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Chapter 53

Integration by parts

53.1 Introduction

From the product rule of differentiation:

where # and v are both functions of x.
Rearranging gives udv d (uv) du
Ves: U— = —(Uv) —v—
Bl BlVes: U = & dx
Integrating both sides with respect to x gives:

d d di
/u—vdx:/—(uv)dx—/v—udx
dax dx dax
. dv du
ie /u—dx:uv— /v—dx
dx dx
or /udv:uv— /vdu

This is known as the integration by parts formula and
provides a method of integrating such products of sim-
ple functions as [ xe*dx, [ tsint dt, [ ¢ cos6do and
S xInxdx.

Given a product of two terms to integrate the initial
choice is: ‘which part to make equal to #’ and ‘which
part to make equal to dv’. The choice must be such
that the ‘u part’ becomes a constant after successive
differentiation and the ‘dv part’ can be integrated from
standard integrals. Invariable, the following rule holds:
‘If a product to be integrated contains an algebraic term
(such as x, 12 or 30) then this term is chosen as the
part. The one exception to this rule is when a ‘In x” term
is involved; in this case In x is chosen as the ‘u part’.

53.2 Worked problems on

integration by parts

Problem 1. Determine: / xcosxdx

From the integration by parts formula,

/udv:uv—/vdu

du
Let u =x, from which I =1,1.e. du=dx and let
X

dv=cos x dx, from which v= f cos x dx=sin x.

Expressions for u, du and v are now substituted into
the ‘by parts’ formula as shown below.

- —_—— r
|

R T R T I e e

Jixticos xdxl = 1001 sin 0i - sin 2} ()

N ——

ie. /xcosxdx =Xxs8inx — (—cosx) + ¢

=xsinx+4cosx+c¢

[This result may be checked by differentiating the right
hand side,

ie. %(x Sinx + cosx+c)
= [(x)(cosx) + (sinx)(1)] —sinx + O

using the product rule

= X cos x, which is the function being integrated
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Problem 2. Find: / 3te?! dt

d
Let w=3¢, from which, EL[’ —3,ie du=3ds and

1
let dv= ¢ dt, from which, v= [e>dr = Eez’

Substituting into fudv=uv — [vdu gives:

/ 3t dt = (31) GeZ’) — / GeZ’) (3 dr)

3 3
= — = / eXdt
) 2
R g B fe¥
= El@ - 5 <7 +c

3 1
Hence /3t82t df = EeZt <t — E) +e,

which may be checked by differentiating.

T

7
Problem 3. Evaluate / 26 sin 0 db
0

Let u =26, from which, % =2,ie.du=2d6 and let
dv=sin 6 d6, from which,

v= /sin@dGZ —cosé

Substituting into / udv=uv — / vdu gives:

/ 260sin 6 d6 = (26)(—cos 6) — /(—Cos 6)(2do)

= —2900s9+2/cos@d@

= —20cosH +2sinf + ¢

T

Herce / * 20 sin 0 do
0

x
2

= [29 cos O + 2sin 9]
0

—[2(”) ”+2in”] [0 42 in 0]
= > C082 S ) S

=(-0+2)-(0+0)=2

. T .
since cos ) =0 and sin—=1

1

Problem 4. Evaluate:/ 5xe™ dx, correct to

0
3 significant figures

du
Let u = 5x, from which T =5, ie. du=>5dx and let
1
dv= " dx, from which, v=[e*dx= Zg4x

Substituting into [ udv=uv — [vdu gives:

sk dx — 5y { & \ 54
fovamsn () ()

5 Ax 5 Ax
—4xe —4/3 dax
5 4 Sfe*
—er _Z<T +
5 4y 1
—4e <x—4)+c

1
Hence / 5xe™ dx
0

5 s 1\1"
[ (-3,
5, I 5, I
= — 1— — — — _—
e (=03 (-3)
15 , 5
() -(-%)
— 51.186 + 0.313 = 51.499 = 51.5,

correct to 3 significant figures.

Problem 5. Determine: / x2 sin x dx

du
Let 4 =x2%, from which, I =2x, i.e. du=2xdx, and
let dv= sin x dx, from which, v= | sinxdx = —cosx

Substituting into / udv=uv— / vdu gives:

/x2 sinx dx = (xz)(—cosx) — / (—cosx)(2x dx)
= —x>cosx+2 [/xcosxdx}

The integral, f xcosx dx, is not a ‘standard integral’
and it can only be determined by using the integration
by parts formula again.
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From Problem 1, [ x cos x dx=x sin x4 cos x

Hence / x% sinx dx

= —x?cosx + 2{xsinx 4+ cosx} + ¢

= —x>cosx +2xsinx +2cosx + ¢
=2 —x*)cosx +2xsinx +¢
In general, if the algebraic term of a product is of power

n, then the integration by parts formula is applied n
times.

