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Chapter 55

Areas under and
between curves

55.1 Areaunder acurve

The area shown shaded in Fig. 55.1 may be determined
using approximate methods (such as the trapezoidal
rule, the mid-ordinate rule or Simpson’s rule) or, more
precisely, by using integration.

y
y=1fx)

Figure 55.1

(i) LetAbethe area shown shaded in Fig. 55.1 and let
this area be divided into a number of strips each
of width éx. One such strip is shown and let the
area of this strip be 8A.

Then: A ~ yéx (1)
The accuracy of statement (1) increases when the

width of each strip is reduced, i.e. area A is divided
into a greater number of strips.

(i) Area A is equal to the sum of all the strips from
xX=atox=hb,

x=b
ie. A= limitZny 2)
o

Sx—0

SA
(iii) From statement (1), 5 Ay 3)

5A
In the limit, as dx approaches zero, 5 becomes

the differential coefficient T
X

H limit MA@ f tat t(3)
enoelimi ) v, from statement (3).

By integration,

dA
/—dx:/ydx Le. A:/ydx
dx

The ordinates x =a and x = b limit the area and
such ordinate values are shown as limits. Hence

A= / ' vdx 4)
a
(iv) Equating statements (2) and (4) gives:
x=b b
Area A = %ixn_l)i(l):;y 6x=/a ydx

b
= / f@)dx

(v) 1If the area between a curve x =f(v), the v-axis
and ordinates y=p and y=gq is required, then

q
area:/ xdy
P

Thus, determining the area under a curve by integration
merely involves evaluating a definite integral.

There are several instances in engineering and science
where the area beneath a curve needs to be accurately
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determined. For example, the areas between limits y
of a: /
12 |- y=2x+3

velocity/time graph gives distance travelled,

force/distance graph gives work done, 10

voltage/current graph gives power, and so on.
Should a curve drop below the x-axis, then vy (=f(x)) 8
becomes negative and f(x) dx is negative. When deter- 6
mining such areas by integration, a negative sign is
placed before the integral. For the curve shown in 4
Fig. 55.2, the total shaded area is given by (area E +
area I + area G). A

Y !
0 4 5 X
y=1x

fe Figure 55.3
Al
a b

/0 WG d X [This answer may be checked since the shaded area is a
trapezium.

Area of trapezium

Figure 55.2
By integration, total shaded area _ l sum of parallel\ (perpendicular distance
& ’ j 2 sides between parallel sides
c
= - 1
[ rwas- [ react [ rwas - Lsv o

(Note that this is not the same as fad Jx)dx.) = 24 square units]
Itis usually necessary to sketch a curve in order to check
whether it crosses the x-axis.

Problem 2. The velocity v of a body ¢ seconds

after a certain instant is: (2t2 + 5) m/s. Find by

55.2 Worked problems on the area integration how far it moves in the interval from
under a curve t=0tor=4s

Since 2f2+5 is a quadratic expression, the curve
v=2t>+5 is a parabola cutting the v-axis at v=>5, as
shown in Fig. 55.4.

The distance travelled is given by the area under the v/f
y=2x + 3 is a straight line graph as shown in Fig. 55.3, curve (shown shaded in Fig. 55.4).

where the required area is shown shaded. By integration,

By integration,

Problem 1. Determine the area enclosed by
y=2x+ 3, the x-axis and ordinates x=1 and x =4

4

shaded area = / vdt
0

(@)}
(=
=
—
(=)
(<)
(Vo]

4
shaded area = / ydx 4
! :/ Q2+ 5)dt

0

4
— 2 3 d.
/1(x+)x _2;3 5[4
2x2 4 _[?—i_ i|0
- [7 * 341 2(4%)
=< +5(4))—(0)
= [(16 + 12) — (1 4 3)] 3

= 24 square units i.e. distance travelled = 62.67 m
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v{m/s)
40 -

v=2t2+5

30

20

10
5 /
A,

0 1 2 3 4 t(s)

Figure 55.4

Problem 3. Sketch the graph

y=x>42x> — 5x — 6 between x = —3 and x =2
and determine the area enclosed by the curve and
the x-axis

y=x3+2x>-5x—6

Figure 55.5

A table of values is produced and the graph sketched as
shown in Fig. 55.5 where the area enclosed by the curve
and the x-axis is shown shaded.

