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3
8. (a) / : sec” 3xdx  (b) / 2 cosec? 46 do
1 1
[(a) 7 tan3x+c¢ (b) —3 cot 49—1—0}

9. (@5 / cot 2t cosec 2t dr
4
(b) /§ sec4t tan4r dr

5
(a) — 7 cosec2f + ¢

1
(b) 3 secdr + ¢

3 2 [ dx
10. (a)/Zez"dx (b)§/ﬁ

3 o =
[(a)ge +c¢ (b) 15e5x+c}

2 _
11. (a)/%dx (b)/(” - 1>du

[(a) glnx +c

2: 2
12. (a)/(zt/f_cx) dx (b)/<%+2t> dr

1
(a)8\/£+8x/ﬁ+?8x/ﬁ+c

1 473
(b)—;+4t+?+c

2
(b) £} —lnu—i—c}

Applying the limits gives:

3 3 3 3 3
> X 3 1
= | — — —_ —
/lxdx [3—1—01 <3+c> <3—|—c>

1 2
:(9+c)—<§+c>:8§

Note that the ‘c’ term always cancels out when limits
are applied and it need not be shown with definite
integrals.

Problem 12. Evaluate
@ [3xdc () [, @4 —x?)dw.

3 2 8 2
{5(2) } - {5(1) }
1
2

3 e 3
(b)/ (4—x2)dx:[4x——}
—2 3 —
3 3
— {4(3)—%}—{4(—2)—( 2) }

3
8
= {12-9}— {—8—?}

= {3 sil_gl
— {55

Yro+2
Problem 13. Evaluate / <L> do, taking
1\ 0

positive square roots only.

37.4 Definite integrals

Integrals containing an arbitrary constant ¢ in their
results are called indefinite integrals since their
precise value cannot be determined without further
information. Definite integrals are those in which
limits are applied. If an expression is written as [x]Z,
‘b’ 1s called the upper limit and ‘a’ the lower limit.
The operation of applying the limits is defined as
11 = (&) — (@.

The increase in the value of the integral x> as x
increases from 1 to 3 is written as || 13 x? dx.

[ (e 2)o
<
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3 14
62 202 2 4
= +T} 2[3«/9%4@}
1

_ %WHJZ} - {%WHx/m}

= 16+8 2+4
] 3 3
2 2

1
=5-4+8—-—4=8%
37873 3

]

Problem 14. Evaluate / ’ 3sin 2x dx.
0

]

/23sin2xdx
0

1 3 3 7
= [(3)<—§> cos$ 2x}0 = [—5 cos$ 2x}0
3 7T 3
= —3 0052<5>} — {—5 cos2(0)}
3 3
= -3 cosn} — {—5 cosO}

3 3 3 3
= —5<—1>}— {—5<1>} =Z+2=3

2
Problem 15. Evaluate / 4 cos 3rdr.
1

2 1 2 T4 2
/ 4cos3rdr = [(4) - sin3t} = [— sin3t}
1 3 1 3 1
4 . 6 4 . 3
= 1-8in6; — ¢ —sin
3° 3°

Note thatlimits of trigonometric functions are always
expressed inradians—thus, for example, sin 6 means
the sine of 6 radians = —0.279415.. ..

2
Hence / 4 cos3tdr
1

= {%(—0.279415. .. )}—{%(0.141120. .. )}

= (—0.37255) — (0.18816) = —0.5607

Problem 16. Evaluate

2 4 3
(a)/ 4e* dx (b)/ — du,
1 1 4l/t

each correct to 4 significant figures.

2 4 2
(a) / 4e¥ dx= [5 ezx} =2[ ezx]%:2[ et —e?)
1 1

= 2[54.5982 — 7.3891] = 94.42
43 3 43

b ~du=|>1 = [In4—Inl

()/14uu [4nu}1 4[n nl]

3
= 113863 — 0] =1.040

Now try the following exercise.

Exercise 147 Further problems on definite
integrals

In problems 1 to 8, evaluate the definite inte-
grals (where necessary, correct to 4 significant
figures).

4 1 3
1. (a)/ 5x% dx (b)/ —Z2dr
1 -1 4

[(a) 105 (b) —%}

2 3
2. (a)/ (3 —x%)dx (b)/ (x> —4x+3)dx
-1 1

1
[(a) 6 (b)—lg}

3. (a)/ﬂécosede (b)/740059d9
0o 2 0
[((@0 (b)4]
T 2
4. (a) /ﬂ 2sin26d6 (b) / 3sintdr
r3 0
[(a)1 (b)4.248]

1 s
5. (a)/ 5 cos 3x dr (b)/6 3sec? 2xdx
0 0

[(a) 0.2352 (b) 2.598]
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2 24¢d 1litre to 3 litres for a temperature rise from
- @ | - cosecmdrdr 100 K to 400 K given that:
(b) /; (3sin 2x — 2 cos 3x) dx Co=45+6x107T +8 x 107°7°
z [55.65]

[(10.2527 (b} 2/634] 10. The p.d. between boundaries a and b of an

! 2 2 : o b0
3t V=
. (a) /0 3eldr (b) /_ 3en dx electric field is given by: V =  mreo, dr
[(@) 19.09  (b) 2.457] If a=10, b=20, Q=2 x 107 coulombs,
£0=28.85x 10712 and &, =2.77, show that

V=9kV.

