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EDITOR’S PREFACE

THis is a companion volume to the author’s textbook Electrical
Machines and Their Applications, a well-loved book now in its fourth
edition. The success of that book is due to the unusual combination in
the author of great teaching skill and long first-hand experience of the
design, manufacture and application of electrical machines.

Although much has changed in electrical technology in the last few
years, the role of rotating machines and transformers is as important as it
ever was. It is by their means that electrical energy is generated and then
reconverted to mechanical energy in homes and factories. Of course,
these machines are continually being improved and modified, but their
fundamental principles remain the same. Hence no electrical engineering
course is complete without a study of the principles of electrical
machines and drives.

But this is not an easy subject. The interaction of electrical and
mechanical energy can be understood by students only when they have
had practice at solving numerical problems. In his new book the author
provides such problems, mostly with their solutions, graded in difficulty
and interspersed with advice, all against a background of sound
engineering practice. The reader who has worked through these
examples will be able to face with confidence many problems about the
behaviour of machines and the choice of drives. Not every electrical
engineer needs to be a machine specialist, but he needs to be able to co-
operate with such specialists and this book will enable him to do so.

I am very happy to commend the book both to students and to
teachers, who will find it a great help in strengthening their lectures and
practical classes.

University of Southampton P. HAMMOND
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AUTHOR’S PREFACE TO THE
SECOND EDITION

THE response to the first edition included a suggestion that the final
section on simulation was somewhat limited in scope. This topic really
requires a separate text to deal in depth with such a wide-ranging subject.
Nevertheless, an attempt has been made in the present edition to
augment the introductory treatment so that with sufficient interest,
extensive simulations could be undertaken on the basis of the material
given. Although this is really tending towards project or even long-term
post-graduate work, requiring substantial computer-program develop-
ment, its immediate importance is in the facility it provides to display
computed performance, especially of power-electronic/machine circuits,
which should give a better understanding of their special features. The
author gratefully acknowledges permission to use the computational
facilities at UMIST for this purpose.

There are other changes in the text to include reference for example to
unbalanced operation, permanent-magnet machines and the universal
motor. Also, the additional worked examples and tutorial examples
should ensure that the rather wide topic of Electrical Drives is given
sufficiently comprehensive coverage. Overall, the intention is to support
the suggestion of teaching the subject by means of worked examples,
after due preparation on the basic equations and with discussion of the
problems and solutions.

Sale, Cheshire J. H.
March 1985
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AUTHOR’S PREFACE TO THE
FIRST EDITION

Discussion of the summary and objective of this book is deferred to the
first section of Chapter 1 lest this preface, like many others, goes unread.
However, there are some matters which need to be covered here,
especially those which concern the author’s debt to others. Every author
likes to believe that he has created something original or shed new light
on an old topic. But, inevitably, much of the work must have been
derived from his experiences as a student, from his own teachers, from
books read, from his own students and from his colleagues. This last is
particularly true in the present case. A major influence has been the
author’s long association with Dr. N. N. Hancock, whose deep
perception of the subject and ever-sympathetic ear when difficulties of
understanding arose have been a source of constant sustenance. To
Dr. A. C. Williamson, with his remarkable facility for cutting clean
through the theoretical fog to grasp the essential nature of tricky
machines problems, especially those associated with power-electronic
circuits, I am deeply indebted. Much time was spent by him in kindly
checking and correcting formative ideas for the material on constant-
current and variable-frequency drives. Sections 4.3, 5.5, 7.3 and 7.4 are
heavily reliant on his contributions. Dr. B. J. Chalmers’ experience, with
saturated a.c. machines particularly, was very important to the clarifi-
cation of this section of the work. I am grateful, too, to Dr. M. Lockwood
for his suggestions on simplifying simulation problems.

With regard to the examples themselves, an attempt has been made to
cover thoroughly the basic machine types, but the subject is very wide.
Very small and special machines have been omitted, quite apart from
study of the economic and environmental factors which influence the
decision in choosing an electrical drive, though some brief comments are
made as appropriate. This selective treatment seemed to be the best way
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AUTHOR'’S PREFACE TO THE FIRST EDITION

of meeting the many requests in response to which this book was written.
Many of the examples are taken, or modified, from examination papers
set at the University of Manchester Institute of Science and Technology
(UMIST), and permission to publish these is gratefully acknowledged.
Other examples, especially those in the Appendix, are drawn from a
variety of sources. The author cannot deny that some of them may have
originated in form from other books read over the years since first
meeting the topic as a student, and from discussions and contact with
present and past colleagues.

Finally, the author would like to record his thanks to the Consulting
Editor, Professor Percy Hammond, for his encouragement, for reading
the text and making his usual perceptive comments and suggestions to
get the balance right. To the Managing Editor, Mr. Jim Gilgunn-Jones,
and his colleagues at Pergamon Press, who have been so patient in spite
of delays and last-minute changes, I tender my grateful appreciation.

Sale, Cheshire J. H.
August 1981



LIST OF SYMBOLS

THE following list comprises those symbols which are used fairly
frequently throughout the text. Other symbols which are confined to
certain sections of the book and those which are in general use are not
included, e.g. the circuit symbols like R for resistance and the use of A, B
and C for 3-phase quantities. Some symbols are used for more than one
quantity as indicated in the list. With few exceptions, the symbols
conform to those recommended by the British Standards Institution BS
1991.

Instantaneous values are given small letters, e.g. e, i, for em.f. and
current respectively.

R.M.S. and steady d.c. values are given capital letters, e.g. E, .

Maximum values are written thus: E, I.

Bold face type is used for phasor and vector quantities and for
matrices, e.g. E, 1. In general, the symbol E (e) is used for induced
e.m.f.s due to mutual flux and the symbol V' (v) is used for terminal
voltages.

At Ampere turns.

B Flux density, in teslas (T) (webers/metre?).

d Symbol for direct-axis quantities.

d Armature diameter, in metres.

e Base of natural logarithms.
E, Induced e.mf. due to field m.mf. F,.

f Frequency, in hertz (Hz) (cycles per second).

F Magnetomotive force (m.m.f.) in ampere turns. Peak m.m.f. per

pole per phase.

F' Effective d.c. armature-winding magnetising m.m.f. per pole.
F, Peak armature-winding m.m.f. per pole.
F, Peak field-winding m.m.f. per pole.
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LIST OF SYMBOLS

T x
2

x~
h-3

N -

m
M
n
ns
N
NS
p

p

p.u.
P

control

P

elec

gap

(Note that the suffices a and f are also used with the symbols for
currents, fluxes and resistances of armature and field
respectively.)

Peak resultant m.m.f. per pole.

Full-load current.

Current in magnetising branch.

Reactive or magnetising component of I,.

Power component of I,.

Polar moment of inertia (rotational inertia), in kg m?.
Coeflicient. A constant

Generated volts per field ampere or per unit of m.m.f.
Saturated value of k;.

Flux factor = generated volts per radian/sec or torque per
ampere.

Conductor length. Magnetic path length.

(or 1,, I,, etc.) Leakage inductance.

General inductance symbol;e.g. L, , = self-inductance of coil 1;
L,,, L,,, etc., for mutual inductances.

Number of phases.

Alternative mutual-inductance symbol

Rev/sec.

Rev/sec synchronous = f/p.

Number of turns. Rev/min.

Rev/min synchronous = 60f/p.

Operator d/dt.

Number of pole pairs.

Suffix for per-unit quantities.

Power.

Power at control terminals.

Power (total) at electrical terminals (P, = per phase).

Air-gap power (total) (P, = per phase).

Mechanical power converted (per phase) (m.P, = w,,.T.).
Power at mechanical terminals (.7 oupiing = P
Symbol for quadrature-axis quantities.
Magnetising resistance, representing iron losses.

coupnng)
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LIST OF SYMBOLS

Fractional slip = (n, —n)/n,.

Per-unit relative motion n/n,(=1—3s).

Torque at mechanical shaft coupling.

Sum of all machine internal loss torques.

Torque developed electromagnetically, in newton metres.
Torque arising mechanically = 7, in steady state.

Velocity, in metres per second.

Voltage measured at the terminals of a circuit or machine.
(or x,, x,, x,,, etc.) Leakage reactance.

General reactance symbol.

Magnetising reactance.

Saturated value of X .X_, Unsaturated value of X .
Synchronous reactance = X + x,,.

Number of series-connected conductors per phase or per
parallel path of a winding.

Synchronous impedance.

General angle. Slot angle. Impedance angle tan~' R/X. Firing-
delay angle. Abbreviation for “proportional to”.

Load angle. Chopper duty-cycle ratio

(or d1) Torque angle.

Efficiency.

Magnetic permeance, webers/ampere-turn.

Magnetic constant = 47/10’.

Relative permeability.

Absolute permeability = B/H = p,pu,.

Power-factor angle. N.B. This must be distinguished from the
symbol for flux ¢ below.

Instantaneous value of flux. Flux per pole, in webers.

Mutual flux, in webers, due to resultant m.m.f.

Flux time-phasor.

Shaft angular position in electrical radians, (6, mechanical
angle). Temperature rise. General variable.

Shaft speed in electrical rad/s.

Time constant.

Angular velocity of rotating time-phasors = 2nf radians/sec.
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o, Mechanical angular rotational velocity = 2nn radians/sec.
w, Synchronous angular velocity = 2an, = 2af/p radians/sec.

Note: SI units (Systeme International d’Unites) are used in the text
unless specifically stated otherwise, as in the case of per-unit quantities
and the so-called Engineers’ units; i.e. 1 hp =746 watts; 1 1bf ft
= (746/550) Nm.
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CHAPTER 1

INTRODUCTION AND REVIEW OF
BASIC THEORY

1.1 AIM OF THE BOOK

On entering the world of electrical machines, the student meets many
conceptual difficulties not experienced for example in the early studies of
digital systems, with their simple and precise 2-state operation. More
assistance is required to permit the new-comer to gain confidence in
dealing with non-linear, 3-dimensional, rotating electromagnetic de-
vices. The purpose of this book is to provide this aid to understanding by
showing how, with a limited number of equations derived from basic
considerations of power flow and elementary circuit and electromagnetic
theory, the electromechanical performance can be explained and pre-
dicted with reasonable accuracy.

Such an aim, which will permit the calculation of power-input/output
characteristics almost close enough in engineering terms to those of the
device itself, can be achieved by representing the machine as a simple
electrical circuit—the equivalent-circuit model. This concept is explained
in many books, for example in the author’s companion volume Electrical
Machines and Their Applications. Though more detailed theoretical
treatment is given there, substantial portions of the present text may be
regarded as suitable revision material. This expanded 2nd edition can, as
awhole, be considered as a textbook on Electrical Drives, taught through
worked examples, for a reader having some familiarity with basic
machine theory.

Perhaps it is appropriate to point out that complete and exact analysis
of machine performance is so complex as to be virtually impossible. The
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ELECTRICAL MACHINES AND DRIVES {1.1]

additional accuracy achieved by attempts to approach such methods is
primarily of interest to the specialist designer who must ensure that his
product will meet the user’s needs without breakdown and he must judge
when the analytical complication is justified. For the user, and for the
engineering student who is not yet a specialist, the simpler methods are
adequate for general understanding and provide a lead-in if necessary for
later specialisation.

There are many features of all machine types which are common, the
obvious example being the mechanical shaft equations. But apart from
these and the fundamental electromagnetic laws, the input/output re-
lationships and modes of operation have many similarities. These are
brought together where possible and also in this first chapter, some
elementary mechanical, magnetic and circuit theory is discussed briefly,
as a reminder of the basic knowledge required. Students should beware
of underestimating the vital importance of this material, since experience
shows that it is these very points, improperly understood, which hold
back progress in coming to feel at ease with machines problems.

However familiar one may become with theory, as a student, the true
test of an engineer is his ability to make things work. First steps to this
goal of confidence are reached when a student is prepared to commit
himself to selecting equations and inserting values in the algebraic
expressions, producing answers to a specific problem. Hence the
importance of practice with numerical examples. Understanding grows
in proportion to one’s ability to realise that the equations developed

really can be used in a systematic fashion to solve such problems, since
they describe the physical behaviour in mathematical terms. Appreci-

ation of this last statement is the key to successful problem-solving.
The chapters are planned to sequence the examples at increasing levels
of difficulty. Much theoretical support is given, in that the equations are
discussed either at the beginning of each chapter, or as the need arises.
Solution programmes indicate the kind of problems which can be
formulated for the three basic types of rotating machine: d.c., induction,
and synchronous. Readers are encouraged to adopt an ordered approach
to the solution; for example it is a good idea to incorporate the question
data on a diagram. One of the difficulties of machines problems often lies
in the amount of data given. By putting the values on a simple diagram,

2



[1.2] INTRODUCTION AND REVIEW OF BASIC THEORY

assimilation is easier and it helps to avoid mistakes of interpretation,
especially when working with 3-phase circuits. In following this
recommended pattern, it is hoped that the text will help to remove the
mystery with which some students feel the machines area is shrouded.

The emphasis is on machine terminal-characteristics, rather than on
the internal electromagnetic design. In other words, the electrical-drives
aspect is uppermost since this is the area in which most engineering
students need to have some good knowledge. It is worth noting that
about 60-70¢, of all electrical power is consumed by motors driving
mechanical shafts and virtually all this power is produced by generators
driven through mechanical shafts, so that the subject is of considerable
importance to engineers. The problems and solutions are discussed
where appropriate, to draw out the engineering implications. Electro-
mechanical transients are not neglected and opportunity is also
taken to consider the effects introduced by the impact of power-
electronic control. In general, the usual methods of analysis are still
reasonably effective in predicting machine performance. Full account of
the influence of this important environment, in which harmonics
proliferate, is somewhat beyond the scope of this book but some
indication is given of the means used to deal with the machines problems
which arise. Detailed study of machine/semiconductor systemsrequires
a knowledge of mathematical and computer simulation procedures.
Chapter 8 considers this topic in sufficient depth to provide real
understanding and a sound basis for further, specialised investigations.
Finally, in Appendix C, some tutorial examples are given along with the
answers. Some of the worked examples in the text have been taken from
Appendix E of Electrical Machines and Their Applications, but many of
these remain as further exercises for the determined student.

1.2 FOUNDATION THEORY

Excitation Calculations

Virtually all machines have iron in the magneiic circuit to enhance the
flux value and/or to reduce the excitation requirements. The price to pay

3



ELECTRICAL MACHINES AND DRIVES 1.2]

for these advantages is reflected in iron loss and non linearity. Figure 1.1a
shows a typical iron magnetisation-characteristic. The economic operat-
ing point is beyond the linear region and well clear of full saturation, at
about B = 1 tesla, though certain short parts of the magnetic circuit, like
armature teeth, may exceed this by 509, or more. Under transient
conditions too, this limit can be exceeded. The equation governing the
excitation requirements follows from:

B = pou, H = puH = pIN/L
Multiplying by area A:
uAd

N
BXA=}[-IT)<A=INXT

In words:
Flux = Magnetomotive force x Permeance (or 1/Reluctance)
¢(=BA)=  F(=IN)  x A(= pA/l)

The m.m.f. is shown in ampere turns (At), (turns N being dimensionless)
but is effectively the current enclosing the magnetic circuit.

g Mutual  flux ¢m— _____ ~
e Leckage fluxes T~ N
SN
e “Saturation density
About 2T
moH
1
H
(a) Typical iron magnetisation curve (b) Combination of two coil m.m.fs

FiG. 1.1 Magnetic excitation.
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[1.2] INTRODUCTION AND REVIEW OF BASIC THEORY

The calculation of excitation m.m.f. (F) is often required for a given
flux and magnetic geometry to determine the design of the coils.
Frequently there are two (or more) such coils so that the resultant
excitation F, is the combination of F, and F, which produces ¢, see
Fig. 1.1b. The two m.m.f.s may be produced on opposite sides of a
machine air gap; F, say, due to several stator coils, while F, similarly may
be due to several rotor coils. Often, sinusoidal distribution of m.m.f. is
assumed and the coils can be designed to approach this closely. “Vector”
techniques can then be used to combine these two “sinusoidal quantities”
giving F, + F, =F, and ¢,,, the mutual flux = function (F,). However,
m.m.f. is not a vector but a scalar, so a different term, space phasor, is
becoming accepted as an appropriate designation for such represen-
tations of sinusoidal space variations. It is sometimes convenient to take
the positive magnetising senses of F, and F, to be in the same direction,
though in practice, the one is usually magnetising in the opposite sense to
the other and would then be negative with respect to this.

Electromagnetic Theory

The most important equations for present purposes are:
e=Nd¢/dt; e=Blv; and Force = Bl

most practical machines having the directions of B, vand i at right angles
to one another.
For a fixed magnetic geometry:

dop di  di

where: ;
L=N% _NNA_ N2y
1

and will fall with the onset of saturation, so the inductance L is
flux/current dependent. For a sinusoidally time-varying current:

i = I'sin2nft = I'sinot,

S



ELECTRICAL MACHINES AND DRIVES [1.2]

then: e = L x ol sin(wt 4+ 90°)
and in r.m.s. and complex-number expressions:
E=joll=jXI=V,

and I lags V by 90°. These quantities are scalars but their sinusoidal
variation can be represented by time phasors, see Fig. 1.2. The word
phasor alone will often be used in the text as an abbreviation for time
phasor. The use of the back e.m.f. expression (+ L di/dt) instead of the
forward e.m.f. expression (— L di/dr) is seen to be preferable, since the
current I comes out directly as lagging V by 90° for the inductive circuit,
instead of having to deal with the concept of two identical but phase-
opposed voltages.
For the general case with varying geometry, e = d(Li)/dt
= L di/dt (transformer voltage) + i dL/dt (motional voltage).

Circuit-theory Conventions

Figure 1.3a shows a representation of a machine with its instantaneous
e.m.f. and resistive and inductive voltage-drops. The voltage arrowheads
are the assumed +ve ends. The directions of the arrows for the
instantaneous terminal voltage v and for e may be assigned arbitrarily
but Riand L di/dt must oppose i, since the voltage arrowheads must be
positive for + ve iand + ve di/dt respectively. The direction of i may also
be assigned arbitrarily but the decision has consequences when related to
the v and/or e arrows. As shown, and with all quantities assumed to be
+ ve, then the machine is a power sink; i.e., in @ MOTORING mode; the vi

- gt (1)

FiG. 1.2. Induced voltage (back e.m.f.).
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(1.2] INTRODUCTION AND REVIEW OF BASIC THEORY

Control Power

T
, o= Machine System ;”" coupling
coupling Proee 1 (qu'include . Prrecn
resistance \

Ot

external to
T o—1 the machine) )
loss . Mechanical Power
::Slf‘co":":i've?“’e’ (shown +ve)
(a) Circuit (b) System

Fi1G. 1.3. Motor conventions.

and ei products are both positive. For GENERATING, when the machine
becomes a power source, ei will then be negative; e or i reversed.

The above is called the MOTORING convention and it is often
convenient in electrical-drives studies to use this throughout and let a
negative ei product indicate a generating condition. Alternatively, a
GENERATING convention could be used, as sometimes preferred in power-
systems studies. By reversing the i arrow say, ei would then be positive for
generating and the circuit equation would have a sign reversed. It would
be a good check to complete the following short exercise to see if the
above statements are properly understood.

Write down the MOTOR with MOTOR V=E RI
equation; conventions:
Write down the GENERATOR  with MOTOR V=E RI
equation; conventions:
Write down the GENERATOR ~ with GENERATOR V = E RI
equation; conventions:
Write down the MOTOR with GENERATOR V' =E RI
equation; conventions:

The mechanical equation can be expressed as a simple extension of the
above. The motor (as a mechanical power source) produces (generates)

7



ELECTRICAL MACHINES AND DRIVES [1.2]

an electromagnetic torque T, and in equilibrium at steady speed, this is
balanced by the total mechanical torque Ty, part of which is due to the

internal mechanical resistance T ., and the remainder is the load torque
at the coupling “terminals”, T,

coupling’

So: T, = Ty, = Tooupling + Thoss (cf. electrical source, E = V' + RI).

This is also a MOTORING convention. For a generator, with rotation
unchanged, both T, and T,1ing Would be negative using this convention.

To illustrate how these conventions affect the machine considered
as a system, with electrical-power terminals and mechanical-power
“terminals”—excluding for the moment the control-power terminals,
consider Fig. 1.3b. In general, either or both terminal powers can be
negative and here, a motoring convention is being considered. The three
practicable conditions are:

Electrical power Mechanical power  MOTORING (A)
positive; positive;
Electrical power Mechanical power  GENERATING (B)
negative; negative;
Electrical power Mechanical power  BRAKING (©)
positive; negative;

In the last mode, it will be noticed that both mechanical and electrical
“terminals” are accepting power into the machine system. All the power
is in fact being dissipated within this system, which may include
resistance external to the machine itself. The mechanical power is usually
coming from energy stored in the moving parts, and since this cannot be
released without a fall of speed, the action is one of braking. The machine
is generating; not feeding power into the electrical supply, but assisting
this to provide the power dissipated; see Section 3.5.

To understand how the mechanical “terminals” respond to these three
modes, assume that T, is 1 unit and T, is 10 units. Let the speed be
positive and remembering that power is (torque x speed), use the
mechanical balance equation to find:

. Tcoupllns = Te _Tloss
Mode A; Motoring T g = 10—1 = +9. @0, T i o1ing + Ve



{1.2] INTRODUCTION AND REVIEW OF BASIC THEORY

Mode B; Generating T, ;.= —10—1 = —11. @, T 00 — Ve
[T, will be —ve for +ve w,]
Mode C; Braking (i) T, o = —10—1 = —11. @, T oupiing — Ve
[o, +ve. - T, =+1

T, will be —ve]
Mode C; Braking (ii) T gyppng = +10—(=1) =+ 11 &, T, 00110 — Ve
[w, —ve. ' T\ = —1

T, will be +ve]

Note that if rotation reverses, T, will reverse because it always opposes
rotation. In mode C, the sign of T, is opposite to that of w,, because the
machine itself is generating so for either rotation, the mechanical
“terminal” power is negative.

Sinusoidal A.C. Theory

Most a.c. sources are of nominally constant r.m.. voltage so the
voltage phasor is taken as the reference phasor. It need not be horizontal
and can be drawn in any angular position. A lagging power factor cos ¢
means current lagging the voltage as shown on Fig. 1.4a. The instan-
taneous power vi, which pulsates at double frequency, is also shown and
has a mean value of VI cos ¢. If ¢ were to be greater than 90°, the power
flow would have reversed since I cos ¢ would be negative as seen on the
phasor diagram for a current I'. Note that the phasor diagrams have
been drawn at a time wt = 7/2 for a voltage expressed as v = P sin wt.

For the reverse power-flow condition, if the opposite convention had
been chosen (with v or i reversed), then VI’'cos¢ would have been
positive. This is shown on Fig. 1.4b where it will be noted that the current
is at a leading power factor. Taking Fig. 1.4a as a motoring condition, it
shows electrical power being absorbed at lagging power factor whereas
Fig. 1.4b shows electrical power being delivered at a leading power factor.

Phasor Diagram including Machine E.M.F.; Motoring Condition

The equation, allowing for inductive impedance, is:

V=E+RI+jXI,

9



ELECTRICAL MACHINES AND DRIVES

K / Instonioneous /

[1.2]

/ v power %
\
/ v VI cos @\ /* reversed
v - < / Average /‘ v .
1 / ! v power -1 @ ’> _
7 ; D / wl (reve) -
| ‘e /2 N /) \( S - \
I -

(a) ¢ < w/2 (Motoring)

-—

(b) @ > m/2 (Generating)

FiG. 1.4. Power flow in single-phase a.c. circuit.

and is shown as a phasor diagram on Fig. 1.5 for two different values of
E. Note that on a.c., the em.f. may be greater than the terminal voltage
and yet the machine may still operate as a motor. The power factor is
affected but the power flow is determined by the phase of E with respect

j@ (VAN (VT sing)

y RI
v \\’1, \" E v

w!

| kL

E I
I ®
() E<V (b E>V
Motoring Motoring

§
PVI cos o)

{c) Vx I Components

Fig. 1.5. Phasor diagrams.
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{1.2] INTRODUCTION AND REVIEW OF BASIC THEORY
to V. Frequently, the current is the unknown and this is found by
rearranging the equation as:

(- V-E_(V-BR-jX) |V-E|[R jX
" R+jX  R*+x*  z |z Z

= ]J(cos ¢ + jsin @)

N.B. ¢ will normally be taken as —ve for lagging power factor.

The appropriate exercise to check that these phasor diagrams are
understood is to draw the corresponding diagrams for a generator using
(a) motor conventions and (b) generator conventions.

Meaning of V x I Components

Multiplying the I, I cos ¢ and I sin ¢ current phasors by V gives:

Vi (S voltamperes, VA)
VI cos ¢ (P watts) and
VI sin ¢ (Q voltamperes reactive, VAr)

and a “power phasor diagram” can be drawn as shown on Fig. 1.5c.

Power devices are frequently very large and the units kVA, kW and
kVAr, ( x 10%),and MVA, MW and MVAr, ( x 10°), are in common use.
The largest single-unit steam-turbine generators for power stations are
now over 1000 MW = 1 GW, (10° W).

3-phase Circuit Theory

For many reasons, including efficiency of generation and transmis-
sion, quite apart from the ease of producing a rotating field as in any
polyphase system, the 3-phase system has become virtually universal
though there are occasions when other m-phase systems are used. For
low powers of course, as in the domestic situation for example, single-
phase supplies are satisfactory. For present purposes consideration will
only be given to balanced 3-phase circuits, i.e. where the phase voltages

11
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and also the phase currents are mutually displaced by 120 electrical
degrees (27n/3) radians). Electrical angles are given by wt = 2nft radians.

On the assumption of balanced conditions, the power in a 3-phase
system can be considered as available in three equal power “packages”,
each handling 1/3 of the total power, ie.

Total er
ML_V I COS(p

3 — 7 phase * phase

where ¢ is the same for each phase. The pulsating components of power
cancel, giving steady power flow.

There are two symmetrical ways of connecting the three phases as
shown on Fig. 1.6:

in STAR (Or wye);
for which it is obvious that the current through the line terminals is the
same as the current in the phase itself, or:

in DELTA (or mesh),
for which it is obvious that the voltage across the line terminals is the
same as the voltage across the phase itself.

Vphose
Tjne =] Tonase
[) -
Viine A

—— Star point Ic

No———<—lor Neutral

c

(a) Star (Y) (b) Delta (A)or (c) Phasors for (b)
connection Mesh connection

FiG. 1.6. 3-phase circuits.
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[1.2] INTRODUCTION AND REVIEW OF BASIC THEORY

For the delta case shown:
| =IA—IC and IB—IA and IC'—IB-

=V,—Vgand Vg—Vcand Vc—V,;

line

For the star case shown: V

line

assumed positive senses of phase currents and voltages being indicated.

The 120° displacement means that the magnitude of the line quantities
in these two cases is equal to \/ 3 times the magnitude of the phase
quantities and there is a + 30° displacement between line and phase
phasors; + depending on which phasors are differenced. Only one line

value involves a ﬁ factor, hence for both star and delta circuits:

linelline

V
Total power = 3 x 73— X COS @

= \/3 x Vline Illne X Cos @
(or Power = Voltamperes X cos @)

which can be solved for any one unknown. Frequently this is the current,
from the known power and voltage ratings. Sometimes, for parameter
measurements, ¢ is required for dividing currents, voltages or impe-
dances into resistive and reactive components. The total voltamperes for
a 3-phase system are thus given by \/ 3 VI where V and I are here, line
values, or alternatively, three times the phase VI product. A.C. devices
are rated on a VA (kVA or MVA) basis, since they must be big enough
magnetically to deal with full voltage, whatever the current, and big
enough in terms of the electrically-sensitive parameters to deal with the
current-carrying capacity specified in the rating, whatever the voltage.
This means for example, that at zero power-factor, at full voltage and
current, the temperature rise will be as high as or even higher than at
unity power factor (u.p.f.), where real power is being converted.

3-phase circuits will be analysed by reducing everything to phase
values: Power/3, V,,,. or V"ne/\/ 3, [, 0r] ”ne/\/ 3, depending on the
circuit connection. The problem can then be dealt with as a single-phase
circuit but the total power is three times the phase power. The examples
in Chapter 2 are especially valuable for revising this topic and the analysis
of unbalanced circuits is also introduced.

13
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Torque Components

T,, the electromagnetic torque, will have different expressions
for different machine types. It is basically due to the sum of all the
tangential electromagnetic forces between the currents in rotor and
stator conductors. If the windings are so distributed that the m.m.f. space
waves are sinusoidal in shape and of magnitudes F,,  and F,,, the
axes being displaced by the torque angle d+, then T, is proportional to the
products of these m.m.f.s and the sine of the torque angle. Because of the
sinusoidal distribution, the two m.m.f. space waves can be combined
vectorially to give a resultant m.m.f. wave of magnitude F,, which
produces the resultant mutual (air-gap) flux ¢,,. An alternative expres-
sion, invoking the sine rule, gives 7, as proportional to the product of F,
with either F,,,, or F, and the sine of the different angle between
them. This alternative is used for a.c. machines (cf. Fig. 5.2) and since the
angle is a function of load, it is called the load angle 6. For d.c. machines,
the torque angle is fixed by the brush position (usually at maximum angle
90°) and so T, can be expressed as K x ¢ x I,, where K x ¢ can be
combined as one coefficient k, which will be shown in Chapter 3 to be
directly proportional to flux. The expression shows that k, is equal to the
torque in newton metres, per ampere, (7,/1,). It is also equal to the

generated em.f. per radian/second, (E/w,,).

T, is due to internal machine friction, windage and iron-loss
torques.
T qupring 1S the terminal torque, supplying the load in the case of a

motor. The load torque may have an active component due to
gravity or stored energy in the load system. This may oppose or assist the
rotation. The passive components of the load torque, like friction, can
only oppose rotation and will therefore reverse with rotation. The loss
torques should be small and since they are mostly similar in nature to the
passive load torques, it is convenient to combine them. At the balance
point, where the speed is steady therefore, we have:

Tc = Tloss +Tcoupling = Tm‘

T,, is not a simple function of speed but is sometimes expressed in the

14



[1.2] INTRODUCTION AND REVIEW OF BASIC THEORY

form:
T, = f(w,) = k, + k0, + k02
where k, is the idealised “Coulomb” friction.

k,w, 1is the viscous friction, proportional to speed and cor-
responding to “streamline” flow. It occurs when the
torque is due to eddy currents.

kiw? is the torque due to “turbulent” flow; as an approxima-

tion. It occurs, above the “streamline”-flow speed, with
fan- and propellor-type loads, e.g. windage losses.

Regulation; Speed/Torque Curves; 4-quadrant Diagram

The important characteristic of a power device is the way it reacts to
the application of 'oad. For a generator, the natural tendency is for the
terminal voltage to fall as load current is taken. This fall is called the
regulation and can be controlled by various means. The corresponding
characteristic for a motor is the way in which speed changes as load
torque is applied. With the d.c. motor as an example, the speed is nearly
proportional to terminal voltage and the torque is proportional to
current I, so the speed/torque axes follow the voltage/current axes for
the generator. Figure 1.7 shows the natural characteristics for the various
machine types. The d.c. machine can easily be given a variety of curve
shapes and two distinct forms are shown, for shunt and series motors.
The synchronous machine runs at constant speed and as load increases
the speed does not fall; the load angle increases to a maximum
whereupon the speed will collapse, see Fig. 8.5. The induction machine,
like the d.c. machine, reacts to torque by a decrease of speed until it too
reaches a maximum and stalls. The d.c. machine has a much higher
maximum though it rarely reaches it without damage.

Also shown on Fig. 1.7 is a typical load characteristic T, = f(w,,).
Where this intersects the motor w,, = f(T,) characteristic, we have the
balancing (steady-state) speed. There is not a universal practice in the
assignment of axes and sometimes the torque axis is drawn vertically
following the mechanical characteristic where T, is the dependent
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©
@
@
by
° D.C. Series motor (7,)
>
+
/
¢ Synchronous motor (7,)
Tt
D.C. Shunt motor (7.}
/
/
s Tm
/
/
/ induction motor (7,)
-ve Torque 1/ +ve Torque
T
j /
/
/
—ve Speed

FiG. 1.7. Speed/torque characteristics.

variable. The usual practice for d.c. machines will be retained for all
machine types in this text.

It will be noted that the axes have been continued into the negative
regions, giving a 4-quadrant diagram with all combinations of positive
and negative speeds and torques. Electromagnetic machines operate in
all four regions as will be illustrated in later chapters.

