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ARTICLE INFO ABSTRACT

Keywords: This study investigates the optical properties of a rotating black hole in Starobinsky-Bel-Robinson gravity,
Starobinsky-Bel-Robinson gravity characterized by the additional parameter . The black hole is assumed to be surrounded by non-uniform
Photon motion plasma, with the plasma parameter k describing its effect on photon motion. The results reveal that the

Kerr-type black hole in non-uniform plasma
Gravitational Lensing
Black hole shadow

influence of the p parameter on the photon motion is significant near the black hole and it becomes weak at
larger distances from the black hole. The deflection angle of photons for gravitational lensing which depends on
the spin of the black hole demonstrates monotonic decrease with increase in the value of the plasma parameter
k. The presence of the g parameter leads to a maximum deflection angle near the black hole, which decreases
with increasing photon distance from the horizon of the black hole. The photon sphere radius is strongly
affected by the g parameter and by the black hole spin, but weakly influenced by the plasma parameter. The
shadow cast by the black hole which is altered by the p parameter, deformed on the left-hand side. Increase
in the value of the plasma parameter k reduces the shadow size of the black hole. The effect of the spin on the
shadow size is observed when g takes comparatively bigger values. The average shadow radius is affected by
the spacetime parameters and plasma parameter, exhibiting a non-monotonic behavior with increasing g. The
distortion of shadow of the black hole is influenced by the parameter § in a considerable and non-monotonic
manner. Observational constraints for Sgr A* show our model aligns within confidence bounds but falls short
of upper limits, revealing shadow radius limitations.

1. Introduction GR. One of the approaches used to get a theory of gravity other than
the theory of GR is to modify the Einstein-Hilbert action of GR [4]. On
Einstein’s theory of gravity known as General Relativity (GR) pre- these lines, recently a theory of gravity has been proposed by adding
dicts the existence of black holes which are now have been confirmed quadratic terms involving the Ricci scalar and the Bel-Robinson tensor
by observing their shadows [1,2] and the gravitational waves [3] in the Einstein-Helbert action, which is known as the Starobinsky-Bel-
produced from their collision in the cosmos. So far the theory of GR is Robinson (SBR) theory of gravity [5]. The four-dimensional SBR theory
of gravity has been inspired by the eleven-dimensional low energy M-
theory, involve a stringy coupling parameter, # > 0, whose value may
be found by the compactification of the M-theory [6].
Black hole solutions of the Einstein field equations of the theory of
GR and of some the other modified theories of gravity have extensively

very promising, however there are certain limitations of it. For example
the theory of GR cannot explain the accelerated expansion of our
Universe and another main challenge is the quantization of gravity in
the framework of GR. Several attempts have been made to present an
acceptable theory of gravity to resolve the issues faced by the theory of
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been studied in the literature to prob the strong gravitational fields in
the vicinity of these ultra compact objects [7-28]. The study of motion
of massive and massless particles in black hole spacetimes can provide
very useful insights to understand the fundamental properties and
structure of the black hole spacetimes. Static as well as rotating black
hole solutions have been found in the SBR theory of gravity [6,29].
These black hole solutions in the SBR theory of gravity have been
analyzed in the context of geodesic motion and thermodynamics. The
Hawking temperature, pressure and entropy of the Schwarzschild-like
black hole in the SBR theory of gravity have been carried out in a recent
work [6]. The black hole shadows and the gravitational deflection of
photon beam by the static and rotating black holes in the SBR theory
of gravity have recently been studied by Belhaj et al. [29].

