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Abstract
In this paper, we have examined the effectiveness exchange of optical vorticity via three-wave
mixing (TWM) technique in a four-level quantum dot (QD) molecule by means of the electron
tunneling effect. Our analytical analysis demonstrates that the TWM procedure can result in the
production of a new weak signal beam that may be absorbed or amplified within the QD
molecule. We have taken into account the electron tunneling as well as the relative phase of the
applied lights to assess the absorption and dispersion characteristics of the newly generated
light. We have discovered that the slow light propagation and signal amplification can be
achieved. Our results show that the exchange of the orbital angular momentum of light can
transfer from coupling optical vortex light to the new generated light in high efficiency.
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1. Introduction

Multi-wave mixing, which relies on quantum coherence and
quantum interference, constitutes a nonlinear optical process
of utmost importance and interest. A plethora of research-
ers have delved into its theoretical and experimental aspects
in recent years, given its vast potential for applications in
nonlinear optics, including but not limited to electromag-
netically induced transparency (EIT) [1], electromagnetically
induced grating [2, 3], optical bistability [4, 5], enhanced Kerr
nonlinearity [6] and others [7–9]. It is widely acknowledged
that the strength of the generated field signal in multi-wave
mixing is directly proportional to its conversion efficiency.
As such, researchers have devoted significant resources to
enhancing the conversion efficiency of multi-wave mixing
through various approaches. In light of this, the conversion
efficiency of multi-wave mixing has been scrutinized util-
izing the EIT mechanism in multi-level atomic systems [7,
10, 11]. For example, Wu et al investigated four-wave mix-
ing (FWM) scheme in a five-level atomic system based on
EIT [7]. The phenomenon of EIT has been extensively invest-
igated, revealing its ability to effectively inhibit both two-
photon and three-photon absorptions in the FWM scheme.
This enables FWM to proceed through real, resonant interme-
diate states without any discernible loss due to absorption. In
another study by Zubairy group [10], a discussion regarding an
effective frequency conversion strategy using Autler-Townes
splitting (ATS) in lieu of the widely recognized EIT mech-
anism in a three-level quantum system has been presented.
It has been discovered that the targeted system can be util-
ized to execute the customary three-level EIT phenomenon.
Furthermore, a concrete documentation has been suggested as
proof of the collapse of nonlinear processes facilitated by EIT.
This proposition provides a compelling indication that prior
physical intuition regarding the implementation of the stand-
ard EIT technique in nonlinear optics may not be adequately
comprehensive. Recent findings reveal that the transference of
orbital angular momentum (OAM) of light can be transferred
from optical vortex lights to a newly generated light through
the utilization of the FWMmechanism [12–14]. For example,
Asadpour et al studied the exchange of OAM stated of light in
a symmetric broken quantum system in ATS and EIT regimes
[13]. In recent years, with the emergence of new materials,
i.e. quantum wells (QWs) and quantum dots (QDs) [15–18],
researchers have paid much attention to the FWM process in
these materials because of their excellent properties [19, 20].
These structures have large electric dipole moments, small
effective electric mass, and highly nonlinear optical coeffi-
cients in comparison to atomic systems [21–23].Moreover, the
dipole moments, intersubband energies, and electron function
symmetries can be meticulously tailored by carefully select-
ing the constituent materials and structural dimensions. In
the existing literature, there exists a plethora of investigations
that document the quantum coherence and interference phe-
nomena in semiconductor QWs and QDs structures [24–32].
The current study focuses on the interaction between laser
beams and QDs. It has been demonstrated that the existence
of inter-dot tunneling leads to the generation of an additional

laser beam when a single probe beam is initially directed
towards one transition of the four-level QDs. Analytical solu-
tions have been presented to elucidate this particular scenario.
Furthermore, it has been revealed that the high conversion effi-
ciency for the two-wave mixing (TWM) mechanism can be
attributed to the impact of inter-dot tunneling, which can be
regulated by an external electric voltage. At the end it has been
shown that when the strong coupling light becomes optical
vortex light, the winding number can be transferred to the new
generated light with high exchange efficiency.

