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Chapter 49

Integration using algebraic

49.1 Introduction

Functions that require integrating are not always in the
‘standard form’ shown in Chapter 48. However, it is
often possible to change a function into a form which
can be integrated by using either:

N

(i1) trigonometric substitutions (see Chapter 50),

—

) an algebraic substitution (see Section 49.2),

(iii) partial fractions (see Chapter 51),
(iv) thet= tan% substitution (see Chapter 52), or

(v) integration by parts (see Chapter 53).

49.2 Algebraic substitutions

With algebraic substitutions, the substitution usually
made is to let # be equal to f(x) such that f(u) du is a
standard integral. It is found that integrals of the forms:

f@r
[f (0]

(where k and n are constants) can both be integrated by
substituting u for f(x).

dax

k/ [F O (0)dx and k

49.3 Worked problems on
integration using algebraic

substitutions

Problem 1. Determine / cos(3x+7)dx

substitutions

f cos(3x + 7) dx is not a standard integral of the form
shown in Table 48.1, page 436, thus an algebraic
substitution is made.

u
Let u=3x+7 then 523 and rearranging gives

du
dx=—
3

d
Hence /cos Bx+7dx = /(cos u)?u

1
= / —cosudu,
3

which is a standard integral

I
=—sinu+c
3 =+
Rewriting u as (3x +7) gives:
1
/ cos(B3x+7dx = gsin(Sx +7)+c,

which may be checked by differentiating it.

Problem 2. Find: / 2x—5)dx

(2x —5) may be multiplied by itself 7 times and then
each term of the result integrated. However, this would
be a lengthy process, and thus an algebraic substitution
is made.

d d
Let u=(2x —5) then d_u:2 and dx = 7”
Hence

X
du 1
/(2x—5)7dx=/u77” = E/Lﬂdu
1 8

= (% —l—c—iug—l—c
2\ 8 16
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Rewriting u as (2x — 5) gives:

7 _i _ =8
/(2x—5)dx_16(2x 58 ¢

4

G )

Problem 3. Find: /

d d
Let u=(5x — 3) then = =5 and dx = 2%
dx 5

4 ddu 4 1
Hence / dx:/——:—/—du
5x—3) us 5/) u

—4lnu+c
5

4
= gln(Sx—3)+c

1
Problem 4. Evaluate / 2% 1gx, correct to 4
0
significant figures

d
Letu:6x—1then@:6anddx:—u
dax 6

d 1
Hence /236x_1dx: /26”% = gfe”du

1 1
:_eu+C2_e6x—1+C
3 3

[e6x—1]1

1
Thus /236x_1dx: &
0

[ — e '] =49.35,

W] = W] =

correct to 4 significant figures.

Problem 5. Determine: / 3x(4x® + 3)5 dx

) du du
Letu=(4x"+3)then — =8x and dx= —
dx 8x

Hence

d
/ 3x(dx? + 3)°dx = / 3x () 8—;’

3
= o / u5du, by cancelling

The original variable ‘x’ has been completely removed
and the integral is now only in terms of # and is a
standard integral.

3 3 (ub 1
Hence §/u5du:—<—)+c:—u6+c

8\ 6 16
= i(4x2 +3%+¢
16
/6
Problem 6. Evaluate: / 24 sin® O cos 0d 0
0
) du du
Let u=sin 6 then — = cos¥ and d0 = ——
do cosé

Hence / 24 sin> 0 cos O dO
d
= / 2417 cos 9—”
cosé
=24 / u5du,by cancelling

6
u
=24€+c:4u6+c=4(siﬂ9)6+c

= 45in®0 + ¢

/6
Thus / 24 sin° 0 cos 0 dO
0

. /6 . N6 .
= [4s1n69]0 :4[<sm €> —(SlIlO)6i|

=4 AN 0 —10r00625
o 2 16 )

Now try the following exercise

Exercise 174 Further problems on
integration using algebraic
substitutions

In Problems 1 to 6, integrate with respect to the
variable.

1
1. 2sin(4x+9) [_5 cos (4x+9) + c}

3
2. 3cos(20-15) [E sin (26 — 5) + c}

(@)}
=
=
—
=)
(<]
(Vo]




(@)
<
=
—
=
(<]
(O]

444 Engineering Mathematics

A i}
3. 4sec2(3t+1) [gtan(%—i—l)—i—c
4 1(5x 3)% 1(5x 3)7+c_
2 70 |
-3 3 T

5. —ZIn(2x — 1
@x—1) [21“ ]
6. 3e30+5 [30+5 4 ]

In Problems 7 to 10, evaluate the definite integrals
correct to 4 significant figures.

