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Abstract
We propose a modified version for the strong field theory of high-order harmonic generation
(HHG) in molecules and we apply it to analyze the orientation-dependences of HHG from the
hydrogen molecule and it molecular ion H2

+ when exposed to linearly polarized laser light.
Our model predicts the presence of clear interference minima in the spectra of the high-order
harmonics. We further exploit the orientation-dependence of the interference minima’s
position and the harmonics polarization properties through proposed model. We found that the
position of the interference minima are associated with the polarization properties of
harmonics.
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(Some figures may appear in colour only in the online journal)

1. Introduction

High-order harmonics generation (HHG) is an example of the
strong nonlinear optical response of medium at the presence
of strong laser fields interacting with atoms or molecules in
gaseous or plasma media, while harmonics are also gener-
ated in solids and liquids. As a source of coherent radiation at
very high frequencies, this process is one of the most impor-
tant aspects in strong field physics. Most of the experimental
and theoretical studies of HHG have been devoted to atoms,
while HHG in molecules is still a rarely-studied field, which
presently leaves many open questions to address. In princi-
ple, molecules are much richer source for experimental and
theoretical investigations, since their electronics level struc-
tures are more diverse and incorporating different molecular
symmetries. For instance, experiments have shown that HHG
spectra can be used to image molecular orbitals by calibrating
the molecular re-collision electronic wave packet by a refer-
ence atom [1] and by measuring the interference minima in
the HHG spectra that was predicted by numerical calculations
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[2–5]. Additionally, the molecular instantaneous structures
have been probed during HHG [6, 7].

HHG radiation contains sufficient information about the
structure of its generating medium, which allowed for orbital
tomography imaging of the valence orbitals in atoms and
molecules [8]. In general, the retrieval of the information about
the molecular orbitals is seriously hindered by the complexity
of the harmonic emission process. A commonly used exper-
imental approach employs a pump–probe scheme, where the
first pulse aligns the molecular species along its polarization
direction and the second, probe pulse, after some delay, gener-
ates the high-order harmonics. The measured molecular HHG
spectra are sensitive to the molecular axis orientation rela-
tive to incident laser field polarization and internuclear sep-
aration. This techniques was applied to different molecular
targets, starting from simple diatomic molecules [9–11] and
extending to complex polyatomic systems [12, 13]. The polar-
ization properties of the emitted harmonics were investigated
in [9, 14]. In contrast to HHG from atoms, the deviation from
spherical symmetry in molecules led to observing strongly
elliptically-polarized harmonics driven by linearly polarized
laser fields.
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Double-slit-type interference effect in the HHG spectra was
theoretically predicted for the simplest diatomic molecules
H2

+ and H2 [2, 5], and was experimentally demonstrated for
aligned CO2 molecules [6, 7]. This interference effect strongly
depends of the orientation of molecular bonds with respect
to the polarization direction of driving laser field and can
be described as the interference between the contributions
from different atoms within the molecule, which can lead to a
complete suppression of some harmonics. Modification of the
interference condition due to the Coulomb effects for H2

+ was
tested in [15]. Multielectron corrections in molecular HHG for
different formulations of the strong-field approximation (SFA)
was investigated in [16], it was found that inclusion of the
multielectron corrections has very little effect on the spectrum.

Two main theoretical approaches in modelling molecules
in strong laser field include direct numerical solution of
time-dependent Schrödinger equations (TDSE), and theories
based on the strong field approximation (SFA) [17], in which
the electron motion during the time between ionization and
recombination is described by the Volkov solutions of free
electron in laser field. It means that its interaction with the
laser field is properly treated, while the influence of the atomic
or molecular binding potential is neglected. An example of
such approach is the Lewenstein’s model of atomic HHG [18].
Whereas direct numerical solution of the TDSE can be used
for atomic and simple linear molecular targets within the sin-
gle active electron (SAE) approximation, such an approach is
not practical for complex molecules due to time-demanding
computations. Thus, there is a need for simplified ab initio
molecular-orbital calculations which are simple enough to be
applied systematically to moderately large molecules in the
presence of strong laser field.

In this work we address the problem of HHG from H2

and H2
+ molecules, which are very attractive for being the

simplest molecular systems to test any theory. Moreover pre-
vious predictions [2, 5] on HHG from those systems have
not yet been supported by experimental measurements. We
present a generalized approach from [18], designated as GEX
(Gaussian exact model), based on representation of initial
field-free active highest occupied molecular orbital (HOMO)
as linear combination of atomic orbitals (LCAO) and apply it
to the problem of HHG from H2 and H2

+ molecules. Since,
by its own ideology of SFA, all information about spatial
(including all symmetries) and momentum electron distri-
bution are contained in the initial wavefunction, it is very
important to build it in a proper way. Common ways are
the application of tabulated data (for example [19, 20]) of
Hartree–Fock–Roothaan solutions or the determination of the
coefficients by using the computational chemistry codes like
GAUSSIAN [21] or GAMESS [22]. Additionally, depending
on the choice, two types of basis sets appear for approxi-
mate representation of HOMO, Slater-type orbitals (STO) [23]
and Gaussian-type orbitals (GTO) [24]. We chose GTO basis
since it allows us to get closed analytical expression for the
induced molecular dipole moment. Using the obtained expres-
sion, we analyze HHG spectra for simplest diatomic molecules
H2

+ and H2 with various laser parameters. GTO type basis
functions are widely used for molecular quantum chemical

calculations. In comparison with STO, GTO type basis func-
tions speeds up calculations by 4–5 orders of magnitude and
more than outweighs the extra cost entailed by the larger num-
ber of basic functions, generally required in a Gaussian cal-
culation, especially for large, complex molecules. Using of
computational chemistry codes strongly simplifies initial step
of every molecular SFA calculation.

