel shows that an increase in 𝛽 reduces the photon sphere radius, especially for
smaller values of the black hole spin. At 𝛽 ∼ 0.001, the radius decreases significantly
for non-rotating (𝑎 = 0) and plasma-free (𝑘 = 0) cases. The second panel demonstrates
a linear change in the photon sphere with increasing plasma parameter 𝑘, while lines
are shifted downward for higher spin values. The last plot reveals that the rate of
change with the plasma parameter depends on 𝛽, where larger values lead to smaller
variations.

The action in the axial symmetric and stationary spacetime can be
written in the following separable form

𝑆 = −𝜔0𝑡 + 𝑝𝜙𝜙 + 𝑆(𝑟, 𝜃) , (23)

here 𝑝𝜙 are 𝜔0 are the angular momentum and energy of the particle,
espectively and both are the conserved quantities due to the spacetime
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Fig. 5. The distant source of light and an observer are located in opposite directions
from the gravitationally lensing massive object. A far observer constructs a reference
Cartesian coordinate system with the black hole at the origin where the Boyer-Lindquist
coordinates are applied. For a far observer, the black hole rotates along the 𝑧 axis and in
the selected reference frame, the line joining the origin with the observer is orthogonal
to the 𝑥𝑦-plane. A straight line intersecting the 𝑥𝑦-plane at the point (𝑥, 𝑦) defines a
tangential vector to an approaching light ray.
Source: Adapted from [60].

Fig. 6. The shadow radius 𝑅𝑠 and the distortion parameter 𝛿𝑠 describe the size and
shape of the black hole, respectively. The difference between the shadow and the left
endpoints of the reference circle defines parameter 𝐷𝑐𝑠 [61].

symmetries. We use the same plasma distribution defined in Eq. (11).
Using the Carter constant 𝐾, together with (23) and (11) one can
separate Eq. (22) into the following two parts as

(𝑆′
𝜃)

2 +
(

𝑎𝜔0 sin 𝜃 −
𝑝𝜙
sin 𝜃

)2
= 𝐾 (24)

1
𝛥
− 𝛥(𝑆′

𝑟)
2 [(𝑟2 + 𝑎2)𝜔0 − 𝑎𝑝𝜙

]2 − ℎ(𝑟) = 𝐾 . (25)

Using Eq. (25) we can get the equation of the motion in the plasma
media as

𝛴 𝑑𝑡 = 𝑎(𝑝 − 𝑎𝜔 sin2 𝜃) + 𝑟2 + 𝑎2 𝑃 (𝑟), (26)
6

𝑑𝜏 𝜙 0 𝛥
Fig. 7. Shadow formed around the Kerr-type black hole in the SBR gravity. As can be
seen, 𝛽 has a pronounced effect on the left side, where photons move along with the
black hole’s spin. The plasma parameter 𝑘 has a weaker impact, but larger values can
influence the size and shape of the black hole shadow. The black hole’s spin affects
the shadow’s position and shape.

𝛴 𝑑𝑟
𝑑𝜏

=
√

𝑅, (27)

𝛴 𝑑𝜃
𝑑𝜏

=
√

𝛩, (28)
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𝑃

Fig. 8. Dependence of the shadow size on the spacetime parameters and plasma parameter. The graphical representation highlights the intriguing relationship between spacetime
and plasma parameters and the observable shadow size (𝑅𝑠). At small values of 𝛽, the influence of the spin parameter of the black hole is minimal, mirroring the well-established
Kerr black hole scenario. However, for larger values of 𝛽, the spin effect becomes substantial, exhibiting an almost linear growth with the spin parameter 𝑎. The shadow size is
found to decrease linearly with the plasma parameter 𝑘.
𝑅

𝛴
𝑑𝜙
𝑑𝜏

=
𝑝𝜙

sin2 𝜃
− 𝑎𝜔0 +

𝑎
𝛥
𝑃 (𝑟), (29)

where 𝑃 (𝑟) is given by

(𝑟) = (𝑟2 + 𝑎2)𝜔0 − 𝑎𝑝𝜙 . (30)

