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40

INTEGRAL CALCULUS

Integration using trigonometric and
hyperbolic substitutions

40.1 Introduction

Table 40.1 gives a summary of the integrals that
require the use of trigonometric and hyperbolic
substitutions and their application is demonstrated
in Problems 1 to 27.

40.2 Worked problems on integration
of sin? x, cos? x, tan? x and cot® x

T
7
Problem 1. Evaluate / 2 cos? 4t dr.
0

Since cos 2t =2 cos? f — 1 (from Chapter 18),

1
then cos?t= 5(1 + cos 2¢) and

1
cos? 4t = 5(1 + cos 8f)

i
Hence 2 cos” 4t drt
0

T1
= 2/ —(1 + cos &) dr
o 2

_ b4
_ [z sin8t}4
L 8 lo
-  a
o Smg(z) sin0
= -4+ —"=| -0+ —
4 8 8

T
= — or 0.7854
4 or

Since cos 2x = 1 — 2 sin® x (from Chapter 18),

then sin?

1
Xi= 5(1 — cos 2x) and
5 1
sin” 3x = 5(1 — COS 6x)

1
Hence /sin2 3xdx:/§(1 — cos 6x)dx

1 sin 6x +
=—|x— c
2 6

Problem 3. Find 3 [ tan® 4x dx.

Problem 2. Determine [ sin® 3x dx.

2

Since 1+ tan?x = sec? x, then tan% x = sec?x — 1

and tan? 4x = sec? 4x — 1.

Hence 3/tan24xdx:3/(secz4x—l)dx

tan 4x
=3 -
< 1 x) +c

Wi

i

1
Problem 4. Evaluate / 3 cot? 26 db.

Since cot? # +1 = cosec? 0, then cot? § = cosec? 6 — 1
and cot? 26 = cosec? 26 — 1.

1,
Hence —cot“20do

2

6

T T
1173 5 1[ —cot20 3
= = 20— 1)do = — -
2/% (cosec ) 5 [ > }%
T T
B 1 —cot2<§> . —cot2<€> .
2 2 3 2 6

1
= 5[(0.2887 — 1.0472) — (—0.2887 — 0.5236)]
= 0.0269
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Table 40.1 Integrals using trigonometric and hyperbolic substitutions

Jx) f J(x)dx Method See problem
1 in 2
1. cos?x E(x—i— sz x)—i—c Use cos2x = 2¢cos?x — 1 1
. 1 sin 2x .
2. sin“x 5 X — 3 +c Usecos2x =1— 2sin"x 2
3. tan?x tanx —x + ¢ Use 1 + tan®x = sec?x 3
4. cot®x —cotx —x+c¢ Use cot?x + 1 = cosecZx 4
5. cos™xsin” x (a) If either m or n is odd (but not both), use
cos?x +sin?x = 1 56
(b) If both m and n are even, use either
cos2x =2cos2x —lorcos2x = 1 — 2sin% x 7,8
6. sinAcosB Use %[ sin(A 4+ B) 4 sin(A — B)] 9
7. cosAsinB Use %[ sin(A + B) — sin(A — B)] 10
8. cosAcosB Use %[ cos(A + B) + cos(A — B)] 11
9. sinAsinB Use —%[ cos(A + B) — cos(A — B)] 12
1 X . "
10, —— sin~' — +¢ Use x = asin @ substitution 13, 14
@ =) a
a? X X
11. (a2 —x2) 7Si1’171 ~—+ E\/(az —xH+c Use x = asin 6 substitution 15, 16
a
1 I x L
12, —— —tan™" — +¢ Use x = atan 8 substitution 17-19
a4+ x2 a a
1 X . o
13, ——— sinh™ — +¢ Use x = asinh 8 substitution 20-22
V@2 +a?) a
2 2
or ln { w } J’_ c
a
a? .  x x . .
14. /(@2 +ad2) 7811’11’1 —+ 5 @2 +a>H)+c Use x = asinh # substitution 23
a
1
15, ——— cosh~! d +c Use x = acosh 8 substitution 24, 25
Vo2 —a) a
2 _ 2
orln { M} .
a
> 2 A e N 1% g
16. x* —a) 5 (x* —a*) — 7cosh —+c Use x = acosh ¢ substitution 26, 27
a




INTEGRATION USING TRIGONOMETRIC AND HYPERBOLIC SUBSTITUTIONS 399

Now try the following exercise.