This paper is organized as follows: the next section
describes our numerical method, where analytical expressions,
within the limits of the SFA model [18], for the components
of induced molecular dipole momentum vector are presented,
which are used to calculate HHG spectra and to determine
the polarization properties of the harmonics. The third section
presents the calculation results with discussion. Finally, the
last section contains a short summary and our conclusions.

2. Theory

Atomic units are used throughout the paper. As a starting point
of our calculations, we use the ‘classical’ quantum theory of
HHG [18] involving the three steps: tunnel ionization from the
highest occupied bounded state, acceleration of the free elec-
tron in the laser field, and recombination of the electron to the
state from which it originated. The last step leads to emission
of a photon. This model uses SFA and SAE. We do not take into
account the contribution of intermediate resonances, ignore
nuclear dynamics and consider the evolution of the molecu-
lar system only from the HOMO. Also, the decay of the active
state is not taken into account, since in our calculations we
restrict ourselves to laser intensities that do not give satura-
tion of ionization for the first few optical cycles. We obtain the
spectrum of HHG by calculating the Fourier transform D(Ω)
of the time-dependent molecular dipole moment d(t):

D(Ω) =
1

2π

∫ ∞

−∞
dt exp(iΩt)d(t). (1)

Instead of dipole-momentum representation alternative
forms of harmonic spectra, based on the dipole velocity, and
dipole acceleration can be used. It was demonstrated in [25]
during numerical simulation of the hydrogen atom that for
short (few-cycle) pulses or very strong (intensities ∼1015 W
cm−2) the harmonic spectra from the dipole moment are not
reliable. Used in present work conditions are below this lim-
its, also dipole momentum form was successfully applied in
[26] for diatomic molecules H2, N2, and O2.

Here the time-dependent induced dipole moment, with the
laser field potential taken in length gauge as −E(t) · r, is
defined

d(t) = 2 Re

(
i
∫

d3p
∫ ∞

0
dτE(t − τ ) · rp0(t − τ )r0p(t)

)
.

(2)
The amplitudes of transitions from the bound state to the

continuum take the form:

rp0(t) = 〈p − A(t) |r| 0〉 exp(isp(t) + iIpt). (3)

Here p is the electron momentum, A(t) is the vector poten-
tial, Ip is the ionization potential and sp(t) is the phase of the
Volkov solution for free electron in laser field
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sp(t) =
1
2

t∫
dτ [p − A(τ )]2. (4)

The initial bound state is built as LCAO for the bound
1σg molecular orbital for H2 molecule and H2

+ ion and is
presented as

Φ1σg(r) = 〈r|0〉 =
∑

i

bi(φi(r − r0) + φi(r + r0)). (5)

Here 2 · r0 is equal to the distance between atoms in
molecule. For further calculations, we generalize the approach
from [18], designated as GEX model. With this approach, the
basis functions φi(r) can be taken in the form of Cartesian
Gaussian functions [22], forming Gaussian-type orbital (GTO)
basis:

g jkl(ξi, r) = n(ξi)x jykzle−ξir
2

(6)

here the normalization factor is defined as

n(ξi) =

(
2ξi

π

)3/4[ (8ξi)
j+k+l j!k!l!

(2 j)! (2k)! (2l)!

]1/2

. (7)

The coefficients ξi and bi in (6) are obtained by Hartee–
Fock calculations performed with Gaussian 03 code [21]. The
STO-6G basis set [27], which approximates each basis Slater-
type orbital (STO) [23] with 6 GTO’s, was chosen. By itself,
STO basis is widely used in simulating the interaction of bound
quantum states with laser field [26] since it is consistent with
the electron–nuclear cusp condition. Moreover, each orbital is
constrained to have a good long-range behavior.

Developed method can be easily applied to complex molec-
ular systems by expanding basis set. In this case additional
gjkl(ξi,r) GTO’s with defined set of ξi and bi parameters will be
used. H2 and H2

+ molecules were chosen as simplest diatomic
molecular systems for examination of our approach. STO-
6G basis set expressed in Gaussian-type orbitals was chosen
since it allows the modeling based on STO basis. This basis
set also allows comparing the results of our calculations with
previous studies, for example [26], where the combination of
Slater-type orbitals was used.

For the matrix element of H2 and H2
+ molecules in ampli-

tude (3), we write the decomposition by g000 functions from
the basis set (6):

〈p |rα| 0〉 = i
∂

∂pα
Φ̃1σg(p) = i

∑
k

βke−(4ξk)−1p2

×
{

(−(2ξk)−1 pα − ir(0)
α )e−ip·r0

+ (−(2ξk)−1 pα + ir(0)
α )eip·r0

}
. (8)

Here the coefficients βk include the normalization factors
(7) and contraction coefficients bk of decomposition in STO-
6G basis from (5). Equation (2) can be written as:

dβ(t) = 2 Re i

(∫
d3p

∫ ∞

0
dτ

[
exp (−iS(p, t, τ ))

× ∂

∂pβ
Φ̃∗

1σg

(
pt

)∑
α

Eα(t − τ )
∂

∂pα
Φ̃1σg

(
pt−τ

)])
.

(9)

The designation of the generalized momentum pt = p −
A(t) is introduced at time t and S(p,t,τ ) = sp(t) − sp(t − τ )
+ Ipτ . Subsequently, most of the works that are based on
the Lewenstein’s model use the Saddle point approximation
for integration over momentum space, where p is replaced by
the momentum pst at a stationary point, which is defined by
the equation:

pst(t, τ ) =
1
τ

∫ t

t−τ

dt′A(t′). (10)

It also leads to the appearance in the integrand of prefactor
(ε− iτ /2)−3/2, with which is responsible for quantum diffusion
effect and very efficiently cuts off the contributions from large
τ ’s, which allows us to extend the integration range in (9) from
0 to infinity. The application of the generalized GEX model
allows us to analytically calculate the integral over p in (9).
We can write the result for (9) that represents the sum:

dβ(t) = 2 Re i
∫ ∞

0
dτ

[
Eα(t − τ )