.(a)/ 2 (b)/ 2x2 —I—l

(3)02703 (b) 9.099] 11. The average value of a complex voltage
waveform is given by:
. The entropy change AS, for an ideal gas is

M 5 1 i
given by: Vay = — / (10 sin wt + 3 sin 3wt
L dr 2 qv e
AS = / o g / i '
n v vV + 2 sin Swt) d(wt)
where T is the thermodynamic temperature, Evaluate V4y correct to 2 decimal places.
V is the volume and R = 8.314. Determine [7.26]

the entropy change when a gas expands from
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38

Some applications of integration

38.1 Introduction

There are a number of applications of integral calcu-
lus in engineering. The determination of areas, mean
and r.m.s. values, volumes, centroids and second
moments of area and radius of gyration are included
in this chapter.

38.2 Areas under and between curves

In Fig. 38.1,
b ¢
total shaded area = / Jf)dx — / f)dx
a b

+/cdf(x)dx

y="1(x)

A2 Y

/0 F/ [ d X

Figure 38.1

Problem 1. Determine the area between the
curve y = x° — 2x? — 8x and the x-axis.

y = x> —2x2—8x = x(x2—2x—8) = x(x +2)(x—4)

Wheny =0, x =0o0r(x+2)=00r(x—4) =0,
i.e. wheny = 0, x = 0 or —2 or 4, which means that
the curve crosses the x-axis at 0, —2, and 4. Since
the curve is a continuous function, only one other

co-ordinate value needs to be calculated before a
sketch of the curve can be produced. When x = 1,
y = —9, showing that the part of the curve between
x = 0 and x = 4 is negative. A sketch of

y = x — 2x? — 8x is shown in Fig. 38.2. (Another
method of sketching Fig. 38.2 would have been to
draw up a table of values).

Shaded area

0 4
= / (x* — 2x% — 8x)dx —
-2
4

0

B [x 2t 8x2}0 [x4 5 8x2}
2 0

10

|_—y=x®-2x2-8x

L I S——
‘/2 =1 0 1 27 7 4 X
~10f /

—201

Figure 38.2

Problem 2. Determine the area enclosed
between the curves y = x> 4+ landy = 7 — x.

At the points of intersection the curves are equal.
Thus, equating the y values of each curve gives:

W Hl=7—x
from which, ¥4+x—6=0
Factorising gives (x —2)(x 4+ 3)=0
from whichx =2 and x = —3
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By firstly determining the points of intersection the
range of x-values has been found. Tables of values
are produced as shown below.

x -3 -2 -1 0 1 2
y=x>+1]10 5 2 1 2 5

b -3 0 2
y=T7—x| 10 7 5

A sketch of the two curves is shown in Fig. 38.3.

2 2
Shaded area = / (7 — x)dx — / (? 4 ydx
-3 -3

2
_ / [(7 =) — (2 + Ddx
-3

-3 —2 1 0l 1 X
Figure 38.3
Problem 3. Determine by integration the area

bounded by the three straight lines y = 4 — x,
y = 3x and 3y = x.

Each of the straight lines are shown sketched in
Fig. 38.4.

Shaded area

y
y=< y=3x
4
2r 3}’=I (Or}.v:.g}
|

1 L 1

0 1 2 3 4\ X
/
Figure 38.4

Now try the following exercise.

Exercise 148 Further problems on areas
under and between curves

1. Find the area enclosed by the curve
y = 4 cos 3x, the x-axis and ordinates x = 0
b4

dx=—
and x 3

2. Sketch the curvesy = x> 4+ 3andy = 7 — 3x
and determine the area enclosed by them.

[20% square units]

[1% square units]

3. Determine the area enclosed by the three
straight lines y=13x,2y=xand y+ 2x = 5.
[2% square units]
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38.3 Mean and r.m.s. values

With reference to Fig. 38.5,

1 b
mean value,y = / ydx
b—a ,
1 b
and r.m.s. value = / y*dx
b—a],

¥
0
Figure 38.5

Problem4. A sinusoidal voltage v= 100 sin ¢
volts. Use integration to determine over half a
cycle (a) the mean value, and (b) the r.m.s. value.

(a) Half a cycle means the limits are O to 7 radians.

1 kL
Mean value, y = —— / vd(wt)
x—0 0

1 T
= —/ 100 sin et d(wt)
0

T

100
= —[—coswt]j
7

= %[(—cos ) — (—cos0)]

100 200
= — [+ — (-] = =—

T T
= 63.66 volts

[Note that for a sine wave,

mean value = — x maximum value
T

2
In this case, mean value = — x 100 = 63.66V]
T

(b) r.m.s. value

_ 1 i 2d( [)
=M [ e }
1 (7 .
:\/ —/ (10051nwt)2d(wt)}
7 Jo

10000 (7
= \/ —_— sin? wt d(wt) },
T

0
which is not a ‘standard’ integral.

Itis shown in Chapter 18 that cos 24 = 1—2sin” A
and this formula is used whenever sin? A needs to
be integrated.

Rearranging cos 24 = 1 — 2sin® A gives

9 1
sin“ A = 5(1 — cos 24)

10000 7™
Hence \/ { —_— / sin? wt d(wt)}
o 0

{ 10000

/ﬂ l(1 — COS 2wt)d(wt)}
o 2

10000 1 sin 2ot "
— | wl —
7T 2 2 1

Il
-

10000 1
= =[]
T 2
1
0000} = @ = 70.71 volts
2 2

[Note that for a sine wave,
1

r.m.s. value= — x maximum value.

V2

In this case,

r.m.s. value = x 100 = 70.71V]
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