o —g = = 0 1 8
g 18 8 2 0 2 8
— 5 15 10 5 B =5 =
—6 -6 -6 -6 -6 —6 —6

-1 2
Shaded area= / ydx — / vdx, the minus sign
3 1

before the second integral being necessary since the
enclosed area is below the x-axis.
Hence shaded area

-1
:/ (® +0x% — 5x — 6)
-3

2
—/ (> +2x% =55 —6) dx
-1

[

1
=21— or

21.08 square units
12

Problem 4. Determine the area enclosed by the
curve y = 3x2 + 4, the x-axis and ordinates x =1
and x =4 by (a) the trapezoidal rule, (b) the
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i )
mid-ordinate rule, (¢) Simpson’s rule, and (&) ByBIMPSGIS Filés

(d) integration 1 (width of first -+ last
area = — | . .
3 \linterval ordinates
<sum of even)
+4 .
x|(01.015 20 25 30 35 4.0 ordlnates
y|4 7107516 22.75 3140.7552
sum of remaining
y y=a+ 4 +2 <0dd ordinates )}
50 - Selecting 6 intervals, each of width 0.5, gives:
1
| area = 5(0.5)[(7 +52) 4+ 4(10.75 4+ 22.75
|
40 - I
! +40.75) 4+ 2(16 + 31)]
] = 75 square units
o |
SANNE (d) By integration, shaded area
i :
A = / ydx
] !
1o ] "
= Bx” +4)dx
T )
| | I | | I 3 4
0 1 2 3 4 x = [x" +4x];
= 75 square units
Figure 55.6 Integration gives the precise value for the area
) . o under a curve. In this case Simpson’s rule is seen
The curve y =3x~ + 4 is shown plotted in Fig. 55.6. to be the most accurate of the three approximate
methods.

(a) By the trapezoidal rule

it otk | 1 Foirset last sum of Problem 5. Find the area enclosed by the curve
- (2 ()

interval | |3 \ ordinate remaining y = sin 2x, the x-axis and the ordinates x =0 and

ordinates X=7n/3

Selecting 6 intervals each of width 0.5 gives:
A sketch of y= sin 2x is shown in Fig. 55.7.

1
Area = (0.5) |:§(7 +52)410.754 16

y
o)
42275431+ 40.75} S L =
y = sin 2x 5
= 75.375 square units ‘%
(b) By the mid-ordinate rule, y
area = (width of interval) (sum of mid-ordinates). 0 w3 w2 T X
Selecting 6 intervals, each of width 0.5 gives the
mid-ordinates as shown by the broken lines in
Fig. 55.6.
Thus, area = (0.5)(8.5+ 13+ 19 + 26.5 Figure 55.7
+35.5 4 46) 27
(Note that y = sin 2x has a period of —, i.e. w radians.)
= 74.25 square units 2
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/3
Shaded area = / ydx
0

/3
sin 2x dx

I
S~

/3

|
1

cos Zx}
0

- [-how]
(-0l

=3 square units

Il
B —— ——
|

= N = N =

+
[N

Now try the following exercise

Further problems on area
under curves

Exercise 191

Unless otherwise stated all answers are in square
units.

1. Shown by integration that the area of the tri-
angle formed by the line y =2x, the ordinates
x=0 and x=4 and the x-axis is 16 square
units.

2. Sketch the curve y =3x> + 1 between x = —2
and x =4. Determine by integration the area
enclosed by the curve, the x-axis and ordinates
x = —1and x = 3. Use an approximate method
to find the area and compare your result with
that obtained by integration. [32]

In Problems 3 to &, find the area enclosed between

the given curves, the horizontal axis and the given
ordinates.

3. yv=5x; x=1,x=4 [37.5]
4, y=2%—-x+1; x=—-1,x=2 [7.5]
5. y=2sin26; 9:0,9:% [
6. B=pte 1=0,1=2 [8.389]
7. y=5cos3t; t:O,t:% [1.67]
8, yv=x—-—Dx-3), x=0,x=3 [2.67]

55.3 Further worked problems on

the area under a curve

Problem 6. A gas expands according to the law
pv = constant. When the volume is 3 m? the
pressure is 150 kPa. Given that

v2
work done = / pdv, determine the work
V1

done as the gas expands from 2m? to a
volume of 6 m?

pv=constant. When v=3m? and p=150kPa the
constant is given by (3 x 150) =450kPam? or 450kJ.