2. Model and formulation

A four-level quantum dot molecule (QDM) with electron tun-
neling effect is shown in figure 1. Aweak probe field with Rabi
frequency Ωp and detuning δ acts on transition |1⟩ ↔ |2⟩. The
transition |3⟩ ↔ |4⟩ is coupled by a strong coupling field by
Rabi frequency Ωc. The levels |2⟩ and |3⟩ are derived by elec-
tron tunneling processes Te. The interaction Hamiltonian of
the system after the dipole and rotating-wave approximations
is given as follow:

H=
∑
j

εj |j⟩⟨j|+Te |2⟩⟨3|

− h̄[Ω∗
pe

iδt |1⟩⟨2|+Ω∗
pe

−iδct |4⟩⟨3|
+Ω∗

s e
iδst |1⟩⟨4|+H.c]

(1)

where εj is the energy of the states |j⟩ and δi corresponds to the
frequency detuning of the applied lights. The time-dependent
probability amplitude for discovering particles in the appro-
priate subbands is denoted by Aj ( j = 1− 4) and it is assumed
that the state wave function has the form |Ψ(t)⟩= A1(t) |1⟩+
A2(t) |2⟩+A3(t) |3⟩+A4(t) |4⟩. When |Ψ⟩ is added to the
Schrodinger equation i∂Ψ/∂t= HI

intΨ , the probability amp-
litudes equation is obtained:

∂A1

∂t
= iΩ∗

pA2 + iΩ∗
s A4 (2)

∂A2

∂t
= i(−δ+ iΓ2)A2 + iΩpA1 + iTeA3 (3)

∂A3

∂t
= i(−ω32 + iΓ3)A3 + iTeA2 + iΩ∗

cA4 (4)

∂A4

∂t
= i(−∆c+ iΓ4)A4 + iΩsA1 + iΩcA3. (5)

In the above equations, we setΓ2 = Γ3 = Γ4 = γ andω32 =
0. In this present study, our objective is to determine the amp-
litude of the light generated through the utilization of the
esteemed Maxwell equations. The Maxwell equations, in the
context of the slowly varying envelope approximation and
under the assumption of time-independent probe light, provide
the necessary framework for understanding the behavior of
two weak probe and signal light waves that propagate along
the z-axis
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Figure 1. The four-level quantum dot molecule in the presence of
the electron tunneling Te which interacts by a weak probe light, a
coupling light and a new generated signal light.

∂Ωp

∂z
+

1
c
∂Ωp

∂t
=

1
2kp

∇2
⊥Ωp+ ikpA2A

∗
1 , (6)

∂Ωs

∂z
+

1
c
∂Ωs

∂t
=

1
2ks

∇2
⊥Ωs+ iksA4A

∗
1 , (7)

kp(s) is the wave number of the probe field (the TWM field).
The first terms on the right-hand side of equations (6) and (7)
stand for the transverse variations of the probe and TWM
fields, which are responsible for the diffraction either in the
medium or in vacuum, which can be neglected if the propaga-
tion distance z is much smaller than the Rayleigh ranges of the
probe field or the TWM field. The aforementioned probability
amplitude equations, as stated in equations (2)–(5), necessit-
ate simultaneous solution with Maxwell’s equation, presented
in equations (6) and (7), in a manner that is self-consistent.
Prior to endeavoring to solve the nonlinear equations, it is
prudent to initially examine the linear excitation of the system,
as it proffers valuable insights for the weak nonlinear theory.
We suppose that the Rabi frequencies of the probe pulse and
TWM field,Ωp,s are significantly lower than those of the CW
pump field, Ωc as a weak perturbation. One can execute the
Fourier transformations for equations (2)–(5) when the elec-
trons are initially occupied in the ground state, (A1 ≃ 1), by
specifying:

Aj =
1√
2π

+∞ˆ

−∞

Aj(ω)exp(−iωt)dω, j = 2,3,4 (8)

Ωp,s(t) =
1√
2π

+∞ˆ

−∞

Λp,s(ω)exp(−iωt)dω, (9)

using the variable to represent the Fourier transform,
equation (2) through (5) consequently assume the following
form:

(ω+ iγ)a3 +Tea2 +Ω∗
ca4 = 0, (10)

(ω− δ+ iγ)a2 +Tea3 =−Λp, (11)

(ω−∆d+ iγ)a4 +Ωca3 =−Λs, (12)

∂Λp

∂z
− i

ω

c
Λp = ikpa2a

∗
1 , (13)

∂Λs

∂z
− i

ω

c
Λs = iksa4a

∗
1 , (14)

where Aj and Λp,s correspond to the Fourier transformations
of Aj, and Ωp,s. Thus, we have:

a2 =−
Rp(ω)
R(ω)