1.3 EQUIVALENT CIRCUITS

These circuits represent a physical system by an electrical circuit. The
simplest example is that for a battery, since over a limited range, the
terminal voltage falls in proportion to the current taken. The battery
behaves as if it consisted of a constant e.m.f. E, behind a resistance k
equal to the slope of the “regulation” curve of ¥ against I, see Fig. 1.8a.

16



[1.3] INTRODUCTION AND REVIEW OF BASIC THEORY

The d.c. machine can be represented by the same equivalent circuit
with the modification that the e.m.f. is controllable, being a function of
speed and flux (E = ko, ); Fig. 1.8b. An a.c. machine can also be
represented this way, with the further modification that inductance must
be included. Normally, the inductive reactance is appreciably larger than
the resistance. The reactance may be considered in components cor-
responding to the leakage fluxes (which are relatively small and
proportional to current because of the relatively large air-path reluct-
ance), and the mutual flux (non-linear with excitation and confined
largely to a path having its reluctance sensitive to iron saturation), see
Fig. 1.1b.

The equivalent-circuit parameters are often measured by conducting
open-circuit and short-circuit tests. On open circuit for example, the
current I is zero and the measured terminal voltage V 1s then equal to E.
On short circuit, if this 1s possible without damage, ie. if E is
controllable, then the e.m.f. in the circuit is equal to the impedance drop
since ¥ = 0, so the impedance is obtained on dividing E by the current.

A full consideration of the induced voltages in the machine windings
leads to circuit equations which can apply either to the machine or to
another circuit which has the same equations. Starting with the 2-coil
transformer, Fig. 1.9a, we arrive at the circuit shown in which R, and x,
are the primary resistance and leakage reactance respectively. X, is the
magnetising reactance and represents the effect of the mutual flux
common to both primary and secondary windings. R}, +jx} is the

(a) Battery characteristic and (b) DC. Machine
Equivalent circuit Equivalent
circuit

Fi1G. 1.8. Equivalent circuits.
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“referred’ secondary leakage impedance, which is the actual value
multiplied by the (turns ratio, N,/N,)*. This is equivalent to replacing
the secondary having N, turns with another secondary having the same
number of turns as the primary, N,. This would increase the voltage by
N,/N, and reduce the current by N,/N,;. Hence the impedance
(voltage/current) would be increased by (N,/N,)®. Since it is not
possible to tell from measurements on the primary side, how many turns
there are on the secondary, this replacement by a 1/1 ratio is convenient,
expressing secondary voltages and currents in primary terms. The ideal
transformer at the end of the circuit converts these referred values back
to actual values. Note that the positive directions of I, and I, have been
taken in the same sense magnetically because this is convenient when
developing the equations. Generally, however, the positive sense of I, is
taken in the opposite direction to I, and the magnetising branch in the
middle carries I, — I = I, as usually designated.

For rotating machines, the above treatment can be adapted and
extended by considering the stator m.m.f. as being produced by one
specially distributed coil. Similarly the rotor m.m.f. is treated as due to
one coil. The difference from the transformer is that the rotor coils move
with respect to the stator coils, though their m.m.f.s are always in
synchronism for the steady-state condition. The fluxes follow the same
general pattern in that there is a common mutual flux, crossing the air
gap and linking both stator and rotor windings, and leakage fluxes
associated with each winding individually.

The way in which the equivalent circuit is modified from the
transformer depends on the machine type. For a.c. machines, the m.m.f.
of the stator (usually) produces a rotating field at synchronous speed
w, = 2zn_ rad/s, where n, = f/p rev/s. The induction machine runs at a
speed w,, = w,(1 —s) where the slip s expresses the relative movement of
the rotor with respect to the synchronous-speed m.m.f. wave. The rotor
e.m.f. is reduced to sE,, where E, is the e.m.f. at standstill with stator and
rotor windings stationary as in a transformer. The rotor current
I, = sE,/(R, +jsx;) = E,/(R,/s+)x;), so that the only difference
from the transformer equivalent circuit is the replacement of R’ by R’ /s
(Fig. 1.9b) and all parameters are per-phase values.
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For the synchronous machine, s = 0 since w,,, = w, and the right-hand
side of the equivalent circuit carries no induced current on steady state
since R, /s = oo. A d.c. current has to be provided in the “secondary”
winding which now becomes the field; Fig. 1.9c. The effect on the
“primary” winding is now expressed as E, = f(w,, I,) instead of through
I, X, asin the transformer and induction machines. The resultant m.m.f.
F_ produces the mutual (air-gap) flux ¢, and emf. E.

For the d.c. machine, both terminal currents are d.c. so the reactive
elements may be omitted. The effect of the armature m.m.f. F, on the
field m.m.f. is more complex than for the other machines and is
represented by its net magnetising action F, which is usually negative.
Figure 1.9d shows the equivalent circuit.

This rather rapid review of equivalent-circuit development is ob-
viously deficient in many details but is dealt with fully in Reference 1.
Figure 1.9e shows a general equivalent circuit which is applicable to all
machine types discussed, with appropriate modifications. For the
transformer, E, is omitted and the value of s is unity. For the induction
machine, s takes on any value. For the synchronous machine, s = 0 and
the right-hand side of the equivalent circuit is omitted and E, is inserted.
For the d.c. machine, the reactances are omitted for steady-state
operation. It will also be noted that there is an additional element, R .
The power dissipated here (E%/R_) represents the iron loss (per phase).
When the circuit represents an a.c.-excited device like a transformer or an
induction motor, this power is provided by the electrical supply. The
value of R, is relatively high and does not normally affect the
calculations of the remaining currents very significantly. For Figs 1.9(a)
and (b), X, (and R,) may be shown directly across ¥, to give the
‘approximate’ circuit, (see Example 2.8), with leakage impedance
Ry + R, +j(x; +x3).

1.4 POWER-FLOW DIAGRAM

Figure 1.10 is an extension of Fig. 1.3b showing more details of the
power distribution within the machine. The expressions for the various
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Fatec Elec! Mech Prrech=@m X Toupling
loss loss
ELECTRICAL MECHANICAL
TERMINALS 1 lw"‘ 7 ioss ‘TERMINALS®
Conftrol
loss
Pcontrol

CONTROL TERMINALS

FiG. 1.10. Power-flow distribution between machine terminals (motoring convention).

power components sometimes differ as between the different machine
types but the general pattern is the same. The power flow for motoring
operation is from left to right, the electrical terminal power P,,,. and the
mechanical terminal power P, ., being both positive. For generating
operation, these are both negative, power flowing from right to left. For
braking, P,,..., is negative and for reverse-current braking power flow is
inwards from both ends. Electromechanical power conversion takes
place through the air gap and the power P, is less than P, . for
motoring, by the amount “Electrical loss”. The power converted to
mechanical power is always (speed x electromagnetic torque) = w7,
where @, = w_for the synchronous machine. For the induction machine
the speed is w,, = w,(1 —s) so that there isa power sP,,_ converted not to
mechanical power, but to electrical power in the secondary circuits.
Continuing along the motoring power-flow path, the remaining ele-
ments are the same for all machine types. w7, is reduced by the
mechanical loss @, T o 10 @, T oupiing Which is the output motoring
power at the mechanical terminals. There is a further set of terminals for
the control power, P, ..,. For the d.c. and synchronous machines, this is
absorbed entirely by the field Cu loss I?Rg. For the induction machine,
the control loss is the secondary Cu loss, 31,2R, and if the secondary
terminals are short circuited, this is provided by the “transformer-

” . . .
converted” power, sP,, and P, .., 1s zero. Sometimes however, for slip-
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TaBLE 1.1
3-ph induction 3-ph synchronous
D.C. motor motor motor

P.,.. VI, V3Vilicos g, V3Vilicose

=3Vl cos¢, =3VI,cosp
“Electrical loss” I,>R, + brush loss 31,2R, +Fe loss 31,°R,
Air-gap power P, EI, 3E,Iscos ¢, 3E I, cos(p —0)

=w,T, =31°R,)/s=w]T, =wT, =3VIcose

Control loss I2Rg 31,°R, = sP,,, if sc. I *Re
P, ool Vil =12Rg  3V,I5cos @y Vil = I*Rg¢

= 0 if secondary s.c.
Pmech mecnupllnu mecnupling wsTcoupllnn

Note. The Fe loss mostly manifests itself as a torque loss, part of T, though it is usual

on induction machines to show it as part of the electrical loss.

0ss?

power recovery schemes, control power is exerted from an external
voltage source V,; and this power may be inwards (for super-
synchronous speeds) or outwards from the machine (for sub-
synchronous speeds). Figure 1.10 is useful for explaining the concepts of
efficiency, control and a method of measuring the losses, by setting the
power to zero at two-sets of terminals and measuring the input at the
other set.

In Table 1.1 the power components for the various machine types are
listed, using the symbols adopted in the later text where the equations
will be explained.
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CHAPTER 2

TRANSFORMERS

ALTHOUGH the transformer is not an electromechanical converter like the
other devices to be covered in this text, it forms the basis from which all
the other equivalent circuits are derived. The theory is relatively simple,
built up from Faraday’s Law of Electromagnetic Induction. Only steady-
state operation will be dealt with here but it is very important to the
understanding of the remaining chapters; for example, in coming to grips
with the referring process by means of which two coupled windings of
different voltage and current ratings can be replaced by a simple
series/parallel circuit. There is also much vital practice to be obtained in
the analysis and manipulation of 3-phase circuits. Multiple windings and
the combination of winding m.m.fs, together with basic work in a.c.
circuit theory and use of complex numbers, are all illustrated by the
various examples. Finally, an unbalanced transformer load condition is
analysed, using Symmetrical Components.

2.1 SOLUTION OF EQUATIONS

In this chapter, since some of the groundwork has already been
covered in Chapter 1, equations will mostly be discussed as the need
arises. The first example requires the important e.m.f. equation, which
applies, with some slight modifications, to all a.c. machines. It relates the
r.m.s.-induced e.m.f. E to the maximum flux ¢ in webers, frequency fand
number of turns N:

From the law of induction, the instantaneous e.m.f. = N d¢/dt and for
a sinusoidal variation of flux, expressed as ¢ = ¢ sin 2xft, it is readily
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shown by differentiation and substitution that:
E =444 x$ x fx N volts @1

Note especially that E is r.m.s. e.m.f. and flux is the maximum value.

Example 2.1

A transformer core has a square cross-section of 20 mm side. The primary winding is to
be designed for 230 V, the secondary winding for 110 V and a further centre-tapped,
6/0/6-V winding is to be provided. If the flux density Bis not toexceed 1 tesla, find a suitable
number of turns for each winding, for a frequency of 50 Hz. Neglect all transformer
imperfections.

The low-voltage winding is always designed first because voltage ratios can rarely be
obtained exactly and since there are the fewest turns on the low-voltage winding and the
actual number of turns must always be integral, the adjustment is also the coarsest.

The maximum flux must not exceed ¢ = Bx A =1 x (20 x 1073)2,

From the e.m f. equation: 6 = 4.44 x 400 x 10~ ¢ x 50 x N; from which N; = 67.57 and
the nearest integral number is 68, to avoid the specified maximum flux density being
exceeded. It will now be slightly lower than B = 1.

N, 110 110 x 68
For the secondary winding: — = —,s0 N, =
3

= 1246.7 say 1247 turns.

. o N, 230 230 x 68
For the primary windingg — =—soN, =
3

= 2606.7 say 2607 turns.
The tertiary winding requires 2 x 68 turns.

Note 1 On core-type transformers, the windings are divided into
two sections, one on each limb. In this case the nearest even
number of turns would be chosen, to make the sections
equal.

Note 2 When transformer cores are supplied for the user to wind his
own coils, it is usual, for convenience, to specify the magnetic
limits at a particular frequency, in terms of the volts per turn.
For this core it is 6/67.57 = 88.8 mV/turn or 11.26 turns per
volt; at 50 Hz.
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Example 2.2

A 20-kVA, 3810/230-V, 50-Hz single-phase transformer operates at a maximum flux
density of 1.25 teslas, for which the iron requires a value of H = 0.356 At/mm. The core
cross-section is 0.016 m? and the mean length of the magnetic path through the core is
1.4 m. The primary and secondary turns are 860 and 52 respectively. It is decided to use the
transformer as an inductor and to keep the reactance substantially constant with current,
the core is sawn through transversely and packed with brass to give an “air” gap. If the
secondary winding is used, find the length of the air gap so that when carrying rated
current, the maximum flux density is not exceeded. What is then the inductance and the
reactance at 50 Hz?

20000
Rated current = —— = 86.96 Ar.ms.
230

The peak m.m.f. exerted by this current is: \/ 2 x 86.96 x 52 = 6394.7 At

At peak flux density, the m.m.f. absorbed by the iron is H x[=0.356x 14 x 10° =
4984 At.

.. m.m.f. available for the air gap = 6394.7 —498.4 = 5896.3 At.
Neglecting air-gap fringing so that the flux density is assumed to be the same as in the iron:

Air-gapmunf =Hxl = E x| = ——135— x | = 5896.3

Mo 47n/107

from which | = 593 mm.

The effective permeance of the core + gap =
A= flux _ 1.25 x 0.016
m.m.f. 6394.7
=3.128 x 107 ¢ Wb/At

so inductance = N>A = 522 x 3.128 x 107% = 8458 mH

and reactance = 2n x 50 x 8458 x 1073 = 2,657Q

Alternatively, the em.f. = 4.44 x (1.25 x 0.016) x 50 x 52 = 2309V
and the impedance = 230.9/86.96 = 2.656 Q

Note 1 Resistance has been neglected in the above calculation; it
would be relatively small.

Note 2 The inductance is not quite constant with current, but at the
maximum value, the iron absorbs less than 8%, of the total
m.mf. At lower currents, the linearity will improve since the
iron will absorb proportionately less At.
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Example 2.3

A 230/6-V, single-phase transformer is tested with its secondary winding short circuited.
Alow voltage (20 V)isapplied to the primary terminals and it then takes an input current of
1 A; the power supplied being 10 watts. Calculate the values of leakage reactance and
resistance, referred to the primary side and then to the secondary side. If the magnetising
impedance is neglected, calculate the secondary terminal voltage when a load impedance of
value 0.12 + j0.09Q is connected.

10
On s.c. test, the input power factor 1s:— = =0.5=cosg,
putp Vi 20x1 )
and the leakage impedance, (negleclmg the relatively small current I, = I —_|I through
magnetising branch R_ || X ), is: 20

—="-wa=2z,
I '

.. impedance referred to the primary side = Z_ (cos ¢ . —jsing_). (sin @_is —ve).
=R, + R, +j(x, +x3) = 20(0.5 +j0.866) = 10 +;17.32Q
) [\'y2 2 6 2
Impedance referred to the secondary side = Z_, N 70 - (10+)17.32)
1
= R+ R, +j(x, + x,) = 0.0068 + j0.0118Q.

Itis convenient, to solve for the load test with the impedance referred to the secondary side.
The diagram shows the equivalent circuit connected to the load, and the phasor diagram—
not to scale.

6 6(0.1268 —j0.1018)
0.1268 +j0.1018 - (0.1268)* + (0.1018)?
— 2877 —j23.1 = 36.9/—38 8A
Voltage at secondary terminals, i.e. across the load = 36.9./0.122 + 0.092
= 5.535V

The load current would be:

An alternative approach is to calculate the drop of voltage due to the transformer internal
impedance; the so-called regulation. From the phasor diagram as drawn, this is
approximately equal to RIcosp — XIsing = |E—V|. (singis —ve.)

0.12
The load power-factor is —————— = 0.8 = cos ¢. .".sinp = —0.6 (lagging)
V0.12% 4+ 0.09?
Regutation = 36.9(0.0068 x 0.8 +0.0118 x 0.6) = 0.462 V

So load voltage = 6 —0.462 = 5.538 V
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0.0068 0.0118 I
T
R X
0.12
£:=6V 4
0.09
FiG. E.2.3.

Note 1 In thiscase there is enough information to calculate ¥ from E
— ZI where, with E as the reference phasor, the phase angle
of 1 with respect to E could be found from the total series
impedance. If only the load power-factor ¢ is known however,
this information is not available and the regulation expression
must be used. A more accurate regulation expression can be
derived.'V

Note 2 If the load power-factor had been leading, —sin ¢ would have
been negative and the load voltage could have been higher than
the open-circuit voltage (E).

Example 2.4

A 3-phase, 50-Hz transformer is to have primary, secondary and tertiary windings for
each phase. The specification is as follows: Primary to be 6600 V and delta connected.
Secondary to be 1000 V and delta connected. Tertiary to be 440V and star connected.
Determine suitable numbers of turns to ensure that the peak flux does not exceed 0.03 Wb.

If the secondary is to supply a balanced load of 100k V A at 0.8 p.f. lagging and the
tertiary is to supply a balanced load of 50 kW at u.p.f., determine the primary line-current
and power factor for this condition. Neglect all transformer imperfections.

This is the first 3-phase problem in the book and it is an excellent
opportunity to become absolutely familiar with the basic circuit
relationships. It is always helpful to draw a circuit diagram as on the
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figure, where these relationships become obvious. Note that it is
standard practice to specify line voltages, line currents and total power
for 3-phase devices so that, as in this case, conversion to phase values may
be necessary. For example, the turns ratio is the phase-voltage ratio and
is usually specified for the no-load condition.

Using the em.f. equation and as before, designing the low-voltage winding first:

440/\/3 = 4.44 x 0.03 x 50 x N,

from which N, = 38.14 say 39 turns per phase —to keep the flux below the specified
level.

For the secondary: N = 1000 from which N, = 153.5 say 154 turns per phase
Ny 440/./3
For the primary: & = 6600 from which N, = 1013.2 say 1013 turns per phase
Ny  440/./3

Load condition
power per phase  50000/3

= =65.6A
voltage per phase 440/\/3 656

Tertiary current per phase =

39
Referred to primary; Iy = 65.6 x o6 2525A

But since referred currents are required in order to calculate the total primary current, it is
simpler to go directly to this by dividing the tertiary kVA by primary voltage.

. 50000/3 . L .
1e. Iy = / and since power factor is unity, Iy = 2.525+j0.
6600 V 1000 V 440 V
Primary 100 kVA 50 kW
(@ 0.8 pf. lag @upt
Fic. E.24.
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100000/3 . . . .
Similarly I = 466“#/(0‘8 —j0.6) since p.f. is 0.8 lagging. I, = 4.04 —j3.03

Sol, =L +15+1,(=0) = 6.565 —j3.03

and the primary is delta connected so line current = \/3 x \/6.5652 +3.032

=./3x723=1252A
Power factor = cos ¢ = 6.565/7.23 = 0.908 lagging.

Example 2.5

On open circuit, a 3-phase, star/star/delta, 6600/660/220-V transformer takes 50 kVA at
0.15 p.f. What is the primary input kVA and power factor when, for balanced loads, the
secondary delivers 870 A at 0.8 p.f. lagging and the tertiary delivers 260 line A at unity
power factor? Neglect the leakage impedances.

The connections are different here from the previous example but a sketch of the
appropriately modified circuit diagram would be instructive.
The data given permit I, to be calculated from kVA/(\/3 x kV)-star connection:

5
b= 273: 55 (Cos o +ising) = 4.374(0.15 — j0.9887) = 0.656 —4.324

660/,/3
I, = 870(0.8 —j0.6) x /\/

= 69.6 —j52.2
6600/./3
260 220
Iy ="-(14j0)x = 8.667 +jO
3 \/3( 10) 6600/ /3 )
L =1, +1+1, = 7892 —j56.52

I, = /78927 + 56.522 = 97.07 A at cos ¢ = 78.92/97.07 = 0.813 lag
Input kVA = /3 x 6.6 x 97.07 = 1109.6 kVA.

Example 2.6

A 3-phase, 3-winding, delta/delta/star, 33 000/1100/400-V, 200-k VA transformer carries
a secondary load of 150 kVA at 0.8 p.f. lagging and a tertiary load of 50kVA at 0.9 p.f.
lagging. The magnetising current is 4 % of rated current; the iron loss being 1 kW total.
Calculate the value of the primary current and power factor and input k VA when the other
two windings are operating on the above loads.
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Again the leakage impedances will be neglected. See Reference 2 for an exact equivalent
circuit for the 3-winding transformer.

P tof I lkw/3—001A
ower component of I, = 3Ev
.. 4 200/3
fly=—x——=0.081A
Magnetising component of I, 100 X 3 0.081
B =001 —j0.081
150/3 .
I)= —% (0.8 —j0.6) =1.212 -j0.909
50/3
Iy= -—% (0.9 —j0.436) = 0455 —j0.22

I, = 1.677—j1.21

Line current = /3 x /16777 + 1217 = . /3x 207 = 3.58A

at power factor 1.677/2.07 = 0.81 lagging
and input kVA = /3 x 33 x 3.58 = 204.6 kVA

Example 2.7

The following are the light-load test readings on a 3-phase, 100-kVA, 400/6600-V,
star/delta transformer:

Open circuit; supply to low-voltage side 400 V, 1250 W

Short circuit; supply to high-voltage side 314 V, 1600 W, full-load current.
Calculate the efficiencies at full load, 0.8 power factor and at half full load, u.p.f. Calculate
also the maximum efficiency. What is the percentage leakage impedance based on 100%
= rated V/rated I?

The losses on a transformer are: Fe loss which varies very little at constant voltage and
frequency and Cu loss which is proportional to (current)?, or (load kVA)? at constant
voltage.

At any load, A times rated value (load here referring to load current or load kVA):

. Output AxkVA x cos¢
Effi = = here kVA is the rated val
cency Input 4 xkVA x cos ¢ + Losses whete 18 the rated value
AkVAcosg
'l 3

~ 1kVAcos ¢ + Fe loss + A2(Cu loss at full load)

The maximum value of this expression is easily shown by differentiation, to occur when
A= \/ (Fe loss)/(Cu loss at full load) at any particular power factor.
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The o.c. test gives the normal Fe loss since rated voltage is applied and the s.c. test gives
the copper loss at full load since rated current is flowing.

For full load, 0.8 p.f.

1x100x 0.8
T x100x08)+125+12x16 8285
For half full load, u.p.f.

n = 0.9656 = 96.56%,

_ 0.5%x100x 1 50
T 05%x100x1)+1254 (052 x 1.6 51.65

Maximum efficiency when

A =.,/125/1.6 = 0.884 and power factor is unity.

a 0.884 x 100 x 1 B4 _ 05— 97259,
X. = =—=0U = . o,
7= 884+125+ (08847 x 16 909 Tl

n =0.968 = 96.8%.

Leakage impedance

100000/3
Rated secondary current per phase = /

——— = 505A.
6600
1600/3
Short-circuit power factor = —/— = 0.336.
314 x 5.05
314 . .
Z,_ (referred to secondary) = m(0.336+ j0.9417) = 20.89 +)58.55 Q.
6600
Base impedance =1009% = 505 13069 Q.
1
Hence percentage impedance = m(20.89 +)58.55) x 100

= (0.016 +j0.0448) x 100 = 1.6 +j4.48%,.

The value before multiplying by 100 is called the per-unit impedance; see Sections 3.3, 5.3
and Example (4.2d).

Example 2.8

The following light-load, line-input readings were taken on a 3-phase, 150-kVA,
6600/440-V, delta/star-connected transformer:

Open-circuit test 1900 W, 440V, 165A
Short-circuit tests 2700 W, 315V, 12.5A.
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(a) Calculate the equivalent-circuit parameters per phase, referred to the h.v. side.

(b) Determine the secondary terminal voltages when operating at rated and half-rated
current if the load power-factor is 0.8 lagging. Calculate also the efficiencies for these
loads.

(c) Determine the secondary terminal voltage when operating at rated current with a load
power-factor of 0.8 leading and calculate the efficiency for this condition.

Although this problem is for a 3-phase transformer, once the equivalent-circuit parameters
per phase have been determined correctly, it may proceed as for single-phase, making due
allowance for the fact that the calculations will give phase currents and powers. A balanced
load is assumed. The figure shows the circuit and the approximate equivalent circuit which
should help to avoid confusion when analysing the tests. On short circuit, I, may be
neglected and on open circuit, the leakage impedance has little effect, but see Example 4.1.

Open-circuit test

Since iron loss is a function of voltage, this test must be taken at rated voltage if the usual
parameters are required. The voltage is 440 V so it must have been taken on the low-voltage
side. Referring I ; to the primary will permit the magnetising parameters, referred to the h.v.
side, to be calculated directly.

440/./3
Iy =165x I3 _ o3sa
6600
1900
= = 0.151; si = —0.9985.
O3 Poc = T3 440 x 16.5 S0 Poc
Hence:
4 6600 6600

=688kQ. X, = 104kQ.

R, = = - =
™ Iycosg, 0.635x0.151 0.635 x 0.9985

Short-circuit test

This does not have to be taken at exactly rated current, since with unsaturated leakage
reactance, a linear relationship between voltage and current can be assumed. Only a low

Z; I; 1730 408
-— —— T T o P ;u;o
6600V 440V 4 1,
Ve
/ ~ 2
16-5A o o
on oc test =68-8k{) =10-4 k8
[ O

Approximoie equivolent circuil, per phose

FiG. E.2.8.
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voltage is required, so the readings show that the test was taken on the h.v. side.
2700

08, = —039; sing, = —0918.
P T 3315 x 12,5 10 P

315
Z. = 1253 (0.396 +j0.918) = 17.3 +j40Q.

Load conditions
Rated VA per phase  150/3
Rated voltage per phase 6.6

regulation expression can be used as in Example 2.3 and cos ¢ = 0.8.
sing = —0.6 for (b) and + 0.6 for (c)

= 7.575A. The same

Rated current, by definition =

() (b) ©

H.V. Load current per phase = 17575 3.787 7.575 A

I cos¢g = 606 3.03 6.06 A

I sing =—4.545 -2272 +4.545 A
Regulation = 17.31 cos ¢ — 401 sin ¢ = 286.7 1433 =77 v
Terminal voltage = 6600 —regulation = 63133 6456.7 6677 v
Referred to secondary [ x 440/(\/3 x 6600)] = 243 248.5 257 v
Secondary terminal voltage (line) = 4209 4304 445.1 \%
Load current referred to secondary = 1968 98.4 196.8 A
Secondary (output) power = \/3 Vicos g = 1148 58.7 1213 kW
Cu loss = 2.7 x (/3 x 1,,,/12.5 = 297 0.74 297 kW
Total loss (+ Fe loss = 1.9) = 487 2.64 4.87 kW
Efficiency = 9593 957 96.14 %

Note that when calculating the efficiency, the changing secondary voltage has been allowed
for, and this is higher than the o.c. voltage when the power factor is leading.

Example 2.9

A 3-phase transformer has a star-connected primary and a delta-connected secondary.
The primary/secondary turns ratio is 2/1. It supplies a balanced, star-connected load, each
phase consisting of a resistance of 4Q in series with an inductive reactance of 3Q.

(@) If the transformer was perfect, what would be the value of the load impedance per
phase viewed from the primary terminals?
From a practical test, the following primary input-readings were taken:

Total power Line voltage Line current
Secondary short circuited 12W 775V 2A
Secondary load connected 745W 220V 235A

(b) Deduce, from the readings, the equivalent circuit of the load viewed from the primary
winding and explain why it differs from (a).
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(@) The circuit diagram is shown on the figure and the first step is to transform the star-
connected load to an equivalent delta; i.e. one that carries the same current as the
secondary winding and has the same voltage across it, as indicated on the figure. Since
the current per load-phase will thus be reduced by \/ 3 and its voltage increased by \/ 3,
the effect will be to transform the impedance by a factor of 3 times, from that of the star-
connection.

Hence Z = 12+ j9Q per phase.

It is now possible to treat each balanced phase separately, as a single-phase problem.
Theeffect of the 2/1 turns ratio and a perfect transformer will be to decrease the current
by 1/2 and increase the voltage by 2/1, giving an impedance transformation of 27; i.e.
(N1/N3)%. Viewed from the primary therefore, the load impedance will appear as:

Z,., = 48 +j36Q per phase.
(b) From the s.c. tests:
12 0.4469; sin 0.8845
= = U. , 1 = —WU. N
Sl = B 175%2 S Pse
Hence
1.75//3
Z, = ;\/ (0.4469 +j0.8845) = 1 + j2Q per phase.
From the load test:
745 .
008 Plos = 7355002235 = 0.8319; sing,,q = —0.555.
220/./3 . .
Z,p= W(O.SSD +j0.555) = 45+ 330Q per phase.
12+ ]9
i
220V
Transformed Equivalent circuit/ph
load
Fic. E.2.9.
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Hence,
referred load impedance = Z,, ., — Z, = 44 + j28 per phase.

The equivalent circuit per phase from these results is shown on Fig. E.2.9, which includes
the unknown magnetising impedance Z , across the input terminals. A small part of the
input current will flow through here so that the figure of 2.35 A used in calculating Z,
will be higher than the true value of I,. Hence, the above value of the referred load
impedance will be lower than calculated from part (a).

Example 2.10

A 3.phase, 11000/660-V, star/delta transformer is connected to the far end of a
distribution line for which the near-end voltage is maintained at 11kV. The effective
leakage reactance and resistance per-phase of the transformer are respectively 0.25Q and
0.05Q referred to the low-voltage side. The reactance and resistance of each line are
respectively 2Q and 1Q.

Itis required to maintain the terminal voltage at 660 V when a line current of 260 A at 0.8
lagging power factor is drawn from the secondary winding. What percentage tapping must
be provided on the h.v. side of the transformer to permit the necessary adjustment? The
transformer magnetising current may be neglected and an approximate expression for the
regulation may be used. Neglect also the changes to the impedance due to the alteration of
the turns ratio.

The equivalent circuit per phase is shown on the figure. The line impedance can also be
referred to the secondary side and included in the regulation expression.
2

660
Referred line impedance = (”000/ 3) x (1 +)2) = 0.0108 + j0.0216 Q per phase.

The total impedance referred to the secondary = 0.0608 +j0.2716 Q per phase.
2
Voltage regulation per phase = I(Rcos ¢ — X sin ¢) = %(0.0608 x 0.8+0.2716 x 0.6)

=73+2446 =31.76 V.

I+ j2

T g 005+j025 260//3 /-36.9°
f A—T 4
||ooo’//§v E 660 V

Nominal turns ~ratio = I\l/%.c.)o/s 60

Fic. E.2.10.
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So o.c. voltage of transformer must be 660 + 31.76

11000
11000/y/3 . ad of LLO00/3
660+31.76

ie. 9.18 instead of 9.623

and turns ratio must be:

9.623

h.v. tapping must be at: =9549,.

Example 2.11

Two single-phase transformers operate in parallel to supply a load of 24+4;10Q.
Transformer A has a secondary e.m.f. of 440 V on open circuit and an internal impedance in
secondary terms of 1 +j3 Q. The corresponding figures for Transformer B are 450 V and
1+34Q. Calculate the terminal voltage, the current and terminal power-factor of each
transformer.

The equivalent circuit is shown in the figure and yields the following equations:
Ea—ZAIo, =V =(I,+1p)Z
Eg—Zglg=V = (I, +13)Z
Solving simultaneously gives:
_ EpZg+ (Eo-Ep)Z
T Z(Za+Zp)+ZAZg

The expression for Ig is obtained by interchanging A and B in the above equation.

A

I=I,+1Ig
IA IB J
| | 24
24 leIA 2, lZBIB
i3 4 V=21
j10
RIS
Fig. E.2.11.
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A reference phasor must be chosen and if the two transformers have a common primary
voltage, the equivalent-circuit e.m.f.s (E__ ) will be in phase, so will be a convenient choice.

Hence E, = 440+ j0 and Eg = 450 + 0.
Substituting:

_440(1+j4)+(—10)(24+j10)  200+1660 1672/83:13

AT Q4+ +N+ (1 +i3)(1+j4)  —33+j195 197.8/99%

= 8.45/-165
_ 450(1+]3)+10(24 +j10) _ 690+j1450 _ 1605.8/64%6
8- 197.8/996 T 197.8/99%  197.8/99%
=8.12/-35°
Ir+1g = 8.1 —j24+ 6.65 — 4.66 = 14.75 — j7.06 = 1635/ —25%.

Load impedance Z= 24 +j10 = 26/22%.

Terminal voltage V= Z(I, + Ig) = 425.1/ -3

Relative to V, I,=845/—165+3° = 8.45A at cos13°6 = 0.972 p.f. lag.
Relative to V, Ig=8.12/-35'+3° =8.12A at cos 32° = 0.848 pf. lag.

Note I  Although the two currents are similar, the power and reactive
components of these currents are quite different. The trans-
formers must be identical (in per-unit terms) with equal e.m.fs,
if they are to share the load in proportion to their ratings.
Calculations like the above determine whether any dis-
crepancies are tolerable.