(
fαβ(r0,−r0)

+ fαβ(r0, r0) + fαβ(−r0,−r0) + fαβ(−r0, r0)
)]

.
(11)

The matrices fαβ with combination of arguments that cor-
respond to contributions from the component of the dipole
moment dβ(t) for situations when ionization occurs, for
example, from one atom of the molecule, and recombination
on the other. This situation corresponds to the second and
third terms in (11), while the ionization and recombination on
the same atom correspond to the first and last terms. Omit-
ting the intermediate transformations, we can obtain explicit
representation of fαβ matrices:

fαβ(r1, r2) =
∑

i

∑
j

βiβ j

(
π

aij

) 3
2

e0.25aij
−1(h(ij))2

+Fij

×

⎡
⎣B(2)

ij

({
h(ij)

}
α

{
h(ij)

}
β
+ 2aijδαβ

)
4a2

ij

+
{

B(0)
ij

}
αβ

−

({
B(1)

ij (t, r2)
}
β

{
h(ij)

}
α
+
{

B(1)
ji (t − τ , r1)

}
α

{
h(ij)

}
β

)
2aij

⎤
⎦ .

(12)

Explicit representation of the functions aij, Fij, B(2), vectors
hij, B(1) and matrix B(0) in (12) are defined in the appendix .
In equation (12) also appears, similar to saddle point method,
the prefactor (aij)−3/2 = ((ξi

−1 + ξj
−1)/4 + iτ /2)−3/2, which is

responsible for quantum diffusion effect. Further integration
by t in (1) and by τ in (11) can be also performed either numer-
ically or using saddle point techniques. We performed integra-
tion numerically, thus accounting for the exact contributions
of all saddle points and their interferences.

The coordinate system is chosen so that components of
linearly polarized laser light are written in the form:

E(t) = {E0ϕ(t) cos (ωt) , 0, 0} . (13)

Here ω is the laser frequency, E0 is the peak field strength,
ϕ(t) is equal to 1 for t from 0 to Tpulse (Tpulse is the laser pulse
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duration), and 0 for the rest of the time interval. The polariza-
tion direction is fixed along x axis. The coordinates of atoms
in the molecule depends on the internuclear distance 2 · r0,
the angle θ between laser polarization direction and molecular
axis; and in our coordinate system have the form:

r1 = {r0 cos θ, r0 sin θ, 0}

r2 = {−r0 cos θ,−r0 sin θ, 0} .
(14)

In our notation, d x corresponds to the parallel component of
laser polarization induced dipole moment, dy is the nonparallel
component. In the case of θ �= 0, the total spectral intensity
of the Nth order harmonics Ω = N · ω is defined as:

W(Ω) = |Dx(Ω)|2 + |Dy(Ω)|2, (15)

where Dx and Dy are the components of Fourier transform (1).
In the case of θ= 0◦ and θ= 90◦ only the Dx component exists
and the spectral intensity is defined with W(Ω) = |Dx(Ω)|2.
The phase of αth component can be written through the real
and imaginary parts of Dα:

ϕα(Ω) = arctan
Im Dα(Ω)
Re Dα(Ω)

. (16)

For the analysis of the polarization properties of harmon-
ics we followed the approach described in [28]. We define the
Stoke’s parameters for Nth harmonics by:

s0 = |Dx|2 + |Dy|2, s1 = |Dx|2 − |Dy|2

s2 = 2
√
|Dx| |Dy| cos(ϕy − ϕx),

s3 = 2
√
|Dx| |Dy| sin(ϕy − ϕx). (17)

Using (17) we define the angle of rotation ψ of the major
axes in (x, y) plane and the ellipticity ε as

tan (2ψ) = s2/s1 (18)

ε =
s3√

s1
2 + s2

2 + s3
2
. (19)

At the same time the sign of (19) defines helicity, i.e.
the direction of rotation of the polarization ellipse. The sign
is positive for right-handed polarization, i.e., such that, to
an observer looking in the direction from which the light is
coming, the electric field vector turns in the clockwise sense.

Summarizing the content of this section, we obtained the
analytical representation (within the limits of the SFA model
[18]) of the induced molecular dipole moment vector using
the formulas (11) and (12), the components which will be
used also for calculating the polarization properties of harmon-
ics using the relations (18) and (19).

3. Calculations and discussion

First of all, we define the initial wavefunction of the active
electron at the starting moment in the absence of laser field.
Figure 1 shows the probability maps |Φ|2 in the (x, y) plane
for H2 (left bottom panel) and H2

+ (right bottom panel)

molecules. These wavefunctions were obtained using the
Gaussian 03 code, restricted Hartree–Fock (RHF) and unre-
stricted Hartree–Fock (UHF) [29] model calculations with the
STO-6G basis chosen in the case of H2 NH2

+ molecules,
respectively. The internuclear distance is fixed at 2 · r0 = 1.4
a.u. for H2 and 2 · r0 = 2 a.u. for H2

+ (figure 1, top panel).
Reproduced ‘vertical’ ionization energy for H2 and ionization
potential for H2

+ are close to experimental values and equal
to Ip(H2) = 15.85 eV (experimental value equal to 15.42 eV
[30]) and Ip(H2

+)= 29.57 eV (reference value 29.99 eV [31]).
Figure 2 shows the harmonics spectra calculated for H2

neutral molecule for the laser wavelength λ = 1030 nm and
laser intensity In = 5 · 1014 W cm−2. The six panels, from
(a) to (f), present the spectra at different angles θ. In panel (a)
of figure 2 we plot the spectra for the limiting cases θ = 0◦

(open red triangles) and θ = 90◦ (filled black rhombs). In this
case only Dx component of (1) exists, so the harmonics inten-
sity is calculated as |Dx(Ω)|2. For θ = 90◦ we obtained the
Lewenstein’s model-based spectrum demonstrating the well
established plateau region from 60th to 150th orders with
slight slope, which ends with sharp cut-off at 145th order.
Cutoff position can be given quite accurate in this and the
following plots by the semiempirical formula [32]

