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INTEGRAL CALCULUS

43

Integration by parts

43.1 Introduction

From the product rule of differentiation:

d () du g dv
—(uv) = v— —
dx dx dx
where u and v are both functions of x.

Rearranging gives udv d(u ) du
ea Tu— = —(uv) — v—
ging givi & dr i

Integrating both sides with respect to x gives:

d d d
uavdx:/a(uv)dx—/vaudx

d d
ie. /uavdx:uv—/vaudx
or /udv:uv— /vdu

This is known as the integration by parts for-
mula and provides a method of integrating such
products of simple functions as [ xe* dx, [ rsinzdr,

fe? cosdo and [ xInxdx.

Given a product of two terms to integrate the ini-
tial choice is: ‘which part to make equal to ©#’ and
‘which part to make equal to v’. The choice must
be such that the ‘u part’ becomes a constant after
successive differentiation and the ‘dv part’ can be
integrated from standard integrals. Invariable, the
following rule holds: If a product to be integrated
contains an algebraic term (such as x, 1% or 36) then
this term is chosen as the u part. The one exception
to this rule is when a ‘In x’ term is involved; in this
case In x is chosen as the ‘u part’.

43.2 Worked problems on integration
by parts

Problem 1. Determine [ x cos x dx.

From the integration by parts formula,

/udv:uv—/vdu

d
Let 4 =x, from which au =1, 1ie. du=dx and let

dv= cosxdx, from whichv= [ cosxdx= sinx.
Expressions for u, du and v are now substituted
into the ‘by parts’ formula as shown below.

ie. /xcosxdx = xs8inx — (—cosx) + ¢
=xsinx+cosx+c¢

[This result may be checked by differentiating the
right hand side,

. od
1.e. —(xsmx+cosx +¢
dx( )

= [(x)(cosx) + (sinx)(1)] —sinx + O
using the product rule

= x cos x, which is the function
being integrated]

Problem 2. Find [ 3re* dr.

d
Let u= 3¢, from which, d—b; =3, ie. du=3ds and

1
let dv= e dt, from which, v= [e* dr = Ee%

Substituting into [ udv=uv— [ vdu gives:

2% 9, 1) 1 o
/3te dt_(3t)<ze ) /(26 )(3dt)



INTEGRATION BY PARTS 419

Hence
/3te2tdt= %eZt <t— %) +c,

which may be checked by differentiating.

iy

2
Problem 3. Evaluate / 20sin 0 do.
0

d
Let =20, from which, —Z =2, ie. du=2d0 and
let dv = sin 6 d9, from which,

v= / $in 0 df = —cos o
Substituting into [ udv=uv— [ vdu gives:
/ 20sin 6 df = (20)(—cosb) — / (—cos6)2do)

= —290059+2/cos@d9
= —20cosf + 2sinf + ¢

S

20sin 6 do

Hence /
0

g
=[—26cosb + 2sin9]o2

T T LT )
= [—2 <5> cosz —|—2sm5] — [0+ 2sin 0]
=(-0+2)-0+0) =2

i T
sincecos — =0and sin— =1
2 2

1
Problem 4. Evaluate / Sxe® dx, correct to
0

3 significant figures.

d
T e 9 == For, Friom wihich, EM —5,ie de=5drand

let dv=e* dx, from which, v= [ e* dx= {e*.

Substituting into [ udv=uv— [ vdu gives:

4x _ i _ i
/5xe dx—(5x)<4> /<4>(5dX)

zéxe“—%/e“dx

4
5 5 4x

= 4xe4x ~ 12 <eT> + &
5
4

1
2 A 4x _ =
(s} <X 4>+C

1
Hence / Sxe® dx
0

O[5 4 I\
= [7(+-3)),
5, 1 5, 1
= [Zet(1—-=)|=-1|2 i
e (a)] [ o)
15 , 5
()-(3)
— 51.186 + 0.313 = 51.499 = 51.5,

correct to 3 significant figures

Problem 5. Determine [ x? sin x dx.

du
Letu = x2, from which, — = 2x,1i.e. du= 2x dx, and
let dv = sin x dx, from which,

v= /sinxdx = —Cosx
Substituting into [ udv=uv— [ vdu gives:

/ x*sinxdx = (xz)(— CoSX) — / (—cos x)(2x dx)

= —x?cosx +2 [/xcosxdx}

The integral, [ x cosx dx, is not a ‘standard integral’
and itcan only be determined by using the integration
by parts formula again.
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From Problem 1, [ xcosxdx=xsinx+ cosx
Hence / x? sinx dx

= —x%cosx+ 2{xsinx + cosx} + ¢

= —x%cosx + 2xsinx + 2¢cosx + ¢

= (2—x2)cosx + 2xsinx +¢

In general, if the algebraic term of a product is of
power n, then the integration by parts formula is
applied n times.

Now try the following exercise.

Exercise 168 Further problems on integra-
tion by parts

Determine the integrals in Problems 1 to 5 using

integration by parts.
e?* 1
15 (=3)]+]

1. /xezxdx
4x 4 -3 1
2. eﬁdx |:—§e X<X+§>+Ci|

3. /xsinxdx [—xcosx + sinx + ¢]

4. / 56 cos 260 do
[% (95in 20 + 3 cos 20) + c]

5. / 3rteX dr

Evaluate the integrals in Problems 6 to 9, correct
to 4 significant figures.

[3e*(* =1+ 3) +¢]

2
6. / 2xe* dx [16.78]
0
s
7. / ¥ ysin2xdx [0.2500]
0
I
2 5
8./ r“costdr [0.4674]
0
2 X
9. / 3x%e2 dx [15.78]
1

43.3 Further worked problems on
integration by parts

Problem 6. Find [ xInxdx.

