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Abstract 
In the construction of high-rise residential buildings, hydraulic structures and other various complexes, numerous building materials, 
electric and gas equipment are used, which are manufactured at factories and various enterprises. The quality of these materials or 
products must comply with the established standard. Before sending manufactured products to consumers, they should be carefully 
examined in the technical control department where defective products are removed. Verification of all finished products will not be 
economically feasible, therefore, a sample survey should be carried out. Methods of statistical acceptance control (SAC) can assess the 
quality of finished industrial or agricultural products. Mathematical-statistical sampling methods or SAC are mainly used in acceptance, 
cooperation and final control at the enterprise in order to check-up finished products. SAC allows acceptance of finished products at the 
lowest costby choosing the SAC plans. In this paper we study the asymptotic solution for the parameters of a simple (inconsistent) SAC 
minimizing the average loss from accepted and rejected product populations presented for inspection. 
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INTRODUCTION 
Statement of the problem. The main task of sampling methods 
for product quality inspection is to make a conclusion on a 
population quality based on several observed features of the 
object (product). On the basis of the SAC it is determined how 
many products need to be randomly selected for inspection and 
under what conditions the population of objects should be 
accepted, rejected or continued to be controlled. 
The most general form of the SAC plans sampling is as follows:
  
A random sample of volume n is taken from the general 
population set for inspection and the qualitative or quantitative 
attributes of X are measured. It is assumed that X presents a 
random variable with the distribution function F(x,θ), X ∈ R, 
depending on the unknown parameter θ, M(X) = θ, D(X) = σ2(θ). 
Introduce the characteristic 

g(θ)=∫ K(x, θ)dF(x, θ)
∞

−∞
,  (1) 

where K(x,θ) is the function stating that the integral (1) exists. 
If in (1) K (x, θ) = x, then g (θ) = θ represents the portion of 
defective objects (products) in inspection by quality criterion. In 
the case when the defectiveness is determined by some 
quantitative attributes of X, setting 

K(x,θ)={
0, at x ≤ T
1, at x > T 

 

we get g(θ)=∫ dF(x, θ) = 1 − F(T, θ)
∞

T
 

Here: T is the given limit number (allowable) of the considered 
features. In this case,  
g (θ) = 1-F (T, θ) means the portion of defective products in 
inspection by quantity criterion. 
Let the decisions d1 and d2 mean, respectively, acceptance and 
rejection of the set of products with the share of defects g (θ). 
Then it is easy to notice that the statistical procedure is reduced 
to assessing the quality of the general population by choosing the 
statistical acceptance control (SAC) plans for qualitative or 
quantitative characteristics. 
Let x1, x2, … xnbe the results of a sample inspection on which the 
estimates of g(θn(x1, x2, … xn))  are based; here θn(x1, x2, … xn)  is 
the maximum likelihood estimate of the parameter θ (the 
existence of this estimate is assumed). Further, the following 
decisive rule is considered: if g(θn) ≤ t0, then the remaining 

portion of products (not included in the sample) is accepted 
without inspection, d1on the contrary,  if g(θn) > t0, then the 
whole population of products submitted for inspection is 
rejected d2. 
The given acceptance (or decision) rule is determined by setting 
the parameters n and t0 and is called a simple one-time statistical 
plan.  
One of them is the choice of  (n, t0) from the conditions for 
minimizing the average losses from decision-making d1 and  d2. 
We introduce the following cost loss functions. Let П1(g(θ), d1) 
and  П2(g(θ), d2) – be the loss (cost) from making decisions d1 
and  d2 , respectively. The value g = g(θ)  for which  
П1(g(θ), d1) = П2(g(θ), d2)  is called an indifferent quality and is 
denoted by g0 = g(θ0). 
Let Θ1 = {θ; g(θ) ≤ g(θ0)}andΘ2 = Θ − Θ1 − θ0. 
Furthermore, suppose that  