Ncutoff =
(
Ip + 3.17Up

)
/ω. (20)

Here Up = 3.372 · 10−7Inλ
2 is the ponderomotive potential

or quiver energy of electron. Ncutoff, with the parameters corre-
sponding to figure 2, is equal to 145th order and all spectra are
in a good agreement with this assessment. We did not observe
any signs of intramolecular interference and it has a very
clear explanation. As we can see from explicit formulas (12)
and (A1)–(A6) in the case of θ = 90◦, fxx terms do not depend
of r1 and r2 due to {r1}x = {r2}x = 0 and we have four equal
members of sum in (11), except for two of them having inde-
pendent of t exponential factor proportional to ∼exp(−2r0),
which do not contribute to the spectra. In general, the presence
of exponential factor exp(−2r0) removes the unphysical result
for large internuclear distances [33] at the terms proportional
to r0 in (12).

For θ = 0◦, when molecular axis is parallel to laser polar-
ization direction, in panel (a) of figure 2 (open red triangles)
we see the minimum in HHG spectrum located at around 117th
harmonic. As one can see, this minimum has the form of val-
ley, within which some harmonics are strongly suppressed up
to 3 orders compared to the case of perpendicular orientation.
The harmonics in the cutoff region are also suppressed, but the
overall behavior is the same as in the previous consideration.

Panel (b) of figure 2 demonstrates the spectra for Dx (filled
black circles) and Dy (open red squares) components at θ =
30◦. Contribution for Dy becomes comparable and even bigger
at the end of HHG plateau, and due to this reason the position
of cutoff conforms to (20) for perpendicular component. In
the spectra for Dx one can see the disappearance of minimum,
which is shifted beyond the plateau region leading to the strong
suppression of harmonics in the cutoff region. However, if the
harmonic intensities were plotted using formula (15), one can
see that the Dy component fully compensates the suppression
of Dx component, so the position of cutoff will not change.
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Figure 1. Probability maps for H2 (left bottom panel) and H2
+ (right bottom panel) molecules plotted on the base of calculation of the

Gaussian 03 code [21] with schematic orientation (left bottom panel) of laser polarization axis (red arrow) and molecular axes (cyan line
with 2 circles on ends). θ is the angle between these two directions. On the top panel is plotted sectional view along molecular axis for H2
(green solid line) and H2

+ (red solid line).

In panels (c) and (e) of figure 2 the HHG spectra are plotted
for θ = 5◦ and 15◦ degrees, leading to the minimum gradually
shifting towards the cutoff for Dx component. In the case of
panel (c), the minimum is found to be almost at the same posi-
tion as for θ = 0◦, while in the case of panel (e) its position
is shifted towards the 125th order. The contribution from Dy

component (open red squares) increases with angle θ and in
the case of panels (e) and (b) exceeds the component parallel
to laser field polarization. The calculations of the harmonics
intensity W using equation (15) lead to disappearance of the
minimum in HHG spectra, as one can see this in (d) and (f)
panels (filled blue triangles). Overall the picture shows well
expressed minima only for the angles close to θ = 0◦. The dis-
appearance of interference minimum in the total HHG spectra
for large alignment angles was predicted previously in [4] for
H2

+ by the 3D TDSE method, so we confirm same effect for
H2 molecule.

The nonzero contribution from Dy component allows us
to expect strong changes in the polarization properties of the
HHG emission. It can result in the rotation of polarization
direction for harmonics and even the generation of elliptically
polarized harmonics depending on the phases ϕx and ϕy (16).
The calculated ellipticities (19) for θ = 5◦ and 15◦ are pre-
sented as insets in panels (d) and (f). The red solid circles cor-
respond to ellipticity for orientation at positive directions θ =
+5◦ and +15◦ of the molecular axis relative to laser polariza-
tion direction. The green solid circles are the same for negative
angles θ = −5◦ and −15◦.

For the group of harmonics at around the minima we
observe strong changes in the polarization properties when the
ellipticity reaches the values close to 1 corresponding to circu-
larly polarized light. Also it is demonstrated that the helicity

of harmonics can be controlled by changing the orientation of
molecular axis, when the direction of rotation of polarized har-
monics corresponds to the sign of angle θ. The experimental
polarimetry measurements of high-order harmonic emission
from aligned molecules of N2 were reported in [14]. They
found that the elliptically polarized harmonics can be emit-
ted by N2 driven by linearly polarized laser field and that
the phase difference between the Dx and Dy components of
the HHG strongly depends on the harmonic order. We can-
not directly compare this experiment with our calculations
since N2 molecule requires further consideration within the
approach presented in our research. However, it is clear that the
interference minima may be associated with strong variations
of the polarization properties of harmonics and vice verse.

The two-centre interference and the influence of the
coulombic potential on the polarization direction and elliptic-
ity was discussed in [34] by 2D TDSE for H2

+ ion. Authors of
[34] observed significant ellipticity of the emitted harmonics
around the interference minimum and this result was attributed
with Coulomb effects. Main difference of our results from [34]
that in the plane-wave approximation for the returning elec-
tron was not expected to see any ellipticity, but this is what
demonstrated in present work.