Note2 To calculate the input primary currents, the secondary cur-
rents must be referred through the turns ratio and the
corresponding components I, added.

Note 3 Two 3-phase transformers in parallel would be solved the
same way, but using their per-phase equivalent circuits.

Note 4 The equation for I, can be rearranged as:

3 E.Zg N E,—E;
T Z(ZA+Zg)+ 2,2y Za+Zy+Z.Z25/Z

L

The right-hand term is sometimes referred to as a circulating
current due to the difference voltage. Strictly, it is only a
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mathematically expressed component of the total current,
except when Z = oo, i.e. when the load is open circuited. This
true circulating current is then seen to be (E, — Eg)/(Z, + Zy),
which could have been deduced directly from the circuit
diagram.

22 SYMMETRICAL COMPONENTS

A set of balanced 3-phase components (+), (—) and (0) can be
combined to give an unbalanced set of 3-phase time-phasors as shown on
Fig. 2.1. An operator h, to give a +120° angular shift is introduced,
noting that to give +240° shift, h would have to be applied twice. Thus,
h =1/120°, h? = 1/240° and so h*® = 1/360° = 1, showing that h =
—0.5 + j0.866 expressed as a complex number and together with h?
and h3(= 1), form the cube roots of unity. When added together, h +
h? + 1 form a closed delta thus summing to zero. From Fig. 2.1, using this
operator and one positive, one negative and one zero sequence
component, usually for the A phase, the sequence components and their

At
w w
LN 1,
o
c- ///co
sO
8-
c+ 8+
+ ve sequence —ve sequence zer0 seq binoti
A B, C, A_C_B_ A, 8, C, ABC

in phase

Fi1G. 2.1. Symmetrical components of an unbalanced system

combination for the other two phases can be expressed mathematically.
The matrix form is convenient:

38



[2.2] TRANSFORMERS

A 1 1 1| Ay,
B

=(n? [ h |1 |[AC 22)

A
l!] h h? 1 A,

To obtain the sequence components from the actual unbalanced values
we require the inverse matrix, which by standard techniques can be
shown to lead to the following equation:

Ay | (1 |h [ h*llA
Ao | =51 [n | h ||B 2.3)
Ao 1 1 C

So, under certain conditions, an unbalanced system A, B, C, can be
solved from three independent balanced systems if we know the
impedance offered to positive, negative and zero-sequence currents. The
phase impedances must be equal for this simple technique to be possible
and the deeper implications of the method require further study, for
example in References 2 and 3. Only introductory applications are being
considered in this text.

Example 2.12

A 3-phase, 3-winding, V,/V,/V star/star/delta transformer has a single-phase load of I,
amps on the secondary a-phase. The tertiary line terminals are open circuited but current
may circulate within the delta. Neglecting the leakage impedances and assuming the
magnetising current is so small as to be neglected, determine the currents in each phase of
each winding.

This problem can be solved without recourse to symmetrical-component theory", but it
isa conveniently simple example to introduce the application of this theory, which isalso to
be used later in Example 4.19. In the present instance, only the resolution of currents is
required and the total m.m.f. for each sequence and for each phase may be summed to zero
since I, =0.
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From the loading condition, the symmetrical components for the secondary follow from
eqn (2.3):

L., ! h ht I, I,/3
L, s 5 [ RE |k 0 = (1,73
L (o I I I o] I./3

The three sequence components are equal for this particular loading condition. For the b
and c phases there is of course an (h) or (h?) displacement in accordance with Fig. 2.1 and
eqn (2.2). In the following solution, the primary and tertiary currents will be referred to the
secondary, e.g. as I, and I34. Actually, in the tertiary winding, no positive or negative
sequence currents can flow since these two balanced 3-phase systems must individually sum
to zero. The only current which can flow with the line terminals open circuited, is zero
sequence, I; say, all in phase and equal, circulating in the closed delta. The m.m.f. for each
phase and each sequence is now summed to zero. For the A phase:

+ve sequence 0=[Ia + L/3 + 0] (+)
—ve sequence 0=[la + I/3 + 0] (-)
zero sequence 0=[ha + /3 + 1,7 (0)

Adding: 0= 1, +1, + Ii

from which the A-phase current In= -1, — I3

For the B phase:

+ve sequence 0=[Ig + h’l/3 + 0 ] (+4)
—ve sequence O=[lig + h/3 + 0] (-)
zero sequence 0= + L3+ 13](0

Addingg 0= K + 0 + Iy

from which the B-phase current Ig= —I3a = -Ij

Similarly, the C-phase current Ic=-Ih)h=-14
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Combining the above answers:

I, = —I,— I3
Ig = —Ia
Ic = ~ 134

Adding 0= —1,—3I;a solj= —L/3

Hencel, = —3lLandI,=1.=11,

The solution is shown on the tigure, the actual currents being obtainable using the turns
ratios derived from V., V, and V;.

2 I,
3L =y
I,
3
1, L
3 e 1
3
Vv, - V, - Vy -———

Fic. E2.12.

The sequence currents can be checked from eqn (2.3) as:

— 1 —_ —
I, =—!'1,=1I, ,and I,,=0.

r

/ ,
Li,,=0=1L ,and L= —{I

ar
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CHAPTER 3

D.C. MACHINES

For a first approach to the subject of electrical drives, the d.c. machine
provides a simple introduction to the problems encountered since, for
steady-state operation, it can be represented with reasonable accuracy, as
a variable em.f. E, (x speed x flux), behind the armature-circuit
resistance R,. The field m.m.f. may be provided in various ways and with
more than one field winding. Non-linearities, especially saturation
effects, may be involved in the calculations. The first three of the
following examples bear somewhat lightly on machine-design aspects
but the remainder are concerned with motoring, regenerating and
braking. It is not the intention in this book to cover machine-winding
design since this is a specialised study, for which the essential back-
ground is explained in Reference 1 for example. Here the emphasis is on
electromechanical performance. Chapter 6 deals with transient oper-
ation and Chapters 7 and 8 with d.c. machines in power-electronic
circuits.

3.1 REVISION OF EQUATIONS

The average (d.c.) e.m.f. generated in a winding with z; conductors
connected in series, of active length J, rotating at velocity v = ndn where d
is the armature diameter and n the speed of rotation in rev/sec, is
obtained from:

Fl 1
E=B,lvz,and B,, ux per po%e ¢

= Cylindrical area/No. of poles  ndl/2p

E= z& x I x ndn x z, = 2p¢nz, 3.1
ndl
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A d.c. machine armature-winding always has parallel paths and z_ is the
total number of armature conductors Z, divided by the number of
parallel paths. A simple wave winding has the smallest number, 2, and
z, = Z/2. For a simple lap winding, z, = Z/2p.

Reference back to Sections 1.3 and 1.4 will be helpful in understanding
the following development of the power-balance equation. For sim-
plicity at this stage, the brush loss—typically 2 x I, watts—will be
assumed to be included in the R, effect.

From the basic circuit equation for a motor:

V= E + RI, (3.2
Multiplying by I, gives the power-balance equation:
VI, = EI, + RI (3.3)

Terminal power = Converted + Electrical
(air-gap) loss
power

P P + Elec. loss

The power converted, EI, can be expressed in mechanical termsasw, T,
(rad/s x Nm) and hence by equating these two expressions:

T. E  2p¢nz,

1 w 2nn

a m

elec sap

pz, ,
=k, (3.4)

Note that k,, the electromechanical conversion coefficient, is directly
proportional to the flux per pole and has alternative units of e.m.f. per
rad/s, or electromagnetic torque per ampere. It is sometimes called the
speed constant or the torque constant and when SI units are used, these
have*the same numerical value, k.

Hence:

E=k,o, 3.5)
T, =k,l, (3.6)
and: k¢ =f(Fh Fa)

where F_, the armature m.m.f. per pole, has some demagnetising effect
usually, and this may be even greater than 10 %, of F; on uncompensated
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machines. It will be neglected in the following examples except where
special magnetisation curves are taken for series motors in Sections 3.4.
For a single field winding then:

ky =) 3.7

Several other equations may be derived from the above for the
purpose of expressing a particular variable as the unknown. The most
important is the speed/torque equation from:

E V-RI, V RT,
wm = — = = e —
k¢ k¢ k¢ kd’z

I, could be obtained from (V' — E)/R and k, from E/w,,, but E (and I,) are
dependent variables, determined from power considerations and the
armature current may have to be obtained from:

(3.8)

V-V’ —4Ra,T,

I
: 2R

(3.9)

and the flux from:

V4V —4Ra.T
k=t D m (3.10)

¢ 2w

m

which are derived from eqns (3.3, 3.4 and 3.8). The choice of sign before
the radical gives the lower current and higher flux, which is correct for the
normal, low-resistance case. The opposite choice is applicable to high-
resistance circuits; see Reference 1 and Example 3.12. Note that on steady
state, T, =T,

3.2 SOLUTION OF EQUATIONS

The following flow diagram has been prepared to act as a guide to
thought while ascertaining a solution procedure. Not every possibility
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[3.2] D.C. MACHINES

has been covered but the systematic approach indicated should be
helpful in all cases. Non-linearities are taken into account either at the
beginning or at the end of the solution. For example, if I is given, k,
follows and hence leads to a solution of the linear equations for torque
and speed, say. Alternatively, if k is calculated from the linear equations,
I, follows from the magnetisation curve. On the mechanical side, if the
non-linear relationship T, = f(w,,) isavailable, then any particular speed
will yield the corresponding torque 7', which is the same as 7, on steady
state. Alternatively, if w,_, = f(T,) is calculated from the electromagnetic
equations, then the intercept with the 7, = f(w,,) curve determines the
steady-state speed. Relationships for transient speed-calculations are
also available from these two curves; see Chapter 6.

D.C. Machine Solution Programme

Input data from:

V, I,, Power, Efficiency #, w,, k4, I, Resistances, T,,,,, T,,, = f(w,,)

v

Magnetisation curve given, or from test values of (V, I, R, w,, I(),..
V —RI,
as f(I,).

m test

we can obtain ky =

Alternatively, rated k ,p may be established from rated values of the above.
The subsequent calculation(s) of k ® could be expressed as per-unit flux
values; viz. k¢/k¢R.

v v v v
Given: Given: Given: Given;
V, R V,R, n, 0, V.R, T, =flw,) V, Parameters
Ii—k, Output power and circuit
T—T. = kyl, configuration
Find:
Find: w,, =1(T,)
V—RI . .
o, = . Find: Find: throughout
¢ Iokgy I, Ty T I, ke, I all modes
v U v v
Speeds Currents Field-circuit Speed/Torque
resistance curves
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Example 3.1

A 4-pole d.c. armature wave winding has 294 conductors;

(a) What flux per pole is necessary to generate 230 V when rotating at 1500 rev/min?

(b) What is the electromagnetic torque at this flux when rated armature current of 120 A is
flowing?

(c) How many interpole ampere turns are required with this current if the interpole gap
density s to be 0.15 teslaand the effective radial air gap is /, = 8 mm? Neglect the m.m.f.
absorbed by the iron.

(d) Through what mechanical angle must the brushes be moved away from the quadrature
axis if it is required to produce a direct-axis magnetisation of 200 At/pole?

(a) From eqgn (3.1) E=2xpx¢xn xz

I 1500 294
substituting: 230 =2x2x¢x X —
60 2
from which: ¢ = 0.0156 Wb.
(b) From eqns (34) and (3.6) T, = k,.1, = 22 4.1,
k4
2 x 147

= x 0.0156 x 120 = 175.7 Nm.
n

(c) On the interpolar {quadrature) axis, maximum armature At per pole F, occurs, and the
interpole m.m.f. must cancel this and also provide sufficient excess to produce the
required commutating flux opposing that of the armature.

F Total ampere turns  amps/conductor x conductors,/2

* No. of poles 2p
_120/2x294/2

= 2205 At/pole

Direct oxis
8 Main pole
Interpole

Quadrature
axis

FiG. E.3.1. (2-pole machine shown for simplicity)
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Required

At B B.l. 015x8x1073
=—=— Hence At=—2 = ————
L n Ho 4n/10

Hence total interpole m.m.f. required = 2205 + 955 = 3160 At/pole

=955 At/pole

This would typically be obtained with 27 turns per pole carrying I, = 120 A, with small
adjustments to the air-gap length if necessary, following commutation tests.

(d) From the diagram, a brush axis shift of « produces a demagnetising (or magnetising)
m.m.f. of F, x 2a/180 At/pole. Hence:

200 = 2205 x 2a/180
so: o = 8.16 electrical degrees

= 8.16/p = 4.08 mechanical degrees

Example 3.2

A d.c. shunt-wound, (self-excited) generator rated at 220 V and 40 A armature current
has an armature resistance of 0.25Q. The shunt field resistance is 110Q and there are 2500
turns per pole. Calculate:

(a) the range of external field-circuit resistance necessary to vary the voltage from 220 V on
full load to 170V on no load when the speed is 500 rev/min;

(b) the series-winding m.m.f. required to give a level-compound charactenistic at 220V
when running at 500 rev/min;

(¢) the maximum voltage on o.c. if the speed is reduced to 250 rev/min and all external field
resistance is cut out.

Armature reaction and brush drops may be neglected.
The following open-circuit characteristic was obtained when running at 500 rev/min
with the shunt field excited:

EMF. 71 133 170 195 220 232V
Field current 0.25 0.5 0.75 1.0 1.5 20A

@,, at 500 rev/min = 500 x 27/60 = 52.36 rad/s; at 250 rev/min w,, = 26.18 rad/s.

Hence k, =e.m.f. (above)/52.36 = 1.36 2.54 3.25 372 42 443
The k,/I; curve is plotted on the diagram, F, being the field current x 2500.

(a) The e.m.f. must be calculated at the two limits to determine the range of field current
and hence of field-circuit resistance variation.
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a2l/a00) _L—"T

y
w /
s

N

/
[¢] 0.5 Lo 1.5 2.0
1,=At/2500
Fic. E3.2.
No load Full load
E=V+R.I, = 170V 220+40x0.25=230V
ky = E/52.36 = 325 439
I, from curve = 0.75 1.86
Rp=(E—-RL)/I, = 226.4 1183Q
External field-circuit resistance =Rg —110 = 116.4 Q 83Q

(b) The terminal voltage must be 220 V on no load and on full load.

v = 220 220
E=V+R.I, = 220 230

(On no load, I, = I is small).

Required k, at @, = 52.36 = 4.2 439

Field mm. . required, from curve = 1.5 x 2500 1.86 x 2500
Difference = series m.m.f. required = (1.86—1.5) x 2500 = 840 At/pole

(c) The open-circuit curve could be redrawn in terms of e.m.f. against field current with the
e.m.f. reduced in the ratio 250/500. Alternatively, the k , curve can be used, since it is the
e.m.f. at 250 rev/min scaled down by the divisor 26.18 rad/s. The slope of the resistance
fine (V/1;) for 110 Q must also be reduced, to 110/26.18 (= 4.2) as shown. The field line
intersects the characteristic at a k, (= e.m.f./26.18) of 3.38. Hence the voltage on open
circuit— which is the terminal voltage neglecting the very small R, I, drop—is 3.38

% 26.18 =885 V.
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Example 3.3

The machine of the last question is to be run as a motor from 220 V. A speed range of 2/1
by field control is required. Again neglecting the effect of armature reactionand brush drop
and assuming I, = 0 on no load, calculate:

(a) the range of external field-circuit resistance required, as a shunt motor, to permit speed
variation from 500 rev/min on no load, to 1000 rev/min with the armature carrying its
rated current of 40 A;

(b) the value of the series-field ampere turns required to cause the speed to fall by 109
from 500 rev/min on no load, when fuli-load current is taken;

(c) the speed regulation (no load to 40 A load) with this series winding in circuit and the
shunt field set to give 1000 rev/min on no load.

(d) By how much would this series winding increase the torque at 40 A compared with
condition (a) at the minimum field setting?

Parts (a) and (b) require calculation of the k, range to find the excitation needs.

(a) I,=0A,noload I ,=40A
Speed 500 1000 rev/min
@, 52.36 104.7 rad/s
E=220-025x1, 220 210V
k, = E/w,, 42 2.0 Nm/A
I, from mag. curve 15 038 A
Rg = 220/1, 146.7 579 Q
External resistance = Rp — 110 = 36.7 469 Q
(b) Speed 500 450 rev/min
@, 52.36 47.12 rad/s
E=220-025x1, 220 210V
k, = Ejw,, 42 4.46 Nm/A
Field ampere turns from mag. curve = 1.5 x 2500 2.05 x 2500
Difference is required series mm.f. = (2.05 —1.5) x 2500 = 1375 At/pole

With each series turn carrying 40 A this would require 1375/40 = 34 + turns. With 40 turns
say and a diverter, the test performance could be adjusted to give the 10 %, speed regulation
specified.

(c) The speed will be obtained from w,, = E/k,.
On no load, k, = 220 V/104.7 rad/s = 2.1.
From mag. curve this requires 0.4 A x 2500 = 1000 At/pole shunt excitation.
On load, the total excitation is therefore 1000+ 1375 = 2375 At/pole.
k,, will therefore correspond to 2375/2500 = 0.95 A giving: 3.65 Nm/A.

210
Hence, w,, on load will be — = — = 57.5 rad/s = 549 rev/min
k, 365
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. . 1000 — 549
Speed regulation from 1000 rev/min is therefore 1000 x 100 =45.19% .

Note the great increase from the 500 rev/min condition because of the weak shunt field.

(d) T, = k,, I, At minimum field, 1000 rev/min 7, = 2 x 40 = 80 Nm
With additional series excitation T, = 3.65 x 40 = 146 Nm
So although the speed has fallen considerably, due to the series winding, the
electromagnetic torque has increased by 66/80 = 82 9 for the same reason and the air-
gap power is the same.

Example 3.4

In the shunt motor of the last question, the no-load armature current was neglected. In
fact, the total no-load input current is 5 A when both field and armature are directly
connected across the 220 V supply, the output (coupling) torque being zero, so that the only
torque is that due to the friction, windage and iron losses. Calculate the speed, output
power and efficiency when the load has increased to demand rated armature current, 40 A.

The no-load condition is shown on the first diagram where it is seen that the armature
current is 3 A, the field taking 220/110 = 2 A.

The value of k, from the oc. curve at 2 A is 4.43 Nm/A.

The no-load em.f. is 220 —025x 3 =219.25V.

Hence speed w,, = E/k, = 219.25/4.43 = 49.49 rad/s = 473 rev/min.

The air-gap power P, =w, T, =E-I, =21925x3 =658 watts is consumed in
friction, windage and iron losses and corresponds to T, = 658/49.49 = 13.3 Nm.

5A 3A
Power flow on load
2A 0258
220V INPUT ™ 2I0x40m 8400m 7770
nosl 220x 40 ‘—‘—/ =8400 ‘—‘—/ OUTPUT
No load 2 630
40°x0.25 2°x 110

i

CONTROL 220x2
Fic. E.3.4.

For the load condition, with 40 A in the armature, the second diagram is a useful

representation of the power flow. The explanation of the numerical values involves a few
minor calculations which can be understood by reference back to Fig. 1.10.
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[3.2] D.C. MACHINES

Speed = E/k, = 210/4.43 = 47.4 rad/s = 453 rev/min.

If we neglect any small change in loss torque with this speed fall then:
Mechanical loss = w,, * T}, = 47.4 x 13.3 = 630 watts.

Output power = P_, — mechanical loss = 210 x 40 — 630 = 7.77 kW = 10.4 hp.
Input power = 220(40 + 2) = 9.24 kW so efficiency = 7.77/9.24 = 84.1%, .

Example 3.5

In the back-to-back test circuit shown, Machine 1 is a motor driving Machine 2 which is
a generator. The generated power is fed back into the common 250-V line so that only the
machine losses have to be supplied. Currents in various parts of the circuit, together with
the resistances, are shown. Allow for brush drop of 2 V total per machine and calculate the
efficiency of each machine. It may be assumed that the mechanical losses are the same for
both machines.

Input current
+ O
50 A 40A |24 A
2A
Brush
250V drop
=2V
038 038
- O
Machine | Mochine 2
Fic. E3.5.

Input current = 50 —40=10A.
Input power to armature circuits = 250 x 10 = 2500 watts.
Total armature losses, excluding friction, windage and iron losses =
50% x 0.3 42 x 50+ 40% x 0.3 + 2 x 40 = 1410 watts.
.. Total mechanical loss = 2500 — 1410 = 1090 watts = 545 watts per machine
Input —losses ) (502 x 0.3) + (2 x 50) + 545 + (250 x 2)
Input 250(50 +2)
1895
13000
=8542Y

Motor efficiency =

=1
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. Output
Generator efficiency = ——————

Output + losses

_ 250 x 40

(250 x 40) + (402 x 0.3) + (2 x 40) + 545 + (250 x 2.4)
10000

=——=28543%
11705

The most convenient expressions to suit the data have been chosen. It is a coincidence that
efficiencies are the same. The motor has the higher copper loss and the generator the higher
flux and hence field loss and, in practice, a slightly higher iron loss also. But note also that
efficiency is a function of output and for the generator this is 10 kW whereas for the motor
itis 11.105 kW.

The next few examples illustrate the consequences of changing the
machine parameters, sometimes with the object of achieving a certain
speed against a specified mechanical load characteristic. This brings in
the overall drive viewpoint and the interaction of mechanical and
machine speed/torque characteristics. It leads on to the treatment of
machine equations in per-unit terms which is often helpful in assessing
drive characteristics.

Example 3.6

A 500-V, 60-hp, 600-rev/min d.c. shunt motor has a full-load efficiency of 90%. The
resistance of the field itself is 200 Q and rated field currentis 2 A. R, = 0.2 Q. Calculate the
full-load (rated) current I,g and in subsequent calculations, maintain this value. Determine
the loss torque.

The speed is to be increased up to 1000 rev/min by field weakening. Calculate the extra
resistance, over and above the field winding itself to cover the range 600-1000 rev/min.
Determine the output torque and power at the top speed, assuming that the loss torque
varies in proportion to speed. For the magnetisation curve use the empirical expression
below, which is an approximation to the curve shape.

. . (1 —a) x flux ratio
Field-current ratio = ————————— witha =04
1 —a x flux ratio

where the flux ratio is that between a particular operating flux (E/w,,) and rated flux (kg ).
The field-current ratio is that of the corresponding field currents.
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The data are assembled on tne figure as a convenient aide-memoire, together with a
skeleton power-flow diagram from which:
Full-load efficiency

_ Poccn _ 60 x 746 %
'IR Pelec + Pcomrol B Sw x IIR + Sm x 2 - lm
from which: Ig =9715A
Ezx 500-02x975
Hence: kyp=——=——"——-——="765N
¢R WOmR 20r m/A
and: Ter = kgr lar = 7.65x97.5 =7459 Nm
60 x 746
Teouprins = ~0n =7124 Nm
Tioes = Ter —Teouptims =33.5Nm
At 1000 rev/min, T\0ss = 33.5 x 1000/600 = 56 Nm
At 1000 rev/mi g, = 20 -02x975 _ 5o Nm/A
rev/min, = =4,
*™ 1000 x 21/60

.. flux ratio = 4.59/7.65 = 0.6.
I1000) _ 0.6 x 0.6
2A 1-04x06
from which: Ii1000) = 0.947 A

and: RE = 500/0.947 = 528 Q so external resistance = 328 Q

Hece, field-current ratio =

Coupling torque =T, ~ T, = 4.59 x 97.5 — 56 = 392 Nm
Mechanical output power = @, Toouping = 104.7 X 392 = 41kW = 55hp

T
I trotea) UM =BOXT4BW
[1 =2A
200 {1 i—————
500V o iy
250 {Pconnol

Fic. E.3.6.
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Example 3.7

A 500-V, 500-rev/min d.c. shunt motor has a full-load (rated) armature current of 42 A.
R, =06 Q and R, =500 Q. 1t is required to run the machine under the following
conditions by inserting a single resistor for each case.

(@) 300 rev/min while operating at rated electromagnetic torque;

(b) 600 rev/min at the same torque;

(c) 800 rev/min while operating at the same gross power (w,,* T,) as in condition (b).
For each condition, find the appropriate value of the resistor.

The following magnetisation curve was taken on open circuit at 500 rev/min:

Field current 04 0.6 08 10 1.2A
Generated em.f. 285 375 445 500 540 V
The test speed Wpeqr) = 500 x 2n/60 = 52.36 rad/s.
ky = E/Opquy = E/5236 = 544 716 85 956 103 Nm/A
VR—R-Ix 50006 x 42
Rated k,(ksr) = = =907Nm/A
slhor) == 52.36 907 Nm/

Rated T, (T.g) = kg Iar = 9.07 x 42 = 381 Nm.
Rated field current from curve at k, = 9.07,is 0.9 A .. Rg = 500/0.9 = 555Q

vV R-T
Now consider the speed/torque equation (3.8): w,, = e T
® ®
L
10 — -

7

ke

(¢
\\

2.5

0.25 0.5 0.75 1.0 1.25
I

Fig. E3.7.
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It can be seen that at a fixed terminal voltage ¥, any increase of speed beyond the rated
value can only be obtained by reduction of flux; i.e. by inserting extra resistance in the field
circuit. A reduction of speed, without exceeding the flux limit imposed by saturation, can
only be obtained by operating on the second term—in practice this means increasing R
since reduction of k, would give rise to excessive armature currents unless R is relatively
high—see Reference 1 and speed/flux curves of Example 3.12.

V—k,- V-
Hence, for (a), rearranging the equation: R= ( ¢ ¥n) ( = E
T /k, 1,

_500-9.07 x 10
T 381/9.07
= 5.12Q, an extra 5.12 —0.6 = 4.52Q

For (b) we require k,, not knowing the armature current and hence eqn (3.10) will have to
be used. At 600 rev/min w,, = 20x so:

‘o V4V =4 xRxw, xT, 500+ ./500% —4 x 0.6 x 20m x 381
¢ 2w, B 2 x 20n
= 7.47 Nm/A

Since w,, = 300 x 27/60 = 10x:

From the magnetisation curve, this requires I, = 0.64 A and Rg = 500/0.64 = 781 Q.
Hence extra field-circuit resistance is 781 — 555 = 226 Q

For (c), since the same w,, T, product is specified, the only difference in the k, equation
above is to the denominator which becomes 2 x 800 x 27/60 = 167.6.
k4 is therefore 5.602 requiring an I, of 0.41 A and Rg = 500/0.41 = 1219Q.
.. extra resistance is 1219 — 555 = 664 Q

Example 3.8

A 220-V, 1000-rev/min, 10-hp, d.c. shunt motor has an efficiency of 85 9] at this rated,
full-load condition. The total fieldcircuit resistance Ry is then 100 Q and R, = 04 Q.
Calculate the rated values of current, flux and electromagnetic torque; (Igg, k,g and Teg)-
Express your answers to the following questions in per unit where appropriate by dividing
them by these reference or base values, which are taken as 1 per unit. Take 220 V (Vg)as 1
per unit voltage.

(a) Find the applied voltage to give half rated speed if T, is proportional to wZ; k,and R,
unchanged.

(b) Find the extra armature-circuit resistance to give half rated speed if T, is proportional
to speed; k, and ¥ being 1 per unit.

(c) Find the per-unit flux to give 2000 rev/min if T, « 1/w,, (constant power) and also the
armature current, if ¥ = 1 per unit and R, is the normal value.
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(d) What electromagnetic torque is developed if the voltage, flux and speed are at half the
rated values and there is an extra 2 Q in the armature circuit?

The data could usefully be assembled on a diagram as for Example 3.6. Referring also to
the associated power-flow diagram:

mech

Pelec + Pconlrol

10 x 746
220 x I +220%/100

Motor efficiency ng =

0.85 =

from which: I,g = 37.7 A.

220-04x37.7
Hence: kyg = 1000 x 27/60 = 1.957 and therefore T.p = 1.957 x 37.7 = 73.8 Nm
The remaining questions can all be answered from the speed/torque equation:
V. RT,
w. =

™"k, ke’ where T, =T, on steady state.

(a) At half speed, w,, = 52.36 rad/s and T, = (3)> x 73.8

R-T . .
= = 1.957 x 52.36+£ x E
k, 1957 4

= 106.2 V = 0.48 per unit

From the equation: V =k, w_, +

(b) A different mechanical characteristic applies so T,, = 4 x 73.8 = 36.9 Nm

V—k¢-wm<_ V—E) 220 —1.957 x 52.36
Tk, \ I, ] 369/1957

=6.23(), ie. an extra 623 —04 = 583 Q

V+/V —4Row,T, 220+./220°-4x04x104.7 x 738
20, B 2 x 2000 x 27/60
=0.9784 Nm/A = 0.9784/1.957 = 0.5 per unit

From the equation: R =

©) k, =

Note that rated power and speed have been used under the radical because for this
mechanical load, the power is stated to be constant. Check I, = I,g, Eqn (3.9).

(V—ky o)  1.957 (110 —0978 x 52.36)
R T2 2+04

= 24/73.8 = 0.325 per unit
and I, =24/0978 =245 A

T, =k, =24 Nm
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3.3 PER-UNIT NOTATION

The last question introduced the idea of expressing quantities in per-
unit, i.e. as fractions of some base or reference quantity. It is possible to
solve the question throughout in per-unit notation and after the follow-
ing explanation, it would be a good exercise to try this. The method is
sometimes convenient, especially when integrating the mechanical
system parameters into the drive and in simplifying scaling factors for
computer solutions. For a d.c. machine, with the appropriate choice of
base values, the equations, apart from being dimensionless, are the same
as those used for actual values as explained in Reference 1. The most
convenient base values are:

Rated voltage Vg = 1 per-unit voltage
Rated current I.x = 1 per-unit current
Rated flux ko = 1 per-unit flux

From these:

Rated torque = kyg - I 5 is also 1 per-unit torque
Rated power = Vy-I.; is also 1 per-unit power

and 1 per-unit resistance = Vy/I ., since only three of the seven
practicable quantities, derived from the products and quotients of the
first three, can be defined independently. It follows also that 1 per-unit
speed is predetermined as Vy/k 4z, since these two parameters have been
chosen. Therefore rated speed is not 1 per unit but:

ER VR—R'IaR_l—RXI

—= = 1 — R per unit.
Kox Ko 1 P
Per-unit resistance is:
ohmicvalue R R-I,
base value  Vy/lx Vi ’

which is the fraction of base voltage, which is absorbed across the
armature-circuit resistance at base current.
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In the following example, the field current is also expressed in per unit
using the same empirical expression as in Example 3.6.

Example 3.9

A d.c. shunt motor runs at 1000 rev/min when supplied from rated voltage, at rated flux
and drives a total mechanical load, including the loss torque, which has coulomb friction,
viscous friction and square-law components given by the following expression:

: CN2
T.=30+30 <rev/mm ) + 30<rev/mm ) N

1000 1000

The armature resistance is 0.06 per-unit and the magnetisation curve can be approximated
by the empirical expression:

. 0.6 x ¢ per unit
I; per unit = —————
1—0.4 x ¢ per unit
Calculate:

(a) The values of 1 per-unit torque in Nm and 1 per-unit speed in rev/min;
(b) the required /; and the value of I, in per unit, if the speed is to be 600 rev/min with the
terminal voltage set at 0.5 per unit;

(c) therequired I, and the value of I, in per unit when the terminal voltage is set at the rated
value and the speed is adjusted to (1) 1200 rev/min; (i1) 0.8 per unit;

(d) the required terminal voltage in per unit if the resistance is increased to 0.2 per unit, the
field current is reduced to 0.6 per unit and the speed is to be set at the rated value.
In this comprehensive question, since the non-linear T, = f(w,,)

relationship is given and 7, = T, in the steady state, thenT, follows if the

speed is specified and conversely, any particular torque will correspond to

a particular speed. Thereafter, the solution is just applying the various

equations developed at the beginning of this chapter. The quadratic

expression for I, eqn (3.9), must be used because the power is given, not

the value of e.m.f. or flux.