П1(g(θ), d1) < П2(g(θ), d2)  for  θ ∈ Θ1 
П1(g(θ), d1) > П2(g(θ), d2)  for  θ ∈ Θ2 

If a decision is made d1 for θ ∈ Θ1 and  d2for θ ∈ Θ2, then with 
minimal losses equal 

Пmin(g(θ), di) = {
П1(g(θ), d1)  for  θ ∈ Θ1
П2(g(θ), d2)  for  θ ∈ Θ2

 

Let  r5(n) be the cost of sample observation. 
Thus, if the decision d1 is taken from the results of observations, 
then the expected losses are equal 

K1(g(θ), n, d1) = П1(g(θ), d2) + r5(n) 
In the case when an alternative decision d2 is made, then 

K2(g(θ), n, d2) = П2(g(θ), d2) + r5(n) 
Decision probability d1 i.e. 

P(g(θn(x1, x2, … , xn, )) ≤ t0) denoted by P(θ, n, t0) 

Then, averaging the loss of K1 and K2overP(θ, n, t0), we obtain 
the average loss from making decisions d1 and d2 : 

K(n, t0g(θ), D) = K1 ∙ P(θ, n, t
0) + K2 ∙ (1 − P(θ, n, t

0)) 

Thus, the main task of making decisions d1  and d2 
regardingg(θ)is to choose such a plan (n, t0)that the average 
lossesK(n, t0, g(θ), di) are minimal. 
Further, minimization of the average lossesK(n, t0, g(θ), di) can 
be reduced to minimizing the residual loss function equal to the 
difference between the average and minimum losses. Denote this 
function byR(g(θ), n, t0). She will be equal 
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R(g(θ), n, t0) = rs(n) + Rav(g(θ), n, t
0) 

Where 

Rav(g(θ), n, t
0) = {

П(g(θ), g(θ0)) ∙ P(θ, n, t
0)

П(g(θ), g(θ0)) ∙ (1 − P(θ, n, t
0)),

 

where П(g(θ), g(θ0))- damage (cost) from erroneous decision-

making i.e. 

П(g(θ), g(θ0)) = {
П2(g(θ), d2) − П1(g(θ), d1)  for   θ ∈ Θ1
П1(g(θ), d1)−П2(g(θ), d2)  for   θ ∈ Θ2

 

Plan (n, t0) - is called optimal if it minimizes the loss function 
R(g(θ), n, t0). 
The choice of a control plan, that is, the determination of 
parameters (n, k) can be realized in various ways depending on 
the relevant requirements. For example, depending on the 
presence or absence of prior information about the unknown 
distribution parameter θ of inspected population, there are two 
approaches to solving the problem of choosing the optimal plan, 
namely, minimax and Bayesian approaches. 
In this paper, under more general assumptions regarding the 
form of the average loss function, the asymptotic solution for the 
parameters of a simple control plan is studied. 
 
Analysis of the literature. Initial investigations on the problems 
of sampling minimax plans (SAC) by qualitative and quantitative 
attributes are studied in [1-2] in the case, whenrs(n) = cn, Υ1 =
Υ2 = Υ = 1, π1 = π2 = π = 0(N) and πij=0.  

In [3], a minimax plan was studied by a quantitative attribute, 
when the average loss function is linear with respect to the 
portion of defective objects and the controlled attribute X has a 
normal distribution. 
In [4], a Bayesian one-time sampling plan is studied in the case 
when θ has a discrete prior distribution. Further studies on 
sampling inspection plan are continued in [5–7], where the case 
when the distribution of the attribute belongs to a fairly wide 
class of continuous distributions is considered. 
In [8–10], under fairly general assumptions regarding the loss 
function and sample cost, asymptotic solutions for a double 
inspection plan based on a multidimensional quantitative 
attribute were studied. 
Finally, we note that the choice of parameters of the minimax 
plan for sequential inspection is considered in [11]. 
 