Exercise 156 Further problems on integra-
tion of sin2 x, cos? x, tan? x and cot? x

In Problems 1 to 4, integrate with respect to the
variable.

1 sin4x ]
1. sin?2 —{x—
sin” 2x [2 <x 2 )—f—c_

3 sin 2¢ 1
2. 2 =
3cos~t [2<t—|— > )—i—c_
2 1 ]
3. Stan” 30 5 gtan39—9 +c
4. 2cot? 2t [—(cot 2t + 2t) + c]

InProblems 5 to 8, evaluate the definite integrals,
correct to 4 significant figures.
J
I,
5. 3sin” 3xdx

[” 1 571]
— Or 1.
0 2

T,
6. cos“4dxdx
0

[% or 0.3927]

~]

1
/ 2 tan® 2¢ dr
0

[—4.185]

[0.6311]

40.3 Worked problems on powers of
sines and cosines

Problem 5. Determine [ sin’ 6 do.

Since cos? 6 + sin? 6 =1 thensin? 6 = (1 — cos? 0).

Hence / sin’ 6 d6
= / sin O( sin” 0)> do = / sin (1 — cos 6)* do
- / sin&(1 — 2cos> 0 + cos* 6)do

— / (sin® — 2sin6 cos> 6 + sin 6 cos* 0) do

2¢05°0 cos @

S ]
cos 0 + 3 5

+c

[Whenever a power of a cosine is multiplied by a
sine of power 1, or vice-versa, the integral may be
determined by inspection as shown.

_ n+1 pa
In general, / cos" Osinodo = > 7 +c
n+1)
) sin"t1o
and /sm”@cos@d@ = +c
n+1)

(SIE]

Problem 6. Evaluate / sin” x cos® x dx.

J

(SIE]

T
. 2
sin® x cos” x dx = / sin® x cos? x cos x dx
0

7 ‘
= / (sin® x)(1 — sin® x)(cos x) dx
0

by

2. .
= / (sm2 xcosx — sin* x cos x)dx
0

T
sinx  sin’ x:| &

L 3 3 0

- 3 T 5
_ <sm3—> - <sm52> 0o
- %_— % = % or 0.1333

iy

7
Problem 7. Evaluate / 400549d9, correct

to 4 significant figures.

J

19

T
7
dcos*0do =4 / (cos? 0)* do
0

irl B
= 4/ [—(1 + cos 29)} do
o |2

T
T
= / (1 + 2¢0s 26 + cos> 26) do
0

J
7 1
:/ [1—1—20052@—1—5(1—1—00549)} do
0

33 1
:/ — +2c0826 + —cosd0 | do
0 2 2
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30 sind07% 3. 2sin’ rcos? ¢ i
:[7+sin29+ } __2 3, % 5
0 3 Ccos” [ + 5 cos” [ + c_
3 /7 . 2m sind(z/4) _
=|2(= P10 PR 7
[2 <4>+sm i 8 } 0] 4. sin® xcos* x |: CZS X+CO§X+C
3n ]
= +1=2.178, - 5. 2sint 29 . 1 _
correct to 4 significant figures 2l Gind0+ — sin80 + ¢
4 4 32 i
Problem 8. Find [ sin® 7 cos* r dr. L o1 -
6. sin” fcos” ¢ §—3—25m4t+c

/ sin’ r cost rdr = / sin” t(cos2 t)2 dr

/ <1 — oS 2,) <1 + o8 2,>2 . 40.4 Worked problems on integration
= [

2 > of products of sines and cosines

! 2
-3 / (1= cos 20)(1 + 2 cos 21 4 cos™20) df Problem 9. Determine [ sin 3¢ cos 2¢ dr.