From the astrophysical point of view it is believed that photons go
through certain plasma medium in the vicinity of black holes [30]. The
accretion discs of plasma around a black hole can significantly affect
the position of the shadow of the black hole and this phenomenon
results in various wavelengths (observable) of photons [31]. Therefore
plasma may produce a noticeable impact on the dynamics of photons
and their orbits in the vicinity of black hole horizons. This may yield
some new information of the spacetime geometry of black holes. This
motivates one to investigate the motion of photons in the presence of
some plasma medium around black holes. Realizing the importance
of photon motion in a plasma medium in the vicinity of black holes,
some interesting results have been obtained for different black holes in
the theory of GR and some other modified theories of gravity [3,32-
50]. In the present work, we explore the photon motion and related
phenomena of the formation of black hole shadow and the gravitational
deflection of photon beam by the rotating black hole immersed in a
non-uniform plasma medium, in the SBR theory of gravity, charac-
terized by the parameter . We study the effects of the non-uniform
plasma parameter k on the photon motion near the horizon of the
Kerr-like black hole in the SBR theory of gravity. We show that the
influence of the parameter f is significant near the horizon of the
Kerr-like black hole but it becomes weak at larger distances from
the black hole. Here we notice that the gravitational deflection angle
of photons depends on the spin of the black hole and also on the
plasma parameter k. The presence of the stringy parameter § leads
to a maximum gravitational deflection angle in the close vicinity of
the black hole, which decreases with increase in the distance from the
central object. We further see that the radius of the photon sphere is
strongly affected by the parameter # and also by the spin of the black
hole, but weakly influenced by the plasma parameter k. We observe
that the black hole shadow is also affected by the parameters § and k,
deforming the left-hand side of the shadow and reducing its size, details
are given in the subsequent sections.

This study of the Kerr-like black hole in the SBR theory of gravity is
organized as follows. In the next Sec. we briefly discuss the spacetime
metric of the Kerr-type black hole in the SBR theory of gravity. In Sec-
tion 3 we investigate the photon motion and gravitational lensing for
the Kerr-type black hole in the SBR gravity. Section 4 is devoted to the
study of the shadow of the rotating black hole in the SBR theory of
gravity. In the last Sec. we present a conclusion of our discussion.

We utilize geometrized units where G = 1 = ¢, employ Greek indices
spanning from O to 3, and take the spacetime signature as (—, +, +, +).

2. Kerr-type black hole in Starobinsky-Bel-Robinson gravity

Exact black hole solutions of the field equations in higher dimen-
sional modified gravity theories attract attention. Here we explore
the black hole solutions in the Starobinsky-Bel-Robinson (SBR) gravity
being embedded in M-theory living in the eleven dimensional space-
time, as recently demonstrated in [51]. M-theory is based on a specific
bosonic sector implementing a metric and a tensor 3-form CMND
coupled to M2-branes and dual to M5-branes [52]. In the framework
of the compactification mechanism with the inclusion of stringy fluxes
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required by the stabilization scenarios one can derive the related four-
dimensional gravity models [6,51]. In other words, the action takes the
form

M? 2
SsBr = Tpl/d“x\/—g [R+ R b

6m2  32M6
pl

P -ch| €h)

where g is the determinant of the metric tensor, M, is reduced Planck
mass which is M, = 1/v/87G ~2x 10'® GeV, and R is the Ricci scalar
curvature. A free mass parameter m may take different interpretations
depending on the theory explored. Quartic contributions P2 and ¢?
are related to the Pontryagin and the Euler topological densities. And
finally, the last term is related to the Bel-Robinson tensor in the
following way [6,51]

v 1
TN T = 3PP =G, @

where new 4-rank tensor
1

Hvic _ pupyA pve Hpyo pvA _ L uv pprald po
T = ROVARY + RVITRY -~ gt ROTURD 3)

is introduced.