450
Hence py=450, or p= -

6

450

Workdone:/ —dv
o v

— [4501nv]5 = 450[1n6 — In 2]

=4501n g =4501n3 = 494.4k]J

Problem 7. Determine the area enclosed by the

]
curve y=4cos <§) the 0-axis and ordinates 6 =0

do="="
and 9 ==
2

The curve y=4cos (6/2) is shown in Fig. 55.8.

y
4
y=4 cos(g)
&
. ! !
0| n2 = 2n 3r 4 X
Figure 55.8

(Note thaty =4 cos

period 27/(1/2), i.e. 47 rads.)
T2

0
7 has a maximum value of 4 and

/2 0
Shaded area = / ydo = / 4.cos Ed@
0

0

/2

1y . ¢

=4| 71 smi
2 0
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_ <8 sin %) — (8sin0)

= 5.657 square units

Problem 8. Determine the area bounded by the
curve y =3¢'/4, the t-axis and ordinates = —1 and
t =4, correct to 4 significant figures

A table of values is produced as shown.

t — 0 1 2 3 4
y=3e/* 234 30 385 495 635 8.15

Since all the values of vy are positive the area required is
wholly above the f-axis.

4
Hence area = / ydt
1

" 4
_ / t/4 _[ 3 ;/4}
= 3e7dt = | ——

1 @ 1

= 12[¢]", = 12(e" — e

e

= 12(2.7183 — 0.7788)

= 12(1.9395) = 23.27 square units
Problem 9. Sketch the curve y = x> + 5 between
x=—1 and x =4. Find the area enclosed by the
curve, the x-axis and the ordinates x =0 and x = 3.

Determine also, by integration, the area enclosed by
the curve and the y-axis, between the same limits

A table of values is produced and the curve y=x>+5
plotted as shown in Fig. 55.9.

3 3
Shaded areca = / vdx = / ()c2 +5)dx
0 0
3 3
= [x_ + Sx}
5 0
= 24 square units

When x =3, y=23?+5=14, and when x=0, y=5.

Figure 55.9

Since y=x>+5thenx>=y—5and x=y—>5

The area enclosed by the curve y=x>+5 (ie.
x=4/y—15), the y-axis and the ordinates y=35 and
vy=14 (i.e. area ABC of Fig. 55.9) is given by:

y=14 14
Area:/ xdy = Vy—>5dy
y 5

=5

14

- / =5 dy
5

d
Letu=y—35, then d—izlanddy:du

/2 1/2 :%3/2
y—5""dy u’“du u

(for algebraic substitutions, see Chapter 49)
Since u=y —5 then

14
[ 0=
= %[\/9_3 —0]

= 18 square units

Hence /

(Check: FromFig. 55.9, arca BCPQ + area ABC =24 +
18 =42 square units, which is the area of rectangle
ABQP.)

Problem 10. Determine the area between the
curve y=x> — 2x*> — 8x and the x-axis

y:x3—2x2—8x:x(x2—2x—8)
=xx+2)x —4)

When v=0, then x=0 or (x+2)=0 or (x —4)=0,
i.e. when y=0, x=0 or —2 or 4, which means that
the curve crosses the x-axis at 0, —2 and 4. Since
the curve is a continuous function, only one other
co-ordinate value needs to be calculated before a sketch

(@2
(o=
=
+—
()
(<]
%]
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of the curve can be produced. When x=1, y=-9,

showing that the part of the curve between x=0 and body moves from the position where x=1m

x =4isnegative. A sketch of y = x> — 2x? — 8xis shown to that where x =3 m. [29.33 Nm]

in Fig. 55.10. (Another method of sketching Fig. 55.10 4. TFind the area between the curve v =4x — x>

would have been to draw up a table of values.) and the x-axis. [10.67 square units]

1y0_ 5. Determine the area enclosed by the curve

e y = 5x2 + 2, the x-axis and the ordinates x =0

YT / and x=3. Find also the area enclosed by the

Vi A ) 1 37 5 A curve and the y-axis between the same limits.

/ [51 sq. units, 90 sq. units]

=10 6. Calculate the area enclosed between

y= x> —4x® — 5x and the x-axis.

ok [73.83 sq. units]

7. The velocity v of a vehicle ¢ seconds after a

Figure 55.10 certain instant is given by: v=(3¢> +4) m’s.