The logarithmic function is chosen as the ‘u part’.

d 1 dx
Thus when u = In x, then cu =—,le.du=—
dx x X

)C2

Letting dv=xdx gives v= [ xdx= >
Substituting into [ udv=uv— [ vdu gives:

2 2
/xlnxdx: (lnx)<%> —/(%

2 1
:x lnx——/xdx

~——
= | &

2
1
Hence /xlnxdx: > <lnx— §>+cor

xZ
Z(Zlnx —+c

Problem 7. Determine [ Inxdx.

JInxdx is the same as [ (1)Inxdx
d 1 dx

Let u = Inx, from which, o —le.du=—
dv x

X
and let dv= 1dx, from which, v= [1dx=x

Substituting into [ udv=uv— [ vdu gives:

/lnxdx: (Inx)(x) — /x%

:xlnx—/dx:xlnx—x—i—c

Hence/lnxdx:x(lnx—1)+c

Problem 8. Evaluate || 19 /X 1Inxdx, correct to
3 significant figures.
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Let « = Inx, from which du = %
X

1
and let dv= 4/x dx = x2 dx, from which,

1 2
— 2dx:—
v /)C 3)6

Substituting into [ udv=uv— [ vdu gives:

[ vimsas—ann (23 - [ (23)(%)

2 2 1
:§@lnx—§/x2dx

oW

= W @x%) e

= 2V mx- 2]+
Hence f; /% In x dx
=[5 (m-3)],
[ B3
=[s(mo-3))-[30-3)]

= 27.550 4+ 0.444 = 27.994 = 28.0,
correct to 3 significant figures

Problem 9. Find [ e® cos bx dx.

When integrating a product of an exponential and a
sine or cosine function it is immaterial which part is
made equal to ‘u’.

du
Let u = e, from which & = qe®,

i.e. du=ae® dx and let dv = cos bx dx, from which,

1
v:/cosbxdx: Esinbx

Substituting into [ udv=uv— [ vdu gives:

/ e™ cosbx dx

= (%) <% sin bx) — / <% sin bx) (ae™ dx)
1 ax o: a ax o:
= Ee sinbx — b [/e smbxdx} (1)

[ e® sinbx dx is now determined separately using
integration by parts again:

Let u =e® then du = ae®™ dx, and let dv = sin bx dx,
from which

1
V= /sinbxdx = —Ecosbx

Substituting into the integration by parts formula
gives:

1
/ e™sinbx dx = (™) <_E coS bx)

— / <—% coS bx) (ae™ dx)

1
=——e®cosbx
b

—f—%/e‘”‘cosbxdx

Substituting this result into equation (1) gives:

1 1
/ e™cosbxdx = Ee”‘x sinbx — % [—Ee‘”‘ cos bx

+ %/e”‘xcosbxdx}

1 a
= —e®sinbx + —e* cosbx
b * b?
2
32 e™ cos bx dx
The integral on the far right of this equation is the
same as the integral on the left hand side and thus
they may be combined.
7
%52

/e‘”‘cosbxdx—i— 5 /e”‘xcosbxdx

1 . a
= —e®sinbx + —e® cosbx
b T b2
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2
ie. <1+ﬁ>/e"‘xcosbxdx

a
= —e®sinbx + —e™ cosbx
b b2

b2 2
ie. <%>/e”‘xcosbxdx

eax
= b—z(b sin bx + a cos bx)

Hence / e™ cosbx dx

b? e ‘
= <m> <ﬁ> (bsinbx + a cos bx)

ax

= azeW(b sinbx +a cosbx)+ ¢

(¢’
u‘| ISE
_|_
N

e% 1
= [?a - 0)} - [5(0 - 2)} =

= 0.8387, correct to 4 decimal places

Now try the following exercise.

Using a similar method to above, that is, integrating
by parts twice, the following result may be proved:

/ e sin bx dx

ax

= m(a sinbx — b cosbx) + ¢ )
a

I

Problem 10. Evaluate

to 4 decimal places.

el sin 2t dr, correct
0

Comparing [ e’ sin2¢dr with [ €™ sin bx dx shows
thatx=t,a=1and b=2.

Hence, substituting into equation (2) gives:

i
1T, .
e’ sin 2t dr
0

S
= 722(15m2t—20052t)}

12+ 0

0
— [g(sino —2cos O)}

Exercise 169 Further problems on integra-
tion by parts

Determine the integrals in Problems 1 to 5 using

integration by parts.
2 1

1. /2x21nxdx 3 (lnx— =) +¢
3 3

2. /2ln3xdx [2x(In3x — 1) + ¢]

3. /x2 sin 3x dx

cos 3x
27

2
2 - 9x2) + §x sin 3x + c}

4, / 2¢3* cos 2x dx

3 5x :
296 (2sin2x + 5cos2x) + ¢

5. / 20sec’0do  [2[60 tan® — In(sec H)] + ]

Evaluate the integrals in Problems 6 to 9, correct
to 4 significant figures.

2
6. / xInxdx [0.6363]
1
1
7. / 2e3¥ gin 2x dx [11.31]
0
s
2
8. / el cos 3rdr [—1.543]
0
4
9, / V3 Inx dx [12.78]
1




INTEGRATION BY PARTS 423

10. In determining a Fourier series to repre-
sent f(x)=x in the range —x to =, Fourier

1
11. The equation C = / e "% cos1.20d9
coefficients are given by:

0

1
17 and §e= / e~%*sin 1.20 do
an:—/ xcosnxdx 0
TJ—m are involved in the study of damped oscilla-
1 % . tions. Determine the values of C and S.
and b, = ;/ x sinzx dx
-7

[C=0.66,5=041]

where n is a positive integer. Show by
using integration by parts that g, =0 and

b, =——cosnm.
n