1
= gf(l + 2¢os 2t + cos® 2t — cos 2t

/ sin 37 cos 2¢ dr
—2cos? 2t — cos® 21)dt

1
1 — | Zrsi i —
— g / (1 + cos 2 — C052 o — COS3 2[)d[ = / 2[5111(3[ + 2[) + s (3[ 2[)] d[,

1 1+ cosdt from 6 of Table 40.1, which follows from Sec-

=g [ |1Heos2d—{—F— tion 18.4, page 183,
— cos 21(1 — sin? 2t)} dr = % / (sin 5t + sin¢) dr

1 1 cosds .9 1 / —cos 5¢
:§/<§— 5+ cos 2rsin 2t>dt :§< C(;S _c05t> te

1 (t sinde | sin32t) N
=—\|<- c

1
8\2 8 6 Problem 10. Find / 3 cos Sx sin 2x dx.

Now try the following exercise.

1 ‘
Exercise 157 Further problems on integra- / 7 Cos Sxsin 2x dx

tion of powers of sines and cosines _ % / %[sin (5x + 2x) — sin (5x — 20]dx.

In Problems 1 to 6, integrate with respect to the
variable. from 7 of Table 40.1

30 1 ‘ ‘
1. sin30 [(a)—cos@ n COZ n c} =< / (sin 7x — sin 3x) dx

Gin® 2 _ 1 —cos 7x + cos 3x te
2. 2cos 2x [sin 2x — T c} 6 7 3
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1

Problem 11. Evaluate 2 cos 66 cos6 db,
0

correct to 4 decimal places.

1
/ 2.cos 60 cos 6 db
0

1
1
= 2/ E[cos (60 + 6) + cos (66 — 6)] do,
0
from 8 of Table 40.1

sin70  sin 50 } 1
5

1
:/ (cos 76 4+ cos 56)do = [
0

B sin 7 1 sin 5 sin O T sin O
-\ 7 5 7 5

‘sin7” means ‘the sine of 7radians’ (=401°4’) and
sin 5 =286°29’.

0

1
Hence / 2.cos 60 cos 6 df
0

= (0.09386 + (—0.19178)) — (0)
= —0.0979, correct to 4 decimal places

Problem 12. Find 3 / sin S5x sin 3x dx.

3 /sin S5xsin3x dx

1
= 3/—5[005 (5% + 3x) — cos (5x — 3x)] dx,
from 9 of Table 40.1

3
= —5/(cos8x—cos2x)dx

3 /sin8 sin2x +
= —— — r
278 2 €0

3
E(4 sin 2x —sin 8x) +¢

Now try the following exercise.

Exercise 158 Further problems on integra-
tion of products of sines and cosines

In Problems 1 to 4, integrate with respect to the
variable.

1 fcos7t cos3t
1. sin 5¢ 2t | —=
sin 5¢ cos [ 5 < 7 + 3 ) + c}

2. 2sin3xsinx

sin2x  sin4x L
2 4

3 sin7x+sin5x np
2 7 5

3. 3cos6xcosx

1
4. 3 cos 46 sin 20

1 00529_00569 —|—c_
4\ 2 6 |

In Problems 5 to 8, evaluate the definite integrals.

T
2 3 i
5. / cosdx cos 3x dx [(a) 7 or 0.4286
0 J

1
6. / 2 sin 7t cos 3t dt [0.5973]
0
s
7. —4 / * sin 50'sin 20 do [0.2474]
0
2
8. / 3 cos 8¢ sin 3¢ dt [—0.1999]
1

40.5 Worked problems on integration
using the sin 6 substitution

Problem 13. Determine /

1
—dx.
V(@ —x%)

dx
Letx:asine,thend—e =aqa cos fanddx =a cos & db.

1
Hence/\/ﬁdx

1
‘/m

acos6do

N VIa2(1 — sin? 9)]

acos6do

N V(@2 cos26)

acos6do
:/7:/d9:9+c
acost

acostdo

since sin? 6 + cos2 0 = 1
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. . . X .
Since x = asin 0, then sin® = = and 6 = sin~!

1
——dx
/ V(@ —x?)

. 1 X
Hence =sin~! = +¢
a

Q| =

3
Problem 14. Evaluate /
0

1
—dx.
VO —x?)