(a) 1 per unit torque, from the question, must occur at a speed of 1000 rev/min

. 30<1+1000 10002 — 90N
v 1000 T 10007 ) T T
Rated speed = 1 — R per unit 1s 1000 rev/min.
.1 per unit speed = = 1064 rev/min

1-0.06
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Preliminary calculation of T,(=T,,) at stated speeds:

D.C. MACHINES

p.u. speed p.u. torque
Part R . rev/min T N T,
ar ev/min = 1064 orque, Nm =%
1064 1
« 1000 0.94 1
(b) 600 0.564 30(1 + 0.6+ 0.6%) = 58.8 0.653
(©)(i) 1200 1.128 30(1 +1.241.2%) = 109.2 1.213
{c)(ii) 851 0.8 30(1+0.851+0851%) =773 0858
Calculations for parts: (b) (c)(i) (c)(i)
On 0.564 1.128 0.8
T, 0.653 1213 0.858
Power = 0T, 0.368 1.368 0.686

X=V?—4R wyT,

0.5 —0.24 x 0.368

12 ~0.24 x 1.368

1?2 —0.24 x 0.686

=01617 =06717 = 0833
v-Jx
.= VX 0816 1.504 0.717
2R
ky =Te/l, 08 0.807 1.196
0.6k
ff=—"2_ 0.706 0.715 1.376
T 1-04k,

(d) The field current is set at 0.6 per unit =

The speed is to be the rated value (0.94 per unit)
The torque will therefore be 1 per unit.

Hence I, =T, /k, = 1/0.714 = 1.4 per unit
Required V =k, @p+ R 1, =0.714 x 0.94 + 0.2 x 1.4 = 0.951 per unit

0.6k
———%— hence k, = 0.714
1-04k,

Note that the answers to part (c) show that field control of speed is not
satisfactory with this mechanical load because the armature current
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becomes excessive at high speeds and the field current is excessive at
speeds lower than rated. Part (d) shows a similar situation.

Example 3.10

A d.c. shunt motor is being considered as a drive for different mechanical loads having the
following characteristics: (a) Constant power (wnT); (b) constant torque and (c) torque
proportional to speed. It is desired to know the effects on armature current and speed of
making various changes on the electrical side. Taking as a basis that rated voltage, rated
armature current and field current give rated speed and torque, express armature current
and speed in per unit when the following changes are made:

(i) field current reduced to give half flux;
(i) armature supply-voltage halved;
(ii1) armature voltage and field flux both halved.

Consider loads (a), (b) and (c) in turn and neglect all machine losses.

The required equations for current and speed are: Iy =T,./k, and oy, = V' /k, and all
calculations are in per unit.

Mechanical load (a) wply, const. T, const. Ty o speed
characteristic ie. Ty l/wn (b) c)
(i) k, =05 ¥=1.

w,=V/k, 2 2 2
Te=Ty 0.5 1 2
I,=T,/k, 1 2 4

(i) V=05k,=1
o, 0.5 0.5 0.5
T, 2 1 0.5
2 1 0.5

(iii) ¥ = 05; k, = 0.5
wm

T,

m

I 2 2

—
—
—

Again, this example shows, in a simple manner, what is, and what is not
a feasible strategy in the control of d.c. machines and how the nature of

60



[3.3] D.C. MACHINES

the mechanical load determines this; one armature-current overload is as
high as four times the rated value.

Example 3.11

A d.c. motor has a per-unit resistance of 0.05. Determine the two values of current and of
flux at which rated torque can be developed at rated speed when supplied from rated
voltage.

[ YRV R0, T, 1317 -4x005x (1-009) x 1

* 2R 2x0.05
1¥,/081 . .
=1 - 1 per unit or 19 per unit
1+.,/0.81 1
The numerator is the same for k, = m =1 per unit or 19 per unit

Clearly, the only practical solution is the first one with k, = I, = 1 per
unit, even though the same torque of 1 per unit is given by the second
solution. This is a relatively low-resistance machine. The next example
shows the effect of an increased armature-circuit resistance, when, as on
some small servo motors and with “constant” current supplies, speed
increase is obtained by increasing the field current, working on the rising
part of the speed/flux characteristic; see Reference 1.

Example 3.12

For a separately excited d.c. motor which at rated voltage, flux and armature current
delivers rated torque at rated speed (1 — R, ) per unit, show that the maximum speed which
can be obtained by field weakening is:

(@) ¥'2/4R per-unit for a constant-torque load equal to rated torque and:

(b) ¥ x /(1 —R,)/4R per-unit if rated torque is the same, but is proportional to speed and
the circuit resistance is R which is not necessarily equal to R,.

(c) Calculate for resistances of R, = 0.05 and for R = 0.5, the values of w,,,, in per unit and
the values of armature current and flux at this speed, for the constant-torque load.
Repeat the calculation, but this time for the case of load torque proportional to speed.
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(d) For the same motor determine the required circuit resistance to permit continuous
speed increase by field increase up to rated flux with rated voltage applied. Consider
both mechanical loadcharacteristics as before.

V R
(a) For the constant-torque load, 7,, = 1 and the equation is w_, = W Trz
¢ ¢
do,, 4 +2
B X ——
dk, k,? k,?

and for maximum speed, this must be zero; ie. ¥ = 2R/k, or k, = 2R/ V.
Substituting in the speed equation:
v: v? p?
w, =T T T = .
M 2R 4R 4R
(b) For the case of torque proportional to speed, by considering the identical ratios of
torque and speed to their rated values:

Tm wm m
—m=—;s50T, =
1 WmR I—Ra

and substituting in the speed equation:
V' Rx[w,/(1-R,)]
W =——-—
"ok ky?

and by rearrangement:

differentiating:

vk, + =2 —k, V-(2ky)
dw, ¢ "1-R, ¢ ¢

m B (denominator)?

and this zero when ki = R/(1 —R,) and this is the condition for maximum speed.
Substituting in the re-formed speed expression for this load;

(=)

wm'K
R R
+
1-R, 1-R

SO.

wma = V. l —_ Ra
. 4R
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Before dealing with the numerical part of this question, it is worth
noting that the point of maximum speed is the changeover between the
rising and falling parts of the speed/flux characteristic. If this changeover
is required to occur at rated flux, so that speed increase by increasing flux
can be obtained, the expressions derived for k, to give w,_,, will also yield
the required resistance to meet this condition; by substituting k, = 1.
For the constant-torque load, required R = V/2and for T, 2 @, R =
1 —R,. This information is relevant to the final part (d) of the question
but generally, it will be found that at ., E = k,0,,, = V/2;ie, for
maximum speed the apparent “load” resistance, E/I,, is equal to the
source (series), resistance (J//2)/I,, cf. maximum power-transfer
theorem.

(c) Numerical solution

T,, constant T, < w,
R=005 R=05 R=005 R=05
Speed at rated
torque = (1 —R) 095 05 0.95 0.5
y? 1—
@pax — = 5 05 vV R, =i 218 0.689
4R 4R
@
T, at w,,, 1 1 —m = 229 0.725
1-R,
Power = w_,, T, 5 05 5 0.5

/1 —4R x Power 0 0 0 0
.-
L=—Y___ 10

= 1 10 1
: 2R
1t/
k= EY 01 1 0229 0725
zwmax
T,=k,1,=T, 1 1 229 0725
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The above results are shown in outline on the accompanying
speed/torque and speed/flux curves. It can be seen that the high-
resistance circuit keeps the current and speed within rated limits though
the power and the speed and/or torque cannot reach rated values. The
zero for the square-root term confirms that the maximum conditions
have been reached, with only one solution for I, and k.

In the solution ¢f the final part of the question, maximum speed w,
will be reached at maximum flux by suitable adjustment of the resistance.
The solution is also shown on the accompanying diagram.

Speed Speed
T w...a.=5*At\ R=0.05 Unax =S
! ! k“ =0l 1\ R=0.0S5, T, constant
l/?'OS k4=0.725 7 ‘ | nen 218
! MO g =2, ’1' /‘\ IE '1' ‘:\‘
) R=0.05,
10 R=0.05, ky=1 ks=0.29 10
w,_=0:95
R<0S5, R
k¢=|
Ghax =0-689
oS . 0.5
Wi =0.5 W= 0.5
R=0.95, |7 constant R=0.5,
ks = Tm constant
Tm @ wm | h o
0 0.5 1.0 0 0.5 1.0
Torque Flux kg4
Fic. E.3.12.

(d) For constant-torque load, required resistance for continuous increase of speed with
flux is ¥/2 = 0.5 per unit for rated voltage. The solution has already been covered on
p. 63 and the curves are on the figures.
For the case of T, « w,,,, the required resistance is 1 — R, = 1 —0.05 = 0.95 per unit,
see table on p. 65 and the appropriate curves on Fig. E.3.12.
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1-R
= L - (.| . = (.
Opy =V \/ . = V10034 x095) 0.5

T, at this speed = ,,, /(1 —R,) = 0.5/(095) = 0.526

Power =, T,=0526x05 =0263
J/1=4R x Power = 1—4x0.95x0.526 =0
S IL=12R  =1/19 =0.526
ky=120,,,  =1/@2x05) =1
T,=k, I, =T, =1x0526 =0.526

34 SERIES MOTORS

The special characteristics of the series motor make it suitable for
many applications requiring high overload-torque per ampere as in
traction, together with its falling speed/torque curve limiting the power
demand, this being suitable also for crane and fan drives with simple
resistance control of the characteristic. The motor can also be designed to
run on ac. (the universal motor), but there is a deterioration of
performance due to the loss of voltage in the machine reactance which
reduces the machine e.m.f. and speed, for a given flux and supply voltage.
The field iron must be laminated to reduce eddy-current effects which
otherwise would not only increase the iron losses but also, in delaying the
flux response, would prevent the flux from being in phase with the
excitation m.m.f. If these are in phase, the torque is still given by k, -, and
neglecting saturation this is k,-i,? instantaneously, which is unidirec-
tional and for a sinusoidal r.m.s. current I_, oscillates at twice supply
frequency, from zero to k, (/21 )*. The mean torque is thus k, I, as for a

d.c.current I, but this assumes that k, does not saturate as it peaks to \/5
times the value corresponding to I,. Quite apart from saturation effects
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which occur even on d.c. operation at the higher currents, it can be seen
that on a.c.,, the high peak current necessarily causes further flux reduction.
However, the good starting torque and the variable-speed facility results
in this single-phase series motor tending to dominate the mains-supplied
domestic appliance and portable machine-tool fields of application. High
speeds up to and beyond 10,000 rev/min give a good power/weight ratio
and reasonable efficiencies. Applications beyond the small-power range,
> 1kW, are no longer common. Commutation difficulties required
design refinements and compensating windings to oppose the armature
m.m.f. and thus reduce the reactive voltage loss, when these motors were
used for traction, usually at 25 or 16 Hz.

The first three examples to follow, neglect saturation, one of them
illustrating a.c. operation. Further examples calculate d.c. machine
speed/torque curves allowing for the non-linearities due to armature
reaction, saturation and the mechanical load.

Example 3.13

A 220-V d.c. series motor runs at 700 rev/min when operating at its full-load current of
20 A. The motor resistance is 0.5 Q and the magnetic circuit may be assumed unsaturated,
What will be the speed if:

(a) the load torque is increased by 44 %,?

(b) the motor current is 10 A?

Speed is given by E/k, = (V' — R1,)/k, and for the series machine, neglecting saturation
ky a I, since I, = I,. Hence, T, = k-1, o 12,

If the torque is increased to 1.44, this will be achieved by an increase of current by a factor

of \/1.44 = 1.2. The same increase of flux will occur.

—o. 1.2
Thys et EiYer  220-05x20  12_,, .,
0ns Ey k,  220-05x(20x12) 1

.. new speed = 700/1.212 = 578rev/min
Wy

i 10 A 220-0.5%20 10
= o e n X 50
or a current O w,, 220—05x10" 20

.. new speed = 700/0.488 = 1433rev/min

m2

= 0.488
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Example 3.14

The series motor of the previous example is to be supplied from a 220-V, 50-Hz, a.c.
supply and it can be assumed that the field iron is correctly laminated. If the inductance
between terminals is 15 mH, at what speed will the machine run when producing the same
average torque asin part (a) of Example 3.13? Assuming the torque loss is 7.5 Nm, compare
the efficiencies for d.c. and a.c. operation at this load condition.

On ac. the rotational e.m.f. (from Blv) is in phase with the flux density pulsation, which,
with correct lamination will be in phase with the exciting m.m.f. The phasor diagram can be
drawn in terms of the r.ms. values of the various components. The voltage drops are:

RI,=05x24=12V
X-I,=2nx50x0015x24=113.1V

j 3.1
Vv (220) JX L3
4 3 I, &
RI, (12)
FiG. E.3.14.

From the phasor diagram E = /2202 —113.12 =12 = 1767V
The value of k, can be obtained from operation on d.c.

At 20 A and 700 rev/min, k, = o0 03 X20 _, g¢s
rev/min, k, = ———————— = 2.865.
an v/ K = T x 700/60
s0 at 24 A, k, = 1.2 x 2.8647 = 3.438 which on ac. is an r.m.s. value and will give the
176.7
r.ms. em.f. hence: w,, = 3% 51.4 = 491 rev/min

The power factor is cos ¢ = 188.7/220 = 0.858
The output torque is kI, =T, = 3.438 x 24 —~7.5 = 75Nm
75%x514

ficiency = — 2014 ogst
Hence the efficiency 220 x 24 x 0.858 2L

75 x 2m x 578/60

On d.c. the efficiency = 320 % 24

=086
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On ac. therefore, there is a slight fall in efficiency but in practice the efficiency would be
rather lower because of the additional field-iron losses and more pronounced saturation
effects.

Example 3.15

A d.c. series motor has a per-unit resistance of 0.05 based on rated voltage, rated current
and rated flux as reference quantities. Assuming the machine is unsaturated, i.¢. k, in per
unit = I in per unit, calculate:

(a) The per-unit speed and current when the torque is 0.5 p.u.

(b) The per-unit speed and torque when the current is 0.5 p.u.
(c) The per-unit current and torque when the speed is 0.5 p.u.

(a) Since torque = k,-I, and the machine is unsaturated, torque in per unit = I,*

Hence 1,2 = 0.5 so I, = 0.707
E 1-0.05 x0.707

(b) I, =05s0 T, =0.52 =025
E _1-005x05 _

A R ek 'Y
“m = 05
1 TE ke 1
c) I, = R - R and since k, = 1,:
1-1, x0.
= 1Eh X035 o which I, = 1.82
0.05

T.=12=182=33

Series Machine Speed/Torque Curves

To allow for non-linearities in the magnetic circuit, these curves must
be worked out point by point. The general method is to get expressions
for E, I, and kg as f(I;). Hence, for any particular value of I,, speed
w,, = E/k, and torque T, = k,-I,.

The magnetisation curve necessary to determine the k, /I, relationship
can readily be obtained—with allowance for armature reaction
included—by loading the machine as a motor, with provision for varying
the terminal voltage whilst the speed is held constant preferably, by
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adjusting the mechanical load. Alternatively, if the series field can be
separately excited and the machine is loaded as a generator, the same
information can be obtained if the armature current is maintained at the
same value as the field current, as this is increased. Hence E, , =
V£R-I, and k, at each value of I; is E,,/w,,, where o, =
(27/60) x test rev/min. A test on open-circuit would not of course include
armature reaction effects but would be a good approximation to the true
curve. In the following examples, for convenience, the magnetisation
curve data are given at the end of the question and the k,/I; curve is
derived at the beginning of the solution.

Example 3.16

A 250-V d.c. series motor has an armature-circuit resistance R = 1.2Q. Plot its
speed/torque and speed/power curves from the following data and determine the torque
and mechanical power developed at 600 rev/min. Also calculate the value of additional
series resistance to limit the starting torque at full voltage to 120 Nm. The following
magnetisation curve was taken when running as a motor from a variable terminal voltage
and rotating at a constant speed of 500 rev/min.

Terminal voltage 114 164 205 237 259 278 V

Field current 8 12 16 20 24 28 A

Test speed Wy, = 500 x 27/60 = 52.36 rad/s

Ejq =V —-12I¢ 1044 149.6 185.8 213 230.2 2444 V

ks = Erest/ Orest 2 2.86 355 407 44 4.67 Nm/A

Having determined the k, = f(I) characteristic, speed and torque will be calculated for the
specified terminal voltage. The em.f. will be 250 —1.2Irand I, = I}.
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E 2404 235.6 230.8 226 2212 2164 V

oy, = E/k, 120.2 824 65 55.5 50.3 46.3 rad/s
N =wy,x602r 1148 787 621 530 480 442 rev/min
T, =k, It 16 343 56.8 814 105.6 130.8 Nm
Power = wp T, 1.93 2.83 37 4.52 5.31 6.06 kW

Speed/torque and speed/power curves are plotted from the above results. At 600 rev/min:

Torque = 63 Nm and Power = 3.8 kW

For the second part of the question, it will be necessary to plot the T, /I, curve noting that
any particular value of T, occurs at a unique value of I,. These data are available in the
above table. From the curveat 120 Nm, 7,=26.3 A. Hence, the required series resistance to
limit the starting current to this value at full voltage, with e.m f. zero = 250/26.3 = 9.51Q,
an extra 9.51 —=1.2 =831Q.

rev/min

Speed,

1500

Power, kW

5

o
o

Speed/ 7,

Lﬁfy

I—026.3A
>/|20 Nm

e

1000 - —
Speed/ Power
. 23.8
500 / -
63
o 50 100 150
Torque, Nm
Fic. E.3.16.
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Example 3.17

A d.c. series motor has an armature resistance of 0.08 Q and the field resistance is the
same value.

(a) Find the speed at which a torque of 475 Nm will be developed when supplied at 250 V.

(b) The motorisdrivinga hoist and the load can “overhaul” the motor so that jts speed can
be reversed to operate in the positive-torque, negative-speed quadrant. How much
external armature-circuit resistance will be necessary to hold the speed at
—400 rev/min when the torque is 475 Nm? Note that this will demand a current of the
same value as in (a), but the e.m.f. is now reversed, supporting current flow; the machine
is generating and the total resistance is absorbing ¥ + E volts. Calculate and draw the
speed/torque curve to check that the chosen resistance is correct.

The magnetisation curve was taken by running the machine as a separately-excited
generator, field and armature currents being adjusted together to the same value. The
following readings were obtained at a constant test speed of 400 rev/min:

Terminal voltage 114 179 218 244 254 A\

Field current 30 50 70 90 110 A

@, =400 x 21/60 = 41.89 rad/s. E,.,, = V' +0.08 I, (I, = I, but field is not in series)

test

E,.. 1164 183 2236 2512 2628

k, = E,,/41.89 2.79 437 534 6 627 Nm/A
T, =k, I, =k, I, 837 2185 3738 540 6897  Nm

@)

E=250-0.161, 2452 242 2388 2356 2324 V

o = E/k, 879 554 447 393 371 Radjs
N =, x 60/2n 839 529 427 375 354 rev/min

(a) Speed/torqueand7,/I, curves are plotted from the above table. At a torque of 475 Nm,
the speed is 390 rev/min and a current of I, = 82.5A is taken.

(b) When overhauling, the circuit conditions with speed and e.m.f. reversed are as shown.
But using the motoring convention, (with the E arrow in the opposite sense), E is still
calculated from: E = V' —RI, and will be negative.
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/(¢6 -
. 1 120
Ve
2
I, /
900—"0 40_'_80 120, - 90 -
S T, — 82.5A
E peed/ e Ia/r.
3 475N 3
® m
600 v 60 =
- [
F :
8. XT_ (8]
I 390 rev/min I D 50
475Nm
Torque Torque
—ve \250 500 70 Nm
Speed/ 7, (extra R)
_300 \ A
=400 rev/min
-600 .
Speed -ve ‘
Fic. E3.17.
From the k,/I; curve at 82.5A, k, = 5.78.
E=ky @, =578 x(—400) x 2r/60 = —242 V
) —242 = 250 —82.5R, from which R = 5.96; an extra 5.8 Q.

For the field currents in the table on p. 71, the torque will be the same but the e.m.f. is now
250-5.96 1; and this permits the new speed points to be found:

E 71.2 —48 —1672 -—2864 —4056 V
w, = E/k, 25.5 -11 -313 -47.7 —64.7 rad/s
N 244 - 105 -299 —456 —618 rev/min
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From the plotted curve, the speed at 475 Nm is in fact —400 rev/min. Note that the
machine is really operating in a braking mode, the machine is generating but the circuit asa
whole is dissipative. The mode will be met again in Examples 3.20, 4.8, 6.7 and 6.8.

Example 3.18

For the same machine as in Example 3.16, calculate the speed/torque curves for the
following circuit conditionis, the supply voltage being 250 V throughout:
(a) with a 5Q series resistor and a 10Q diverter resistor across the machine terminals;
(b) with a 5Q series resistor and with the 10 Q diverter across the armature terminals only;
(c) with a single resistor of 1.8Q, diverting current from the field winding,
(d) without diverters but with the series winding tapped at 75 9 of the full series turns.

Allow for the reduced circuit resistance and assume R, = R, = 0.6Q.

These circuits are all used in practice, to change the characteristic for various control
purposes, but the problem is also a good exercise in simple circuit theory. The various
configurations are shown on the figure on p. 74, together with the derivations of the

required equations relating E and I, to the field current I, which is not always the same as
I,. The magnetisation data are transferred from Example 3.16.

Field current 8 12 16 20 24 28 A

k¢ 2 2.86 3.55 4.07 44 4.67 Nm/A
(a) E =166.7—-4.5331, 1304 1123 94.1 76 579 397 V

w, =E/k, 65.2 393 26.5 18.7 132 8.5 rad/s

T, =k, /1 16 343 56.8 814 1056 130.8 Nm
(b) I, =1571,-25 —-125 —-6.3 -0.04 6.2 124 187 A

E =265-6.541, 212.7 186.5 160.4 1342 108 819 V

oy, 106 652 451 33 246  17.5 radjs

T, =k, I, =25 —18 -0.1 25.2 54.6 873 Nm
() I, =1.3331, 10.7 16 21.3 26.7 32 373 A

E=250-141, 2388 2332 2276 222 2164 2108 V

W, 119.4 81.5 64.1 54.5 49.1 45.1 rad/s

T, 214 458 75.6 108.7 1408 1742 Nm
(d) k, at I, x 3/4 22 2.86 34 3.85 4.15 Nm/A

E=250-1051, 2374 2332 229 2248 2206 V

w,, 108 81.5 674 58.4 53.2 rad/s

T 264 45.8 68 924 1162 Nm

The four characteristics are plotted on the graph, together with the natural characteristic
from Example 3.16. Curve (d) lies on top of curve (c) since in each case, the series m.m.f. is
reduced to 3/4 of the normal value and the resistance drop across the field terminals is the
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(a) Machine diverter (b} Armature diverter

g

I, = I,-(25-0.561)
=156, -25

Iy = I-(25-051)

(c) Field diverter

PRI
t"o6v18 °

[3.4]

(d) Field tapping

Iy
- -

250v

0.458)

068

Iy Iy but:
kg corresponds

= 1.57-25 e 34 to 2. 1, since
I =0.671; +i6.67 4
£ =250-5(0.671 +16.67) £ :250-5617, E:250-061, % of series
-2l -06 (1561, -25) -2 061 turns used.
£ :1667 -45337, £1:265-6541, £:250~1.41; £:=250-1.051;
s
5|
Wprad/s °
3
2|
I,
I ! T
8 2 16 24
~~. *la g,
No'u’°7\\ o= '0r 1oy (c)
haracterigrre =
404 N—Mnchine diverter[{a}
Armature
diverter (b)
\
T -ve Te Nm
[ 50 100
FiG. E3.18.

same. For a given armature current, the speed is higher and the torque is lower than with
the natural characteristic. Curves (a) and (b) give a lower speed for a given torque and for
the armature diverter, there is a finite no-load speed as it crosses into the regenerative
region, I, becoming negative. Rapid braking from the natural characteristic to curve (b) is

therefore possible.

Example 3.19

A 500-V d.c. series motor has an armature circuit resistance of 0.8 Q. The motor drives a
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fan, the total mechanical torque being given by the expression:

(rev/min)?
T_=10+—— Ibfft.
2250

m

Plot the speed/torque curves and hence find the steady-state speed and torque under the
following conditions:

(@) when an external starting resistance, used to limit the starting current to 60 A at full
voltage, is left in circuit;
(b) when all the external resistance is cut out;

(c) when only 2/3 of the series winding turns are used, a field tapping being provided at this
point in the winding. The armature-circuit resistance may be considered unchanged at
08Q.

The magnetisation curve at 550 rev/min is as follows:

Field current 20 30 45 55 60 675 A
Generated e.m.f. 309 406 489 521 534 545 V
Test speed w,,,, = 550 x 21/60 = 57.6 rad/s.

Required starting resistance for 60 A = 500/60 = 8.33(); i.e. 8.33 —0.8 = 7.53 Q extra.

k, =gen. em.f/57.6 536 7.05 8.49 9.05 9.27 9.46 Nm/A

For case (a) I,=1,and E = 500 —8.33 I,

For cases (b)and (c) I, =1I,and E=500-081I,

But for (c), the value of k, must be reduced to that corresponding to 2/3 I,.
Hence, for the various operating conditions:

(a) E=1500—-8331I, 3334 250.0 1251 4185 02 -623 V
w, =E/k, 62.2 3547 13.82 4.62 002 —6.58 rad/s
N = w,, x60/2n 594 339 141 44 02 —63 rev/min
T, for (a) and (b) 107 212 382 498 556 639 Nm
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(b) E=500-081, 484 476 464 456 452 446
W 90.3 67.5 54.7 50.4 48.8 471
N 862 645 522 481 466 450

(c) kyat 2/31, 5.36 7.05 849
T, =k, I, 161 317 573
w, = E(b)/k, 88.8 65.8 52.5
N 848 628 502

1000
\ e
Gk ,/ 2
< NG — Field turns
£ 15— 3
3 \ P \<\
2 500 \ 280 =
475 240 ngafural [
2 // \ characteristic
/\ 148
rm
0 200 400 600
Torque, Nm
Fic. E.3.19.

[3.4]

v
rad/s

rev/min

Nm/A
Nm
rad/s

rev/min

The mechanical load characteristic is given in 1bfft and the conversion factor to Nm is
746/550. 1t is a straightforward matter now to plot 7, in Nm for the converted expression:
T, = 13.6 + (rev/min)?/1659 Nm and this has been done along with the speed/7, curves
from the above table. The intersections of the T, and T, curves give the steady-state points

as:

(a) 475 rev/min , 148 Nm; (b) 615 rev/min , 240 Nm; (c) 665 rev/min , 280 Nm .
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3.5 BRAKING CIRCUITS

If when motoring, the circuit conditions are so changed that current I,
(or flux k) reverses polarity, the torque T, will reverse. Being then in the
same sense as T,,, which opposes rotation, the speed will fall, 7, being
assisted by this electrical braking action. Depending on the circuit and the
nature of T, the rotation may reverse after falling to zero, to run up
again as a motor in this changed direction. Reversal of flux is sometimes
employed with certain power-electronic drives but the time constant for
¢ is relatively long by comparison with the armature-current time-
constant. Further, since I, would increase excessively as k, was reduced
for ultimate reversal, armature current must first be zeroed for the
reversal period, usually less than a second, and during this “dead time”,
motor control is lost. Consider the expression for I,:

_V—E _V-ko,
** R R

I

Reversal of I, and T, can be achieved by four different methods:

(1) Increase of k4 w,,, the motor becoming a generator pumping power
back into the source. This regeneration would only be momentary if
k, was increased, being limited by saturation and the fall of speed. If
T, isan active load, e.g. a vehicle drive, then gravity could cause speed
to increase, and be controlled by controlling the regenerated power
through flux adjustment.

{(2) Reversal of V. This would have to include a limiting resistor to
control the maximum current. Such reverse-current braking (plug-
ging) is very effective but consumes approximately three times the
stored kinetic energy of the system in reducing the speed to zero, and
would run up as a motor in reverse rotation unless prevented. See
Tutorial Example T.6.6.

{3) Short circuiting the machine, making ¥ = 0, would also require a
limiting resistor. Again the machine is generating in what is called a
dynamic (or rheostatic) braking mode and this time, the resistor and
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the machine losses only dissipate 1 x the stored kinetic energy.
Braking is slower, especially if T is small.

(4) Far superior to any of the above methods is to provide the relatively
expensive facility of controlling V, using a separate generator or
power-electronic circuit in what is called the Ward-Leonard system,
after its inventor. Rapid control of current, torque and speed in any of
the four quadrants is made available. The next example illustrates all
the methods above, showing them on the 4-quadrant diagram.

Example 3.20

A 250 V, 500 rev/min d.c. separately-excited motor has an armature resistance of 0.13 Q
and takes an armature current of 60 A when delivering rated torque at rated flux. If flux is
maintained constant throughout, calculate the speed at which a braking torque equal in
magnitude to the full-load torque, is developed when:

(a) regeneratively braking at normal terminal voltage;

(b) plugging, with extra resistance to limit the peak torque on changeover to 3 per unit;
(c) dynamically braking, with resistance to limit the current to 2 per unit;

(d) regeneratively braking at half rated terminal voltage.

(e) What terminal voltage would be required to run the motor in reverse rotation at rated
torque and half rated speed?

It is first necessary to calculate rated flux and thereafter the speed is given by:
_V=RI, V RT,

" ke o ke ky?

with appropriate values of R, ¥ and I, or T,. Both I, and 7, will be negative

250-0.13x60 2422

k“’llt‘) T eian 5 ak

27 x 500/60 5236

Substituting this value of k, will give all the answers from the general expression for the
speed/torque curve.

w,

= 4.626 Nm/A or V/rad/s

250 —0.13(—60 .
@1, = —60A. o, = % = 55.73 rad/s = 532 rev/min
(b) I, must be limited to 3(—60)A,and V' = —250 V. Assuming that speed does not change
. . V—E —250-2422
in the short time of current reversal: I, = sOR = = 2.734 Q, the
R 3(-60)

emf. k,w, being unchanged momentarily.
This is the total circuit resistance which means an external resistor of 2.6 Q is required.
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—250 —2.734( - 60)

4,626 = —18.6rad/s = —177 rev/min

Speed for full-load torque =

0-2422
(c) I, limited to 2(—60) Aand V' =0s0o: R = Tw—) = 2.018 = extra 1.89 Q.

0-2.018(—60) .
Speed for full-load torque = aee - 26.18 rad/s = 250 rev/min .

_ 125-0.13(=60)

—60A; V=125V, 0, = = 28.7rad/s = 274 rev/min .
4.626 I —

d 1

—52.
(e) I, = —60A; = 36.

. V = kyw, +RI, = 4626 x (—26.18) + 0.13(— 60)
= —1289V.

m

Regenerative braking (a) +ve Speed

[~ rev/min

A
| No-load  Forward
speed motoring

Regenerafing
(d)

braking
(c)

-ve Torque +ve| Torque

- | ) T
-3 per unit -2 per unit \ -l per unit N I per unit
,

N

Reverse motoring (e )

Rated torque N
(negative)

—ve Speed

FiG. E.3.20.

Note that the motoring equation has been used throughout, even though
most modes are generating. This simplifies the concepts but requires the
insertion of a negative sign for current, torque or power if these are
specified. Alternatively, if the correct signs of speed, voltage and flux are
inserted the signs of I,, 7, and P will come out naturally in the
calculations.

The speed/torque curves for each setting are shown on the attached 4-
quadrant diagram (Fig. E.3.20) and the above answers at one particular
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torque (—1 per unit) are indicated. The dynamic changeover between
quadrants and curves will be illustrated by examples in Chapter 6.

Example 3.21

A d.c. series motor drives a hoist. When lowering a load, the machine acts as a series
generator, a resistor being connected directly across the terminals—dynamic braking mode.
Determine:

(a) the range of resistance required so that when lowering maximum load (450 Ibf ft) the
speed can be restrained to 400 rev/min, and for light load (150 Ibf ft), the speed can be
allowed to rise to 600 rev/min.

(b) What resistance would be required if the light-load speed was maintained instead at
400 rev/min and what would then be the saving in external resistance loss at this load?
What total mechanical power is gravity providing under this condition? Neglect the
mechanical losses. Armature-circuit resistance 0.1 Q.

Before giving the magnetisation data, it should be pointed out that the machine is going
to be operating as a self-excited series generator and a step-by-step calculation will be
required. A braking condition with a series motor driving a hoist has already been
encountered in Example 3.17. The mode here was “plugging”; also with forward torque and
reverse speed, but a different circuit connection.

The following magnetisation curve was taken at a speed of 400 rev/min; ie. o,
= 41.89.

m(test)

Field current 30 50 70 90 110 A
Generated e.m.f. 114 179 218 244 254 v

ky = E/41.89 2.72 427 52 5.83 6.06 Nm/A
Torque T, = k I, 816 2135 364 5247 666.6 Nm

Flux and torque are plotted against current on Fig. E.3.21. The question specifies torques
so the curves will be used to read k4 and I, (= I;) at the T, values.

