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Chapter 51

Integration using partial

51.1 Introduction

The process of expressing a fraction in terms of sim-
pler fractions—called partial fractions—is discussed
in Chapter 7, with the forms of partial fractions used
being summarised in Table 7.1, page 54.

Certain functions have to be resolved into partial frac-
tions before they an be integrated, as demonstrated in
the following worked problems.

Worked problems on

integration using partial
fractions with linear factors

. 11 —3x
Problem 1. Determine: / —dx
x24+2x -3

As shown in Problem 1, page 54:
11 —3x 2 5

Pr2x—3 -1 x+3)

0 / 11 — 3x i
ence | ————
x24+2x -3

- [e5 w13
“Jloe-n wrn”

=2Inx—-1)—-5SIn(x+3)+c¢

(by algebraic substitutions—see chapter 49)

(x—1) .
or In T3 + ¢ by the laws of logarithms

fractions

2x2 —9x —35 .
+Dx—-2)(x+3)

Problem 2. Find: /
(x

It was shown in Problem 2, page 55:

2x2 —9x — 35 _ 4 3
G+DE—-2)x+3) " &+ x-2)

1

t a0

2x2 —9x—35
x4+ Dx—2)(x+3)

:/{ 4 3 N 1 }dx
N x+1 x=2) @«+3)

=4lnx+1)-3Inx-2)+Inx+ 3)+¢

Hence

o+ D+ 3)
orlny ————=—
(x—2)
2
1
Problem 3. Determine: / L
x2—3x+2

By dividing out (since the numerator and denomina-
tor are of the same degree) and resolving into partial
fractions it was shown in Problem 3, page 55:
41 2 5
=1- +
X2 —3x+2 x—-1 &x-2)

2
x+1
Hence | ——— dx
/x2—3x+2

[l 2 5 }ﬂ
:/{ Te-D T2




(@)
<
=
—
=
(<]
(O]

456 Engineering Mathematics

=x=2Inx-=1D+5Inx-2)+c¢

=
oox+In ——: +¢
(x—1)

Problem 4. Evaluate:

/3 22 —dx—4
9 X2+x-2

By dividing out and resolving into partial fractions, it
was shown in Problem 4, page 56:

dx, correct to 4

significant figures

¥ — 2 —Ax— A 4 3
=x—-3+ —
P4+x=2 x+2) -1
3% -2 —4x—4
Hence 5 dax
2 x*4+x—-2

:/S{x—3+ BN }dx
=), x+2) -1
x? ’
:[7—3x+41n(x+2)—3111()€—1)}
2

= <§—9+41n5—31n2)

—(2—-6+4In4 —-3Inl)
= —1.687, correct to 4 significant figures

Now try the following exercise

Further problems on
integration using partial
fractions with linear factors

Exercise 181

In Problems 1 to 5, integrate with respect to x

12 P
/W—%x

2In(x—3)—2In(x+3)+c

=i
or In +c
x+3
4x—4) dx
x2—-2x-3)
Sln(x+1)— In(x—3)+¢
r In ()H_DS +
0 Ty c

/ 32x2 —8x— 1) .
x+4Hx+DH2x—-1)

Tin(x+4)—3Inx+1)— In2x—-1)+c¢
47
x+1Dr2x—-1)
2
4 /x +9x+8dx
R4+x—6

x+2Inx+3)+6ln(x—2)+c¢
or x+ In{(x +372(x — 2%} +¢

, /3x3—2x2—16x+20

(x—2)x+2)
2
%—Zx—i— In(x —2)

—Sln(x+2)+¢

In Problems 6 and 7, evaluate the definite integrals
correct to 4 significant figures.

4 2
x*=3x46

B 0.6275

= 0027

6,2

x*—x—14

7. —d 0.8122

[1 2_2x—3" [ ]

51.3 Worked problems on
integration using partial

fractions with repeated linear
factors

2x+3
Problem 5. Determine: X
ropiem / ()C — 2)2

It was shown in Problem 5, page 57:

2x+3 2 7

G—22 -2 x-27

Thus / 2x+3
(x —2)2

7
/{u—2f+u—2ﬁ}“

=2In(x —2) —

7
-2 ¢
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7
dx is determined using the algebrai
/(x—2)2 x is determined using the algebraic
substitution # = (x — 2), see Chapter 49

5x2 —2x—19

Problem 6. Find: / ——dx
(x+3)(x— 1?2

It was shown in Problem 6, page 57:

3 4

5% —2x — 19 2
_ n _
x—=1) (x=1)7?

x+3)x—12 (x+3)

5x2 —2x — 19
(x+3)x — 1)