In order to demonstrate the movement of interference min-
ima for larger angles one has to increase the length of plateau
region, and one way to do that is by increasing the laser inten-
sity. Another way would be by choosing a laser with longer
wavelength, since Ncutoff in (20) is proportional to λ2. There-
fore, by increasing the fundamental laser wavelength we can
extend the harmonic cutoff to higher orders whilst keeping the
laser parameters below the saturation intensity. This approach
was adopted to expand the technique of HHG spectroscopy
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Figure 2. Calculated harmonic spectra for H2 molecule with λ = 1030 nm, In = 5 · 1014 W cm−2. Red arrows show the positions of minima
and green arrows show the positions of cutoff. Panel (a) presents HHG spectra for Dx component of (1) at θ = 0◦ (red open triangles) and θ
= 90◦ (black filled circles). Panel (b) shows the spectra for Dx (filled black circles) and Dy (open red squares) components at θ = 30◦ . Panel
(c) shows the spectra for Dx (filled black circles) and Dy (open red squares) at θ = 5◦. Panel (d) shows the harmonics spectral intensity W
(15) (filled blue triangles) at θ = 5◦; inset presents the calculated ellipticity (19) for θ = +5◦ (solid red circles) and θ = −5◦ (green solid
circles). Panel (e) shows the spectra for Dx (filled black circles) and Dy (open red squares) at θ = 15◦. Panel (f) shows the harmonic spectral
intensity W (filled blue triangles) at θ = 15◦; inset presents the calculated ellipticity for θ = +15◦ (solid red circles) and θ = −15◦ (green
solid circles).

in [13] by using the 1300 nm laser wavelength. However, a
consequence of increasing the wavelength is that the laser
cycle and hence the time the electron spends in the continuum
between ionization and recombination increases in proportion
to λ, which results in a reducing the probability of recollision
[18]. Additionally, the harmonic yield scales with the laser
wavelength as λ−5 or λ−6 [35–37]. Hence, a balance between
extending the cutoff and losing harmonic efficiency must be
found.

In figure 3 we plot the results for λ= 1300 nm and In = 5 ·
1014 W cm−2. At these parameters of laser field we have Ncutoff

= 281 (20). Panel (a) of figure 3, similar to panel (a) of figure 2,
shows the spectra for the limiting cases θ = 0◦ (open red trian-
gles) and θ = 90◦ (filled black rhombuses). Here we observe
a well determined minima in the plateau at around the 145th
harmonic for Dx at θ = 0◦. Since the minimum is placed deep
inside the plateau, its valley does not affect the cutoff region.
The interference minima travel at θ = 15◦, 30◦ and 45◦ (pan-
els (b), (c) and (d)) for the Dx component parallel to laser field
(open red square), with the positions of minima correspond-
ing to 155th, 189th, and 269th orders. For panels (b), (c) and
(d) the total spectral intensity W (15) (black filled circles) was
calculated since the existence of the non-zero contribution of

Dy. One can again see that with increasing θ the effect of min-
ima vanishes. This feature is clearly seen on panels (c) and (d)
where we have the flat plateau region for W (15). As a result, it
will be impossible to recognize the presence of minima at high
θ in the experiments with harmonics detectors based on inten-
sity or photons counting techniques. Another conclusion is a
requirement of very accurate orientation of molecules in space
by prepulse, since the interference minima is well observed
only for narrow angles at around θ = 0◦ as well as dependence
of interference minima position on the molecular angle can
shift its position beyond plateau region.

Concerning polarization properties, our model predicts the
existence of elliptically polarized harmonics at around the
spectral minima at small values of θ. This peculiarity is demon-
strated in panel (b) of figure 3. The ellipticity of harmonics (19)
are plotted with solid red and green circles, corresponding to
the rotation of molecular axis in positive (θ=+15◦) and nega-
tive (θ = −15◦) directions. Panels (c) and (d) of figure 3 show
that, with increasing angle θ, the ellipticity decreases. How-
ever, since the Dy compensates a decrease of Dx in the region
of minima, the polarization direction of harmonics becomes
oriented along y direction, thus remaining linearly polarized.
This effect strongly expressed for cutoff harmonics at θ = 45◦

in panel (d) of figure 3.
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Figure 3. Calculated harmonic spectra for H2 molecule with λ = 1300 nm and In = 5 · 1014 W cm−2. Red arrows show the positions of the
minima and green arrows indicate the cutoffs. Panel (a) presents the HHG spectra for Dx component of (1) at θ = 0◦ (red open triangles) and
θ = 90◦ (black filled rhombus). Panel (b) shows the spectra for Dx component (open red squares) and W (15) (filled black circles) at θ =
15◦; inset presents the calculated ellipticity (19) for θ = +15◦ (solid red circles) and θ = −15◦ (solid green circles). Panel (c) shows the
spectra for Dx component (open red squares) and W (filled black circles) at θ = 30◦; inset presents the ellipticities for θ = +30◦ (solid red
circles) and θ = −30◦ (green solid circles). Panel (d) shows the spectra for Dx component (open red squares) and W (filled black circles) at
θ = 45◦; inset presents the ellipticities for θ = +45◦ (solid red circles) and θ = −45◦ (green solid circles).

Our model calculations of H2 molecule show that posi-
tion of interference minimum is completely independent of
the wavelength and intensity of laser field. In figure 4, panel
(a) we plot the HHG spectra with three different sets of laser
parameters for parallel orientation (θ = 0◦) of molecular and
polarization axes. The first set is for λ = 800 nm, In =
8 · 1014 W cm−2 (black filled squares). Here we ignore the
problem of ground state depletion. This intensity was cho-
sen to extend the plateau region. The second set is for λ =
1030 nm, In = 5 · 1014 W cm−2 (filled red triangles) and the
third set is for λ = 1300 nm, In = 3 · 1014 W cm−2 (blue filled
circles). All three spectra in case θ = 0◦ have the minima at
λH = 8.7 nm, which corresponds to the 91th, 117th and
147th harmonics for each given laser wavelengths. Panel (b)
of figure 4 shows the spectra for Dx component at θ = 30◦ for
λ = 1030 nm, In = 7 · 1014 W cm−2 (filled red squares) and
λ = 1300 nm, In = 5 · 1014 W cm−2 (filled blue squares). The
position of minima in case θ = 30◦ is shifted to λH = 6.8 nm,
which corresponds to the 151th and 191th harmonics.