The SBR gravity action involves two new parameters m and f with
respect to the Hilbert action in GR and was used for getting new physi-
cal models including inflation [53]. The static Schawarshild-type black
hole solutions were obtained in SBR gravity where the parameter m was
derived by solving the equation of motion [6]. It was demonstrated
that thermodynamic quantities are corrected by the stringy gravity
parameter f. Accordingly, the line element of this non-rotating solution
takes the form

2_ 2, 1 20 2.
ds™ = —f(r)dt +f(r)dr +r°dQ* 4)

where the metric function f(r) is

3
f(r)=1—r7s+ﬂ<4\/i””) (108r—97r5> ’ -

5r

and r; = 2M where M is the total mass parameter. Then the Newmann-
Janis algorithm [54,55] can be adopted for some modified gravity
models using extra parameters in order to obtain rotating black hole
solutions. In particular, the rotating black hole solution in the SBR
gravity in the Bover-Lindquist coordinates takes the following metric
line element [51]

22
ds? = — <A“—;m‘9> dr + %dr2+2d6’2

_ 26?2
- 2asin29<2——A g sm 9>dzd¢
>
_ 22
+ sin 0] + a sin20<2—““—;‘“0>d¢2], (6)

where new parameters

3p0f3 _
A= |1- 2M + 10247° BM>(108r — 194 M) ’ 7
r 5r10
and
> =r+d%cos?d (8)

are introduced. Two parameters a and f recover well known black hole
solutions: a = 0 gives non-rotating black holes and § = 0 in turn
recovers the Kerr solution with the delta function

Agorr(r) = a* + 12 =2Mr . 9

From the condition 4 = 0 one can get the relation between the
event horizon radius and spacetime parameters as demonstrated in
Fig. 1. It is clearly demonstrated that an increase in the spin of the
black hole reduces the event horizon radius but, the rate of change
strongly depends on § parameter as shown in the upper panel of Fig. 1.
Meanwhile, the second panel of the same figure shows that the behavior
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Fig. 1. Dependence of the event horizon radius from the spacetime parameters.

of the event horizon radius with the change of the parameter g is also
different for different values of spin a. One can see that for relatively
slow rotation of a black hole, the event horizon is reduced in size
with the increase of the parameter g while for rapid rotation the event
horizon goes up with the increase of § parameter.

The effect of the stringy gravity parameter § on the thermodynamic
properties of the SBR black holes was studied in [6]. Our main purpose
here is to study the optical properties such as black hole shadow and
deflection of light of the rotating SBR black hole.

3. Photon geodesics and gravitational lensing

In this section, we discuss the motion of photons and the phe-
nomenon of the gravitational lensing in the spacetime of Kerr-type
black hole in SBR gravity.

3.1. Photon motion

It is believed that a black hole environment is surrounded by a non-
magnetized cold plasma. The electron plasma frequency is expressed
through the electron density in the plasma N(x) as [56]
w02 = SN (10)

e
where x refers to spatial coordinates, e and m, are the charge and mass
of the electron, respectively. In the axial symmetric spacetime it can be
taken in the following way [57]

b2 = h) +80)

; ===, an
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where A(r) and g(0) are the radial and angular functions, respectively.
One can choose g(0) to be zero and h(r) = k\/; [57]. Since we are
interested in the motion of photons in the equatorial plane where
0 = r/2 then the electron plasma frequency becomes simply
k_
32"
The plasma refraction index is defined by the ratio of the plasma
frequency w), to the photon frequency w measured by a proper observer
and reads
w?
2

n=1—w—§. 13)

wy(r)? = (12)

Accordingly, the trajectory of the photon is limited to the equatorial
plane. Hereafter we assume that M = 1 and apply the condition § = 7 /2
for the equatorial plane for the calculations.

Geometrical optics is a helpful model of optics when under cer-
tain circumstances electromagnetic waves (light) propagation can be
approximated in terms of rays. In GR in geometrical optics, the light
propagates in the curved spacetime, and in addition, is influenced by
a refractive and dispersive plasma medium, as first demonstrated by
Synge [58] in the framework of the Hamiltonian approach for the
description of the geometrical optics.