746
For 450 Ibf ft = 450 x 550= 6104 Nm; I, = 102 A and k, = 6 Nm/A

For 150 Ibfft =2034Nm; I, =49 A and k;, = 42 Nm/A
. . —kyo, . . . —kyo,,
For dynamic braking: I, = so required resistance is R = 7
2
—6x % x (—400)
(a) For —400 rev/min and 450 Ibf ft; R = 102 = 2.464(); extra 2.3640Q
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+ve Torque, Nm

600
0 200 400 800
500 ! }
£ -200}%—- !
£ 400 E L —
2 2 3 -a00 Lsi\\i‘
§ 300 - ) L. \Q&Q
& 2 § -eoo —>
2 200 v 2 \\3590
2 -800 b
100 ' TN 53860
-1000)
0
Field current
Fic. E.3.21.
—42 x (=20
For —600 rev/min and 150 Ibf ft; R = +) = 5.386 Q; extra 5.286Q
—4.2 x (—40n/3)

(b) For —400 rev/min and 150 Ibf ft; R = = 3.59Q; extra 349Q

49
Difference in power loss = (5.286 —3.49) x 49° = 4.31 kW
Total mechanical power is that dissipated; i.e. 3.59 x 49 = 8.62kW = E- I,

The various features of interest are shown on the speed/torque curves which, as an exercise,
could be plotted from the above data following a few additional calculations of speed

o, = —RT,/k*.

As a practical point, the reversal of e.m.f. with rotation maintains the direction of I, thus
permitting self excitation on changeover from motoring. Changeover to + ve speed and — ve
torque would require an armature-connection reversal to give I, = —1I,.

3.6 PERMANENT-MAGNET MACHINES

These can be treated as if the flux was constant, since modern PM
machines use magnetic materials which are very stable and designed to
withstand, without demagnetisation, the normal demagnetising forces
occurring in service. A brief review of permanent-magnet theory follows.
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Um == ff\;\ I 9
t ! ! |
V T I
ol
Maognet

F1G. 3.1. Permanent magnet with pole pieces and air gap.

The figure shows in a schematic way, the features of a magnetic circuit
incorporating the permanent magnet and the air gap which together,
absorb virtually all the m.m.f. If the magnet was “short circuited” by a
soft-iron keeper, its flux density would be at the residual value B,,, but
because of the air gap and leakage paths, it falls down the demagnetisation
curve to B, at a corresponding negative value of H_. The required
magnet length can be obtained by applying Ampere’s circuital law,
equating the current enclosed to zero, i.e. 0 = H,_ |+ H_I from which:

I, = —&-Il = —%I;—' (H, is —ve)

The required area of magnet is obtained by equating the magnet flux to
the sum of air-gap and leakage fluxes, i.. leakage factor (LF) x B, A4,

B
= B, A, from which the magnet area 4, = LF-B—“-A

m

Hence the magnet volume required, using the modulus of H is:

B I B B2 Air-gap volume
4 =83 | F-Zs.4 =28 .LF-
"™ o, H, B, * B H_

m

l . (3.11)
The product B, H_ has the dimensions of energy density per unit volume
and can exceed 250 kJ/m3 for some of the newer materials. It is clearly
desirable to operate near the maximum BH product which occurs at a
point a little higher than B, /2.
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The magnetic equivalent circuit for Fig. 3.1 is shown on Fig. 3.2b and
can be derived as indicated on Fig. 3.2a. The magnet is stabilised by
minor-loop excursions about the “recoil” line of average slope A,
between the stabilised limit and the “short-circuit” flux ¢, = B 4.
Along this line, the magnet behaves as if it were a source of mm.f. F,

mmf. H]I,
= Holw, flux = BA,

behind a reluctance #, (=1/4,) =

The presence of the air gap reduces the flux below ¢, since it absorbs an
m.m.f. #,¢,, the remainder of F_being absorbed by the magnet. Certain
of the newer materials do in fact have a straight-line operating region
down to zero flux but on Fig. 3.2a, F_ is a mathematical abstraction
defining the intersection of the “recoil” line with zero flux. On the
equivalentcircuit, %, represents the reluctance of the leakage path and F,
the demagnetising effect of any external m.m.f. e.g. due to armature
reaction. It may be noticed that Fig. 3.2b is topologically the same as Fig.
E.2.11 for two paralleled transformers, so the same mathematical
equations apply, but with different variables. For example, the leakage
flux is analagous to the load current I and the flux through the air gap in
the opposite sense to F, will be indicated by a negative value of ¢,.
Making ¢_ analagous to I, its value will be:

4) —_ Fogg-{-(Fo—Fd)Q?l
T R( R+ R+ R R,
Magnet flux 8x A4,

(3.12)

8 Bres x Anm
Stabilised limit P Vb =8, x4n,

e Slope=A4,
<

\[M.M.F.

Slope= A, -
[
- 1

- /
fo

1 -

T 1 Hxl,,

- 1
¢mxk%o ,,,__."_,
¢ H
(a) Flux/mmf relationship (b) Fig 3.1 equivalent - leakage included
FiG. 3.2. Equivalent circuit development.
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¢, will have the same denominator but all the suffices in the numerator
apart from %, will be interchanged. The combination of these two fluxes
will give the leakage, again with the same denominator so:

(Fo g?g + Fd g?o)
o= —

denominator

Example 3.22

A PM machine uses a material with a straight-line demagnetisation characteristic cutting
theaxesat B, = 095Tand H, = — 720 x 10 At/m. The cross-sectional area of the magnet
is to be the same as that of the air gap in which a flux density of 0.6 T is required. Take the
leakage factor as 1.2. Calculate the required length of magnet if the air-gap length is 2 mm.

To allow for design errors, calculate how much the air-gap flux will fall:

(a) if the leakage factor is in fact 1.4;

(b) if in addition, there is an armature demagnetising m.m.f. of 500 At/pole?

What would be the required magnet length if operating at the optimum point on the curve
and what would then be the air-gap flux density if the leakage factor is 1.27
B? Air-gap volume (/,4,)
H, B.H,
A, = A, B, will have to be 1.2 B, to sustain a leakage factor of 1.2, so B, = 1.2x0.6
= 0.72T. The corresponding value of H,, follows from Fig. E3.22:
072 720-H,

095 720

From eqn (3.11), the magnet volume i 4, = LF and since

from which |H,,| = 174.3kAt/m

0.72 £:=0.95
I
!
Hy=-720 ! H kAt/m
—
Fi16. E.3.22.
Substituting in eqn (3.11)
0.6? LA
l A =—ox12x——2E5 —— =274xlA
mAm = 2107 2 072 x 174300 Xl

so the magnet length must be 2.74 x 2 = 548 mm , since 4, = A,.
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The equivalent circuit can be used for parts (a) and (b) for which the components are:
{ H_ | 720000 x 2.74 1
; R= 2= skl L VI
B, A, 095x A4, H, ¢

Now ¢, =02¢, fromLF = 1.2,50 # must be 5 times # and for LF =14 # =25 %*, .
F, =720000x 2.74 x 2 x 103 = 3945.6 Atand F, = 0 or 500 At. The denominator of eqn
(3.12) for the two cases, #, =5 R, and R, =25 R:

Denom = @, (#,+ R,)+ R, R, = 5 A, (261 +1) R, +261 A, = 2066 R,
or for (a) and (b): =25R,(361 #)+261 > =11635R2
~F, R, —39456x5 A, —95488 A,

denom. 2066 #2 2x107°
which checks with the specified air-gap density. Note —ve sign, following Fig. 3.2b.

—39456x25 X, —8478u,4,

Hence, withLF=12 ¢, =

= —059994,

- - = 05334
@ ¢ = e az 2x102 2%
39456 x #,+39456 x 2.
. X #, 4345625 R, _
11635 &,7 '

and the leakage flux ¢, = ¢, + ¢, = 0.212 A, which checks as 0.4 x ¢, . The air-gap flux has
fallen by more than 10 %, but the magnet flux has increased slightly to accommodate the new
leakage. Eqn (3.11) could be solved for B, with this new value of B, to give 0.533 T as above.

500 x 261 R, + (500 —3945.6) x 2.5 R, —628.2 oA,

o _ = —03954
(b) ¢, 11635 # 2 2x107% =
3945.6 x R, +(3945.6 — 23
_ x R, +(3945.6 — 500) x 2.5 R, = 06784
11.635 #,2 K
0678

the leakage flux is now (0.678 —0.395) A, = 0.283 A_ so LF is 0395 =1.72.

The effect of the demaghetising m.m.f. is quite considerable and drives more flux into the
leakage paths reducing the air-gap flux appreciably.

For the final part of the question, the optimum point of the straight-line demagnetisation
characteristic is at B, = B,/2 = 0475T, with H_ = —360 x 10° At/m. The air-gap flux
density will be 0.475/1.2 = 0.396. Substituting in eqn (3.11):

2
LA, = 0396 x 1.2 x L4, =08751L A4
mem e 4g/107 0475 x 360000 ————*

Thus the magnet is much smaller than the previous figure of 2.74 x, since the maximum
B, H_, point has been used. However, for the same condition, the flux density is only about
2/3 so there would have to be a 50 ¥, increase in machine size to give the same total air-gap
flux as before. This situation has highlighted the overall problem of design optimisation.
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CHAPTER 4

INDUCTION MACHINES

For drives, the important characteristic is that relating speed and torque.
Using the same axes as for the d.c. machine, with w, = f(T,) as the
dependent variable, the basic speed/torque curve on a 4-quadrant
diagram is shown on Fig. 4.1a. It can be compared with that shown for
the d.c. machine in Example 3.20. Basic operation as a motor is at speeds
near to synchronous, n, = f/p rev/sec, with small values of slip s = (n,
—n)/n,. There are other significant operational modes however, €.g.
starting, generating and braking. Adopting a motoring convention, for
which P, . and P, are both positive, the various modes are shown,
covering slip variations from small negative values (generating) to larger
values s — 2, where braking occurs. Changing the ABC supply sequence
to the primary—usually the stator winding—will reverse the rotation of
the magnetic field and give a mirror-image characteristic as indicated.
Note also the typical mechanical characteristic; T, = f(w,,), its intersec-
tion with the w_, = f(T,) characteristic which determines the steady-state
speed, and its reversal, as a passive load, if rotation reverses. Although the
natural induction-machine characteristic as shown is quite typical, it is
possible to change it by various means, for example to cause change of
speed or improve the starting torque. The later questions in this chapter
are much concerned with such changes.

4.1 REVISION OF EQUATIONS

Figure 4.1b shows a power-flow diagram for the induction machine.
Reference back to Section 1.3, Figs. 1.9(b) and (e) leads directly to Fig.
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+ve Speed

wg, Synchronous speed

GENERATOR Max torque

—ye [STVEWrleVe | _ye

MOTOR P
O0<s<l| -
WpTe+ve | Ve

—r == S —
-ve Torque // i . +ve Torque
; J Starting
Vs ! torque
Reversed // /
i / P, P,
ield s / e [BRAKE s> 1| m
. ——] e
rotchon/// +ve Wnle—ve —ve
{ —ve
d .
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AIR GAP 3l-s)£y=3Py, 5
m
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B
3R,
/3p:\ (b) Power flow
I I R3/s
— b 2
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L
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' _|L E o
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Fe i ' Zm
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R
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{c) Equivalent circuit per phase

F1G. 4.1. 3-phase induction machine.

WEEMD-D* 87



ELECTRICAL MACHINES AND DRIVES [4.1

4.1c, the “exact” (Tee) equivalent circuit, per phase, the approximate
circuit being indicated by the transfer of the magnetising branch to the
terminals. These are not the only ways of presenting the equivalent
circuit but they have the advantage of preserving the identity of
important physical features like the magnetising current I, and the
winding impedances. z, = R, + jx, and Z), = R’ /s + jx’. The magnetis-
ing branch admittance Y, is 1/R_, + 1/jX,,. The approximate circuit
makes calculations very easy and is justified if a general idea of
performance is required, having an accuracy within about 10%,. The
worked examples in this chapter apart from those in Section 4.4, refer to
3-phase machines under balanced conditions, but the phase calculations
would apply to any polyphase machine, see Example 4.20 and; Tutorial
Example 4.21.

Referring to Fig. 4.1c, the power-balance equation yields the import-
ant relationships:

Electrical terminal power per phase
= P, =V, I, cos ¢, = E, I’ cos ¢, + Stator loss
Air-gap power per phase

=P = E,Iycosp, = I'2R}/s @.1)

g
Hence: rotor-circuit power per phase
=I7Ry, =1,>R, =sP, 4.2)

and: mechanical power per phase

1—
=P, =( —S)P,=( SS)Izsz (4.3)
from which: electromagnetic torque
P - 1,2
=Tc=3_~m=ﬂ__sl=ip =i 2R, (4.4
o, o(l-s) o * o s
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From the expressions for P_, P, and P, it can be seen that P, and P, are
both positive (motoring) when 0 < s < 1. When s is negative, P,, P, and
P, are negative (generating), and when s > 1, P, and P, are positive but
P, is negative, i.e. power flow inwards at both sets of “terminals”, which
is a braking condition.

The mechanical “coupling” power is:

(1-—5s) o T

m~ loss

P

=31,’R,

coupling

Note that the rotor-circuit power-loss can be expressed either as 31,2 R,

or 3I'ZR’,, and the rotor is assumed to carry the secondary winding, the

usual arrangement. If the approximate circuit is used, eqn (4.4) becomes:
3 V,? R,

T = X x — Nm 4.5

“ = 2uxfp R, + Ry + (5, 4 %57 @)

V,+j0 .
where: 1), = S — = (Real) —j(Imag.) 4.6
Ty E R R “8)
v, .V .
10=ﬁ— _]—)-(—l; =1,—jl, @47

and I, =I7+1,=[(Real)+I,] —j[Umag)+1,]=1,cose,+)I,
sin ¢,. Note that ¢, and sin ¢, are taken as —ve for lagging p.f. For a
generator with s negative, the expression for I is of the form:

A\ —-A—-jB . ) .
“A+iB x— ~iB which becomes of the form: V,(—a —jb),
the real part of the current being negative. The machine is not a
“positive” motor as the motoring-convention equations have assumed,
but a “negative” motor indicating reverse power flow. If we reverse the
convention, changing the signs, the real part becomes positive, and also
the imaginary part, showing that as a generator, the induction machine
operates at leading power factor.
For calculations using the “exact” circuit, the following arrangement
preserves the connection with the equivalent circuit as a useful reference:
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Zinput = zl + Zlb
1
=R, +]j 48
1 HI1x + 1 . 1 . 1 4.8)
R, X, Ry/s+jx;
=R, +jx, + R, +) X,
= Rlnput + lenpul
Hence:
Vl Ri -X1 . .
Il Zinput <Zin. JZin.) ! coswl +Jll Sln(pl
y/ E, jE
E, =V, x—2_and [[=—-L-=1* 4.9), (4.10)
! ! Zlnput 0 Rm Xm
E 2
4.11
R ; @b

From these equations, the majority of the Chapter 4 examples are solved,
but other special equations are developed later as required. For example,
an important quantity is the maximum torque. This can be obtained
from the approximate expression eqn (4.5), either by differentiating or
considering the condition for maximum power transfer, taking the load
as the power consumed (I'? R’ /s) in the apparent rotor resistance. From
these considerations, R’ /§ must be equal to:

Ry /8 = J/R2 + (%, +x3), (4.12)

giving a maximum torque on substitution of the corresponding slip § as:

(4.13)

3 V.2
MaxT, = — x —
;20 +/(R2+(x, +x3)?) + R, ]

which is seen to be independent of the value of R’. It will also be noticed,

from the equations, that if all parameters are fixed apart from speed, a
particular value of R)/s gives a particular current and torque. If R, is
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[4.2]
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ELECTRICAL MACHINES AND DRIVES {4.2]

controllable, the speed for any particular torque can be obtained from
the corresponding value of R,'/s.

42 SOLUTION OF EQUATIONS

As for the d.c. machine, the flow diagram on p. 91 has been prepared to
act as a guide to the kind of problems which might be posed, and to
indicate in a general way the approach to solutions. The reader must also
be prepared to refer back to the equations just developed and to Sections
1.3, 1.4 and Chapter 2 if necessary, when trying to understand the
solutions in the following examples. N.B. A hand calculator has been
used and the subsection and final answers rounded off.

Example 4.1

The equivalent circuit of a 440-V, 3-phase, 8-pole, 50-Hz star-connected induction motor
is given on the figure. The short-circuit test is conducted with a locked rotor and a line
current of 80 A. The “open-circuit” test is conducted by supplying the primary winding at
rated voltage and at the same time driving the rotor in the same direction as the rotating
field, at synchronous speed; s = 0. Determine:

(a) the line voltage and power factor on the short-circuit test;
(b) the line current and power factor on the “open-circuit” test;

(c) the equivalent circuit per-phase if these tests were analysed on an approximate basis; i.e.
neglecting the magnetising branch when analysing the s.c. test and neglecting the series
leakage impedances for analysis of the o.c. test.

0.1 j0.5 j0.5 0.1/s

Fic. E4.1.
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[4.2] INDUCTION MACHINES

(a) Input impedance Z,, = z, + Z,,(1/Y,,)
1
1 1 1
ﬁ+j—26+0.1 +j0.5
1

=01+j0.5 +

. 0.1-j0.5
0.01 —j0.05 +—0.12 1057
1
0.395—j1.973
=0.1+j0.5 + 0.097 +j0.487
= 0.197 +j0.987 = 1.006/787 Q per phase
Input voltage on s.c. = \/3 x 1.006 x 80 = 140 Line V at 0.1957 power factor

1
b) Input i d R,/s = =01+4+j05+ ——(1/Y,
(b) Input impedance (R,/s = o) 05+ 5505 (1/¥e)

=0.1+j0.5+3.85+j19.23
=3.95+j19.73 = 20.1/78°7 Q per phase

Input current I, = 44%\1/3 =12.64 A at 0.1963 p.f.
© Z,= 1408/0\/3 [cos~'0.1957 = 1.006 (0.196 + j0.98) = 0.197 +j0.987 Q
Dividing this equally between stator and rotor: z, = z;, = 0.0985 +j0.494Q
14 3
From “o.c. test” R, = Tpcos = 12.::(:!?){1963 =1024Q
1% 440/\/3

205Q

™ I,sing,  1264x098

The largest errors with this approximation are in the magnetising-circuit
parameters, about 2.5%;, and are less than this for the series-impedance
elements, which are more decisive on overall performance. The errors
depend on the relative magnitudes of the parameters and are not always
so small, unlike the transformer case where X is relatively high. Note
that test information would usually be given in terms of line voltage and
current and total power. The power factor would have to be calculated

from: cos Total power
(p =
\/3 x Vllne X Iline
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In this example, the o.c. and s.c. power factors are about the same,
but this is not usually so. An “exact” analysis of the o.c. and s.c. tests to
derive the Tee-equivalent circuit, is described in Reference 4. Note also
that it is not always possible to drive the machine for the “o.c. test”.
Running on no load, where the slip is very small, is a close approxima-
tion and allowance can be made for the error if assuming z,= co, as
described in Reference 1.

Example 4.2

For the machine and equivalent circuit given in Example 4.1, calculate, at a slip of 3%,
the input stator-current and power factor; the rotor current referred to the stator; the
electromagnetic torque; the mechanical output power and the efficiency. Also calculate the
starting torque. Take the mechanical loss as 1 kW. Consider:

(a) the equivalent circuit neglecting stator impedance altogether;

(b) the approximate circuit;

(¢) the “exact” circuit.

(d) Repeat (c) working in per-unit and taking the calculated output, rated voltage
and synchronous speed as base quantities.

Synchronous speed w, = 2n x f/p = 2n x 50/4 = 78.54 rad/s. ®, = w,(1—-0.03)=

76.18 rad/s.

(a) Stator impedance neglected (b) Approximate equivalent circuit
254 254
I, = T _7AS+jt115 | . —682—-j199
0.1/0.03 +j0.5 (0.1+0.1/0.03)+j1
254 j254
Io= — =254 —j12.7 = —j12.
0 100" %0 j 254 —j12.7
I, = I+1o=7704—j2385 70.74 —j32.6
= 80.6 A at cos ¢, = 0.955 779 A at cos ¢, = 0.908
I)= V745 +11.152 =753A 682241992 =71A
3 0.1 3 0.1
T = 75322 x —— =7219N — Ix— = .
<= 7854 X003 T 2 7854 < 1V X g3 ~ SALENm
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(a) Stator impedance neglected (b) Approximate equivalent circuit
Pow= 7618 x7222—1000 = 54 kW 76.18 x 641.8 — 1000 =47.9 kW
P,..= \/3 x 440 x 77.04 = 58.7 kW \/3 x 440 x 70.74 = 53.9 kW
Effy. n = 54/58.7 =92% 479/539 = 88.8%
3 2542 0.1 3 254> 0l
Tyn="—X—5———x—=9478Nm | —— x———x— =2369 Nm
= 7854 0174057 1 7854 022 +17 1

It can be seen that neglecting stator impedance gives appreciable
differences in the answers and at starting they are utterly erroneous.
From the next, exact-circuit calculation, it will be found that the
approximate circuit gives answers well within 109, of these correct
results.

1
(c) Impedance across points “ab” = Z,, = 1 1 1 =

1007 j20 7 01 .
—+j0.5
003 !

1
"~ 0.01 —j0.05 + 0.293 — j0.044

=3.01+j0.934 = 3.15/17°2

Adding stator impedance z,: Z,=311+j1434 =3.42/2477
254
I, = ————— =743 A at 0908 -factor laggin,
VYT a power-aclor ‘ageing
E IZpl 12 315 254=234V. .. I 234 69.4 A
= X = — X = L. = = §9.
Tz, T 342 2T /33321052

I,=E,/R, —jE,/X, =234 —jl117 A

3
T T, = 9.4% x 3.33 = 612.
orque 7T, 7858 69.4% x 612.4 Nm

Prcen = 76.18 x 612.4 — 1000 = 45.66 kW
P,.. = /3 x 440 x 74.3 x 0.908 =514kW
Efficiency n=4566/514 = 88.8%

95



ELECTRICAL MACHINES AND DRIVES [4.2]

For starting torque, s = 1, some data are already available from Example 4.1:
Z,, =./0097*+0487% =0496Q and Z,, = 1.006Q
3 (0.496

Hence T, —_—x
1.006

54 ’ : 01 2304 Ni
suu_ﬁx X = 2204 Nm

X X
0.5+0.12 1
(d) For the per-unit notation, we must first establish the base quantities:

Rated output  =45.66 kW = P, (total) or 1522 kW (phase value)
Rated voltage =440V = V. (line) or 254 V (phase value)
Synchronous speed = 2r x f/p = 78.54 rad/s = Speed W pase) = Ws-

These are the usual base quantities chosen for induction motors and the
rest follow as below:

P,../3
I h = ——fedll (=599 A).
base (per p asc) leed/phasc( )

P 3
lraled — raled/ {= 743 A)
Vraled X COs (praled X nraled
- . Iraled 1 .

I,,..q INn per unit = = (= 1.24 per unit)

base cos (praled X nraled

Dpn(rated) = ws(l _snled); 0 Orniratea) I PET unit = 1 ~ Stated

P P (%) 1
TquUCbm — base and Torqucmud —_ raled/ m(rated) —
'm(base) Praled/wm(base) 1- Stated
in per unit.
2
_ Vbase (per phase) _ Vbase — Vbase Oth
base = = =
e Ibase (per phasc) Pbase (per phasc)/ Vbase Pbase
, I . (440/,/3
Applying these relationships to the question: Z,,,, = W =424Q
Hence R, = R) = 0.1/4.24 = 0.02358 per unit
x, =x3 = 0.5/4.24 = 0.11792 per unit

R, = 100/4.24 = 23.58  per unit

X.= 20/424 =4717 per unit

Mechanical loss = 1000/45 660 = 0.0219 per unit
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[4.2] INDUCTION MACHINES

Calculations now proceed as in part (c) but ¥ = 1; w, = 1 and all other quantities are in per
unit.

1

an =
L1 1
2358 j4.717 @ 0.02358/0.03 +j0.11792
1
~ 00424 —j0212 + 1.2443 — j0.18677
= 07091 +j0.2197 = 0.74235 (modulus)
add z, 0.02358 + j0.11792
Z,, = 0.7327 +j0.3376 = 0.80674 (modulus)
Hence I, = 0_8(;674 = 1.24 per unit at cos ¢, = 0.7327/0.80674 = 0.908 lagging
0.74235
.= 1=092
0.80674
092
Iy = ———— = 1.157 (Check from actual values 69.4/59.9 = 1.158)
/0.786% +0.1179*
092  j0.92
I, = = 272 _ 0039 -j0.195.

° 72358 4717
0.02358

1
Coupling torque = n x 1.157% x —0.0219 (mech. loss) = 1.03 [ = 1/(1 —0.03)]

P, .. (VxIxcoseg;)=1x124x0908 = 1.126 per unit son = 1/1.126 = 0.888

All the per-unit values check with part (c). The final calculations are
somewhat neater and the method has advantages when many repetitive
calculations are required, comparisons are being made or large systems
are being studied. For computer simulations, especially for transient
analyses, the scaling problem is eased considerably.

Example 4.3

A 3-phase, 440-V, delta-connected, 4-pole 50-Hz induction motor runs at a speed of
1447 rev/min when operating at its rated load. The equivalent circuit has the following per-
phase parameters:

R, =02Q, R,=040; x,=x,=20 Ry=2000Q Xy=40Q
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(@) Using the approximate circuit, determine, for rated load, the values of line current and
power factor, torque, output power and efficiency. The mechanical loss is 1000 watts.

(b) Determine the same quantities, if the machine is run as a generator with the same
numerical value of slip.

s
4

4
V, / II {motor)
\\ xl {gen}
\, reversed
\
\\
\\
\|
\El {gen)
Fig. E43.
. 60 x f/p—1447 1500 — 1447
(a) Full-load slip = = =0.0353
60 x 50/2 1500
440 .
I = - = 3405-j11.8
0.2+ 0.4/0.0353)+j(2+2)
440 440 .
Iy=—+-— = 22 —jll
200 j40 _—
I, = I, =3625-j22.8

Line current = \/3 % (36.252 +-22.8%) = 74.2 A at 36.25/42.8 = 0.847p f.

04
T,=—— x (34052 +118) x —— =
27 x 50/2 0.0353 1571

Prech = (1 —0.0353) x 157.1 x 281 — 1000 (mech. loss) = 41.59 kW = 55.75 h.p.
Pejoc = 3 x 440 x 36.25 = 47.85kW. Efficiency = 41.59/47.85 = 869%

x 36.042 x 11.33 = 281 Nm
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(b} As a generator, slip = —0.0353; hence:
440
T 02-04/00353)+j4 —11.13+4
= 22-jl11
I, = -328-j236
Line current = /3 x (32.82 +23.6%) = 70A at —32.8/40.4 = 0.81 pf. (—144°)

= —35 —j126

,
I

Note, that since a motoring equation has been used, the real part
of I, is negative. If the convention is reversed it will be positive and can
be seen that I, is at leading power factor. Phasor diagrams are helpful
here and are shown alongside. The current locus is circular and circle
diagrams can be used for rapid solutions. They are less important
nowadays but the technique, with numerical illustration, is dealt with
in Reference 1.

3
Te= o x (35 4+1267) x (~11.33) = ~2994 Nm

Puech = (14 0.0353) x 157.1 x (—299.4) — 1000 = —49.7kW
Peec = 3 x 440 x (—32.8) = —43.3kW. Efficiency — 43.3/49.7 = 87.1%

NOTEAGAINTHAT THE MOTORING CONVENTION RESULTS INNEGATIVE
SIGNS IN THE ANSWERS.

Example 4.4

In a certain 3-phase induction motor, the leakage reactance is five times the resistance for
both primary and secondary windings. The primary impedance is identical with the referred
secondary impedance. The slip at full load is 3 % It is desired to limit the starting current to
three times the full-load current. By how much must:

(a) R, be increased?
(b) R, be increased?
(€} x; be increased?

How would the maximum torque be affected if the extra impedance was left in circuit?
This question gives minimum information but can be solved most conveniently by taking

ratios and thus cancelling the common constants. Let the new impedances be expressed as
kaR,, kpR’ and k.x, respectively, and R, = R, = R; x; = x3, = 5R.
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v _ VR
J(R+R/0.03)*+(SR+5R)> /12788

Full-load current =

. V/R V/R
Starting current = =
Sk +k,)* 425k, + 1) ks +kp)? + 25(ke + 1)?
1278.8

1
Current ratio - = —required to be 3.

Tn V (katkp)? + 25k +1)2°
Using this ratio and for (a) and (b), if k. = 1 and either k, or ky, = 1:

1278.8 = 9 x [ (k + 1)* + 100]
so k (= k, or ky) =549 (549R, or 549R,)
(c) If ky = ky, =1: 1278.8 = 9 x [22 + 25(k. + 1)*] from which k.= 1.35 (1.35x,)
3,2 R
*
w, % [(R + R/0.032 + (10R)2] ~ 0.03

Expression for full-load torque =
[eqn (4.5)]
3 V2 1

X
w,R ~ 3836

3V,2xR
@ % [ (koR + kyR)? + 25(k.R + R)?]

Expression for starting torque =
[eqn 4.5), s =1]
v,? 1
=——X
@R (kg + ky)? +25(ke + 1)?

, , 3v,?
Expression for maximum torque = !
[eqn (4.13)] @ x 2[/(kR)? +25(kcR + R)* + k,R ]
3v,2
= X
k24 25(k.+ 1) +k,]

Starting t T, §

Ratio arting torque _ 7, 38.36

Full-load torque Ty (kg + kp)® + 25(k. + 1)2

Maximum torque _ Tpnax _ 38.36

o— =
Full-load torque Ta [ /k,2+25(k.+ 1) +k,]

Rati
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Results | ko=1.3 ky, = 549, k, = 549, ky=ky =k,
k=kb—l kg=k.,=1 ky=ke=1 =1
x, increased R, increased R, increased No change
T,/Ty 027 027 0.27 0.369
Tmax/Th 1.5 1.735 1.135 1.735
I/1g 3 3 3 3.507

The table shows that there is no loss of maximum torque if the starting
current is limited by rotor resistance. Based on considerations of
maximum-torque loss alone, x, is a preferable alternative to R, as a
limiting impedance, but it must be remembered that this question is
meant to illustrate the use of the equations rather than draw profound
conclusions from a much restricted investigation into starting methods.

Example 4.5

A 3-phase, 200-hp, 3300-V, star-connected induction motor has the following equivalent-
circuit parameters per-phase:
R, =R, =08Q x,=x,=35Q

Calculate the slip at full load if the friction and windage loss is 3 kW. How much extra rotor
resistance would be necessary to increase the slip to three times this value with the full-load
torque maintained? How much extra stator resistance would be necessary to achieve the
same object and what loss of peak torque would result?

Mechanical power = 3P(1 —s) —mechanical loss

Ixy,? R’

200 x 746 = x —2 (1 —s) — 3000 (mech. loss)
(R, + Ry /s + (x, +x3)F s
3% (3300/ /3 08(1—
146 200 _ 3003 08—
(0.8 +0.8/5)* + 7% s
128 064 1
001747( 064 + — + — +49 ) =——1
s 52 s
87.445 1
167.26 — = -0
s 52
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. C 1 87.445+./87.445% —4x 167.26
solving the quadratic: - = 5
s

1
from which the lower value of s comes from - = 85.5; s = 0.0117
s

From the torque equation (4.5), it can be seen that torque will be a fixed value, with all other
parameters constant, if the quantity R}/s is unchanged; i.c. if R} changes in proportion to
any slip change, the torque will be unaltered. In this case, the slip is to be 3 x, so the extra
rotor resistance, referred to the primary, will be 2 x 0.8 = 1.6 Q. Maximum torque is

unaffected by change of R’, as shown in Example 4.4.
’ s 2 ’

14
. . , 2 . 1 2
For increase of stator resistance, — x I32 x — to be unchanged; i.e. ? x — must be
w s s

s
the same so, since V', and R} are unchanged then: 1/(Z? x s) must be the same for the same
torque. Equating:
1 1
(LR, +0.8/(3 x 001117)]2 +49} x (3 x00117)  {(0.8+0.8/0.0117)* + 49} x 0.0117

1 3
519.5+45.584R, + R,2+49  46752+49

from which: R,? +45.584R, + 1043 = 0 and the lowest value of R, = 1660
Extra stator resistance required is therefore 15.8Q

k) %
Now maximum torque = !
[egn (4.13)] 20[ /R, 2 +(x, +x3)* + R, ]

1

Y R, +(x, +x3)* +R,
V082 +72 408 _ 7.845

50 torque ratio = —————— = ——— = 0.227 = 77.3% reduction

J1667+72 +166 346

proportional to:

Example 4.6

A 3-phase, 4-pole, 3300-V, 50-Hz, star-connected induction motor has identical primary
and referred secondary impedances of value 3 + j9 Q per phase. The turns-ratio per-phase is
3/1 (stator/rotor), and the rotor winding is connected in delta and brought out to slip rings.
Calculate:

(a) the full-load torque at rated slip of 5%;
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(b) the maximum torque at normal voltage and frequency;
(c) the supply voltage reduction which can be withstood without the motor stalling;
(d) the maximum torque if the supply voltage and frequency both fall to half normal value;

(e) the increase in rotor-circuit resistance which, at normal voltage and frequency will
permit maximum torque to be developed at starting. Express this: (i) as a fraction of
normal R, and (ii) as (3) ohmic values to be placed in series with each of the slip-ring
terminals and star connected.