3
From Problem 13, /
0

1
——dx
V(O —x?)
Tt X7 _
_[sm 3]0, since ¢ = 3

— (sin~' 1 —sin~! 0) = ; or 1.5708

Problem 15. Find / Vi(a? — x2)ydx.

dx
Letx:asinetheHE:acoseanddx:acosede.

Hence/mwc
:/\/m(acosede)
:/\mmms@d@)
:/Jm(acosede)

= / (acosB)(acosOdo)

1 20
:a2/00529d9:a2/ <+C%> do

(since cos 26 = 2cos? 6 — 1)

a? o sin 26 N
= — c
2 2

a? < 2sin90059>
= o+ =20 1 e

2
since from Chapter 18, sin26 = 2siné cos6

a2
= 7[9 + sinfcosf] + ¢

. . . X .
Since x = asin 0, then sin 0 = = and 6 = sin~!
a

Q| =

Also, cos? 6 + sin? 6 = 1, from which,

cos@:m:m

B <a2—x2>_m
a

a2

2
Thus / Vi@ —x2)dx= %[9 + sin @ cos 6]
2 7 _ 2
_at| g X x\ /(@ —x*)
_2|:sm a+<a> a :|+C

2

a’ . 4 x x TR}
=--sm  —+4+ /@ —-x)+c
2 a 2 ¢ )

4
Problem 16. Evaluate/ V(16 — x2)dx.
0

4
From Problem 15,/ V(16 —x2)dx
0

(e .y x x ) +
_[2sm 4+2 (16 x)}o
- [8 sin~'1 4+ 21/(0)] —[8sin~! 0 + 0]

— 8sin~!1 =8 (g) — 4m or 12.57

Now try the following exercise.

Exercise 159 Further problems on integra-
tion using the sine @ substitution

5
1. Determine / ——dr
Vé=)
x -
Ssin™! =
[ sin 5 —i—c_
2. Determine / ;dx
VO —x2)

[3 sin~! % +c

/\/(4—x2)dx

3. Determine

X X T
[2sin_1 S+ Va4
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4, Determine/\/(16—9t2)dt

8 3r ¢
|:§ Sin_l Z + 5 (16 — 9[2) + Ci|

4
5. Evaluate /
0

1
—— dx
V(16 —x2)

[” 1571]
— Or 1.
2

[2.760]

1
6. Evaluate / V(O —4x2)dx
0

1 1 /7
— =11 =l — - (% _
= 2(tan 1—tan=" 0) 5 <4 O)

b 4
— or 0.3927
3 or

Problem 19. Evaluate

rect to 4 decimal places.

£ 5
> dx, cor-
/0 Gt

40.6 Worked problems on integration
using tan 6 substitution

1
Problem 17. Determine / —dx.
(a* + x%)

dx
Letx=a tan 6 then 7= sec?anddx=asec? 6 do.

1
Hence / m dx

1
N / (a2 + d*tan? 0)
asec?6do

- / a2(1 + tan? 9)

B /aseczede
] a?secto”’

(a sec’ do)

since 1+ tan? 6 = sec? 6
1 1

:/—d@: - +c
a a

Since x =atan®, 6 = tan~!

Q| =

1 1 X
Hence | ———dx==tan"! = +¢.
/(a2+x2) gz e

2
1
Problem 18. Evaluate ——dx
/0 4+ x%)

1
(4 + x2)

2T
g 21o

2
From Problem 17, /
0

since a = 2

1 5 1 5
/0 <3+2x2>d’“:/0 R b

_ é/l S .
2Jo VB + a2

1

_é 1 _q{ & }
- 2[«/—(3/2) G

() ()

= (2.0412)[0.6847 — 0]
= 1.3976, correct to 4 decimal places

Now try the following exercise.

Exercise 160 Further problems on integra-
tion using the tan @ substitution

3 3 t
1. Determi — _dr Ztan~ ! =
eermlne/4+t2 |:2 an 2+Ci|

5
2. Determine / md@
5 an—1 30 T
12 4
3
3. Evaluate/O 1—}——[2d[ [2356]

3
5
4. Evaluate/O mdx [2457]

40.7 Worked problems on integration
using the sinh # substitution

Problem 20. Determine /

1
—dx.
V&2 +a?)