The Hamiltonian for the photon propagating in the curved space-
time in the presence of plasma takes the following form [59]

. 1.
H(x',p) = E[gfk,,,,,,k +uw]=0. 14)
Using the Hamiltonian differential equations

dx' _oH dp _ dH

= == == 15
dr op; dr ox! (15)

and two constants of motions from the stationarity and axial symmetry
of the spacetime as the energy and angular momentum of the particle:
E=—Pr=w’L=P¢’ (16)

one can obtain i, i, ¢ as

di _ Eggp— Ly

dr gt2¢ — 8u8¢g
d¢ _ Egy + Lgy
dr 8,24, — 8upp
E?g,, — (g%, — Yw? +2Lg,, + L2
dr Epp ~ &1y ~ En8pgp) V) 8t 8t
V(r) = o= 5 . a7)
T 884 — Eu8pp)

3.2. Gravitational lensing

Here the gravitational lensing of photons by the Kerr-type black
hole in SBR gravity is studied. It is assumed that a photon travels from
a far distance in the equatorial plane of the Kerr-type black hole in
SBR gravity with impact parameter b = £/£. Then it travels back to
asymptotic infinity. We derive the dependence of the radius of the
closest approach r, from the impact parameter based on the third
equation of the system (17) under the condition 7 = 0. For the selected
values of the spacetime parameters, we present the relation between
ro, b and spacetime parameters in Fig. 2. From the top-left panel, it
can be seen that in the close vicinity of the black hole, the difference
between the impact parameter and the radius of the closest approach
of photons considerably differ from each other and this difference
becomes smaller with the increase of these two parameters. It is also
noticeable that the presence of the p parameter strongly affects this
relation. However, it takes place only in the close environment of the
central black hole. One can see that the bigger values of this parameter
match the smaller values of the impact parameter for the same radius of
the closest approach. From the top-right panel, it is evident that faster
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Fig. 2. Dependence of the radius of closest approach r, on the impact parameter b, plasma parameter k, and parameter f.

rotation of the black hole makes the radius of the closest approach of
photons bigger for the same impact parameter. It is caused by the fact
that the bigger spin of the black hole makes the resultant gravitational
field weaker. Accordingly, for the fixed impact parameter photons
approaching the central black hole are less attracted in turn making
the radius of the closest approach bigger. The panel in the bottom-
left demonstrates the change of the radius of the closest approach
with the change of f parameter. It can be seen that this relation is
considerable only for small values of impact parameter and becomes
weaker with the increase of the latter. Lastly, in the bottom-right panel,
it is demonstrated the effect of plasma through the k parameter. One
can see that the relation between r, and k is almost linear for the
chosen range of these two parameters. One can clearly underline that
the increase of k, increases r, as well.
The relation between the radial coordinate r and the angle ¢

d¢ _ [ &, 8ip + b8y
dr 2 _ k
81p ~ 88 \/g(M) - (gr2¢ ~ &u8pp)

18

-3 +2bgy, + b2g,
r2
is obtained at equatorial plane ( = z/2) from the second and third
equations in (17).
Then, the deflection angle can be written as

¢

(o]
a=2/ d
W d

—dr—r. (19)
-

The above integral is evaluated numerically and presented in Fig. 3. It

is demonstrated in the first plot of Fig. 3, that an increase in the spin of

the black hole reduces the angle of deflection of photons moving in the

spacetime of the rotating Kerr-type black hole in SBR gravity. One can

see similar behavior of the lines in the second panel of the figure where

the dependence of the deflection angle on the plasma parameter k is
presented. In the last panel, it is shown that how the deflection angle
of photons is altered with the change of radius of closest approach. It
can be seen from the last plot that the dependence of the deflection
angle on the radius of the closest approach is not monotonic, i.e. in the
close vicinity of the black hole the former increases with the increase
of the radius of the closest approach and reaches its maximum after
which it starts descending. This is due to the fact that the additional
term which appears in the spacetime metric involving f is in turn not
monotonic for the entire range of the radial coordinate r. In all plots,
the deflection angle is reduced with the increase of the parameter f.
By finding solutions from the following conditions