The approximate circuit may be used and the magnetising branch neglected.

3 x (3300/./3)? 1 3
( /\/) x x — = 969 Nm

a) Full-load torque =
(a) Full-load torqu 2ux 502 (3+3/0.057 +18% 005

(b) Maximum torque, eqn (4.13) = 69328 x = 1631 Nm

1
2x (/32 +182 +3)
(c) With voltage reduced, the torque must not fall below 969 Nm, and since T, oc V2
[eqn (4.5)]
969

969 Reduced V2
161 = (u—) so: Reduced V = Te3l 0.77 per unit = 23 %, reduction

(d) This situation could arise if the supply-generator speed was to fall without change of its
excitation; both voltage and frequency would fall together. Correcting all affected
parameters in the appropriate equations:

3
§ = —————— = 0.316; eqn (4.12), allowing for the reduced frequency.

VI (18x1)

Substituting in the first equation:
1 2 1 3
3 (3 % 3300//37 x —— = 1388 Nm
27 x (4 x 50)/2 (3+3/0316) +(18/2)* 0316 ~—

The answer could have been obtained directly by substituting the reduced parameters
into the second equation used, (4.13), in part (b).

Normal V

Max. 7T, =

3
(e} Normally, maximum torque occurs at a slip of § = ————— = 0.1644
V3t +182

The required value of R, could be obtained by substituting § = 1 in eqn (4.12), or
alternatively, since R,/s is a constant for any given torque:

NewR; 3 New R} 1

= Hence ~¥22__°  _¢os2
I 01642 " OldR, _ 01644

Hence, additional R, required = 5.082 times original R,. Since the turns ratio is 3/1,
the actual additional resistance per rotor phase must be 5.082x 3 €/32=1.694 Q.
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However, this would carry the phase current and either by considering the delta/star
transformation or the fact that the line current of a starconnected load across the slip
rings would carry \/ 3 times the phase current, three external line resistors of value
1.694/3 = 0.565 Q would dissipate the same power and avoid the necessity of bringing
out expensive additional connections and slip rings, if inserting resistance in each
phase.

Example 4.7

It is required to specify external rotor resistors for a 3-phase induction motor used for
laboratory demonstration purposes. Examine the possible requirements and derive suitable
criteria for making approximate estimates which neglect the machine impedance. Compare
results using a 4-pole, delta-connected, 50-Hz machine with Ry = R, =2Q and x| =
x; = 5Q. Rated speed is 1455 rev/min. The rotor o.c. voltage is 240 V per phase.

Consider an induction motor with a normal o.c. rotor voltage of E, per phase, a rated
rotor current of I'x per phase and a rated torque of 7 with rated slip sg. A rotor external
resistor can be used:

(a) to limit the starting current, with full voltage and frequency applied;
(b) to give speed control down to speed (1 —s) per unit at a particular torque;
(c) to get maximum torque at starting when it normally occurs at slip §;
(d) to get a particular starting torque.

The resistor rating must allow for short-term overload at starting and its continuous
rating should reasonably be expected to correspond with Ig.

In answering this question, certain basic equations, which can be checked in Section 4.1,
should be noted. At normal voltage and frequency:

A particular torque corresponds to a particular value of R,/s and I,.

Maximum torque occurs when R, /§ = \/RZ + (x) + x,)* so if § is known, R follows.
Starting currents may be 4-7 per unit without external limiting impedance.

The various points can now be dealt with, working in per-phase values.
Allowance for delta-connected rotor would proceed as in Example 4.6.

(a) Suppose the starting current is to be limited to kig (k per unit) then required
R=E,/klg.eg ifk =2 R=4E,/Ix

(b) For any known torque T, with corresponding current I, and a requirement for speed
control down to s, then required R =5 E,/I..

R R . . .
(c) At starting, 1= 72 so required total R follows. Starting currents with this external
$

resistance would still be greater than Iy since R,/§<R,/sg. k would be E,/Rig.
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[4.2] INDUCTION MACHINES

(d) For the known current corresponding to the specified torque, 7', say I', R = E,/I'.
Certain machine features will be calculated first, for reference purposes.

Rated rotor current —all quantities are referred to the rotor = ——L
V(2+2/0.03)? + 102
Ig=346A
3 2
Rated t =———x3462x — = 1523 N
alec torque = <502~ 0 X 0.03 m
Slip for maximum torque § = 2/(,/2%2+ 102) = 0.196
240
Current at maximum torque = =152 A = 4.4 per unit
V(2+2/0.196)* + 102
. 240
Normal starting current = = 22.3 A = 6.44 per unit
V2427 +10?

For (a), the required values of R will be approximated using the equations given at three
different values of k; 1, 2 and 3 per unit.
For (b), rated torque will be considered and hence s, = RIg/E, = 1/k so the speed range for
the values of R calculated in (a) will be given by 1 —s, =1—1/k.

The approximate values in (a) and (b) above are shown in the table below and the actual
values of starting current, together with the actual speed range are worked out with the
machine impedance included.

240

V2+2+RP+10?

The actual speed range follows by solving for slip s in the following equation:

The actual starting current =

3 2402 2+R
Rated torque = 15.23 = x x
28x50/2 /O +(Q2+R)sP+102 S

k values (starting current in per unit) 1 2 3
(a) R required, ohms. 69.4 34.7 23.1
(b) Speed range 1 —s = 1 —1/k (min. speed p.u.) 0 05 0.67

Actual starting current (per unit) 3.24(0.94) | 6(1.74) 8.3(2.4)

Actual minimum speed at rated torque (p.u.) —-0.07 045 0.62

It can be seen that the estimates are the more accurate for low values of k and the
consequent higher, dominating values of external resistance.
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(¢) R for maximum torqueis R,/§ = 2/0.196 = 10.2 Q. This is the total circuit resistance so
the extra, per phase is 8.2€2 which is much less than for the maximum k value above.
Actually, k will be 4.4, the per-unit current at maximum torque.

(d) R has been worked out for three current values including rated torque and current in
(a) above.

Example 4.8

Using the approximate circuit for the motor of Example 4.2, calculate the mechanical
coupling power at speeds of 0, 720, 780 and — 720 rev/min; positive speed being taken as in
the direction of the rotating field. For the last case show, on a power-flow diagram, all the
individual power components, to prove that the total input power is absorbed in internal
machine losses. Take the mechanical loss as constant at all speeds other than zero, where it
too is zero.

Synchronous speed = N, =60 xf/p = 60 x 50/4 = 750 rev/min
Series-circuit impedance = J/(01+01/5)2+1%2 = Z.
I5%R,

Mechanical coupling power = 3P, —mech. loss = 3 (1 =5) —1000 = P oypling

Speed, rev/min. 0 720 780 —-720
750 —Speed
Stip = ——_>PeeC 1 0.04 —0.04 1.96
750

o /s = 0.1/s 0.1 25 -25 0.051

z 1.02 2786 26 1011
440/,/3
I = é e 249 91.2 977 2512
3P = kW 0 59.86 ~74.45 —9.268
Peoupling = Pamech 0 58.86 ~7545  —10268
3 2R,

Te=———x——Nm 2368 790.8 -911.5 1229
2 x 50/4 s
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These four sets of readings correspond to four significant points on tne
speed/torque curve; starting, motoring at full load, generating at the
same, but negative slip, and reverse-current braking (plugging) see Figs
4.1(a)and E.4.17. In this last case, the values are those which would occur
momentarily if the motor, running at full speed in the reverse sense,
suddenly had its phase sequence and rotating field reversed. The values of
currents, powers and torques should be studied to gain better under-
standing of induction machine operation.

For —720 rev/min, cos ¢ = (R, + R}/s)/Z = 0.1493 and sin¢ = —0.9888.

Sy =251.2/—84:3
440//3  j440/\/3

di, =
andlo =00 20

R
P, = /3 x 440 x 40.04

Stator Cu loss = Rotor Cu loss = 3 x 251.22 x 0.1

Stator Fe loss = 3 x (254)%/100

Total stator loss

Mechanical loss = 1 kW; with rotor Cu loss (18.93 kW)

Total machine loss

Total machine input = P, .+ P

elec

mech

=37.5-j2484
=254—j12.7

= 40.04 —j261.1
=30.51kW

=20.87
=19.93
=40.8 kW

= 30.51 +10.27 = 40.78 kW

Petec Stator | 9.64 m.27 Mech. Pnecn
30.5( loss loss 10.27
18.91 I
20.87 1.0
Rotor
-— 18.93

loss

I

Figures in kW. Actual directions shown

Fic. E4.8.
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The slight differences, e.g. between the input and the loss, are due to rounding-off errors.
The figure shows the power distribution for this braking condition.

Example 4.9

A 3-phase, 6-pole, 50-Hz induction motor has a peak torque of 6 Nm and a starting
torque of 3 Nm when operating at full voltage. Maximum torque occurs at a slip of 25 %;.
When started at 1/3 of normal voltage the current is 2A.

(a) What is the mechanical power, at peak torque when operating at normal voltage?

(b) What maximum torque would the machine produce at 1/3 of normal voltage?

(c) What starting current would the machine take when supplied with normal voltage?

(d) What extra rotor-circuit resistance, as a percentage, would be required to give
maximum torque at starting and what would then be the current, in terms of that at
peak torque without external resistance?

This is basically a simple problem, to bring out certain elementary relationships. The curves
sketched on Fig. E.4.9 indicate the main points for the solution. No additional equations
from the ones used previously are involved.

50
(a) Power at maximum torque = wpT, = 27 X 5 x (1-025)x6 = 0471 kW

(b) Torque « V2 hence, reduced maximum torque = (1/3)> x 6 = 2/3 Nm
=3x2= 6_A

(c) Current o V, hence I

start

0.75w, |

Takes 2 A
Sat ¥ /3

!
|
!
I

i

3INm 6

Fic. E.4.9.
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(d) A given torque requires a particular value of R} /s. Since s changes from 0.25 to 1, then
the total rotor circuit resistance must change in the same ratio; i.e. by 4 times. Hence
extra rotor resistance = 300 %, R,.

Since R3/s is constant and since this is the only equivalent-circuit impedance which
could vary with speed, the total impedance presented to the terminals is unchanged and
so the current is the same as at s = 0.25.

Example 4.10

An induction motor has the following speed/torque characteristic:

Speed 1470 1440 1410 1300 1100 900 750 350 Orev/min
Torque 3 6 9 13 15 13 11 7 S5SNm

It drives a load requiring a torque, including loss, of 4 Nm at starting and which increases
linearly with speed to be 8 Nm at 1500 rev/min.

(a) Determine the range of speed control obtainable, without stalling, by providing supply-
voltage reduction.

1500

1000

rev/min

Speed,

500

Torque, Nm

Fic. E4.10.
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(b) If the rotor was replaced by one having the same leakage reactance but with a doubled
resistance, what would then be the possible range of speed variation with voltage
control?

For each case, give the range of voltage variation required.

This is a “drives” problem and must be solved graphically from the data given. The
solution depends on the simple relationships that 7 V%, and for any given torque R/sis
constant, if all other parameters are constant; eqn (4.5).

(a) Plotting the speed = f(T) and T, = f(w,) characteristics from the data gives the
normal steady-state speed at their intersection. The 7, characteristic is reduced
proportionally until maximum 7 intersects the Ty, characteristic. This occurs at a
torque of 6.9 Nm and speed of 1100 rev/min. Hence voltage reduction is /15/6.9
= 1.47/1 or 100% to 689, volts, giving a speed reduction from 1420 to 1100
rev/min.

(b) At various values of T, the slip, which is proportional to the speed difference from the
synchronous value, is noted and a new speed plotted for this same T, but with this speed
difference doubled, since R, is doubled. Again, from the intersections of the T,
characteristic with the two new curves, the speed range is seen to be 1350 to 700 rev/min.
The torque value on the reduced curve for 2R, is 5.9, so the ratio of peak torques gives
the appropriate voltage reduction as /15/5.9 = 1.59/1 or 100 %, to 639 volts. This
greater speed range, for a similar voltage reduction, is obtained at the penalty of
additional rotor-circuit losses, but nevertheless such schemes are sometimes economi-
cally suitable because of their simplicity, for certain types of load where torque falls off
appreciably with speed.

The curves also show the speed range obtainable with resistance control; in this case,

doubling the rotor resistance reduces the speed from 1420 to 1350 rev/min.

Example 4.11

A 440-V, 3-phase, 6-pole, 50-Hz, delta-connected induction motor has the following
equivalent-circuit parameters at normal frequency:

R, =02Q; R,=0.180Q; x,=x,=0.58Q—all per phase values.

(a) The machine is subjected in service to an occasional fall of 40, in both voltage and
frequency. What total mechanical load torque is it safe to drive so that the machine just
does not stall under these conditions?

(b) When operating at normal voltage and frequency, calculate the speed when delivering
this torque and the power developed. Caiculate also the speed at which maximum
torque occurs.

(c) If V" and f were both halved, what would be the increase in starting torque from the
normal direct-on-line start at rated voltage and frequency?
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(d) If now the machine is run up to speed from a variable-voltage, variable-frequency
supply, calculate the required terminal voltage and frequency to give the “safe” torque
calculated above: (i) at starting and (ii) at 500 rev/min.

(e) Repeat (d)for the machine to develop a torque equal to the maximum value occurring at
rated voltage and frequency. In both (d) and (e), the criteria is that the air-gap flux per
pole is maintained constant for any particular torque.

(a) The question asks effectively for the maximum torque with voltage and frequency
reduced to 0.6 of rated values. Substituting in the maximum-torque eqn. (4.13) with
appropriate correction of parameters:

3 (0.6 x 440)2
X
2nx0.6x50/3 20, /0274 (0.6 x 1.16)% +0.2]

(b) From the general torque expression eqn. (4.5), with normal supply, the required slip to
produce this torque is obtained by equating:

Max. 7T, =

= 1800 Nm

3 4407 .18
1800 = x 0 x L
27 x 50/3 (0.2 +0.18/5)* +1.162 s
0.072 00324 1
giving: 1.803(0.04 t+——t—+ 1.3456) = -
s s s
1 2149
from which: — ————+42.77 =0
s s

and the smaller value of s on solution is 0.0907 corresponding to a speed of:

1000(1 —s) = 909 rev/min.

2
Power developed = Eg x 909 x 1800 = 171.3kW = 230 hp

0.18
Speed for maximum torque from eqn. (4.12) §=——o—"—"—=0.1529 so

V0.2 +1.16
speed = 847 rev/min .
V2 R,

3 X 3 X
e x fip (R, + R, +(x; +x5) 1
Using the ratios to cancel the constants in the expression:

(c) The expression for starting torque is:

Starting torque at ¥ andf 1 y Lv)/vy
Normal starting torque  (f/2)/f  (0.382 + (1.16/2)2)/(0.382 + 1.16?)

0.25

X ~——-————- = |,55 times normal.
0.1478/1497 ———

WEEMD-L 1 1 1
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(d) and (e) As will be shown in the next example, if the flux per pole (E,/f) is maintained
constant by adjustment of voltage and frequency, any particular torque occurs at a
unique value of slip frequency f, and rotor current I5.

Further, since: n, = n+ sn,

S

pn, =pn+px x n,

supply

Soupoty = P+ f3 since pn_ is the supply frequency.

The questions ask for the supply frequency and voltage to produce the maximum torque,
and a torque of 1800 Nim, at two different speeds, 500 rev/min and zero. The required values
of f, and I, can be deduced from those occurring at normal voltage and frequency for these
particular torques. The supply voltage required will be I, Z where the reactive elements in
the impedance will be corrected for f,,_,, as calculated. Parts (d) and (¢) are worked out in
the following table.

Startingn =0 Speed n = 500/60 rev/s

1800 Nm Max. torque 1800 Nm Max. torque

Slip at 50 Hz 0.0907 0.1529 0.0907 0.1529
Slip frequency f, = s x 50 4.535 7.645 4.535 7.645
Supply frequency = pn+f, 4.535 7.645 29.535 32.645
I = 440 1779 2444 1779 2444
V(0.2+0.18/s +1.162

s at new frequency = f,/f. ..., 1 1 0.1536 0.234
R} /s (new slip) 0.18 0.18 1.172 0.7692
X = 1.16 x f, 0, /50 0.1052 0.177 0.6852 0.757

Z=./(02+R,/s)*+X? 0.3943 0.4192 1.534 1.23

V.

supply

=1,z 70.1 1025 272.8 300.6
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,f2=4.535H2

/
1000 /- T
' 1,27.645Hz
Typical // 440y, 50 Hz
Tm 7
<
3 -\; 301y 32 6
¢ 273 v,
73 v
 soob— 273 %295 Hz
h-}
a
LY
Q
@ /
1
!
f
\.’
l* X Torque, Nm.
0
70 V, 4.5Hz |soo/i rMax
E4.11.

The various speed/torque curves are sketched on the figure, for the criteria of constant flux
per pole. It can be seen that they are very suitable for-speed-controlled applications, with
maximum torque being available over the whole range.

43 CONSTANT-(PRIMARY) CURRENT OPERATION:
IMPROVED STARTING PERFORMANCE

This is a very interesting mode, though in practice, operation is
confined to starting, with variable-frequency supplies, and rheostatic
braking where the constant current is usually of zero frequency. The
value of primary impedance is only required for the calculation of supply
voltage and does not influence the electromechanical performance.
Consequently, for such calculations, the equivalent circuit can omit the
primary impedance. The magnetising resistance will also be omitted,
without significant loss of accuracy. It must be emphasised that the
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induction machine equivalent circuit can be used at any frequency over a
wide range (including approximate allowance for the time harmonics by
superposition), providing all frequency-sensitive parameters are given
their appropriate values. However, it is sometimes useful to define, and,
after modification, work with the parameters specified at a particular
frequency f,,.., which will usually be the rated value.

Example 4.12

The values of E;, X, and x', for a particular induction motor are
known at a frequency fy ..

(a) Develop the expressions which show that the rotor current and
torque are independent of the supply frequency but depend on the
slip frequency, f, ; providing that the flux (E, /f) is constant.

(b) Show also, independently of the above, that for any given primary
current I, , the rotor current I is governed by f; and explain how this
is related to the constant-flux condition.

(c) Finally, derive the expression for the slip § = f,/fat which maximum
torque occurs for a constant-current drive and hence show that the
maximum torque capability is independent of both supply and slip
frequencies.

(a) At any frequency f, and slip f-/f, then sx', becomes: (f>/f) (x'2
X [/ foase) = X3 X J3/frase- With constant flux per pole, the referred
secondary em.f. E, at standstill is proportional to the supply

frequency f, so sE; becomes: (f2/f)NE; X f/fosse) = E1 X f2/foase -
Hence rotor current:

' E, xf,/}, E,

I = l 2/J base = 414

TR0 Xy o) R w19
fz/fbase

+)x3
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4 Iz

d'h

X ;
2
X2 Im Rz

I2: 1% x

Ry 2
———— Y (X5 X )
(IZ/fbou) 2 " Km

£2/ bose

at any supply frequency f

Current-fed induction motor

Fic. E4.12.

Eqn (4.4) was derived without reference to a particular frequency so
at any frequency f, the general torque expression is:

3 R2  (foase)
1,2 _2_ base
27I><f/px 2 xfz/fx(fbase)

By incorporating f,,. in a unity multiplier, cancelling f and
rearranging:
T,=———— xI?x Ry (4.15)
¢ 27'[ xfbase/p z fZ/fbase

showing that since I} is independent of f, eqn. (4.14), then so is T-for
the constant-flux condition.

(b) From the rules for parallel circuits and correcting reactance
parameters for frequency, the equivalent circuit of Fig. E.4.12
follows from:

3 X i (f/foase)
Ry 15/1) +3 (%2 + X o) (S foase)

Dividing throughout by f/f, ... and squaring:
X 2
R; 2
( : ) +(x3+X,,)?

I, =1, x

(4.16)

12 2
I=1,“x

fZ/fbase
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A similar expression, with X_? in the numerator replaced by

RIZ 2 2 H H 2
i + x5 |, will give 12
2/J base

The expression for I, suggests that its value depends on f,, not on
supply frequency, whether or not the flux is constant. However, at a
particular slip frequency f, , eqn (4.16) modified to give I2 shows that
I, has a unique value related to I, and hence corresponds to a
particular flux. Hence, for a given I, and f, there is a unique value of
I; and of I_, flux ¢ and torque 7, from eqns. (4.15) and (4.16).
Alternatively if voltage and frequency are controlled to give constant
flux (E, /f), any particular f, will define the currents and the torque.
This gives an easy method of deriving the variable-frequency w,, /T,
characteristic from that at a particular frequency (see Ref. 1).

(c) Inserting the expression for I5? into the torque expression, 7, will be
found to have a form similar to eqn. (4.5) for the approximate circuit,
with I, X as the coefficient replacing V,. By comparing expressions
or by differentiating, the maximum value of 7, occurs when
R; [ (f2/frase) = X3+ X, so for maximum torque:

b R
fbase x/2+Xm

hence, the slip for maximum torque

RI
fo Joase = Ro foue @.17)

s=122

f fbasc_x,2+Xm f

Substituting the value of f, / frase 1D the torque eqution (4.15) gives:

Maximum 7, = 31, X Xo' x(x3+X_)
© Mfr /P X)X, R
2 2
3, X (4.18)

T Inxfolp 205+ X.)

116



[4.3] INDUCTION MACHINES

which is independent of both f and f,. However, f, must have the
value given above, f,, to achieve this inherent capability and it does
depend on the value of I,2, which itself has a maximum limit.

Note that in the relevant expressions derived, the variable f,/f, ...
replaces s = f, /f used in the previous constant-frequency expressions.
This quantity will be given the symbol S and is particularly useful when
the constant primary-current is d.c. The machine is then operating as a
synchronous generator at a rotor frequency f, = pn. It is convenient to
take base synchronous speed as a reference, i.e. n, = n,,.,and therefore:

S = pN/fiase = PN/ PNyasey = By = n (1 —s)/n =1 —s.

In this dynamic braking mode, the current I, is the equivalent r.ms.
primary current giving the same m.m.f. as I,.. For star connection,
usually arranged with just two line terminals taken to the d.c. supply, the

equivalent I; = ./(2/3)1,, = 0.816],.. The speed/torque curves for
dynamic braking are only in the 2nd and 4th quadrants with negative
speed x torque product, and a shape similarity with the motoring curves,
see Ref. 1 and Example 4.17. A torque maximum occurs at a value of §
= Ry/(x3 + X,,) usually at a very low speed because S =1—s and
X, > R,.

Example 4.13

A 3-phase, 8-pole, 50-Hz, star-connected, 500-V induction motor has the equivalent-
circuit per phase shown. Calculate the torques produced at slips of 0.005, 0.025, 0.05, 1 and
the maximum torque, for the following two conditions:

(a) Constant (r.m.s.)-voltage drive at 500 line V;
(b) Constant (r.m.s.)current drive at the same primary current occurring for slip =

0.05 in (a).

The role of X, in the calculations becomes important at very low slips
where R)/s is large and becomes a dominant parameter. For the
constant-voltage mode the approximate circuit will be used, because
maximum torque occurs at much higher slips than for the constant-
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[4.3]

Constant current S
800 — ] . 1
s>
=
£ 600 0.13 jO.6 jo.6 0.13/s —
~
] __Constant
400 voltage ___ _
o jeo
@
@D
& 200 / /
0 1000 2000 3000 4000

Torque, Nm

FiG. E4.13.

current mode. Low-slip values need not be calculated in the first case, for
this general comparison of the two modes.

For const. V § =

Forconst. I, =§

Te=2axs0

R, 0.13

2 N2 = 2 2 =0.1077
VRI+(x +x5) /0137412

3 R, I R,
XIP2x— == x—
262 s

The two speed/torque curves are sketched from the tabulated results.
They have the same torque approximately at s = 0.05, since the primary
currents are the same. The difference is due to the approximations in the
constant voltage case. The higher maximum torque for the constant-
current case and the smaller speed-regulation look attractive, but the
voltage required greatly exceeds the rated value as will be shown in the

next question,

Example 4.14

For the motor of the last question, and for the constant current of 103.4 A calculate, using
the available results where appropriate;
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[4.3]
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(a) the values of I, and I; for maximum torque;

(b) the required supply voltage to sustain this primary current at s = 0.05;
(c) the required supply voltage to sustain this primary current at s = 0.00631.
The approximate circuit may be used to estimate the supply voltage.

' 206 — 206 .
@1, =1, x )X — 103.4 20220 1200 _ 5054502
o+ X )+ +X,) 06208
I,=1I, -1, = 103.4+j0 — 502 —j50.2 = 532 —j50.2 =T731A
(b) V=13xZxIy=,/3x298x./9920 =514V

©) V=1/3x/206%+1.2* x /5039 = 2553V

Clearly, the maximum-torque, low-slip condition is not a practicable possibility.
Furthermore, with a magnetising current of 73.1 A, instead of the normal 14.4 A, saturation
would beconsiderable and X would fall. Example 4.16 makes some allowance for this. The
next example (4.15) shows that this maximum torque can be obtained at lower frequencies
since then, the slip £, /f is higher and the component of voltage drop I; R} /$ required is
lower.

Example 4.15

(a) Derive an expression for the required frequency to give maximum torque with a
constant-current supply.

(b) Using the same motor data as for Example 4.13, calculate the required supply frequency
and voltage to give this maximum torque with constant-current drive (i) at starting;
(i) at 209 of normal synchronous speed.

(c) For the same motor data, but with constant flux maintained instead, at the value
corresponding to normal operation, determine the required voltage and frequency to
give maximum torque at starting.

. R;
(a) From Example 4.12 § = —=— xf"ﬁ (eqn. (4.17)]
X2 +X f

n—n_f/p=n :f—pn
n, fip

these two expressions gives f =

and, since s = , cancelling f after equating

RIZ xfbasc

+pn
X, P
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(b)

(b)(i) (b))

. 0.13 x 50 0.13 x 50 50
j= XY _03155Hz | pax
06+20 206 4x5 _ 103155
R, f 03155 0.13 103155
2;="1 4] 0.13+j06 +i0.6 x 103153
: pap = BOX=% 03155103155 °° X 50

=10.1913 +j0.0687 = 0.2033Q 2.132+j2.247 = 3.097Q

364V at 0.3155Hz 555V at 10.3155 Hz

supply

=./3x1034x2

input

All the detailed calculations are not shown and note that Y, = 1/j.X must also be
corrected for the frequency change from 50 Hz values. The exact circuit must be used
because of the high value of I, = 73.1 A, from Example 4.14. Note that normal supply
voltage of 500 V limits constant-current operation at 103.4 A to rather less than 20 %; of
normal synchronous speed.

From Example 4.12, any particular torque, at constant flux, is obtained at a unique slip
frequency. In this case we require maximum torque, which from Example 4.13 occursat
§ =0.1077 and thereforef2 = 0.1077 x 50 = 5.385 Hz.

Because this is a constant, rated-flux condition, I is relatively small and the
approximate circuit may be used to calculate the supply voltage from /3 x Z x I
using the results of Example 4.13. From Example 4.13 part (a), the rotor current will be
the same (I; = 160.6 A) and the maximum torque too will be unchanged at 1188 Nm.

(c

~

5.385
Hence, Z =0.13+j(0.6 +0.6) x 53 +0.13 =0.26+j0.1292 =0.29 Q

input

Vsupnly

=,/3x029x160.6 = 80.8V at 5385 Hz
80.8//3

m= m =21.6A (difference from 144 A is due to

approximations)

It will be noticed that the maximum torque is very much less than
obtained with the constant-current drive. Even with the lower (constant)
primary current of 103.4 A the torque is 3965 Nm, as against 1188 Nm.
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This is because the frequency is very much lower at 0.3155 Hz and more
of the current I, is therefore passed through the reduced X, . This
improvement is offset partly, since the value of X, collapses due to
saturation at the high magnetising current. The next example illustrates
this point.

Example 4.16

Once again, using the motor data of the previous examples, calculate, for a constant-
current drive of 103.4A, the maximum starting torque (i) neglecting saturation and
(i) assuming the value of X, is reduced to 1/3 of its normal value due to saturation. Make
an approximate comparison of the flux levels for (i) and (ii) compared with normal
operation at slip = 0.05.

In Example 4.12 it was shown that the maximum torque under constant-current drive
conditions is:
31, X2
TC = x ’
Mfonee/p 2x3+ X))

This expression is independent of all frequencies, though x), and X, must correspond to
Joase- 1t is sufficient for the purpose of answering this question. By correcting the second
term for the specified saturated change of X, the effect of saturation onmaximum torque is
found simply. It is a useful exercise to check this, however, by working out the value of s for
the saturated condition and hence the values of f,, Z5, Z I and I . They are as
follows—using the exact circuit for solutions:

input®

/s zZ, z

Wy

input 112 Im Te(mu) Xm

Unsaturated | 1 | 03155 [ 0.061+j0.065 0203 | 71 731 | 3965 | 20

Saturated 1 | 08944 | 0.055+0.065 0.199 | 67.1 | 734 | 1250 | 6.667

The unsaturated values have been worked out in previous examples. For the saturated
value:
X, reduced to: 20 x 1/3 = 6.667Q
P R, 0.13 x 50
fi=—fire = =0.8944 Hz
x5+ X, 0.6 +6.667
3% 10342 6.667%

X
2n x 50/4  2(0.6+6.667)

Maximum 7, = = 1250 Nm
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Using a lower frequency than for the constant, rated-flux condition, it can
be seen that in spite of saturating the magnetic circuit, the maximum
torque is still higher at I, = 103.4 A than the 1188 Nm for I, = 170.3 A,
when constant voltage is the supply condition. To check that the
saturation allowance is reasonable, the flux will be worked out from E, /f
= I X, /f, noting that X  must be corrected for frequency.

For normal rating, flux proportional to: 12.6 x 20/50 = 5.04
2 .3155

For starting (unsat.) ,, 73.1 x 2(;)0—— / 0.3155 =294

For starting (sat.) ,, 73.4 x 6.67x 0 8944 / 08944 = 9.79

The flux ratio allowing for saturation is 9.79/5.04 =
The I, ratio is: 73.4/12.6 = 5.8
By the empirical formula used in Example 3.6, this flux ratio should give
an I ratio of: 0.6 x 1.94
.6 x 1. 59

1-04x194 ==

which is close to 5.8 above and suggests that the saturation allowance is
reasonable. For an exact calculation, the magnetisation characteristic
¢/1_ would have to be available and an iterative program devised to
approach the exact solution, since the value of I, in the maximum torque
expression is not known until the value of X is known. A similar method
to that used for the d.c. series motor can be adopted. Here, the
nonlinearity of the magnetisation curve was dealt with at the beginning
by taking various values of I, and k. In the present case, a series of I,
values would define a series of corresponding X values. Referring to the
various expressions developed in Example 4.12, each X will define §, f,,
E, (=1_X,), I, (from E, /Z',) and I, from the parallel-circuit relation-
ships. The maximum torque follows for the various values of I,
calculated.