Now try the following exercise

Exercise 186 Further problems on
integration by parts

Determine the integrals in Problems 1 to 5 using

integration by parts.
i ! +c
2 "2

1. /xezxdx
4x 4 1

2. \/\ﬁdx |:—§e x<X+ §)+Ci|

3, /xsinxdx [—xcosx—+ sinx+c]

4, /59C0829d9

5 1
[5 <9sin29+ ECOSZ@) —i—c}
3 u(a 1
|:§€ <[ —[+2 +:€

Evaluate the integrals in Problems 6 to 9, correct
to 4 significant figures.

5. / 32 e dt

6. /O szex dx [16.78]
7. /Oﬁxsin 2xdx [0.2500]
8. /O : 2 costdt [0.4674]
9, /12 3x%e? dx [15.78]

53.3 Further worked problems on

integration by parts

Problem 6. Find: / xInxdx

The logarithmic function is chosen as the ‘u part’ Thus

d 1 d
whenuzlnx,then—u:—i.e.du:—x
dx x
52
Letting dv=xdx givesv= /xdx:7

Substituting into [ udv=uv — [vdu gives:

2 2
/xlnxdx (Inx) <%) —/(%)%

_®, 1/ d
—211)6—2 X dx

I
(SR
-
|
[\o]]
A
(SR
~——
_l’_
Ly

I /1 a1 LA
Nnce xXinxax = — nx — — C
ene 2 2

o
or T(Zlnx -1 +c

Problem 7. Determine: [ ln x dx

S Inxdx is the same as f(1)Inx dx
du 1 dx

Let u = Inx, from which, — = — i.e. du= — and let
dx x X

dv=1dx, from which, v= [ 1dx=x
Substituting into [ udv=uv— [ vdu gives:

/lnx dx:(lnx)(x)—/x%

:xlnx—/dx:xlnx—x—i-c

Hence /lnxdx =x(Inx -1 +c

9
Problem 8. Evaluate: / /X 1nx dx, correct to
1

3 significant figures
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d
Let u=1n x, from which du = “
X

and let dv= /xdx= X2 dx, from which,
/ 1 2 3
v= [ x2dx = —x2
3
Substituting into [ udv=uv — [ vdu gives:
2 2 d
/ﬁlnxdx:(lnx) ~x —/ o) (2
3 3 X

dax

[

|
|
3
[9%]
=
=
|
|
—
=
[STE

Hence/lgﬁlnxdx:[%ﬁonx_%)r
-5 (mo=5))- [ (m-5)]
(=) 0-3)]

= 27.550 4+ 0.444 = 27.994 = 28.0,

correct to 3 significant figures.

Problem 9. Find: f e* cos bx dx

When integrating a product of an exponential and a sine
or cosine function it is immaterial which part is made
equal to ‘u’.

. du .
Let u = e*, from which T =qe™, ie. du=ae” dx
X

and let dv = cos bx dx, from which,
L.
v= /cosbxdx = 5 sin bx
Substituting into [ udv=uv — [ vdu gives:
/e‘”‘ cos bx dx

ax 1 : 1 . ax
=3 )<E smbx) _/<5 smbx)(ae dax)

1
= —e¢™sinbx — a /eax sin bx dx (1
b b

J e sin bx dx is now determined separately using inte-
gration by parts again:

Let u=e™ then du=ae™ dx, and let dv=sin bx dx,
from which

1
v= /sinbxdx: —Ecosbx

Substituting into the integration by parts formula gives:

/ e™ sin bx dx = (™) <—% cos bx)
L b “ dx
— / <_Z coS x)(ae )

1
= ——ecoshx
b

—i—%/e"xcosbxdx

Substituting this result into equation (1) gives:

1 1
/eax cosbxdx = Ee"x sinbx — % [—Ee‘”‘ cos bx

—i—%/e“xcosbxdx}
1 2 AR a ax
:Ee sin bx + ﬁe cos bx
o
— b—Z/e"xcosbxdx

The integral on the far right of this equation is the same
as the integral on the left hand side and thus they may
be combined.

7
/ e cos bx dx—i—;l—z / e cosbx dx

1 a
= Ee"x sin bx + ﬁe"x cos bx

2
ie. <1+ b—z)/e“xcosbxdx

1 a
= Ee"x sin bx + ﬁe"x cos bx

bZ 2
ie. < l—;a )/e"xcosbxdx

ax

= ﬁ(b sin bx 4+ a cos bx)

(=
=
+—
()
5