Vin=0,
V') =0,

(20)
2D

one can find the dependence of the photon sphere on the spacetime
parameters which is important for the shadow formed around the Kerr-
type black hole in SBR gravity. The radial function V' (r) is given in (17)
and the derivative with respect to the radial coordinate r is denoted by
prime. Fig. 4 demonstrates the dependence of the photon sphere on the
spacetime parameters. The first panel in the figure demonstrates that
the increase of the parameter # reduces the photon sphere radius and
this rate of change is bigger for the small spin of the black hole. For
example, for a non-rotating case (a = 0) and in the absence of plasma
around the black hole (k = 0) one can observe that the radius of the
photon sphere plunges around f ~ 0.001 and the lines become much
smoother for higher values of spin parameter. From the second panel
of Fig. 4 one can easily notice that the increase of the plasma parameter
k changes the photon sphere almost linearly and the increase of the spin
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of the black hole shifts the lines downward. From the last plot, it can be
seen that the rate of change of photon sphere radius with the change of
plasma parameter strongly depends on the parameter §. It can be seen
that bigger values of this parameter g make the rate of change smaller.

4. Black hole shadow

Using the Hamiltonian for the light ray moving around a black hole
in plasma (14), the Hamilton—Jacobi equation can be written as

Hx 2y =0. (22)
ox
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Fig. 4. Photon sphere radius as the function of spacetime and plasma parameters. The
first panel shows that an increase in § reduces the photon sphere radius, especially for
smaller values of the black hole spin. At  ~ 0.001, the radius decreases significantly
for non-rotating (a = 0) and plasma-free (k = 0) cases. The second panel demonstrates
a linear change in the photon sphere with increasing plasma parameter k, while lines
are shifted downward for higher spin values. The last plot reveals that the rate of
change with the plasma parameter depends on #, where larger values lead to smaller
variations.

The action in the axial symmetric and stationary spacetime can be
written in the following separable form

S = -yt + p¢¢ + S(r,0), (23)

where p, are o, are the angular momentum and energy of the particle,
respectively and both are the conserved quantities due to the spacetime
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Fig. 5. The distant source of light and an observer are located in opposite directions
from the gravitationally lensing massive object. A far observer constructs a reference
Cartesian coordinate system with the black hole at the origin where the Boyer-Lindquist
coordinates are applied. For a far observer, the black hole rotates along the z axis and in
the selected reference frame, the line joining the origin with the observer is orthogonal
to the xy-plane. A straight line intersecting the xy-plane at the point (x, y) defines a
tangential vector to an approaching light ray.

Source: Adapted from [60].
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xXo

Fig. 6. The shadow radius R, and the distortion parameter 5, describe the size and
shape of the black hole, respectively. The difference between the shadow and the left
endpoints of the reference circle defines parameter D, [61].

symmetries. We use the same plasma distribution defined in Eq. (11).
Using the Carter constant K, together with (23) and (11) one can
separate Eq. (22) into the following two parts as

2
’ : Py
(Sp* + (awo sin6 — m) =K (24)
1 /
7~ AP (7 + @y —apy)” ~h) = K . (25)

Using Eq. (25) we can get the equation of the motion in the plasma
media as

2 2
9L 4oy — awy sin® 0) + %

77 P(r), (26)
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k =0.5, a/M=0.9

Fig. 7. Shadow formed around the Kerr-type black hole in the SBR gravity. As can be
seen, f has a pronounced effect on the left side, where photons move along with the
black hole’s spin. The plasma parameter k has a weaker impact, but larger values can
influence the size and shape of the black hole shadow. The black hole’s spin affects
the shadow’s position and shape.