1
/ Bx+ 1)’dx [227.5]
/ B L [4.333]
9. / 281n<3t+ >dt [0.9428]
0
1
10. / 3c08(4x — 3)dx [0.7369]
0

49.4 Further worked problems on

integration using algebraic
substitutions

Problem 7. Find: / —_—
2 + 3x2

d d
Let u =2+ 3x2 then G exand dx =2
dax 6x

X
Hence ———dx
/ 2 4 3x2

di 1 1
— / ;_66_)% = = / ;du, by cancelling,

1
=—-Inu+x
6

1 2
= Eln(2+3x Y+¢

Problem 8. Determine: /

v 4x2

d d
Let u=4x2 — 1 then % = 8x and dy = =
dax 8x

Hence

X
——dx
/«/4)62—
2x du 1 1
— | —=du, by cancellin
/fo 4/ﬁ Y .
1 -1
=- d
4/u u
1 |:u(_1/2)+1:| 1 |:u1/2i|
=—|——|+c=~|—4—|+c
1 1
4 —5 + 1 4 -

1 1
=§ﬁ+C:E 42 —1+4c¢

Problem 9. Show that:

/tan@dézln(secé)—i—c

Letu=cosf

du —du
hen — = —sind = ——
then 70 sind and d S0

sin & 46 — / sin@ —.du
cosé u sin &

1
:—/—du:—lnu—i—c
u

Hence

= —In(cosb) + ¢
=lIn(cos 9)_1 + ¢,
by the laws of logarithms

Hence/tan 0d6 = In(secl) + c,

since (cosf)~!=—— = sech
cosf

49.5 Change of limits

When evaluating definite integrals involving substi-
tutions it is sometimes more convenient to change
the limits of the integral as shown in Problems 10
and 11.
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3
Sxv/2x2 +7 dx,

1
taking positive values of square roots only

Problem 10. Evaluate:

du du
Let u=2x%+7, then — =4x and dx = —
dx 4x

It is possible in this case to change the limits of inte-
gration. Thus when x =3, u = 2(3)? + 7=25 and when

x=1,u=2(12+7=9
x=3
Hence / Sxv2x2 + 7 dx
X

=l

#=23 25
du 5
_ / sev/i X =2 7 S
i 4x

=9 4J9

5
= %/2 udu
9

Thus the limits have been changed, and it is unnecessary

to change the integral back in terms of x.

x=3
Thus / 5xv2x2 + 7 dx
x=1

5 Ll3/2 25 5 25
4[3/2}9 6[ “lo

5 5 2
s 6[\/253 V3] = £(125 -27) = 813

2
dx, taking

- 2

positive values of square roots only

Problem 11. Evaluate: /
0

du du
Let u=2x*+1then — =4x and dx= —
dax 4x

=2 3y dy

x0f4x

=2
4/x=0

2
Hence /
0 v2x2

Since u=2x%+1, when x=2, u =9 and when x =0,

u=1

3 x=2 3 u=9
Thus —/ w2y = —/ w2 du,
4 x=0 4 u=1

i.e. the limits have been changed

4

2

3[ 12 J 3
=—| T :E[\/g—ﬁ]:&
1

taking positive values of square roots only.

Now try the following exercise

Exercise 175 Further problems on
integration using algebraic
substitutions

In Problems 1 to 7, integrate with respect to the
variable.

1
1. 2x(2x% —3)° [E(zxz -3+ c}

5cos6t—i-c
6

2. 5cos’tsint

3. 3sec? 3x tan 3x

L > L, 1
—sec”3x+c¢ or —tan“3x+c
2 2 |
5 _
4 32 [5 B -1Y+c¢
5 Ino 1(1 oy 7
© pLmer e
3 _
6. 3tan 2t Eln(sec%)—i—c
2¢!

[4ve' +44c]

e +4

In Problems 8 to 10, evaluate the definite integrals
correct to 4 significant figures.

1
8. / 3xe =D gy [1.763]
0
/2
9. / 3sin* @ cos O do [0.6000]
0
10 / o [0.09259]
o @ -1y '

Section 9
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11.

12.

The electrostatic potential on all parts of a
conducting circular disc of radius r is given
by the equation:

> R
V =2no / ———dR
0 ~/R?2 72
Solve the equation by determining the inte-

[V:Zno{ (92+72) — r}]

In the study of a rigid rotor the following inte-
gration occurs:
o0

7= |
0

gral.

—TI+1) R

QJ+1)e sz2ur dJ

13.

Determine Z, for constant temperature T
assuming /1, I and k are constants.
82 IKT
]

In electrostatics,

2

a“o sin @

ao

E:/O 28\/(02

where a, o and ¢ are constants, x is greater

than g, and x is independent of 6. Show that

ato

E=——
£X

—x? —2axcos 0)