Λp+
R1(ω)

R(ω)
Λs, (15)

a4 =
Rs(ω)
R(ω)

Λp+
R2(ω)

R(ω)
Λs, (16)

where

Rp(ω) =−(ω+ iγ3)(ω−∆c+ iγ4)+ |Ωc|2 (17)

R1(ω) =−Ω∗
cTe, (18)

Rs(ω) =−ΩcTe (19)

R2(ω) = |Ωc|2 − (ω+ iγ3)(ω− δ+ iγ2), (20)

R(ω) = (ω+ iγ3)(ω− δ+ iγ2)(ω−∆c+ iγ4)

− |Te|2(ω−∆d+ iγ4)− (ω− δ+ iγ2)|Ωc|2
. (21)

The analytical solutions for initial conditions for the probe
pulse and TWM field,Λp(0,ω), andΛs(0,ω) = 0 can be given
as follows:

Λp(z,ω) = Λp(0,ω)[W+(ω)exp(izK+(ω))

−W−(ω)exp(izK−(ω))],
(22)

Λs(z,ω) = Λp(0,ω)Q(ω)[exp(izK−(ω))− exp(izK+(ω))].
(23)

With

K±(ω) =
ω

c
−
Rs(ω)ks+Rp(ω)kp± i

√
G(ω)

2R(ω)

= K±(0)+K1
± (ω)+O(ω2)

(24)
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W±(ω) =
Rp(ω)kp−Rs(ω)ks±

√
G(ω)

2
√
G(ω)

=W±(0)+O(ω)

(25)

Q(ω) =
ksRs(ω)√
Y(ω)

(26)

G(ω) = [Rp(ω)kp−Rs(ω)ks]
2 + 4R1(ω)R2(ω)kpkm. (27)

The initial conditions for the pulsed probe and generated
TWM fields at the entrance of the SQW structures at z= 0 are
denoted by Λp,s(0,ω). It is important to note that there exist
two modes, namely K± modes, which are described by the
linearized dispersion relations K= K+(ω) and K= K−(ω),
respectively. Typically, the dispersion relation can be expan-
ded around the center frequencies of the probe pulse and TWM
field, that is, ω = 0 ω = 0. Furthermore, it is customary to
neglect higher-order terms, i.e.,O(ω2) in K±(ω) and O(ω) in
W(ω). In general, the real part ofK±(0) and the imaginary part
ofK±(0) represent the phase shifts and absorption coefficients
per unit length, respectively. The group velocities Vg± for K±

modes are given by 1/Re[K(1)
± ]. Finally, applying an inverse

Fourier transform to Λp,s yields the desired result:

Ωp,m(z, t) =
1√
2π

+∞ˆ

−∞

exp(−iωt)Λp,s(z,ω)dω (28)

and henceforth, we shall present the linearized outcomes for
both the probe pulse and the TWM field:

Ωp(z, t) = Ωp(0,η+)A+(0)e
izK+(0) −Ωp(0,η−)A−(0)e

izK−(0)

(29)

Ωs(z, t) = G(0)[Ωp(0,η−)e
izK−(0) −Ωp(0,η+)e

izK+(0)] (30)

η± = t− z/Vg± and Ωp(t)≡ Ωp(z= 0, t) represent the initial
probe pulse at z = 0. We use real-world parameters to show-
case examples of enhancing TWM signals by tunneling effect
based on the formulas shown in equations (29) and (30), which
describe the propagation dynamics for the probe pulse and
the generated TWM field. The K+ mode decays significantly
faster than the K− mode, as evidenced by experiments. After a
typical propagation distance, one may therefore safely ignore
this quicker variable K+. The probe and TWM pulsesΩp,s can
be rewritten as follows by ignoring the K+ mode:

Ωp(z, t) =−Ωp(0, t− z/Vg)A−(0)e
izβ−zα (31)

ΩS(z, t) = G(0)Ωp(0, t− z/Vg)e
izβ−zα (32)

where Vg = 1/Re[K(1)
− ] is the group velocity, α= Im[K−(0)]

denotes the absorption coefficient, and β = Re[K−(0)] repres-
ents the phase shift per unit length.

Figure 2. 3D plot of the efficiency versus probe detuning δ
and electron tunneling Te. The selected parameters are as
α= 20, Ωc = γ,ϕ = 0 and Z = L.