=4 _ VR, @7
dr

=40 _ \/s, 28)
dr



A. Davlataliev et al.

Physics of the Dark Universe 42 (2023) 101340

= $=0.0001
k=2 S
S --- 1 spf TTTTTTTommommoommommommmommommomTooTs ]
I A k=1 ]
L | . 49: ..... k=2 ]
480+ E r b
20— peo 13 I — k=3 ]
< 1= [ e e mccmmccccccccceeemmmmmm——m—m—a—- ]
[ =0.0001 [ ]
t - 48+ E
475} ===+ $=0.001 e ! ]
e -7 a7k ]
4’707\"\—\——\-\— L L T T S o
0.5 0.6 0.7 0.8 09 1.0 0.0 0.2 04 0.6 0.8 1.0
a/M a/M
_ a/M=0.9
5.00 ‘k—‘l T \ S3——— T T
[ st T k=1 ]
498+ e k=2 ]
[ 51j b
496 S —— k=3 ]
r 500 TTTTeeeeeall L B
S 494 % aof T i
& i x Fmmme e 1
492} 48 T TTTTmmeealll L ]
490/ 4T ]
[ 4.6}\{
4.881 cemmma i F ]
L L L L L 4.5’\ L L L L L L L L L L L L L L |
0.0006 0.0007 0.0008 0.0009 0.0010 0.0000 0.0002 0.0004 0.0006 0.0008 0.0010
B B
a/M=0.9
53— —
52f — B0 :
SIpse . ™. = 5=0.0001 -
500 el N - 1
2 4of ]
o r
4.8F ]
4.7¢ E
46F e ]
4‘5’\ T S S T S N S S S B MR SR |
0.0 0.5 1.0 1.5 20 2.5 30
k

Fig. 8. Dependence of the shadow size on the spacetime parameters and plasma parameter. The graphical representation highlights the intriguing relationship between spacetime
and plasma parameters and the observable shadow size (R,). At small values of g, the influence of the spin parameter of the black hole is minimal, mirroring the well-established
Kerr black hole scenario. However, for larger values of g, the spin effect becomes substantial, exhibiting an almost linear growth with the spin parameter a. The shadow size is
found to decrease linearly with the plasma parameter k.

d P
3¢ _ P
dr sin® 0

—awy + %P(r),
where P(r) is given by
P(r) = (r* + a¥)wy — apy, -

The functions R and ©

R = P(r)* - AlQ + (py — awy)* + h(r)],
O = Q + cos? G(azw(z) — pi sin™? 0)

(29)

(30)

(€19)
(32)

are responsible for the radial and angular equations of motion, respec-
tively, where Q = K — (p; — aw)*.

The constant of motion is obtained in terms of the radius r of the
circular orbits of photons as in [57] using conditions given as R =0 =
R/

(apy — wy(@® + r?))?

= 7 —(py — aw0)2 — h(r), (33)
1 Al

Py = L2 wad - A far - A o), (34)
a al o
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where prime (') denotes the derivative with respect to r. In order
to get the borderline of the shadow of the black hole one needs to
introduce celestial coordinates and distortion of shadow from the circle,
(see Figs. 5 and 6). According to [57], in plasma medium it can be
elaborated in the form

O~ (35)
 sin 6
2
P
y = L QO + cos? 00(1220% - = 24) (36)
@9 sin” 6,

The boundary of the shadow of the Kerr-type black hole in the SBR
gravity can be defined in the framework of the expressions for x and
y and demonstrated in Fig. 7. The top panel demonstrates the change
of the shadow cast around the Kerr-type black hole in the SBR gravity
for different values of the § parameter. One can see that the effect of
this parameter is much stronger in the left part of the shape i.e. for the
photons that move in the same direction as the spin of the black hole.
One can see that the bigger values of the f parameter make the left
hand side of the shape smaller. This effect arises due to the prograde
photons having a smaller nearest-approach radius. Since the g parame-
ter is a higher-order term in M /r, it exerts a more pronounced influence
on the geodesics of photons in closer prograde orbits compared to
retrograde photons. In the second plot, it is presented the effect of
the plasma parameter k on the shadow cast. It is clearly demonstrated
that the effect of the k parameter is considerably weaker compared to
spacetime parameters f and a. However, considerably bigger values of
this parameter can have valuable effects on the shadow size and shape.
In the plot below one can see the standard effect of the spin of the black
hole on the shadow which can shift the position of the latter and affect
its shape.