The functions 𝑅 and 𝛩

𝑅 = 𝑃 (𝑟)2 − 𝛥[𝑄 + (𝑝𝜙 − 𝑎𝜔0)2 + ℎ(𝑟)], (31)

𝛩 = 𝑄 + cos2 𝜃(𝑎2𝜔2 − 𝑝2 sin−2 𝜃) (32)
7

0 𝜙
are responsible for the radial and angular equations of motion, respec-
tively, where 𝑄 = 𝐾 − (𝑝𝜙 − 𝑎𝜔0)2.

The constant of motion is obtained in terms of the radius 𝑟 of the
circular orbits of photons as in [57] using conditions given as 𝑅 = 0 =
′

𝑄 =
(𝑎𝑝𝜙 − 𝜔0(𝑎2 + 𝑟2))2

𝛥
− (𝑝𝜙 − 𝑎𝜔0)2 − ℎ(𝑟), (33)

𝑝𝜙 =
𝜔0 [𝑟2 + 𝑎2 − 𝛥

′ (

√

4𝑟2 − ℎ′𝛥′
+ 2𝑟)], (34)
𝑎 𝑎𝛥 𝜔0
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where prime (′) denotes the derivative with respect to 𝑟. In order
o get the borderline of the shadow of the black hole one needs to
ntroduce celestial coordinates and distortion of shadow from the circle,
see Figs. 5 and 6). According to [57], in plasma medium it can be
laborated in the form

= −
𝑝𝜙

𝜔0 sin 𝜃0
, (35)

𝑦 = 1
𝜔0

√

√

√

√𝑄 + cos2 𝜃0(𝑎2𝜔2
0 −

𝑝2𝜙
sin2 𝜃0

) . (36)

The boundary of the shadow of the Kerr-type black hole in the SBR
gravity can be defined in the framework of the expressions for 𝑥 and

and demonstrated in Fig. 7. The top panel demonstrates the change
f the shadow cast around the Kerr-type black hole in the SBR gravity
or different values of the 𝛽 parameter. One can see that the effect of
his parameter is much stronger in the left part of the shape i.e. for the
hotons that move in the same direction as the spin of the black hole.
ne can see that the bigger values of the 𝛽 parameter make the left

hand side of the shape smaller. This effect arises due to the prograde
photons having a smaller nearest-approach radius. Since the 𝛽 parame-
ter is a higher-order term in 𝑀∕𝑟, it exerts a more pronounced influence
on the geodesics of photons in closer prograde orbits compared to
retrograde photons. In the second plot, it is presented the effect of
the plasma parameter 𝑘 on the shadow cast. It is clearly demonstrated
that the effect of the 𝑘 parameter is considerably weaker compared to
spacetime parameters 𝛽 and 𝑎. However, considerably bigger values of
this parameter can have valuable effects on the shadow size and shape.
In the plot below one can see the standard effect of the spin of the black
hole on the shadow which can shift the position of the latter and affect
its shape.

One can obtain the observable 𝑅𝑠 using the equation

𝑅𝑠 =
(𝑥𝐶 − 𝑥𝐴)2 + 𝑦2𝐴

2(𝑥𝐶 − 𝑥𝐴)
, (37)

and the other observable 𝛿𝑠 can be calculated using the relation

𝛿𝑠 =
𝐷𝑐𝑠
𝑅𝑠

. (38)