3. Results

3.1. Three-wave mixing process

In this part, we investigate the effects of electron tunneling on
the efficiency behavior of the TWM phenomenon. Here we
show that due to the electron tunneling phenomenon, the effi-
ciency of the TWMphenomenon improves and this can lead to
many applications in quantum nonlinear optics. We next go on
to the TWM field’s conversion efficiency. The efficiency for
the generated TWM field can be calculated as follows using
the definition in [33]:

ρ=
∣∣∣E(out)

s /E(in)
p

∣∣∣2, (33)

where E(out)
s is the electric field Es(|Es|2 = 4h̄2|Ωs|2/|µ41|2)

for the generated TWM field and Ep(|Ep|2 = 4h̄2|Ωp|2/|µ21|2)
is the electric field for the probe pulse at the entrance z = 0.
In figure 2, we show the efficiency curve in terms of detuning
δ and tunneling parameter Te. As can be seen, the efficiency
value of the TWM phenomenon is completely dependent on
the values of detuning parameters and tunneling intensity. We
see that the efficiency value reaches 0.8 in the best parametric
conditions. Therefore, it can be said that the proposed system
has a suitable ability to improve the FWM phenomenon to a
desired amount. In figure 3, we show the surface plot of the
efficiency curve in terms of detuning and tunneling intensity.
As can be seen, the value of TWM efficiency is high for high
tunneling intensities Te and non-zero detuning δ. This figure
is in very good agreement with the results of figure 2.

In resonance condition of the probe light, i.e. δ = 0, the effi-
ciency as follows:

ρ=

(
Em
Ep

)2

=
|µ21|2

|µ41|2
k2m(B)

2

4kmkp(B)
2
+(C)2

e−2αZ . (34)
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Figure 3. Surface plot of the efficiency versus probe detuning δ
and electron tunneling Te. The selected parameters are same as
figure 2.

Figure 4. 3D plot of the efficiency versus propagation length Z/L
and electron tunneling Te. The selected parameters are same as
figure 2.

With

C= km|Te|2 − kp|Ωc|2 +(ks− kp)γ
2 (35)

B=ΩcTe . (36)

From equation (34), one can find that the efficiency of the
TWM process is dependent to the tunneling parameter and
coupling field. In figure 4, we show the efficiency spectrum
in terms of propagation length Z/L and tunneling intensity Te.
Here, we assume that the probe field is in resonant mode.
As can be seen, in the absence of tunneling, the TWM phe-
nomenon does not occur. Therefore, the efficiency along the
propagation path is zero. But with the increase of the tunneling

Figure 5. Surface plot of the new generated light absorption versus
detuning δ and electron tunneling Te. The selected parameters are
same as figure 2.

amount, the efficiency value increases rapidly and then by
propagation along the path, the efficiency value decreases and
reaches a constant value. An important point is that for low
tunneling intensities, the generated field during propagation is
not absorbed along the path and the medium appears trans-
parent to the generated light. But for higher intensities of
tunneling Te, some of the generated field is absorbed by the
medium. Therefore, it can be said that the best mode for proper
propagation of the generated light is low tunneling intensities.
As we know, the absorption of the generated field is given by
the imaginary term of the K−(0).

Where parameter ϕ corresponds to the relative phase of
applied lights. In figure 5, we show the absorption spectrum
of the generated light in terms of probe detuning δ and relat-
ive phase ϕ = ϕp+ϕc−ϕs. It can be seen that the generated
light in the areas related to δ = 0, can have positive and negat-
ive value in different phases. As we know, the negative value
in the absorption curve indicates the amplification in the sys-
tem. Therefore, in the presence of the tunneling phenomenon
in the QD, the generated field during the propagation is amp-
lified. Of course, the amount of light absorption or amplifica-
tion can be controlled by changing the relative phase of applied
fields. Next and at the end, we will examine the group velocity
of the generated light due to the TWM process. In figure 6,
we show the group velocity of the new generated light versus
probe detuning for different value of the relative phase. It can
be seen that by adjusting the relative phase of the applied light
the group velocity can be switched from slow to fast light or
vice versa. Here, it can be seen that for relative phase ϕ = 0
(solid line), the group velocity corresponds in the slow light
level, however, for ϕ = π (dashed line) corresponds to the fast
light. For relative phase ϕ = π/2(dotted line), the group velo-
city is stopped in the medium. This result may have potential
application in developing the quantum memory in quantum
information technology.
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Figure 6. Group index of the new generated signal light versus probe detuning δ for different relative phase ϕ . The solid line corresponds to
the ϕ = 0, dashed line corresponds to the ϕ = π and dotted line corresponds to ϕ = π/2. The selected parameters are same as figure 2.