B 2 3 4,
:/{(x+3)+(x—1)_(x—1)2} *

=2Inx+3)+3In(x-1)+

Hence

+c

4
x=1)

oo In(x+3*x-1>+

4 +
C
x-=1)
Problem 7. Evaluate:

/1 32 +16x+15

1 3 dx, correct to
2

4 significant figures

It was shown in Problem 7, page 58:

3 +16x+15 3 2 6
@+3° @+ @+3? @43

32 +16x + 15
Hence /‘&dx
(x + 3)3

:/1{3_2 B 6}dx
S lx+3) 43?2 (43

3 1
:[3111()6—1—3)—1— +(x+3)2}_2

x+3)

= 31114—}-24-3 31111—}-24-3
o 416 11

= —0.1536, correct to 4 significant figures.

Now try the following exercise

Exercise 182 Further problems on
integration using partial
fractions with repeated linear
factors

In Problems 1 and 2, integrate with respect to x.
4x -3
——dx 4In(x+ 1)+
/ (x+ 1) [ : ‘

/ 5x2 — 30x + 44
(x —2)3

(x+1)+c}

51 5 10 2
[ n(x — )+(x—2) G2 +c}

In Problems 3 and 4, evaluate the definite integrals
correct to 4 significant figures.

2x247x+3
718 +21x — x2
oreAmt iy
/6 G—sat+22 (10821

51.4 Worked problems on

integration using partial
fractions with quadratic factors

4 2 2 3
Problem 8. Find: / s
¥2(x2 +3)

It was shown in Problem 9, page 59:

3+ 6x+4x2 —2x2 2 L, 3-%
22 +3) Tx o x2 (x243)

Thus

/ 34+ 6x 4 4x2 — 2x3
X2 (x% +3)

_/ 2 1, 3-4x),
- X x2 (xZ+3) *

2 3 o,
_/{}+F+(x2+3)_(x2+3)}x

(@)}
(o=,
=
]
(=)
(<]
(Vo]
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1
dx=3 ] —————d
(x2 +3) / 12+ (V/3)? *
—itan —
/3 V3

from 12, Table 50.1, page 448.

dx is determined using the algebraic substitu-

/ 4x
X243

tions u = (x2 + 3).

Hence / 2 + ! + 3 hal dax
x x2 0 (243 (F+3)

1 3 X
;+—tan_1——21n(x2+3)+c

V3 V3
2
1
=1In _r ——+\/§tan_1
x2+3 x

=2Inx —

X
_+c

V3

. 1
Problem 9. Determine: / mdx

1A B

2 —-a) (x—a)  @+a)

_Ax+a)+Bx—a)
T (x4 ax—a

Equating the numerators gives:

Let

l=Ax+a)+Bx—a)

1
Letx=a,then A= —

1l X —a &
= — c
2an x+a

4
3
Problem 10. Evaluate: / (2 D dx, correct to
3

3 significant figures

2a
and let x = —a,
1
then B= ——
en 2
1 1 1 1
Hence ——dx= | — — dx
/(xz—az) /Za[(x—a) (x+a)}
1
=—[lnx—a)—In(x+a)l +¢
2a

From Problem 9,

4
3
dx
/3(x2 4)

x—2\1*
In
x+2) |3

significant figures.

Problem 11. Determine: / m dax

Using partial fractions, let

o | A B
@D - @-na+n @-nT a9
_Ala+x)+Bla—x)

T @-x@+x

Then 1= A(a+x)+ B(a —Xx)

1 1
Letx=athenA=—.Letx=—athen B= —
2a 2a
H / Ly
ence | ————dx
(@ — x%)

[
_/ﬂ[(a—x)

= i[—ln(a —x)+1In(a+x)]+c¢
2a

! }dx
(a—+x)

2

dx, correct to

Problem 12. Evaluate: / ——
x*)

. 0o 99—
4 decimal places

From Problem 11,
2 2
/ O m—s L ﬂ)}
0 (9—x2) 2(3) 3—-x/1o
= é lné —Inl| =1.3412,
6 1

correct to 4 decimal places
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Now try the following exercise
In Problems 2 to 4, evaluate the definite integrals

correct to 4 significant figures.
Exercise 183 Further problems on

integration using partial 6 6x—5
fractions with quadratic 2. /5 (x—4H(x2+3) re [R. 58801
factors 2 4
1. Determine | ————dx
@2 +7Nx—=2) 5 4
4, ——dx [0.1865]
3 / 2 9
In(x2 +7)+ —— tan 1 4 @ =9)
NG f
—Inx—2)+c¢
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