0 Determine how far it moves in the interval from

Shaded area = / (x3 — 25 — 8x) dx t=1stor=>35s. [140 m]
7

4 8. A gas expands according to the law pv=

— / (x3 — 22— 8x) dx constant. When the volume is 2 m? the pres-

o sure is 250 kPa. Find the work done as the gas

[ A S T expands from 1 m? to a volume of 4 m> given

= T i A 2
4 3 2 1., that work done = / pdv [693.1KI]
4 &

— <6%) _ <_42%) 55.4 The area between curves
3 3

1 . The areaenclosed betweencurves vy =J1(x)and y =f>(x)
= 493 square units (shown shaded in Fig. 55.11) is given by:

b b
shaded area = / L) dx — / Jix) dx

Now try the following exercise

b
_ / Lf2x) — f200)]dx

Exercise 192 Further problems on areas
under curves

o)
| e
K= InProblems 1 and 2, find the area enclosed between
g the given curves, the horizontal axis and the given y
w ordinates.
1. y=2x% x=-2,x=2  [16square units]
2. xy=4; x=1,x=4  [5.545 square units] |
3. The force F newtons acting on a body at l i
a distance x metres from a fixed point is | |
given by: F=3x+2x>. If work done= ‘
X2 0 X=a xX=b x
/ F dx, determine the work done when the
" P S511
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Problem 11. Determine the area enclosed
between the curves y=x>+ 1 and y=7 —x

At the points of intersection, the curves are equal.
Thus, equating the y-values of each curve gives:
x>+ 1=7—x, from which x> + x — 6= 0. Factorising
gives (x — 2)(x + 3) =0, from which, x =2 and x = —3.

By firstly determining the points of intersection the
range of x-values has been found. Tables of values are

produced as shown below.
5% -3 -2 -1 0 1 2
y=x*+1 10 5 2 1 2 5
X —3 0 2
y=7—x 10 7 5

A sketch of the two curves is shown in Fig. 55.12.

y
101 y=x%+1
|
|
| 777
| |
1 1 1 1 1
—3 —2 =] 0 1 2 X

Figure 55.12

2 %%
Shaded area = / (7 — x)dx — / % 4+ Ddx
-3 -3
2
:/’K7—m—wﬁ+4nw
-3

2
:/ (6 — x — x>)dx
-3

5
= 203 square units

Problem 12. (a) Determine the coordinates of the
points of intersection of the curves y = x> and

y2 = 8x. (b) Sketch the curves y = x? and y*> = 8x on
the same axes. (¢) Calculate the area enclosed by
the two curves

(a) At the points of intersection the coordinates of the

curves are equal. When y = x? then y? =x*.

Hence at the points of intersection x* = 8x, by
equating the y* values.

Thus x* — §x =0, from which x(x*> —8)=0, i.e.
x=0or (x> -8 =0.

Hence at the points of intersection x =0 or x =2.
When x =0, y=0 and when x =2, y=2>=4.

Hence the points of intersection of the curves
y=x2and y*> =8 x are (0, 0) and (2, 4)

(b) A sketch of y=x> and y*=8x is shown in

Fig. 55.13
y y=x2
Yl B — y2=8x
(or y=y8x)
|
2r |
1
\ 1 !
0\ 1 2 X

Figure 55.13

2
(¢) Shaded area = / (V8 — x*}dx
0

2
2/ (V8)xY? — x*}dx
0

3 3],
V88 8
= i, WS ()
{<%> 3} o
_16 8_8
303 3

2
= 2§ square units

(@2
(o=
=
+—
()
(<]
%]
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Problem 13. Determine by integration the area Now fry the following exercise

bounded by the three straight lines y=4 — x, y=3x
and 3y=x Exercise 193 Further problems on areas
between curves

Each of the straight lines is shown sketched in 1. Determine the coordinates of the points of
Big. 53.14. intersection and the area enclosed between the
parabolas y? = 3x and x> =3y.
Y [(0, 0) and (3, 3), 3 sq. units]
y=4-x

2. Sketch the curves y=x*+3 and y=7 —3x
4 and determine the area enclosed by them.
[20.83 square units]

r Y=xlory=3) 3. Determine the area enclosed by the curves
y= sinx and y= cos x and the y-axis.
1 ! ! [0.4142 square units]
0 1 2 3 N X
/ 4, Determine the area enclosed by the three
straight lines y=3x, 2y=xand y+2x=35
Figure 55.14 [2.5 sq. units]

Shaded area = /(; <3x — g)dx

square units