We also performed the calculation for H2
+ ion in order to

define the dependence of HHG on the internuclear distance
using the ‘real’ model. The equilibrium distance in this ion is
equal to 2 a.u., which is larger compared to H2 molecule. The
ionization potential is also increased up to 30 eV, which will
lead to the extension of HHG plateau length.

In our model calculations for H2
+ based on the SFA

approach and building of approximated wavefunction as
LCAO in the same STO-6G basis as for H2 molecule, the
difference between these two molecules is encapsulated in
increased ionization energy (29.57 eV vs 15.85 eV), increased
internuclear distance (2 a.u. vs 1.4 a.u.) and another set of
bi coefficients in (5). Increasing of ionization potential leads

Figure 4. Calculated harmonic spectra for H2 molecule. Red arrows
show the position of interference minima. Panel (a) shows the HHG
spectra for Dx component of (1) at θ = 0◦ using λ = 800 nm, In =
8 · 1014 W cm−2 (filled black squares), λ = 1030 nm, In = 5 · 1014

W cm−2 (filled red triangles) and λ = 1300 nm, In = 3 · 1014 W
cm−2 (filled blue circles). Panel (b) shows the HHG spectra for Dx

component of (1) at θ = 30◦ using λ = 1030 nm, In = 7 · 1014 W
cm−2 (filled red squares) and with λ = 1300 nm, In = 5 · 1014 W
cm−2 (filled blue squares).

to increasing cutoff order and decreasing harmonics signal.
However, the shift of interference minima in HHG spectra
may be associated exclusively with increasing internuclear
distance.

In figure 5 we present the calculated HHG spectra from H2
+

ion at different laser parameters and θ. Panel (a) of figure 5
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Figure 5. Calculated harmonic spectra for H2
+ ion. Red arrows

show the positions of interference minima. Panel (a) shows the HHG
spectra for Dx component of (1) at θ = 0◦, with λ = 800 nm, In = 7
· 1014 W cm−2 (filled red circles), at θ = 90◦, with λ = 800 nm, In
= 7 · 1014 W cm−2 (filled black squares), and at θ = 90◦ with λ =
1030 nm, In = 5 · 1014 W cm−2 (open blue rhombuses). Panel (b)
shows the HHG spectra for Dx component at θ = 15◦, with λ = 800
nm, In = 7 · 1014 W cm−2 (filled red circles) and with λ= 1030 nm,
In = 5 · 1014 W cm−2 (open blue rhombuses). Inset shows the
ellipticity of harmonics for λ = 800 nm (solid red circles) and λ =
1030 nm (green solid circles). Panel (c) shows the HHG spectra for
Dx component at θ = 30◦, with λ = 800 nm, In = 7 · 1014 W cm−2

(filled red circles) and with λ = 1030 nm, In = 5 · 1014 W cm−2

(open blue rhombuses), and total harmonic yield W (15) at θ = 30◦,
with λ = 800 nm, In = 7 · 1014 W cm−2 (filled black triangles).

shows the HHG spectra at θ = 0◦ (filled red circles) and θ =
90◦ (filled black squares) of Dx component (1) forλ= 800 nm,
In = 7 · 1014 W cm−2 and at θ = 0◦ (open blue rhombs) for
λ= 1030 nm, In = 5 · 1014 W cm−2. Ncutoff is equal to λ800nm =
7.6 nm (105-th order) and λ1030nm = 6.56 nm (157th order)
for the correspondent wavelengths of the driving pulses. HHG
spectra at λ = 800 nm are combined for θ = 0◦ and θ = 90◦,
since the interference minimum in the former case is not so
pronounced and it is simpler to recognize it with regard to the
background spectrum at θ = 90◦. The positions of minima for
these wavelengths are at around λH = 13 nm (61th and 79th
orders). Panels (b) and (c) show the positions of minima for
θ = 15◦ and 30◦. One can see that, for small angles (0◦ and
13◦), the positions of minima almost coincide with each other.
Inset in panel (b) demonstrates the polarization properties of
emitted harmonics for λ = 800 nm (solid red circles) and λ =
1030 nm (solid green circles). Group of harmonics at around
minima are elliptically polarized, similarly to the cases shown
in figures 2 and 3. Panel (c) shows the total intensity W (15)
at λ = 800 nm (black filled triangles) where the minimum
was suppressed, since the Dy component becomes dominant.

As a result, similar to the one described in the case of the
panel (c) of figure 3, the ellipticity decreases and harmonics
become mainly polarized in the y axis direction. The position
of minima for θ = 30◦ is at λH = 10.6 nm, which corre-
sponds to the 75th order of λ = 800 nm and 97th order of
λ = 1030 nm.

The comparison of minima positions shows a shift at θ =
0◦ from λ0(H2) = 8.7 nm for H2 to λ0(H2

+) = 13 nm for H2
+.

Similar comparisons show the shifts at θ= 30◦ fromλ30(H2)=
6.8 nm to λ30(H2

+) = 10.6 nm and at θ = 45◦ from λ45(H2) =
4.8 nm to λ45(H2

+) = 8.1 nm. It was suggested in [3] that the
positions of the interference extrema are approximately repro-
duced by suggesting an analogy to the interference between
the two point sources. The double-slit-type or two-point emit-
ter interference in HHG manifests as minima and maxima in
the harmonic yield. These two-centre interference minima and
maxima, respectively, are expected for:

2r0 cos θ = (2n + 1)
λk

2
,

2r0 cos θ = nλk, (n = 0, 1, 2, . . . .).
(21)

Here λk = 2π/k is the de Broglie wavelength of the electron
having kinetic energy k2/2=(2N + 1)ω equal to the emitted
high-harmonic photon energy.