One can obtain the observable R, using the equation

(xc - xA)2 + .Vi

R, = , 37
s 2(xe — x4) 87)
and the other observable §; can be calculated using the relation
D,
5, = ==, 38
s= R (38)

The effect of the spacetime parameters and the plasma parameter
on the observable R, which defines the shadow size is presented in
Fig. 8. From the top-left panel, it is seen that the effect of the spin
parameter is indeed negligible for smaller values of the g parameter
and the lines behave similarly as for the well-known Kerr black hole
case. However, the situation is changed when the p parameter takes
bigger values. For example, one can see that when # = 0.001 the effect
of the spin parameter on the shadow size becomes considerable and
increases almost linearly with the increase of the spin of the black hole.
This effect is surprisingly interesting because in most known black hole
solutions the effect of spin parameter on shadow size was negligible. In
the top-right panel, it shows similar dependence but for different values
of the plasma parameter k. Since the value of g is fixed and taken to be
very small one can observe the standard behavior of shadow size with
the change of the spin of the black hole. In the middle-left and middle-
right panels, we present the dependence of R, on the g parameter for
different values of the spin and plasma parameters, respectively. One
can see that increase of the § parameter reduces the average shadow
radius up to some value and remains almost constant with the further
increase of the parameter g. The plot in the middle-left shows that this
specific value of # in turn depends on the spin of the black hole. One can
see that increase of the spin of the black hole shifts this specific value
to the left i.e. towards the smaller values of g. The plot in the middle
right, however, shows that this specific value of f is independent of the
plasma parameter i.e. it fully depends on the spacetime metric itself.
The plot at the bottom is shows the dependence of the shadow size on
the plasma parameter k. One can see that the dependence is almost
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Fig. 9. Change of the distortion parameter with the change of the spacetime parameters
and plasma parameter. The top panel reveals that an increase in the black hole’s spin
leads to stronger shadow size deformations, although plasma density slightly weakens
this effect. The second plot displays a non-monotonic relationship between § and g, with
ranges of increasing and decreasing distortion. Higher values for the plasma parameter
shift the lines to larger p. The plot at the bottom demonstrates that plasma has a
negligible effect on the distortion parameter, meaning it does not significantly alter
the shadow shape despite influencing its size.

linear and an increase of k reduces the shadow radius as we discussed
earlier.

In Fig. 9 the dependence of the distortion parameter § on the
parameters a, f, and k is demonstrated. From the top panel, we see
that the increase of the spin of the black hole deforms the shadow size
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Fig. 10. The shadow radius, denoted as r, and normalized by the black hole mass M, is presented as a function of spacetime and plasma parameters. The gray and light gray
regions correspond to the EHT horizon-scale image of Sgr A* at 1o and 20, respectively. These regions are established by averaging the Keck and VLTI mass-to-distance ratio for

Sgr A* (as detailed in [62]).

stronger as in the case of the standard Kerr black hole and the increase
of the plasma density weakens this effect slightly. From the second plot,
it can be clearly seen that the dependence of the distortion parameter
on the parameter f is not monotonic i.e. we have a range of  where
the distortion parameter increases with the increase of the former and
the range where we have the opposite effect. One can also see that the
increase in the plasma parameter k shifts the lines towards the bigger
values of the g parameter. Lastly, from the plot at the bottom one can
notice that the effect of plasma on the distortion parameter, which
defines the deviation from a circle is negligible i.e. even though the
change of plasma parameter affects the shadow size it does not affect
its shape considerably.