The last five examples have shown, through the circuit equations, the
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special characteristics of the induction motor when under controlled
frequency and voltage. A simple way of summarising the behaviour is
through study of the m.m.f. diagram represented by the I,, I, and I
triangle. As will be shown later in Section 5.5, which compares induction
and synchronous machines, the torque is proportional to the product of
any two currents and the sine of the angle between them. Now consider
the two phasor diagrams of Fig. 4.2. The first one is for the maximum-
torque condition deduced from the constant-supply-voltage equations in
Examples 4.12and 4.13. 1, and I, are relatively high but I remains at the
level corresponding to rated flux. The voltage diagram is drawn for the
approximate-circuit calculation. If this maximum-torque is required over
a range of frequencies down to zero speed, the m.m.f. diagram would be
unchanged, with the constant-rated flux represented by I . This occurs,
from Example 4.15,at a constant slip-frequency of 5.385Hz.I5,1, and I,
would be constant as frequency varied. Refer also to Example 4.11.
Figure 4.2b shows the condition for maximum torque deduced from
the constant supply-current equations, for the rated current of I, =
103.4 A. Again this condition can be sustained over a range of frequen-

V=287
jlx +a3) 1,

1,267

‘ 4 ¢
1.=144 1,734

(a) Voltage source {b) Constont (rated) current source
Rated voltoges shown Voltages for starting conditions

Fi1G. 4.2. Maximum torque with different supply conditions.
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cies, by suitable adjustment of V; and f; . It will be noticed that I is very
much higher, Example 4.14a, and the diagram has been constructed
allowing for saturation as in Example 4.16. The voltage diagram has to be
drawn this time from the exact circuit because I_, is so large. It is shown
for the starting condition. ¥, was not calculated allowing for saturation
but it was 364 line volts with saturation changes neglected in
Example 4.15. The starting frequency f, (=f;) was there calculated as
0.3155 Hz but in fact, allowing for saturation, f, should be 0.8944 Hz—
Example 4.16. Even so this value is still much less than for Fig. 4.2a and
therefore I, is much higher. So is the maximum torque itself, though the
supply current is only 103.4 A instead of 170.3 A in Fig. 4.2a. This is due
to the currents being at a better displacement angle; I, and I are nearly
in quadrature. Again, if it is desired to sustain the maximum torque of
Fig. 4.2b up to the speed where the voltage reaches its maximum—about
1 = 10Hz, Example 4.15—,, and therefore all the currents, must be
maintained constant. Thus for either constant-voltage or constant-
current supplies, the condition for maximum torque is a particular
constant flux, which is different for the two cases. Further discussion of
this mode will be deferred till Sections 5.5 and 7.4.

Example 4.17

Using the data and the “exact” circuit calculations for the motor of Example 4.2,
investigate the following features of the performance when the machine is changed over
from motoring at a slip of 3 %, to dynamic braking. D.C. excitation is applied to the stator,

using the 2-lead connection,; i.e. equivalent r.ms. a.c. current I, equal to /2/31,_. For all

cases the speed may be assumed unchanged until the switch changeover is completed.

Further, the circuit is so adjusted as to retain initially the same value of rotor current as

when motoring at 39} slip.

(a) Rotor-circuit resistance unchanged. Calculate the d.c. excitation voltage and current
and find the initial braking torque on changeover and also the maximum torque
produced during the run-down to zero speed. The d.c. excitation is maintained.

(b) Repeat the calculation for the condition where instead, the excitation is so adjusted that
the air-gap flux (E, /f) is maintained at the 3 9 slip value. Extra rotor-circuit resistance
will now be required to keep the rotor current at the 3% value.
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(c) Compare the initial braking torques and currents if instead of (a) or (b), two stator
leads are reversed to cause reverse-current braking (plugging).

For (a)and (b), the magnetising resistance does not apply because the stator excitationis d.c.
For part (c), the approximate circuit may be used.

(a) The equivalent circuit is shown on the figure but unlike Examples 4.13 to 4.16 the
constant current is now d.c. and the relative motion is changed from n,—n to n = Sn,
where S = f, /f,.... The rotor frequency is now proportional to speed since the machine
is operating as a variable-speed generator and S =n/n, =1 ~s.

I

69.4

\ Plugging
\

- e—

Speed, rev/min

R, x32

From the parallel - circuit relationships 157 = I,2

Dynamic braking

R, unchanged
- L

5=0.03

Full load

—400
Motaring

200

Torque

~1500 -1000 -500 l

Fic. E4.17.

Before, and immediately after changeover:

1 1
I s00 1000

Nm

- -200

N =(1-=5)N, = (1-0.03)x 60 x 50/4 = 727.5rev/min

S = 727.5/750 = 0.97
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202

(0.1/0.97)* + (20 + 0.5)?
and since I, from Example (4.2) = 69.4A, I, = 7T1.1 A.
The d.c. current to give this equivalent I, is 71.1 x \/(3/2) = 87.1A

and since two stator phases are in series, the required d.c. voltage is 2 x 0.1 x 87.1
=174V



[4.3] INDUCTION MACHINES

The initial torque on changeover, using the general torque expression eqn. (4.15)
developed in Example 4.12, is equal to:

3 69.42 ol 19N
— x 694 x — =
2n % 50/4 097 -
From the expression for maximum torque eqn. (4.18):
3 202
T.=———— x71.12x ————— = 1884
<= 2axsoa < X 3@0505) — 1884 Nm

and this oocurs at a value of § = 0.1/(20 +0.5) = 0.0049, i.e. at speed 3.9 rev/min. The
torque values should be compared with that for 3%, slip motoring, i.e. 613.6 Nm.
Calculate also that I, is now 50.3 A—increased from 11.7A.

(b) For the alternative strategy of maintaining the flux constant instead of I,, it is more
convenient to use the alternative equation for I, since E; is now known—234 V, from
Example 4.2.

SE
Rotor current I = ———— = 694 A when S = 097
R; +8x,
097 x 234)?
hence: 69.42 =
ence (R+0.1)2+ (097 x 0.5

from which the extra resistance R = ,/10.46 —0.1 = 3.134Q (ref. to stator).
Reverting to the parallelcircuit relationship for the calculation of the initial stator
current:

20
x
(3.234/0.97)% + (20.5)

giving I, =721A; 1, =721 x 1.225 = 88.3 A and d.c. voltage = 883 x02 =177V.
The initial torque on changeover

694> = 1,2

3 3.23
= %6942 x 3234 =613.4Nm
27 x 50/4 097 —

which is virtually the same as the motoring torque before changeover. The flux and the
current are the same, but the rotor power-factor, which is related to the induction
machine load angle,?’ is slightly different. The power factor is nearly unity as distinct
from part (a) where the power factor and torque are very low, though flux and rotor
current are nearly the same.

For maximum torque, since

3 E? R
T = x X —
¢ 2rx50/4 (R/S1P+X? S

and E, is fixed, then S occurs when R’/S = X. Hence § = 3.234/0.5 = 6.47.
This means that the speed for maximum torque is impractically high above
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synchronous speed and therefore 613.4 Nm is the highest torque encountered in
running down to zero speed.
The value of the maximum torque is:

3 2342 3.234
X x —— = 2091 Nm
2nx 50/4 0524052 647

(c) The changeover now corresponds to a reversal of n, and slip becomes:
_n,—n_ —750-7275
T on, =750

Using the torque equation for constant voltage, since the only change from motoring is
the phase sequence and slip:

s =197

r 3 (440/./3)? 0.1
= X X ——
T 2ax50/4 (0.1+0.1/197)2+12 " 1.97

= 251.22 x 0.05076 = 122.3N
%618 X x 0.050 m

Note that although the current is nearly four times that for dynamic
braking, the torque is very much less, because of the poor rotor-circuit
power factor, the frequency being nearly 100 Hz initially. The various
speed/torque curves are sketched on Fig. E4.17.

Example 4.18

A 3-phase, double-cage-rotor, 6-pole, 50-Hz, star-connected induction motor has the
following equivalent-circuit parameters per phase:

z, =01+j04Q; z,=03+j04Q; z5=0.1+j1.2Q—all at standstill.
Find, in terms of the line voltage V', the torque at 980 rev/min:
(a) including the outer-cage impedance;

(b) neglecting the outer-cage impedance.
What is the starting torque?

The equivalent circuit is shown on the figure, the magnetising branch
being neglected. The circuit assumes that both rotor windings embrace
the same flux and that they only have leakage with respect to the primary
winding. The calculation of torque is then virtually the same as for the
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Wm

0.1 04

>
—

0.022 1?2

0.027 42

FiG. E4.18.

single-cage rotor except that the two cages combine to an equivalent
impedance R + jX . This impedance includes the effect of slipandisa
function of slip. The high-resistance cage is nearer to the surface and
therefore has the lower leakage reactance. It is responsible for most of the
starting torque because of its lower impedance z, at standstill. z}
represents the inner cage in which most of the working torque at low slip
is produced, because of its lower resistance, reactances being very low at
normal slip frequencies.

For a 6-pole, 50-Hz machine, N, = 1000 rev/min so s = (1000 —980)/1000 = 0.02.

(a) Z = !

rotor 1 1

0.1/002+j12 ' 03/002+]04
1
0.1891 — j0.04539 + 0.06661 —j0.00178
R, +jX., =3.78+j0.698
Adding z;: 0.1+j04
gives Z, =388+)1.098 =4.032Q
Hence:

3 V137
T, = 78 = 0 2
<= 2mx503 ¢ agap < 78=000222V,7

129



ELECTRICAL MACHINES AND DRIVES [4.4]

(b) Neglecting Z', and adding z, + Z’, = 5.1 +j1.6 = 5.3451Q
then:

3)2
T = —3 x (V/\/3) x 2
¢ 2mx50/3 53451  0.02

which shows that the outer cage does contribute about 25%, of the rated torque.

=0.00167 V2

For starting torque, s = 1
1

ZI‘OIOI’ -
1 1
e
0.1+j1.2  0.3+j0.4
Re +iXoq =0.169 +)0.324
Adding z;: 01 +j0.4
gives Z,, =0.269 +j0.724 = 0.772Q

Hence:
3 (V/\/3)?
T. =X ——
¢ 2 x50/3 0.772?
The starting torque is a little higher than the full-load torque, indicating

the desired effect of the double-cage construction in improving the
normally-low, single-cage starting torque; see figure.

x 0.169 = 0.00271 ¥,

44 UNBALANCED AND SINGLE-PHASE OPERATION

When the three phase-currents are unequal and/or the mutual time-
phase displacement between them is not 120°, this unbalanced system can
be solved by the use of symmetrical components, see Section 2.2.
Deliberate unbalancing of the supply voltages is sometimes used to
change the speed/torque curve and give another means of induction-
motor speed-control. There is a deterioration of performance in other
ways, e.g. the variation occurs partly, due to a backwards torque
component produced by negative-sequence currents. Positive- and
negative-sequence circuits can be calculated independently, the former
producing the forward torque with an apparent rotor resistance R,/s.
The negative sequence gives a reverse rotating field for which the
impedance is different, since the apparent rotor resistance is R,/(2 —s).
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Example 4.19

The motor for which the equivalent circuit was given in Example E.4.1, is supplied with
full line voltage across terminals AB, but terminal C is reduced in potential so that both }'g¢
and V¢, are 330 V in accordance with the phasor diagram. Calculate the electromagnetic
torque developed at a slip of 39, and compare with Example E4.2 (b), neglecting the
magnetising impedance.

0.1
0.1 /05 /05 sip
— W
Phase V

Fic. E.4.19.

_, 330% +440% —330?
2 x 330 x 440
= 180 —41°19 = 13881
fp = 360° — 138?81 = 221:19
Hence, Vgc = 330/221°19 ,Vca = 330/138°81 | V,p = 440/0° and eqn (2.3)1s used for the
transformation to symmetrical components. The zero sequence is of no practical interest

because such currents cannot flow in a star-connected circuit without neutral wire and even
in a closed delta, where they could circulate, they could only produce a pulsating torque.

Displacement 8¢ = 180° —cos

440
=180 —cos ™! —
660

Vace) 1 /120° (/240" | | 440/0° 4+ 3/341°19 + 3/378'81
Vao) =% 1 {2400 1/120° | | 330220019} = %) 4+ 3/461°19 + 3/25881
Vawe 330/138°81
_ 110[ 4+3(0.947 —j0.322) + 3(0.947 +j0.322) 355V
3 [4+3(—0.194 +j0.981) + 3(~0.194 — j0.981) 104V

These are line voltages so the positive- and negative-sequence phase-voltages are
355//3 = 205 V and 104/,/3 = 60 V respectively.
The positive-sequence torque at full voltage has already been calculated in Example E.4.2
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as 641.8 Nm at full voltage. At 355 line volts, it will be reduced to:

2

355
641.8 x

2ags = 4178 Nm

For the negative sequence, the slip is 2 —0.03 = 1.97 and R,/(2 —s) = 0.0508. The
negative-sequence torque is calculated in the same way as the positive sequence with the
appropriate change to apparent rotor resistance and the applied voltage. Its value is thus,
using eqn (4.5):

3 60°
50 0.1508% +12
2n x y

-0.0508 = 6.8 Nm

This is a torque in the reverse sense so the total machine torque is reduced from 641.8 to:
4178 —68 =411 Nm

A reduction in torque would occur over the whole slip range and the
effect is similar to normal voltage reduction — Examples 4.9 and 4.10. The
contribution of the negative sequence is small but there are simple
circuits®, which vary the unbalance over such a range that positive and
negative speeds are both covered. As for balanced-voltage control, high-
resistance rotors improve the characteristic though the torque capability
is still reduced due to the lowered sequence voltages and the two sequence
components opposing one another. The method of calculation used
above is of general application, e.g. to determine the effect of unbalance as
a possible operational hazard, see Tutorial example T4.19.

Single-phase Operation

The most common form of unbalanced operation occurs with motors
energised from single-phase supplies, representing in fact the majority of
motor types and almost entirely in the small-power (< 1kW) range.
Many special designs of very small machines have been developed for
which the theory and calculating methods will not be discussed here.
Single-phase commutator and permanent-magnet machines have been
reviewed briefly in Sections 3.4 and 3.6, the latter being sometimes
energised from rectified single-phase supplies. For an induction motor,
single-phase excitation produces only a pulsating field and zero starting
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torque since positive- and negative-sequence components are equal.
Using phase-splitting or static-phase-converter circuits will give an
approximation to a 2-phase supply, which together with a machine
having two windings in space quadrature, can be analysed using 2-phase
symmetrical components. One of the windings may just be used for
starting and then cut out, or, by adjustment of its external-circuit
components, approximate to balanced 2-phase operation. However, even
a single winding will produce a net forward torque once motion is
initiated.

A 3-phase induction motor can be started and run up from a single-
phase supply with a suitable capacitor connected. Reference 5 suggests
external-circuit connections for both star and delta arrangements, for
each of which, two machine line terminals are connected to the single-
phase supply and the remaining machine terminal is taken through a
static phase-converter to one supply terminal. The analysis shows that for
maximum starting torque, the admittance of the capacitor required for a
star-connected machine is:

2 10°
28fC = 3 x —- uF where Z ~ \/(R, + R5)* + (x, + x})?

Applying this formula to the machine of Example 4.2 gives the capacitor
value as:
1 2

108
C= X — X
21x50 3 /027412

This is a very high value but the machine is large, about 50 kW and
therefore has a low per-unit impedance. For a more typical power rating
where such starting methods might be used, viz.3 about 1-2kW, the
impedance might be 10-50 times higher, depending on the rating, with
corresponding reduction in capacitor size.

= 2081 uF

Example 4.20

To gain some idea of the change of capacitance required between starting and running,
assume that the same machine has two phase-windings in space quadrature, each with the
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same equivalent circuit as for Example 4.2. Neglect the magnetising impedance and
determine the external components in series with one phase so that (a) at starting and
(b) when operating at 3 9 slip, the currents in the two phases are in time quadrature and of
equal magnitude when the supply available is single phase. The torque can also be
calculated from the rotor copper loss as for the 3-phase machine.

(a) For the phase connected directly to the supply, Z = 0.2+)1 Q = 1.02/78:69
For the other phase, the impedance presented to
the supply to give 90° shift and same magnitude: =1 —j0.2Q = 1.02/-11?31

Hence required external impedance must be: 0.8 —j1.2Q
6

10
The capacitative component of this would be ———— = 2626 uF
2ax50x12 ——

which is of similar order to the previous value obtained.

The starting torque would be 2/3 of the value obtained from part (b) of Example 4.2,
since the impedance per phase is the same but there are only two phases. This applies to the
running condition also, so the torques are 158 Nm and 428 Nm respectively.

(b) For a slip of 3%, Z = 0.1+ 0.1/0.03 + j1 =3433+j1 Q
For the second phase to give 90° shift, impedance = 1 —j3433 Q

Hence required external impedance must be:  —2.433 —j4433 Q

10°
The capacitative component of thi Id be: --——————— =718 uF
© capaciiative compo O xS0 x 4433 —

This last answer indicates the big difference between starting and
running requirements. It also indicates that perfect balance would
require a negative resistance of 2.433 Q! so some unbalance has to be
tolerated with such simple phase-conversion arrangements. As for the
previous illustration, the capacitor values are very high because the
machine in the example is untypically large.

An understanding of single-phase operation with one winding alone
can be approached through consideration of the 3-phase motor having
one supply lead opened. The motor would then be subjected to single-
phase excitation and with star connection say, I, = Oand Iy = —I¢.The
1-phase pulsating m.m.f. F can be resolved into equal synchronously-
rotating forward and reverse m.m.f.s of half magnitude F/2, as will be
understood if two oppositely rotating space-phasors are combined".
Each component m.m.f. is considered to act separately onthe rotor with
the appropriate slip. At standstill, positive- and negative-sequence impe-
dances, connected in series, are each equal to half of the short-circuit
impedance between two terminals, i.e. approximately the same as the
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R xf2 I 02 /!
M
1% .
[ Xm/2 12/2 ol
R/2 s
s
/!
R /2
-5
X./2 0.1
n/ 5 /2 a5
—_—AA— T
R/2 x/2 Iy
(a) Exact equivalent circuit (b) Approximation, Example 4 .21

FiG. 4.3. Single-phase induction motor.

per-phase equivalent circuit in the 3-phase mode, for each sequence, Fig.
4.3. The magnetising reactance will be much smaller however due to
interference with the flux by the backwards rotating field component.
When the machine is stationary, the two equal and opposite torque
components cancel so there is no starting torque. But with rotation, the
impedances change due to the different slip values and though I, the
forward-sequence current is only a little greater than I,, the voltages
across the two sections are very different. The positive-sequence torque
IIR, /2sw,, is much larger than the negative-sequence torque,
1,'R)/2Q2 ~ s,
The next example uses the approximate circuit for simplicity.
Neglecting the magnetising impedance is a more drastic step than for the
balanced polyphase machine but a comparison will be made through
Tutorial Example T4.20 which calls for an exact solution and shows all
the various components and their interactions. On Fig. 4.3, the
magnetising resistance is omitted, the iron loss being treated separately
since superposition is not a satisfactory method of allowing for this.

Example 4.21

The 3-phase machine having the equivalent circuit used in Examples 4.1 and 4.2 is
operating on no load when a fuse in one line blows to give a single-phasing condition.
Determine the torque when the machine is now loaded and the speed falls to give the rated
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slip of 3%, The approximate equivalent circuit can be used. In order to make a general
comparison of single-phase and 3-phase performance, even though this machine is of much
higher rating than the maximum for single phase, not usually greater than 1 kW, calculate
also the maximum torque as a 3-phase machine and for single-phase operation calculate the
torque at slips of 7% and 10% which will cover the maximum torque in this mode.

If the approximate circuit is used, Z_ need not be included in calculations of torque. For
the 3-phase machine, the impedance required to calculate performance is:

0.1 +j0.5430.5+0.1/s = (0.1 + 0.1/s) + )1 Q per phase.
For the single-phase machine the impedance required is:

... 01 01 01 01 .
02+)1+jl4+—4+—=[024+—+—]+)2Q
s 2-s s 2-s
For the 3-phase machine

B 440/ /3
2T T =
V(0.1 +0.1/5)? +1
For the 1-phase machine
440
I =1,

JI02+0.1/s+0.1/2 —5)]? + 22
For the maximum torque on the 3-phase machine,
R, 0.2

§= = = 0.0995
VR +(x, +x32 J001+1
Hence
3 440/, /3)* 0.1
Tom sl OO OL
78.54 (0.1 +0.1/0.0995)* + 1%  0.0995
T, at s = 0.03 from Example 4.2 =642 Nm
For the single-phase machine:
Slip = 0.03 0.07 0.1
0.1/s = 3.3333 1.4285 1
0.1/(2-5) = 0.0508 0.0518 0.0526
R = 0.2 + rotor resis. = 3.584 1.68 1.253
Z=/R*+2? = 4.104 2,612 2.36
I =1, = 107.2 168.5 186.4
.01 01
I ——— = 37722 39088 32883
s 2-s

T, —divide by w, = 480 498 419

The maximum torque will be just over 500 Nm which is less than rated
torque as a 3-phase machine for which the full-load current is less than

136



[4.5] INDUCTION MACHINES

80 A, from Example 4.2. The deterioration for 1-phase operation is thus
considerable, the maximum torque being rather less than 509, and the
currents being much higher, when compared with the 3-phase motor.
There is also a double-frequency torque pulsation with consequent
vibration and noise. “Exact”~circuit calculations required in Tutorial
Examples T4.20 and T7.7 will further illustrate the above points.

The equivalent-circuit parameters can be obtained from o.c. (no-load),
and s.c. tests, though approximations are usually necessary, e.g. the
transfer of the magnetising reactance to the terminals and noting that at
low slips, the lower X /2 branch is almost short circuited by the

5/2(2 —s) term in series with [R; +j(x; +x3)]/2sothat Z | =~ X /2.

4.5 SPEED CONTROL BY SLIP-POWER RECOVERY

This method of speed control involves the application to the
secondary terminals, of a voltage V5 from an active source, which may
provide (or accept) power, increasing, (or decreasing) the speed. It must
automatically adjust itself to slip frequency and this can be done with
commutator machines or by power-electronic switching circuits. An
external resistor, carrying the slip-frequency current, though only a
passive load, does give slip frequency automatically since V3 = R;1,.
Foranactive source, the slip power, P; = V1, cos ¢;,can be fed back to
the supply so that power changes with speed giving approximate
constant-torque characteristics. If the slip-power is fed to a suitable
machine on the main shaft, a ‘“constant”-power drive is formed.
Independently of the method, the speed variation can be calculated by
applying V’y/s to the rotor terminals on the equivalent circuit, V3 having
been transformed for turns ratio and for frequency, as for all the other
rotor-circuit parameters.

The rotor current becomes:

. Vi = Vys|

- 4.19
2 SR+ Ry/s) + (x, +X3) “.19)
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and the rotor—circuit power per phase:
sP, = sE,Iycos ¢, = I,’R, + P;.
The torque

r 3P _3 (TR +Vilyc050;)
¢ S .

(4.20)

w,

V5 can be used to change the slip and/or the power factor.

Example 4.22

A 3-phase, 440-V, star-connected shunt commutator-motor has the following
equivalent-circuit parameters per phase:

R, =020 x, =08Q; R,=006Q; x,=025Q.

The magnetising branch may be neglected and the stator/rotor turns ratio is 2: 1. With the
commutator brushes short circuited, the motor develops full load torque at 3% slip.

(a) Determine the voltage, in phase with supply, which applied to the commutator brushes
will cause the motor to develop full-load torque at 259 slip.

(b) What voltage in lagging quadrature with the supply is required to give unity power-
factor at the full-load slip? What effect will this have on the torque?

The shunt-commutator machine is an induction motor with a built-in frequency changer
formed by commutator and brushes, to which variable supply-frequency-voltages are
applied and automatically transformed to slip frequency for the rotor (commutator)
winding.'"’ The approximate equivalent circuit is shown on the figure. The rotor impedance
has been referred to the stator winding; ie. R, = 22 x 0.06 = 0.24Q;x; =4x025=1Q

(a) With brushes short circuited:

02 jos8 jlLO 0.24/s
I; v; I,
V,=440//3 i) B
o o Po=Ps
Part (a)
Fic. E4.22.
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2 (440//3)?
2 7 (0.2+0.24/0.03)2 + (0.8 + 1)
With applied voltage V5 at 25 slip:
2 (440//3—V4/0.25)
2 (02+0.24/0.257 +1.82
= (118.63 —1.868 V)2

The equivalent-circuit impedance is \/1.16% + 1.82 = 2.1414Q

=915.6 A?

and since V, is in phase with V, power factor cos @, = =COS Q3.

1
2414

These last expressions for 1’22 and for cos ¢ 3 are now substituted in the torque equation
(4.20) and equated to the full-load torque for short-circuited brushes.

With V, applied: 17 R, = (14073 —4432 V', + 3489 V'7) x 0.24
V'(118.63 —1.868 V') x 1.16/2.1414

]

and V3 I cos @,

Total rotor-circuit power
0.25

—0.698 V’; ~168.5 V3 + 13510 after some simpli-

fication.
This is equated to:
Normal rotor-circuit power 9156 x0.24
s © 003

Again, after some simplification, this yields the expression V' ’32 +24141,—-8861.3=0
and the quadratic solution gives, as the only positive value, V' = 324 V.

Allowing for the 2/1 turns ratio: ' = 16.2 V, in phase with ¥, will reduce speed to
0.75 N, while delivering full-load torque.

= 7324 8 watts/phase

(b) With V; lagging V, by 90° and at full-load slip of 3%:
| 440//3—(—j¥3/003) 254+i333V}
27 (02+4024/003)+j1.8  82+j1.8

For unity power factor, this expression must be “real”. This in turn means that the “real”
and “imaginary” parts of numerator and denominator must be in the same ratio.
Hence:

254 82 e
B3V, =13 from which V5 = 1.673 Vand V; =0836V
Although this voltage is very low, it must be remembered that the rotor e.m.f. at this
small slip is also low.
Substituting the value of V75:
= 254 +j33.3 x 1.673

=33.1/+ 11935
2 82+j1.8 [
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and since V7 is lagging V,, the total angle of lead ¢, =11°35+90°=101235
The power P; is therefore V3I; cos¢@; = 1.673 x33.1 xcos101°35 = —21.8
watts/phase

3P, 3 (33.1'x024-218) 3
Hence: 7, = ore . 3, (GIVXO0O2 78 _ 3 o35 Nm
p 003

s s g

This compares with the full-load torque of (3/w_) x 7324.8 Nm so there would be a
tendency for speed to rise with the additional torque and ¥; would have to be modified
slightly to give a speed-reducing component. This tendency can also be understood
from the sign of P; which is negative, indicating a power input to the rotor, increasing
the speed. The phase angle of I, with respect to V; is greater than 90°. The exact
calculatlions of V, for a given speed and power factor are more complex than the
above.!V

Example 4.23

The induced voltage across one pole pitch of a 50-Hz, 6-pole Schrage motor commutator
is 36 V r.ms. The stator (secondary) winding can be arranged either in parallel or series to
give an induced voltage (E,) at standstill of 30 V or 60 V. Find in each case the speed range
on no load. For the paralleled stator winding find also the angular separation of the
brushgear to give speeds of 1800, 400, and — 100 rev/min.

The Schrage motor is also a self-contained, variable speed induction motor, generating its
own voltage ¥; by commutator action.”) The primary winding is on the rotor this time,
with the commutator, but unlike the shunt commutator-motor, a power-electronic
replacement for the frequency-changing action would not be worth considering. Two sets
of contra-rotating brushes pick up the voltage V; at variable angular separation of 8
electrical degrees to give V', = V, sin 6/2 as the injected voltage per phase. V', is the
maximum voltage available with angular separation of 180° (elec.). For the no-load
condition, the secondary impedance drop is zero and so ¥, must be in balance with the
induced secondary e.m.f. sE,. Hence:

v SOx60( V 36 sin 6,2
s= E—’ and speed = N,(1 —s) = ’3‘ (1 -J> = 1000(1 ——s"‘—/>
2

E,

with maximum brush separation 180

36
speed range = 1000(1 iiﬁ) = 2200/ ~220 rev/min

36
or 1000(1 i6_0> = 1600/400 rev/min
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36
For the various speeds specified: since Rev/min = 1000(1 T, sin 0/2)

2 . _, (1 —(rev/min)/1000)
62" 36/30
By substitution: for 1800 rev/min 6,, = —27°8 mechanical
for 400 rev/min 6 = +20° mechanical
for 1100 rev/min 8, = +44°3 mechanical

0
then 6, in mechanical degrees = — =
p

Note that for 1800 rev/min, the speed is supersynchronous and ¥; must
be negative; the positive sign in the equations developed assumed that P,
was a power sink. For supersynchronous speeds, the power level in the
secondary must have a tendency to rise, due to the action of P; as a power
source.

Example 4.24

A 6-pole, 50-Hz, wound-rotor induction motor drives a load requiring a torque of
2000 Nm at synchronous speed. It is required to have speed variation down to 50 % of
synchronous speed by slip-power control. Determine the maximum kW rating of the
injected power source, (a) assuming T,,aw, %, and (b) assuming 7, aw,,. Neglect all the
machine losses.

In this case, a standard induction motor is provided with an external slip-power source,
which could be a commutator machine, or more usually nowadays, a power-electronic
circuit to give frequency conversion from supply frequency to slip frequency.?’

Since rotor copper loss is being neglected, the question is asking for the maximum rotor-
circuit power 3sP, = 3P,, as speed is reduced by slip-power control down to half
synchronous-speed. The mechanical output 3(1 -~ s)P,, see Fig. 4.1b, also varies with speed
and the nature of this variation governs the magnitude of P,.

At synchronous speed, the mechanical power 3P, = 2000 x 21 x 50/3 = 209.4 kW
At any other speed w_, = w(1 —s); i.e. the per-unit speed is (1 —s) so:

Po/P,=(1-sF
Since mechanical power is T, the index ‘X’ is either 3 for (a) or 2 for (b).
Equating expressions for power 3(1 —s) P, = 3P_(1—sy
from which: P, =P, (1-sx 1
and Py=sP,=sP (1-s* "

dP,
differentiating; KJ =P _[(1—s)* V(=1 xsx(x—1)1—s5=2]
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w"\
Wy
s=0
Rating of slip-power source
\ 3P3=3P, s{l-s)x-D
s=3 1
| -
s35 x=2 x=1

4~ 3 Pro 3 kW
27 Pn =T kW
Fic. E4.24.
This is zero when: (1=s)* D =gx—1)(1-s5)"2
i.e. when s=1/x

o ] 1 —1En =D
Substituting this value of s gives Py =~ x P_ x [x :l = Pm(i—)—
X X x*
22
Hence for T aw_? x = 3 and 3P, = 209.4 x 3= 31 kW

1

1
and for 7 _oaw_, x =2 and 3P, = 209.4 x 5= 524 kW

The variations of P; with speed, for different values of x, see Fig. E.4.24,
show that the above figures are maximum values occurring over the speed
range. It can be seen too, that the higher the value of x, the more attractive
1s this method of speed control because the P, rating is reduced. Hence
this slip-power, (Scherbius or Kramer) system, finds use in fan and pump
drives, where T, falls considerably as speed reduces.

This chapter has surveyed the more usual methods of controlling
induction motors. But there are other ways of doing this for which
Reference 3 could be consulted. Discussion of power-electronic control
will be deferred till Chapter 7.
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CHAPTER 5

SYNCHRONOUS MACHINES

ELECTRICAL power is generated almost entirely by synchronous ma-
chines, of individual ratings up to and beyond a million kW (1 GW).
Consequently, problems of power-system generation, transmission,
distribution, fault calculations and protection, figure very largely in
synchronous-machine studies and these receive more attention for
example in Reference 6. The purpose of this present text is to place more
emphasis on electrical drives, though some generator problems are given,
e.g. determination of equivalent circuit from generating tests, calculation
of excitation, simple multi-machine circuits and operating charts.
Synchronous-motor drives are the fewest in actual numbers but they are
used up to the highest ratings. The facility for power-factor control is an
important decisive element, if constant speed is suitable and in addition,
synchronous machines have the highest efficiencies. With the advent of
static variable-frequency supplies, variable-speed synchronous motors
are gaining wider application, having a set speed as accurate as the
frequency control. For steady-state operation, the equivalent circuit is
simpler than for the induction machine and there is the additional,
straightforward control facility—the excitation. Since the dominating
magnetising reactance carries the total armature current, its variation
with different air-gap flux and saturation levels should be allowed for.
Although most synchronous motors are of salient-pole construction for
which the equations are less simple than for the round-rotor equivalent
circuit of Fig. 1.9c¢, this latter circuit still gives a fairly accurate answer
to the general operating principles for steady state. A few examples
with salient-pole equations are worked out at the end of this
chapter.
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51 SUMMARY OF EQUATIONS

Figure 1.9c shows all the parameters on the equivalent circuit. R, is
usually much less than the synchronous reactance X, = x,,+ X, and is
often neglected in circuit calculations. It becomes important in efficiency
calculations of course and also when operating at fairly low frequencies
when reactances have fallen appreciably. The earlier problems in this
chapter will include the resistance, the equations being quoted directly
from Reference 1 when they are not developed in the text. The equivalent
circuit is normally derived irom tests at very low power-factor and this is
not difficult to achieve, except for very small machines where R, becomes
relatively high®, For such tests, the reactance voltage drops are virtually
in phase with all the other voltages and can be combined therewith
algebraically, to derive and separate the leakage and magnetising
components of the synchronous reactance. Examples 5.1-5.3 will help in
understanding the following terms and equations which relate to both
the time-phasors for voltages and the interconnection with the space-
phasors of m.m.f. The conversion is made through the magnetising-curve
sensitivity in volts, per unit of m.m.f. Note that the m.m.f.s. are all
expressed in terms of field turns through which they are measured. The
average sensitivity varies from the unsaturated value on the air gap line
(k; volts/At) to k, , that of the mean slope through the operating point
determined by the air-gap e.m.f. E. The equations use motor conventions
but can be used as they stand for a generator if this is considered as a
“negative” motor, the I, phasor being at an angle greater than 90° from
the reference terminal voltage V, (Fig. 5.1).