This simple model was supported by the numerical results
for H2

+ and H2 [2, 3, 5]. We would like to highlight the
results of [26], where various versions of SFA in length gauge
with or without the dressing of the initial and/or final molec-
ular state was investigated. It was previously shown [26] that
clear two-centre interference minima in the harmonic spectra
as a function of the molecular orientation appear only if the
final molecular state is undressed. The best expressed min-
ima correspond to undressed initial state and undressed final
molecular state version of SFA and in the case of H2 molecule
are well described by (21). According to (21), the first min-
ima (n = 0) of harmonics for angles θ = 0◦, 30◦ and 45◦ are
equal to λ0(H2) = 18 nm, λ30(H2) = 13.5 nm and λ45(H2)
= 9 nm for H2, λ0(H2

+) = 36.9 nm, λ30(H2
+) = 27.6 nm

and λ45(H2
+) = 18.4 nm for H2

+, while demonstrating the
scaling as (2r0 cos(θ))2. In comparison, our calculations show
the shift of interference minima positions towards the short-
wavelength region, while their positions are scaling with a(r0)
− b(r0)sin2(θ) dependence.

Figure 6 shows the summary dependences of the positions
of minima on the angle θ in the cases of the simulated posi-
tions for H2 (red crossed circles) and H2

+ (black crossed
squares), fitting by a(r0) − b(r0)sin2(θ) dependence (solid red
and black lines, correspondingly) and predictions derived from
(21) (dashed red and black lines). We found a contradiction
of ours results compared with those from [26], as with works
based on direct numerical calculations based on TDSE [2, 3,
5]. This is the most contradicting result of our model, since
our scaling law presents alternative to those presented in other
works. At this moment, we do not have clear explanation on
this contradiction. At the same time we did not have problems
with other results, like cut-off [it is perfectly described by (Ip

+ 3.17Up)/ω rule, without predicted deviations in the case of
using length-gauge for bigger intramolecular distance (H2 to
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Figure 6. Comparison of the interference minima of harmonic
wavelength position for Dx component of (1) calculated for H2 (red
crossed circles) and H2

+ (black crossed squares). Solid red and
black lines are the fittings based on the a(r0) − b(r0)sin2(θ) relation.
Dashed red and black lines are the predictions determined from the
formula (21).

H2
+)], presence of interference minima, it is dependence only

of molecular parameters, predictable polarization properties,
and so on.

We also would like to mention the study [38], where authors
in the same manner investigated the orientation dependence
of HHG from H2

+ and theirs numerical simulations by direct
solving of TDSE in length gauge and using similar to [26]
SFA model demonstrated that at certain harmonic orders the
envelopes of the HHG spectra taken at different orientation
angles intersect and the position of intersection is largely
independent of the laser intensity while strongly dependent
on the internuclear distance. This striking ‘intersection’ phe-
nomenon was identified as due to intramolecular two-centre
interference in the HHG. Similar conditions were used in
[38] as those shown in figure 5, but they did not obtain
clear interference minima. Our model ideologically is close
to undressed–undressed version of [26], even we used dif-
ferent basis set (GTO) instead of STO used in [26]. How-
ever, we have chosen the STO-6G basis set approximat-
ing each Slater-type orbital with 6 GTO’s by least-squares
methods, which for small sized molecules gives very sim-
ilar results in computing the initial ground state wavefunc-
tions. The significant difference is the use by authors of [26]
the Saddle point approximations for evaluating all integrals
in (1) and (9). The results of [26] achieved a good agree-
ment with the numerical calculations [2, 3, 5] concerning
position of interference minima, but ours are not agree and
present alternative behavior. However, as final remark we
would like to note that to date the interference effect has not
been observed experimentally in H2 and further researches are
required.

4. Conclusions

In conclusion, we have studied the HHG from the molecu-
lar systems H2 and H2

+, with simplest structure in frame of

modified version of SFA theory [18]. Generalization of GEX
model [18], combined with LCAO representation of HOMO
allowed us to analytically calculate the three-dimensional inte-
grals over p in (9), without using Saddle-point technique. We
have demonstrated the explicit influence of HOMO symme-
try on such a peculiarity of HHG spectra, as the presence
of interference minima. We confirmed the conclusions of the
numerical simulations on the base of direct TDSE solution [2,
3, 5] that the position of interference minima in HHG spec-
tra does not depend on the parameters of laser radiation, such
as wavelength and intensity. The position of minima strongly
depends only on the internuclear distance in molecule for
bonding molecular orbital and angle θ between the polariza-
tion direction of linearly polarized laser field and the molecular
axis. In comparison with [26] our calculations gave the strong
shift of interference minima positions to the short-wavelength
region and the alternative scaling law with sin2(θ) dependence.
We have demonstrated that the polarization properties of har-
monics at around the minima region are strongly change with
variation of θ. Depending on the position of minimum regard-
ing to the cutoff region and angle θ, the linearly polarized, but
aligned in perpendicular to the driving laser polarization har-
monics, as well as the elliptically and even circularly polarized
harmonics appear. Finally, our model calculations predict the
vanishing of minima effect in HHG spectra in the case if one
takes in to account the Dy component of harmonics. For the
spectral intensity calculated as |Dx|2 + |Dy|2 with increasing of
angle θ the interference minimum may be indistinguishable in
experiments where harmonic detectors are based on intensity
or photons counting technique.

Appendix

In this section we present the explicit representation of the
functions aij, Fij, B(2), vectors hij, B(1) and matrix B(0):

ai j = (ξi
−1 + ξ j

−1)/4 + iτ/2 (A1)

hi j(r1, r2) =− 0.5(ξi
−1A(t − τ ) + ξ j

−1A(t))

+ i

(
r1 + r2 −

∫ t

t−τ

dt′A(t′)

)
(A2)

Fi j(r1, r2) =− 1
4

(ξi
−1A2(t − τ ) + ξ j

−1A2(t))

+ i(A(t − τ ) · r1 + A(t) · r2

− 1
2

∫ t

t−τ

dt′A2(t′) − Ipτ ) (A3)

B(2)
i j = 0.25(ξiξ j)−1 (A4)

B(1)
i j (t, r) = −0.25(ξiξ j)−1A(t) + 0.5iξi

−1r (A5)

{
B(0)

i j (r1, r2)
}
αβ

=
Aα(t − τ )Aβ(t)

4ξiξ j
− {r1}α{r2}β

−0.5i
(
ξi
−1Aα(t − τ ){r2}β + ξ j

−1Aβ(t){r1}α
)
.