In [62] it has been shown that from the EHT horizon-scale image
of Sgr A* one can take the shadow radius as

455 Sy /M 5522 39
for 1o confidence level and
421 S ry/M 5556 (40)

for 26 confidence level, respectively. In Fig. 10 we show our results
in comparison with the observational data presented in [62] using
the same design for plots. The areas shaded in dark gray and light
gray correspond to the EHT horizon-scale image of Sgr A* at 1o and
20 confidence levels, respectively. One can clearly see from upper
plots that results obtained in this work always lies between the upper
and lower bounds of dark gray region. Plot in the bottom shows the
constraint between the plasma parameter k and parameter § for the
matching values of lower bounds of shadow radius at two confidence
levels. The shaded regions can be interpreted in the similar way as
in the previous graphs. It is clear from this plot that in our model,

the shadow radius cannot reach the upper limits of approximately
rg /M =~ 522 (at 1o) and rg,/M =~ 5.56 (at 20). Thus, it is evident
that our model exhibits certain limitations concerning the formation of
the shadow radius around a black hole.

5. Conclusion

In this work we have investigated the optical properties of a rotating
black hole in the SBR gravity characterized by an additional spacetime
parameter indexed with . We have assumed that the black hole to be
surrounded by non-uniform plasma whose effect on the photon motion
is characterized by the plasma parameter k. Relation between the
radius of the closest approach of the photon and the impact parameter
has shown that the effect of the g parameter is considerable in the close
vicinity of the central black hole while in the far distances, its effect
becomes very weak. The performed detailed analysis of the deflection
angle of photons moving in the spacetime of the black hole has shown
that an increase in the spin of the black hole and plasma parameter
reduces the deflection angle monotonically while the dependence of
the deflection angle on the radius of closest approach is different. We
have seen that in the presence of the f parameter, it grows up to
some specific value in the close environment of the central black hole,
reaches the maximum, and starts going down with the increase of the
radius of the closest approach of photons. We have also observed that
radius of the photon sphere depends on the plasma parameter k in a
much weaker way as compared to the spin of the black hole and g
parameter. It has been demonstrated that photon sphere radius can
change dramatically with the change of the g parameter. We have also
shown the standard dependence of the photon sphere radius on the spin
of the black hole.
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Next, we have studied the shadow cast around the Kerr-type black
hole in the SBR gravity. We have illustrated that the presence of the g
parameter changes the left-hand part (when the spin of the black hole
is oriented upward) of the shadow while the effect of this parameter
on the right-hand part of the shadow is negligible. We have shown
that the increase of this parameter causes the left-hand part of the
shadow to be more deformed. We have also shown that an increase
in the plasma parameter reduces the shadow size. We have seen the
standard effect of the black hole spin on the shadow. However, it
was the case when the p parameter was very small. As the next step,
we have studied the effect of the spacetime parameters and plasma
parameter on the two observables namely, average shadow radius and
distortion parameter which defines the deviation of the shape of the
shadow from a circle. There we have demonstrated that the effect of the
spin parameter on the shadow size is similar to the Kerr black hole case
only for smaller values of the g parameter while for the bigger values
of the parameter, it starts affecting the average radius of the shadow
considerably causing it to increase. Change of the average shadow
radius with the change of the g parameter, has shown that its increase
decreases the shadow radius up to some specific value and then remains
constant. The dependence of the shadow size on the plasma parameter
k has demonstrated that the increase of this parameter decreases the
size of the shadow of the black hole almost linearly. Dependence of the
distortion parameter on the other mentioned parameters has revealed
that the effect of the plasma parameter is negligible. The increase of
spin of the black hole makes the distortion parameter bigger and the
change of the distortion parameter with the increase of the g parameter
is considerable and not monotonic. Constraints from the observational
data for the Sgr A* reveals that our model aligns with observed data
within confidence bounds but cannot reach upper limits, revealing
limitations in describing the black hole’s shadow radius.

One can make final conclusion from the results obtained in this
work that the effect of the p parameter (which is responsible for the
SBR gravity) on photons’ behavior and on spacetime itself is strong. In-
terestingly, the behavior of the spacetime with the change of this space-
time parameter # is not monotonic always which brings surprisingly
interesting results.
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