he effect of the spacetime parameters and the plasma parameter
n the observable 𝑅𝑠, which defines the shadow size is presented in
ig. 8. From the top-left panel, it is seen that the effect of the spin
arameter is indeed negligible for smaller values of the 𝛽 parameter
nd the lines behave similarly as for the well-known Kerr black hole
ase. However, the situation is changed when the 𝛽 parameter takes
igger values. For example, one can see that when 𝛽 = 0.001 the effect
f the spin parameter on the shadow size becomes considerable and
ncreases almost linearly with the increase of the spin of the black hole.
his effect is surprisingly interesting because in most known black hole
olutions the effect of spin parameter on shadow size was negligible. In
he top-right panel, it shows similar dependence but for different values
f the plasma parameter 𝑘. Since the value of 𝛽 is fixed and taken to be
ery small one can observe the standard behavior of shadow size with
he change of the spin of the black hole. In the middle-left and middle-
ight panels, we present the dependence of 𝑅𝑠 on the 𝛽 parameter for
ifferent values of the spin and plasma parameters, respectively. One
an see that increase of the 𝛽 parameter reduces the average shadow
adius up to some value and remains almost constant with the further
ncrease of the parameter 𝛽. The plot in the middle-left shows that this
pecific value of 𝛽 in turn depends on the spin of the black hole. One can
ee that increase of the spin of the black hole shifts this specific value
o the left i.e. towards the smaller values of 𝛽. The plot in the middle
ight, however, shows that this specific value of 𝛽 is independent of the
lasma parameter i.e. it fully depends on the spacetime metric itself.
he plot at the bottom is shows the dependence of the shadow size on
8

he plasma parameter 𝑘. One can see that the dependence is almost t
Fig. 9. Change of the distortion parameter with the change of the spacetime parameters
and plasma parameter. The top panel reveals that an increase in the black hole’s spin
leads to stronger shadow size deformations, although plasma density slightly weakens
this effect. The second plot displays a non-monotonic relationship between 𝛿 and 𝛽, with
anges of increasing and decreasing distortion. Higher values for the plasma parameter
hift the lines to larger 𝛽. The plot at the bottom demonstrates that plasma has a
egligible effect on the distortion parameter, meaning it does not significantly alter
he shadow shape despite influencing its size.

inear and an increase of 𝑘 reduces the shadow radius as we discussed
arlier.

In Fig. 9 the dependence of the distortion parameter 𝛿 on the
arameters 𝑎, 𝛽, and 𝑘 is demonstrated. From the top panel, we see
hat the increase of the spin of the black hole deforms the shadow size
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Fig. 10. The shadow radius, denoted as 𝑟𝑠ℎ and normalized by the black hole mass 𝑀 , is presented as a function of spacetime and plasma parameters. The gray and light gray
egions correspond to the EHT horizon-scale image of Sgr 𝐴∗ at 1𝜎 and 2𝜎, respectively. These regions are established by averaging the Keck and VLTI mass-to-distance ratio for
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tronger as in the case of the standard Kerr black hole and the increase
f the plasma density weakens this effect slightly. From the second plot,
t can be clearly seen that the dependence of the distortion parameter
n the parameter 𝛽 is not monotonic i.e. we have a range of 𝛽 where
he distortion parameter increases with the increase of the former and
he range where we have the opposite effect. One can also see that the
ncrease in the plasma parameter 𝑘 shifts the lines towards the bigger
alues of the 𝛽 parameter. Lastly, from the plot at the bottom one can
otice that the effect of plasma on the distortion parameter, which
efines the deviation from a circle is negligible i.e. even though the
hange of plasma parameter affects the shadow size it does not affect
ts shape considerably.

In [62] it has been shown that from the EHT horizon-scale image
f Sgr A* one can take the shadow radius as

.55 ≲ 𝑟𝑠ℎ∕𝑀 ≲ 5.22 (39)

or 1𝜎 confidence level and

.21 ≲ 𝑟𝑠ℎ∕𝑀 ≲ 5.56 (40)

or 2𝜎 confidence level, respectively. In Fig. 10 we show our results
n comparison with the observational data presented in [62] using
he same design for plots. The areas shaded in dark gray and light
ray correspond to the EHT horizon-scale image of Sgr A* at 1𝜎 and
𝜎 confidence levels, respectively. One can clearly see from upper
lots that results obtained in this work always lies between the upper
nd lower bounds of dark gray region. Plot in the bottom shows the
onstraint between the plasma parameter 𝑘 and parameter 𝛽 for the
atching values of lower bounds of shadow radius at two confidence

evels. The shaded regions can be interpreted in the similar way as
9

n the previous graphs. It is clear from this plot that in our model, o
he shadow radius cannot reach the upper limits of approximately
𝑠ℎ∕𝑀 ≃ 5.22 (at 1𝜎) and 𝑟𝑠ℎ∕𝑀 ≃ 5.56 (at 2𝜎). Thus, it is evident
hat our model exhibits certain limitations concerning the formation of
he shadow radius around a black hole.