Figure 7. Intensity distribution for different OAM number of vortex light. (a1) lc = 0, (a2) lc = 1, (a3) lc = 2 and (a4) lc = 3. The selected
parameters are same as figure 2.

3.2. Exchange of OAM of light

Let us now turn our attention to the spatial profile of the laser
fields described by:

Ω= Ω0
1√
|l|!

(√
2r
w

)|l|

×L|l|p

(
2r2

w2

)
e−r2/w2

eilφ

(37)

where, Ω, w, l and p show the constant Rabi frequency, beam
waist radius, azimuthal (OAM) and Radial indices of the LG
mode, respectively. Here, the associated Laguerre polynomial
L|l|p (x) has the form:

L|l|p (x) =
exx−|l|

p!
d p

dx p

∣∣∣x|l|+pe−x
∣∣∣ . (38)

With x= 2r2/w2 determining the radial dependence of the
LG beams for different radial mode numbers. When l is not
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Figure 8. Phase distribution for different OAM number of vortex light. (b1) lc = 0, (b2) lc = 1, (b3) lc = 2 and (b4) lc = 3. The selected
parameters are same as figure 2.

zero, the LG light beams possess OAM along the optical axis.
The Rabi frequency of the third field generated is linked to
both the inter-dot tunneling as well as the Rabi frequency of
the probe and strong control fields. Henceforth, the generated
laser field Ωs takes on a vortex form if either or both of the
fields Ωp and Ωc are initially in a vortex state. This transfer of
optical vortices is attributed to the presence of interdot tunnel-
ing, which can be regulated by means of an external electric
voltage. For the purposes of this discussion, we posit that the
Ωc is optical vortex light with zero radial index p= 0, and is
given as follows:

Ωc = εc
1√
|lc|!

(√
2r
w

)|lc|

×
(
2r2

w2

)
e−r2/w2

eilcφ

. (39)

With r=
√
x2 + y2 and ϕ = tg−1y/x. In figures 7 and 8,

we show the intensity (figure 7) and phase (figure 8) profiles
of the generated OAM mode as a function of x and y for dif-
ferent winding numbers lc = 0,1,2,3. In our analysis, we have
taken Te to be equal to 1, w to be 0.5 mm, and Ωp to be 0.1γ,
while keeping all other parameters the same as in figure 2.
It is worth noting that for lc = 0, the third generated field’s
intensity profile demonstrates a Gaussian profile. However,
for nonzero lc values, the doughnut intensity profiles exhibit
a dark (blue) hollow center, indicating the conserved trans-
fer of optical vortex of the probe beam to the generated third

beam. For larger topological charges lc, the doughnut diameter
increases. The helical phase patterns allow for an understand-
ing of the singularity at the core of the generated third OAM
beam. When lc = 0, no singularity occurs in the phase pat-
terns, confirming a Gaussian-shaped wavefront of the laser
field with a normal phase. For nonzero vorticities, the phase
patterns begin to twist.

4. Conclusion

In summary, our study has focused on the electron tunnel-
ing effect in an QD molecule exhibiting multi-wave mixing
efficiency. It is observed that the new generated laser field is
yet to be established at the commencement of the ensemble,
wherein the feeble probe beam has just infiltrated. As the
beam propagates within the QD ensemble, the new field is
produced. Analytical solutions elucidate that the beam created
undergoes energy losses, predominantly at the inception of the
ensemble. However, as the beam penetrates deeper into the
ensemble, the losses subside, and the system transitions into
a state of transparency. Furthermore, we have observed that
the new generated light can be amplified through the medium
by adjusting the relative phase between applied lights and the
detuning of the probe light. Moreover, we have discussed the
group velocity properties of the generated light by adjusting
the relative phase of the applied lights. At the end, we have
demonstrated that the inter-dot tunneling phenomenon can
bring about the transfer of OAM between various frequencies.

7
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A specific scenario has been taken into account where a strong
coupling beam is initially a vortex beam. As a result of the
impact of tunneling coupling, an additional laser is produced
with the identical winding number as that of the incident coup-
ling field.
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