The aim of the paper is to find the minimax and Bayesian 
solutions for the parameters of a simple control plan minimizing 
the average loss function. 
As noted in many publications concerning the SAC [2] - [4], there 
is a value of parameterθ = θ0, at which the losses from the 
acceptance and rejection of the population coincide. In our case, 
this value of indifference is g(θn) . By analogy with [8–9], 
introduce the following loss function 

П(g(θ), g(θn)) = {
П1(g(θ0) − g(θ))

v1,    if g(θ) ≤ g(θ0),

П2(g(θ) − g(θ0))
v2,    if g(θ) > g(θ0).

           (2) 

whereν1, ν2, П1, П2 are the positive parameters (cost constants). 
Parameters П1 and П2 depend on the population size N and 
П1=α∗П2 for certain value ofα>0. 
Besides, suppose that the cost of sample inspection as a function 
of nat great values ofn has the form: 

rs(n) = сns(1 + O(n−1)) 
whereс > 0 does not depend onn, s ≥ 1. 
An average loss is 

Rcp(n, t
0, g(θ)) =

{
 
 

 
 П(g(θ)), g(θ0)) ∗ P(g(θn) > t0)

if  g(θ) ≤  g(θ0)

П(g(θ)), g(θ0)) ∗ P(g(θn) ≤ t0)

if  g(θ) > g(θ0)

           (3) 

Then the residual loss function has the form R(n, t0, g(θ)) =

rs(n) + Rcp(n, t
0, g(θ)). 

In the minimax approach, the inspection plan is considered 
optimal if its parameters (n, t0)satisfy the equality 

sup 
θ
R(n0, t

0, g(θ)) = 
.

inf 
n, t0

sup
θ
 R(n, t0, g (θ))

.
 

In the Bayesian approach, it is believed that there is partial 
information about the unknown parameter θ of the general 
population distribution, which allows us to assume that θ is a 
random variable having some prior distribution function W (θ). 
In this case, the optimal plan is determined from the following 
condition 

R(n0, t
0)=

 min
   n, t0

 R(n, t0)
 

, 

R(n0, t
0) = rs(n) + ∫ П(g(θ)), g(θ0)) ∗ P(g(θn) >θ∈Θ1

t0)W(θ)dθ +  

∫ П(g(θ)), g(θ0)) ∗ P(g(θn) ≤ t0)
θ∈Θ2

 W(θ)dθ, 

whereΘ1 = {θ: g(θ) ≤ g(θ0)}, Θ2 = {θ: g(θ) > g(θ0)}. 
In the paper, asymptotic solutions are determined for the 
optimal plan parameters[11-13]; in particular, the following 
results are obtained: 
Before stating the main results, we introduce the following 
notation: 

Δ(θi) = g′(θ)I−
1

2(θ0), where I(θ)is the Fischer integrable, m =

√(ν2 − ν1)lnn, z0 =
t0−g(θ0)

Δ(θ0)
√n 

 
Theorem 1. If  ν2 > ν1, then  

t0 = g(θ0) +
mΔ(θ0)

√n
+ O(m−1) 

if ν2 = ν1 = ν0,  then  

t0 = g(θ0) +
aΔ(θ0)

√n
+ O(n−1). 

 
Theorem 2. If П1=П2= O(N), then for the Bayesian plan the 
relations are: 

n0 ≈ {
c2N

τ2(lnN)
Υ2+1

2
τ2  at ν2 > ν,

c3N
τ0  at ν2 = ν1 = ν0,

 

t0 = g(Θ) + O(n0
−
1

2), whereτ1 =
2

2S+Υi+1
, i=0,1 and 2; с2and  с3 −

are the constants. 
 
CONCLUSION 
Under the assumption that the loss function has (in contrast to 
the mentioned papers) a more general form, the asymptotic 
properties of the control plan(n, t0)  are studied and asymptotic 
solutions (minimax and Bayesian ones) for these parameters are 
found. 
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