. Conclusion

In this work we have investigated the optical properties of a rotating
lack hole in the SBR gravity characterized by an additional spacetime
arameter indexed with 𝛽. We have assumed that the black hole to be
urrounded by non-uniform plasma whose effect on the photon motion
s characterized by the plasma parameter 𝑘. Relation between the
adius of the closest approach of the photon and the impact parameter
as shown that the effect of the 𝛽 parameter is considerable in the close
icinity of the central black hole while in the far distances, its effect
ecomes very weak. The performed detailed analysis of the deflection
ngle of photons moving in the spacetime of the black hole has shown
hat an increase in the spin of the black hole and plasma parameter
educes the deflection angle monotonically while the dependence of
he deflection angle on the radius of closest approach is different. We
ave seen that in the presence of the 𝛽 parameter, it grows up to
ome specific value in the close environment of the central black hole,
eaches the maximum, and starts going down with the increase of the
adius of the closest approach of photons. We have also observed that
adius of the photon sphere depends on the plasma parameter 𝑘 in a
uch weaker way as compared to the spin of the black hole and 𝛽
arameter. It has been demonstrated that photon sphere radius can
hange dramatically with the change of the 𝛽 parameter. We have also
hown the standard dependence of the photon sphere radius on the spin
f the black hole.
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Next, we have studied the shadow cast around the Kerr-type black
hole in the SBR gravity. We have illustrated that the presence of the 𝛽
parameter changes the left-hand part (when the spin of the black hole
is oriented upward) of the shadow while the effect of this parameter
on the right-hand part of the shadow is negligible. We have shown
that the increase of this parameter causes the left-hand part of the
shadow to be more deformed. We have also shown that an increase
in the plasma parameter reduces the shadow size. We have seen the
standard effect of the black hole spin on the shadow. However, it
was the case when the 𝛽 parameter was very small. As the next step,

e have studied the effect of the spacetime parameters and plasma
arameter on the two observables namely, average shadow radius and
istortion parameter which defines the deviation of the shape of the
hadow from a circle. There we have demonstrated that the effect of the
pin parameter on the shadow size is similar to the Kerr black hole case
nly for smaller values of the 𝛽 parameter while for the bigger values

of the parameter, it starts affecting the average radius of the shadow
considerably causing it to increase. Change of the average shadow
radius with the change of the 𝛽 parameter, has shown that its increase
ecreases the shadow radius up to some specific value and then remains
onstant. The dependence of the shadow size on the plasma parameter
has demonstrated that the increase of this parameter decreases the

ize of the shadow of the black hole almost linearly. Dependence of the
istortion parameter on the other mentioned parameters has revealed
hat the effect of the plasma parameter is negligible. The increase of
pin of the black hole makes the distortion parameter bigger and the
hange of the distortion parameter with the increase of the 𝛽 parameter
s considerable and not monotonic. Constraints from the observational
ata for the Sgr A* reveals that our model aligns with observed data
ithin confidence bounds but cannot reach upper limits, revealing

imitations in describing the black hole’s shadow radius.
One can make final conclusion from the results obtained in this

ork that the effect of the 𝛽 parameter (which is responsible for the
BR gravity) on photons’ behavior and on spacetime itself is strong. In-
erestingly, the behavior of the spacetime with the change of this space-
ime parameter 𝛽 is not monotonic always which brings surprisingly
nteresting results.
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