(A6)

The coefficients of STO-6G basis set can be found in [39].
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[33] Milošević D B 2006 Phys. Rev. A 74 063404
[34] Zwan E V and Lein M 2010 Phys. Rev. A 82 033405
[35] Shan B and Chang Z 2001 Phys. Rev. A 65 011804
[36] Tate J, Auguste T, Muller H G, Salières P, Agostini P and

DiMauro L F 2007 Phys. Rev. Lett. 98 013901
[37] Shiner A D et al 2009 Phys. Rev. Lett. 103 073902
[38] Chen Y J, Liu J and Hu B 2009 J. Chem. Phys. 130 044311
[39] Benjamin P P, Doaa A, Brett D, Tara D G and Theresa L W

2019 J. Chem. Inf. Model. 59 4814–20

10

https://orcid.org/0000-0001-5522-1802
https://orcid.org/0000-0001-5522-1802
https://orcid.org/0000-0001-5522-1802
https://orcid.org/0000-0003-4822-9747
https://orcid.org/0000-0003-4822-9747
https://orcid.org/0000-0003-4822-9747
https://doi.org/10.1038/nature03183
https://doi.org/10.1038/nature03183
https://doi.org/10.1103/physrevlett.88.183903
https://doi.org/10.1103/physrevlett.88.183903
https://doi.org/10.1103/physreva.66.023805
https://doi.org/10.1103/physreva.66.023805
https://doi.org/10.1103/physreva.67.023819
https://doi.org/10.1103/physreva.67.023819
https://doi.org/10.1103/physreva.71.053407
https://doi.org/10.1103/physreva.71.053407
https://doi.org/10.1038/nature03577
https://doi.org/10.1038/nature03577
https://doi.org/10.1103/PhysRevLett.95.153902
https://doi.org/10.1103/PhysRevLett.95.153902
https://doi.org/10.1038/nphys2029
https://doi.org/10.1038/nphys2029
https://doi.org/10.1080/09500340802175766
https://doi.org/10.1080/09500340802175766
https://doi.org/10.1103/physrevlett.99.243001
https://doi.org/10.1103/physrevlett.99.243001
https://doi.org/10.1103/physrevlett.87.183901
https://doi.org/10.1103/physrevlett.87.183901
https://doi.org/10.1038/ncomms8039
https://doi.org/10.1038/ncomms8039
https://doi.org/10.1364/oe.18.003174
https://doi.org/10.1364/oe.18.003174
https://doi.org/10.1103/physrevlett.102.073902
https://doi.org/10.1103/physrevlett.102.073902
https://doi.org/10.1103/physreva.75.043405
https://doi.org/10.1103/physreva.75.043405
https://doi.org/10.1080/09500340.2011.587612
https://doi.org/10.1080/09500340.2011.587612
https://doi.org/10.1080/09500340.2011.587612
https://doi.org/10.1080/09500340.2011.587612
https://doi.org/10.1103/physreva.49.2117
https://doi.org/10.1103/physreva.49.2117
https://doi.org/10.1063/1.1726972
https://doi.org/10.1063/1.1726972
https://doi.org/10.1016/0092-640x(74)90006-0
https://doi.org/10.1016/0092-640x(74)90006-0
https://doi.org/10.1002/jcc.540141112
https://doi.org/10.1002/jcc.540141112
https://doi.org/10.1103/physrev.36.57
https://doi.org/10.1103/physrev.36.57
https://doi.org/10.1103/physreva.79.023403
https://doi.org/10.1103/physreva.79.023403
https://doi.org/10.1103/PhysRevA.79.023414
https://doi.org/10.1103/PhysRevA.79.023414
https://doi.org/10.1063/1.1672392
https://doi.org/10.1063/1.1672392
https://doi.org/10.1103/physreva.53.1725
https://doi.org/10.1103/physreva.53.1725
https://doi.org/10.1103/revmodphys.23.69
https://doi.org/10.1103/revmodphys.23.69
https://doi.org/10.1103/revmodphys.23.69
https://doi.org/10.1103/revmodphys.23.69
https://doi.org/10.1063/1.1740120
https://doi.org/10.1063/1.1740120
https://doi.org/10.1103/physreva.39.2260
https://doi.org/10.1103/physreva.39.2260
https://doi.org/10.1103/physreva.66.033402
https://doi.org/10.1103/physreva.66.033402
https://doi.org/10.1103/physrevlett.68.3535
https://doi.org/10.1103/physrevlett.68.3535
https://doi.org/10.1103/physreva.74.063404
https://doi.org/10.1103/physreva.74.063404
https://doi.org/10.1103/physreva.82.033405
https://doi.org/10.1103/physreva.82.033405
https://doi.org/10.1103/physreva.65.011804
https://doi.org/10.1103/physreva.65.011804
https://doi.org/10.1103/physrevlett.98.013901
https://doi.org/10.1103/physrevlett.98.013901
https://doi.org/10.1103/physrevlett.103.073902
https://doi.org/10.1103/physrevlett.103.073902
https://doi.org/10.1063/1.3069511
https://doi.org/10.1063/1.3069511
https://doi.org/10.1021/acs.jcim.9b00725
https://doi.org/10.1021/acs.jcim.9b00725
https://doi.org/10.1021/acs.jcim.9b00725
https://doi.org/10.1021/acs.jcim.9b00725

	Orientation dependences of high-order harmonic generation in H2 and H2+ molecules
	1.  Introduction
	2.  Theory
	3.  Calculations and discussion
	4.  Conclusions
	  Appendix
	Acknowledgments
	ORCID iDs
	References