Circuit equations: E=V-R]I, —jx,1, (5.1)
E,=E—jX_I (5.2)

M.MF. equation: F.=F;+F, (5.3)
multiplied by k, volts/At: k. F, = k. F, + k. F, (54)
gives voltage components: E = E; +jX_[I, (5.9
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corresponding to flux component equation:

D, =D+, (5:6)
Mag. curve gives general relationship:
E=f(F) 5.7

At zero power factor, eqns (5.1)—(5.6) become algebraic. For zero
leading as a motor, or zero lagging as a generator; V, I, F;,, F;, and k,
having been measured:

Short-circuit test  (Zero p.f. test
(V=0 V+0,1,=1,)

Circuit equations are: E,=x,I,, (51a)E, =V+x,I, (51b)
M.MF. equations are: F=F +F, (53a)F,=F,+F_, (53b)
Magnetisation curve gives: | E, = k. F, (5.7a}E, = f(F,;) (5.7b)

From these two tests and the six equations, a solution for one
unknown will yield all the other five. It is only really necessary to solve
for x,, though sometimes the armature m.m.f. F, is required if the
complete phasor diagram is to be drawn. Eliminating all unknowns apart
from E, and F,, leaves eqn (5.7b) and:

Ez = V"kr(Frz _Fr1)+krFr2 (5-8)

The intersection of the straight line (5.8) with the curve (5.7b) yields E,
and F_,; hence x,, from (5.1b) and F, from (5.3b); see Example 5.1.

The short-circuit test and the o.c. curve (5.7) also yield the unsaturated
synchronous reactance;

sinceonoc,; I, =0 .. V=E=E;
andonsc; V =0..E=x,[I,and E, = (x,,+ X, ), =X/],.

The unsaturated value of the synchronous reactance X, and of
magnetising reactance X, are thus derived from the air-gap line, x,,
having been found previously.
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In using this equivalent-circuit information to determine the exci-
tation for any specified terminal voltage, current and power factor, the
air-gap em.f. E is first found from eqn (5.1). This gives the operating
point and the appropriate value of k. Hence the correct saturated value
of magnetising reactance is Xk, /k; and completing the eqn (5.2) gives
the value of E,, the e.m.f. behind synchronous reactance. The required
excitation is E/k.: see Examples 5.1-5.3 and Reference 4.

Electromechanical Equations

Considerable insight is gained into the essential aspects of
synchronous-machine control and behaviour if the machine losses are
neglected. The approximate circuit and the phasor diagram for this
condition are shown on Fig. 5.1. We have the equation:

. Vi0 E /6
VIO =E/+iX ] /e (59 and I,/ = X erL‘ (5.9a)
e
W £

Constant power (I, cos )

N “E¢/iXs
j/\; #|d
oy T (s

Ym
/’ V/ix,
/ s

) v -
1, for genérating D e

Constant excitation (£)

FiG. 5.1. Approximate equivalent circuit per phase and phasor diagram (motor
conventions).
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Equation (5.9) shows the terminal voltage with its two components.
Equation (5.9a) which is a rearrangement of eqn (5.9) shows the terminal
current as the sum of two components, each lagging 90° behind its
corresponding voltage. Both equations are shown on the phasor diagram
and power (which is the same for input and output since losses are being
neglected) can be obtained from either equation, I, being resolved along
V directly, or in its two components. Note that V/j X resolves to zero.
Hence, for a 3-phase machine:

Power =3 VI, cos ¢ (5.10)

or = —3VB sind (5.10a)
XS

The negative sign is explained by the choice of motor conventions. The
load angle ¢ is negative (rotor falling back) when motoring, and power
will then be positive. For a generator, as indicated, the sign of J reverses
and the I, phasor falls in the lower part of the diagram, the real part of I,
being negative. Should generator conventions be desired, then it is only
necessary to reverse the I, phasor which will then clearly indicate
whether the power-factor angle is leading or lagging on V. Note that at
constant frequency, synchronous speed is constant, and torque is
obtained on dividing either power expression by w,;

T, = Power/w, (5.10b)

The phasor diagram shows two particular conditions of interest. If
power is maintained constant, then I, cos ¢ is constant and the I, phasor
must follow a horizontal locus. This shows the variation of power factor
and load angle as excitation is varied. A high value of E; means that a
motor receives power with current at a leading power-factor and a
generator delivers power with current at a lagging power-factor; ¢ is
small and there is a large overload capacity before sin 6 reaches unity. A
low excitation leads to the opposite behaviour. If instead the power is
allowed to vary but the excitation is constant; then I, must follow a
circular locus determined by the end of the E, /j X, phasor. Now, power,
power-factor, load angle and function can change. There is another
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important condition where the current phasor follows a horizontal locus
along the zero power axis; i.e. on no load as a “motor”, I, is completely
leading V (at high values of E, ) or completely lagging V (at low values of
excitation). This is operation as a synchronous compensator: similar to a
capacitor when overexcited and to a lagging reactor when underexcited.
Example 5.4 illustrates all these modes.

Generated-e.mf. Equation

This is little different from the average voltage for the d.c. machine
eqn (3.1), except that it is the r.m.s. value which is required so must be
multiplied by 1.11. Further, the number of conductors in series z, must
refer to one phase of the winding. The distribution of the coils round the
machine periphery is carried out in many different ways and there is
inevitably a loss of total phase e.m.f. because the individual conductor
voltages are slightly out of phase with one another. So the whole
equation must be multiplied by a winding factor, typically about 0.9 for
the fundamental voltage. It is different for the harmonic voltages and the
winding is deliberately designed to suppress these. The overall effect is
that the expression for the fundamental r.m.s. voltage per phase is almost
the same as for the average voltage given by eqn (3.1). Alternatively, the
transformer e.m.f. equation can be used for a.c. machines; i.e. induced
r.ms. emf. = 444 x ¢ xfx N, x k,, where @ is the maximum funda-
mental flux per pole, N the turns in series per phase and k,, the winding
factor. No worked examples will be provided to illustrate this since a
more detailed study of windings is really required, see Reference 1. It is
sufficient to note that in the machine equations, the e.m.f. is proportional
to the speed (or the frequency), and the flux component being
considered.

5.2 SOLUTION OF EQUATIONS

A general plan for guidance on synchronous-machine problems is now
given.
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Example 5.1

The test results ona 5 MVA, 6.6 kV, 3-phase, star-connected synchronous generator are
as follows:

Open-circuit test
Generated (linejemf. 3 5 6 7 15 79 84 8.6 88 kV
Field current 25 42 57 78 94 117 145 162 181 A

Short-circuit test, at rated armature current, required 62 field amperes.

Zero power-factor lagging test, at 6.6kV and rated current, required 210 field amperes.
If the field resistance is 1.2 Q cold, 1.47 Q hot, calculate for normal machine voltage, the

range of exciter voltage and current required to provide the excitation from no load up to

full load at 0.8 p.f. lagging. The armature resistance is 0.25% per phase.

Rated armature current [,g = 73——68 =4374A
x 6.

The o.c. magnetisation curve is plotted on Fig. E.5.1 and the z.p.f. data (F;, = 62 A and
F;; = 210 A) permit theline E, = V —k, (F;, — F;, )+ k; F ,,eqn (5.8) to be plotted. k;, the
unsaturated slope of the magnetisation curve, is 6000/50 = 120 line V/A. Hence:

E, = 66—0.12Q210 —62)+0.12F,, = —11.16 + 0.12F, kV (line)

Note, although the equivalent circuit parameters are per-phase values, it is merely a
matter of convenience to use the given k'V line voltages, but the scaling factor involved must
be allowed for as below. Phase volts could of course be used to avoid the faintest possibility
of error.

The intersection of the above line with the E = f (F )curve gives simultaneous solution of
the two equations at E, = 8.6kV. F_, is not usually required. Hence

V3%l = By~ V (line) =86 6.6 = 2KV .\ x,; = o0 = 26400

For total (unsaturated) synchronous reactance consider pointon o.c.ands.c.at F = 62 A

X, = 742;’4 ¥ = 9780 giving

X, =9.78 —2.64 = 7.14Q = unsaturated magnetising reactance

The equivalent circuit per phase is also shown on the figure.

The construction carried out is virtually the same as the Potier construction also
described in Reference 1, but put into a more direct mathematical form. The armature
m.m.f. F_ at rated current from the Potier triangle is equivalent to 210 — 164 = 46 A times
field turns.

150



[5.2] SYNCHRONOUS MACHINES

. £,:8.6kV
Line kv 8.09 L’/
I \/_X‘,(In
0.25 j2.64 7400 ; 6.6kv
24 / =
61— k= 5 210425,
120 fee 164:
4 o
Zu ?I,c
2L ” - 437.44 400
I 200
62A:F1, Field A

0 100 200
L£2=-II.I6+O.I2 Fiy

FiG. E5.1.

Excitation Calculations

On no load, when the machine is cold, and the terminal voltage is the same as the air-gap
e.m.f, therequired field current from the o.c. curveis 69 A , requiring69 x 1.2 = 83 V_from
the exciter.

On load, with I, = 437.4 (0.8 —j0.6) = 350 —j262 A
the air-gap e.m.f. from the generator equation E = V + zl is:

6600
E(phase) = 7 +(0.25 + j2.64)(350 —  262)
3

= 3810.5+ 779 +;858.5
= 4589.5 + j858.5 = 8.087kV (line)
From the o.c. curve this gives a saturated volts/field A of:
8087 . .
6= Toa = 65.2 compared with k, = 120 line V/field A
Hence saturated magnetising reactance = 7.14 x 65.2/120 = 3.88Q2 and
=E+jX,I, =4589.5+j8585 +j3.88(350 —j262)
= 5606 + j2217 = 10.44kV (line)
. E. 10440
LF = T esa s 160A
This will be for the “hot” condition so required exciter voltage is:

160 x 1.47 = 235V
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Example 5.2

A 3 phase, 500kVA, 3.3kV, star-connected synchronous generator has a resistance per
phase of 0.3 Qand a leakage reactance per phase of 2.5 Q. When running at full load, 0.8 p£.
lagging, the field excitation is 72 A. The o.c. curve at normal speed is:

Line voltage 2080 3100 3730 4090 4310 V
Field current 25 40 55 70 90 A

Estimate the value of the full-load armature ampere-turns per pole in terms of the field
turns and hence calculate the range of field current required if the machine has to operate as
a synchronous motor at full kVA from 0.2 leading to 0.8 lagging pf.

In this example, as an alternative to the previous circuit approach, the phasor diagrams
will be drawn for both time-phasors and m.m.f. space-phasors. On full load, F, is given and
by constructing V + R,1, + jx,, 1, to get the gap e.m.f. E, the value of F, can be read from the
o.c. curve. It is shown as a space-phasor lagging E by 90°. The phasor F, is known in
direction, being in antiphase with I, for a generator'", and must intersect with an arc drawn
for F, = 72 A as shown. Hence its length is determined and the angle between F, and F,,
which is also the angle between E and E,, is available if it is desired to draw in the E, phasor
and the closing j X, 1, phasor. An analytical solution based on the voltage equations is left
as an exercise; it leads to a quadratic in X, for which the value on load is 12.3Q. The
unsaturated value on allowance for k; and k,, is 14.3Q.

4000

3000 54A

51.54
2000 40A

Line V

1000

Generating Motoring (0.8 lag
and 0.2 lead)

o 20 40 60 80
Field A

Fic. E5.2.
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500
Rated armature current = ——— = 87.47A
\/3 x33
3300
E phasor constructed from V, R, I, x, /I, = 7, 0.3 x 8747, 25x8747
3
= 1905, 26, 219

The problem will now be solved entirely by the use of phasor diagrams. Accuracy will not
of course be as good as by analysis. The first phasor diagram is for the loaded, generating
condition giving first the value of E as 2060 volts/phase from which a resultant m.m.f.
F_= 51.5Ais read off from the o.c. curve. The m.m.f. diagram follows as explained above
and F, by measurement is 26.5 A. The E, phasor is sketched in lightly at right angles to F,
and the closing vector is j X, I,.

The procedure for finding the motoring excitation for the two specified power factors is
not very different. The armature current and m.m.f. are the same throughout, but unless
treated as a “negative” generator, the motor equation must be used. This gives E lagging
instead of leading V as in the generator case. F, is now drawn in phase with I, for the
motor'” and F, is therefore found in each case from F, = F, —F,. The values for the two
different power factors are, by measurement:

E = 1780 V/phase (0.8 pf) E = 2120 V/phase (0.2 p.f)
F, from o.c. curve =40 A (0.8 pf) F, =54 A (02 pf)
F,=35A (08 pf) F . =805A (0.2 pf)

The final answers could also be obtained by the same analytical method as in Example 5.1.

Example 5.3

A 3-phase, 5kVA, 1000V, star-connected synchronous machine has R, = 4Q and
x,, = 12Q per phase. The o.c. curve is as follows:

Field current 4 6 8 10 12 14 16 A
Armature line voltage 490 735 900 990 1070 1115 1160 V at rated speed.

On a short-circuit test, 7A was required in the field to circulate rated armature current.

Determine the field current and voltage required for operation at constant terminal
voltage of 1000 V and (a) no load current; (b) rated current as a generator at 0.8 p.f. lagging;
(c) rated current as a motor at unity power factor.

(d) The machine is going to be considered for operation as a synchronous capacitor.
Plot a curve of reactive V Ar in this mode against the required field current, up to about
rated current, and hence determine the permissible rating of the machine, if the field current
can be increased up to the generating value of part (c) above. Resistance may be neglected
for this part (d). 5000

Rated armature current I,g = ——————— = 2.89A.
/31000
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From o.c. curve at I, = 7A:

_ em.f on air-gap

line _ 870/,/3

[5.2]

= =174Q hase
- 1(289A) 289 perp
Hence
X o =174 —12 = 162 Q per phase
k. =870/7 = 1243 1line V/fid A
Mode (a) No load (b) Generating (c) Motoring
I, 0 2.89(0.8 —j0.6) 2.89(1 +j0)
2.31-j1.73 2.89+30
E=V+izl, 1000/\/3 5774+ (4+j12)(2.31 —j1.73) | 5774 —(4+12)(2.89)
5774 607.3+j20.8 565.7 —j34.7
E r.ms. line V 1000 1052.5 981.7
ke, line V/fid A 99 1052.5/11.5 = 91.5 981.7/9.7 = 101.2
kfs
X, =162x-" 119.25 1319
kf
ip. 6 B 206.3+j275.5 j381.1
E=E+jX_1 5774 813.6+j296.27 565.7 —j415.8
E line V 1000 1500 1216
F.=E [k 10.1 16.4 12

1200

1000

Line V

500

Leading kVAr

Field A

3. 8kVAr-=—:
.

20 10

Field A

Fic. E.5.3.
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(d) Calculations for excitation are similar, but for various currents, all of them leading

voltage by 90°, up to j3 A and with R, neglected, jx,, I, = —12I,.

1, 0 jl j2 i3
E=V-jx,1, 5774 5774412 5774424 5774+ 36
E rms. line V 1000 1021 1042 1062

kg, 9 96.2 92.6 89.6

X 1254 120.7 116.8
X1, —1254 —241.4 -3504
E, =E-jX_I, 5774 589.4+125.4 601.4+2414 614.4 +3504
E; line V 1000 1239 1460 1669
F,=E/k, 10.1 12.88 158 18.6
kVA, = /3x1x1, | © 1.73 3.46 52

The curve of kVAr against field current is plotted and although saturation has been
allowed for, it is virtually a straight line. When the E; equation is divided by k,, since
Xy = k1o X o /k;, the last term is unaffected by saturation, so the major change of F, due to
armature current is a proportional one. At the generating field current of 16.4 A, the kV A,
is 3.8, which is therefore the permissible rating as a synchronous capacitor. As a
synchronous reactor, with negative jl,, the required excitation falls and the permissible
rating is then limited from stability considerations.

5.3 PER-UNIT NOTATION

For synchronous machines this notation is very commonly used and is
perhaps the most straightforward in application, especially for the
normal, constant-voltage and constant-frequency arrangement. Rated
voltage, current and therefore rated kVA are taken as base quantities,
plus the constant, synchronous speed. Rated electrical terminal power
will therefore be cos @g in per unit. 1 per-unit impedance will be rated-
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voltage-per-phase/rated-current-per-phase and the synchronous react-
ance is typically of this order, approaching 2 per unit for large turbo
generators and rather less than 1 per unit for motors with large overload
capacity. The next example uses per-unit notation for convenience and is
meant to illustrate in a simple manner, the essential aspects of
synchronous machine behaviour; conventions, load angle, motoring,
generating and synchronous-compensator operation. This will be
achieved by calculating the current from specified voltage, e.m.f., load
angle and reactance. A motor convention will be used and the
synchronous reactance X, assumed to be 1 per unit.
From eqn (5.9):

V = E; +jX.,], neglecting resistance;
at rated voltage: 1 =E 6+l /¢

1-E
from which: 1,/¢ = ——J—r@ = —j(1 —E,/d) per unit.

The solution for I, will yield the mode; real-part positive means
motoring, real-part negative means generating and real-part zero means
operation as a synchronous compensator. The real part also represents
the per-unit power and the per-unit torque, since losses are being
neglected. The solution also gives the power factor, though for a
generator this is best detected for lagging or leading by reversing the
current phasor, as shown on the phasor diagrams in the next example.

Example 5.4

A synchronous machine has X, = 1 per unit and operates at rated voltage V = 1 per unit.
Determine the per-unit values of current, power, torque, and the power factor and state the
machine function when the e.m.f. due to field current (E; in per unit) and the load angle
have the following values: (a) 0.5/0°; (b) 1/0°; (c) 1.5/0°; (d) 0.5/—30° ; (¢) 1/—30°;
(f) 1.5=30°; (g) 0.5/+30° ; (h) 1/430°; () 1.5/+30°

The expression for calculating I, has just been developed as: —j(1 —E/é)and itis onlya
matter of substituting the values above as in the table on p. 157.
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[5.3]

Surdde; €60 180 = €0l+5L0~ =
Sunelsuan [(s'of +9980)s'T— 110—| 0 + ST
3uipesy 960 60=  verol~s0— =
Sunersuan [(sof+99g0)oT—11(—|0E+ | OT1 (W)
Suipes| p'0 90= L950f—6T0— =
3upessuan [(0g +urs [+0g +s09)g0— 11— 0+ | ¢0 (8)
3urpes| €60 180 = gol+5L0=
Suuolo [(sof—99g0)sT—11—0E— | ST ()
3uidse; 960 0= PETO[— 50 =
Suuolo [(sof—9980)01—11(—|0E— | 0T (3
Suidde] p0 290 = L950l—$70 =
Suuolo [(0g—us [+0g—s00)g0— 11| 0E— | s0(p)
sol- gof+ 1ojedes
J o1 SNOUOIYIUAS §0= sol+ =@1-0-| 0 $'1 ()
G'0=43
JUdLIND 0137 0= o=1-nDf-| o o1 (q)
— 0I='awi=A
1019831
G1='3 h SNOUOJYIUAS §0= sof— =(so-1f-| o 0 (®)
swederp roseyd apoN I N i
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The above example is a very simple application of the per-unit system
but if it still causes a difficulty, take ¥ as say, 1000 V per phase and E, will
then be 500, 1000, 1500 V. If X_ is taken as 10Q for 1 per unit, then I
must be 100 A. All the currents in the above table, which are in per unit,
will be multiplied by 100.

54 ELECTROMECHANICAL PROBLEMS

In the circuit of Fig. 1.9¢, it will be assumed that the synchronous
impedance R, +jX is given, though R, may be neglected as for Fig.
5.1. The excitation will be left in terms of E;, knowing that the calculation
of field current will require the techniques used in Examples 5.1-5.3.
Apart from frequency and the related synchronous speed, there are six
quantities of special interest; V, I, ¢, E,, 5,and total power P (or torque).
The circuit equation, using motor conventions is:

V+3j0 = E (cosd +jsind)+ (R, +jX,) x I, x (cos ¢ +j sin ¢)
or:

V =E +(R,+]jX,) x L; omitting the specification of V as reference.
Since there are real and imaginary parts, the equation will solve for two
unknowns. The power equations, either P, .. =3 VI cos¢ or Mech.
power = w.T,, will solve for only one unknown. Both of these powers
can be expressed in terms of the load angle &, which is advanced (positive
for a generator) or retarded (negative for a motor). They are'":

—-VE, . V2R
P, (per phase) = VI, cosg = L sin (5+a)+~ZT“ (5.11)
and: P, (per phase) = P_ for synchronous machine
) EZ’R,
= — Zsf sin (6 —at) — stz (5.12)

where « =sin"'R,/Z..
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If the electrical loss is neglected, both of these equations reduce to:

—VE,
P.=P,=P,=— Lsind

S

as also deduced from the phasor diagram of Fig. 5.1 as eqn (5.10a). With
resistance neglected, the approximate-circuit equations become as (5.9)
and (5.9a):

vV E
X, X,

V=E+jX]I, and I, =

There is enough information in the equations above to solve for any
three of the six quantities, given the other three. Although ¥ is commonly
constant, the equations are not restricted to this condition. There are
other possibilities which are briefly touched on in some of the later
examples and Section 5.5 discusses constant-current operation. Typical
problem types are outlined below.

(A) Given V, P, E, Vary P, with constant E; to find I, ¢, 6
variation up to pull-out torque at (6 —a) =
+1. Or vary E; with constant P, to find the
same quantities.

(B) Given V, ¢, P Power-factor control. Excitation required for
(or 1) specified power factor and for a given power

(or current). Compensator.
(C) Given V, I3, Pull-out torque (or power) is really specifying
Pull-out torque the rated load angle dg, to permit this overload

at maximum angle. Solution yields required
excitation, power at full load and power

factor.
(D) Given V, I, Find required excitation and power developed
@ (or P) (or power factor), load angle and hence over-
load capacity.
(E) Given I, P, ¢ Find V required [ P/(I, cos ¢)] and excitation.
Constant-current drive.
(F) Given I, P, d Find V required and excitation. Constant

current with é control.
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(G) Given V, P, ¢ Fixed power factor (by excitation control)
changes Power/d characteristic. Data for re-
quired excitation-control yielded.

Items (E), (F) and (G) would require special power-electronic control,
possibly with microprocessor supervision. They are included here to
show that the fundamental performance is still governed by the normal
machine equations. Examples will be given later and there will be a brief
discussion on power-electronic control in Chapter 7.

In the examples illustrating this section, to help understanding, the
label from the nearest problem-type is quoted from the list just
described; see below.

Example 5.5

A 3-phase, 8-pole, 50 Hz, 6600 V, star-connected synchronous motor has a synchronous

impedance of 0.66 + j6.6 Q2 per phase. When excited to give a generated e.m.f. of 4500 V per

phase, it takes an input of 2500 kW.

(a) Calculate the electromagnetic torque, the input current, power factor and load angle.

(b) If the motor were to be operating at an input current of 180 A at unity power-factor,
what would then be the value of E.? Under these conditions, calculate also the
mechanical output and efficiency if mechanical, excitation and iron losses total 50 kW.

Z, = J0.66*+66% = 6.63Q and a = sin~ ' 0.66/6.63 = 5°7
(a) Type (A). Substituting values in eqn (5.11) for electrical input:

2500000 (6600/,/3 x 4500) 6600 0.66
= — sin(é+ 5.7+ ———x
3 6.63 (/37 6.63?

From which sin (6 +5.7) = —0.238,s0 (6 +5.7) = —13°76; 6 = —19°46 .
Substituting in egn (5.12) for mechanical output per phase:

6600/ /3 x 4500 X
_(—M sin (—19.46 —5.7) — 45007 x
6.63 6.63%

= 1099.6 kW - 304kW = 795.6 kW

P_=

m
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Total air-gap power = 3P_ = 3 x 795.6kW = 2387 kW,

2387 x 1000
Hence electromagnetic torque =T, =3 P_/w, = ————— = 30390 Nm
2n x 50/4
. V—E, 6600/,/3 —4500(cos —19.46 +jsin —19.46) —432.4+1499
oz, 0.66 +j6.6 066+j66

=2187+j87.3 = 2355/21'8 A cos ¢ = 0.93 leading
Check input = \/3 x 6600 x 218.7 = 2500 kW
{b) Type (B)

6600 .
E=V-Z]I,= 7 —(0.66 + j6.6) (180 + j0)
=3691.7 —j1188 = 3878/ —17°8 = 6.717kV (line)
—6600/./3 x 3878
Output = 3P, —“fixed” loss = 3 g Sn(-178 57

38782 x 0.66]
T

= 26662 —6774 —50kW

= 1938.7 kW

1938.7
Efficiency = —————— =94.2%
JIx66x180 T

As an exercise, the above figures, apart from efficiency, can be checked using the
approximate circuit. It will be found that the load angles are within 1° accuracy, with
similar small errors for the other quantities; see Tutorial Example T5.2.

Example 5.6

A 3300V, 3-phase, 50 Hz, star-connected synchronous motor has a synchronous
impedance of 2 + j15Q per phase. Operating with an line e.m.f. of 2500 V, it just falls out of
step at full load. To what open-circuit e.m.f. will it have to be excited so that it will just
remain in synchronism at 50 % above rated torque. With this e.m.f., what will then be the
input power, current and power factor at full load?

Z = \/22+ 152 =151Q a=sin"2/151=7°6

Type (C) problem, with pull-out torque equal to rated value; sin (§ —a) = —1.
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Hence, rated air-gap power =3 P, =

‘[ —3300 x 2500 - 2500 2 ] 0 kW
_—_ X (=) ———x—— |Xx
SAxSax1s1 (V15

= 5464 —548

= 491.6kW

[5.4]

Since electromagnetic torque is proportional to this power, the new requirement is that
pull-out should occur at 1.5 times this value; i.e. at 737.4 kW. Substituting again in eqn

(5.12), but this time with E, as the unknown:

3300 x E, (line) 2
737400 = — " " _E2x—_
15.1 15.12
from which E.> —24915E, + 84067287 = 0
It /249157 — 4 x 84067287

' 2

= 20890 V or 4024 V; the lower value being feasible.

Substituting again in the output equation, this time set to full load:

—3300 x 4024
491600 =—— " sin (5 —7.6) — 40242 x

151 15.12
gives sin (6 —7.6) = —0.7205 = —46°1. Hence 6 = —38°5
| V-E  3300/./3 —4024/,/3 (cos —38.5+j sin —38.5)
oz, 2+j15

(87 +1446) x (2 —j15) ,
= =955+j69A =957/+3°7
22+ 152

.. input power = \/3 x 3300 x 95.5x 1073 = 545.8 kW _at cos @ = 0.998 leading

If the above figures are checked using the approximate circuit, they will again be well within
10%, apart from the output power, since /2R losses are neglected in the approximation.

Example 5.7

A 3-phase, 4-pole, 400 V, 200 hp, star-connected synchronous motor has a synchronous

reactance of 0.5 Q per phase. Calculate the load angle in mechanical degrees and the

input

current and power factor when the machine is working at full load with the e.m.f. adjusted

to 1 per unit. Neglect R, but take the mechanical loss as 10 kW.
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Type (A) problem. From eqn (5.10a) with e.m. f. the same as the terminal voltage:

-3 (400 )2 .
Power = 200 x 746 + 10000 = — x| — ] sind
05 \/3
—0.4975, & = —29°8 (elec.), and since p = 2,
Opecn = — 1429
V-E 1 [400 —400(cos —29.8 +j sin —29.8)]
i, 3 jos
=229.8 —j61 = 237.8/ — 1429 = 0.966 p.f. lagging
Note: It is a pure coincidence that ¢ =

from which sin

Rated current I

mech *

Example 5.8

A 6-pole, 3-phase, star-connected synchronous motor has an unsaturated synchronous
reactance of 12.5Q per phase, 20 9/ of this being due to leakage flux. The motor is supplied
from 11 kV at 50 Hzand drives a total mechanical torque of 50 x 103 Nm. The field current
is so adjusted that the e.m.f. E, read off the air-gap line is equal to the rated terminal voltage.
Calculate the load angle, input current and power factor and also the maximum output
power with this excitation, before pulling out of step. Neglect resistance throughout and
assume that E, is unchanged when the power increases to the maximum. The calculations
are to be conducted (a) assuming saturation can be neglected and (b) assuming that all
components which would be affected would be reduced by a factor of 1/3 due to saturation.

With the current calculated as above, to what value would the excitation have to be
adjusted, in terms of E_, so that the power factor would be unity? What would then be the
output?

Finally, to what value would E, have to be adjusted so that the machine could operate as
a synchronous capacitor at the same armature current?

This again is related to problem types (A) and (B) but the effect of allowing for and of
neglecting saturation is included. 10Q of the total synchronous reactance is due to mutual
flux and therefore will be reduced if saturation is allowed for. Further, the e.m.f. will have to
be reduced by the same amount.

The calculations are shown in the table on p. 164. It can be seen that the most
pronounced effects of allowing for saturation follow from the change of power-factor-
angle ¢, which is much increased because E, is no longer equal to but is less than the
terminal voltage. If the field current had been adjusted to correct for this, then the
discrepancies would have appeared in the other quantities, like load angle and maximum
power.
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Example 5.9

A 3-phase, 6-pole, 50 Hz, star-connected synchronous motor is rated at 500 kVA, 6600 V
at unity power-factor. It has a synchronous impedance of j80 Q per phase. Determine the
mechanical torque for this rating neglecting all machine losses. If this torque can be
assumed constant, what departure from rated armature current and excitation (in terms of
E /6) are necessary for operation at (a) 0.9 p.f. lag and (b) 0.9 pf lead? How will the
maximum torque be affected in both cases?

Problem type (D)
Power 500 000

Torque = ——— = ———=4775N
= peed ~ 2ux 503 o
. 500 000
Power component of current for this torque = ————— = 4374 A

/3 x 6600

. 43.74 . .
At 09 pf, (sing = 0.436), I, = 09 (0.9 +j0.436) = 43.74 + j21.2
Power factor upf. 0.9 lag 0.9 lead

iX,J, = j80x (43.74+0) 80 x (43.74 —j21.2) j80 x (43.74+j21.2)

j3499.2 1696434992  —1696+ j3499.2

6600
E =——-jX,I, 3810.5 —j3499.2 2114.5 —j3499.2 5506.5 —j3499.2
3

= 5173/—42°% 4088/ — 58°9 6524/32:4
sin —90°/sin 6 1.477 1.168 1.866
MaxT, = 4775
B0 2053 Nm 5577 Nm 8910 Nm
sind

The last figures show that the higher excitations give higher overload
capacities as well as the movement towards leading power factor. This is
also indicated by the torque/load-angle and phasor diagrams on p. 166,
which show the reduction of é with increase of E,.
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8910
€ 7053+——
_ 5577
§ 4775 1, cos p=43.74A
R 5:-58.9°
S=-426°
8=-32.4° 0.9 pf
] leading
0 -90°
_ 0.9 pt. Nz
Load angle -& logging A
Fic. ES9.

Example 5.10

A 1000 kVA, 6.6 kV, 50 Hz, 3-phase, 6-pole, star-connected synchronous machine is
connected to an infinite system. The synchronous impedance per-phase can be taken as
constant at 0+ jS0 Q. The machine is operating as a motor at rated current and in such a
manner, by excitation adjustment, that a 50 % overload is possible before it pulls out of
synchronism. What will be the necessary voltage E,; behind synchronous impedance to
permit this overload margin? At what power and power factor will it be operating when the
current is at the rated value? Neglect all machine power-losses.

If, with the same mechanical load, E; was reduced by 30 %, what would be the new status
of the motor?

Type (C) Rated current = = 8748 A

1000
J3%66

Inorder to permit a load increase of 1.5 times, the value of sin 6 at full load must be 2/3 so
that a 50 %, increase will bring siné to unity.

The easiest way to solve this problem is to draw the phasor diagram as shown. Two sides
of the current triangle are known, I, and V/X_, and the load angle oy is specified as
sin~! —2/3 = —41°8. Either from the sine rule or resolving the two current components
along E,, the triangle can be solved. By the second method:

4 . . .
I, cos (¢ +0g) = i sin Oy — using positive dg for simplicity in this particular case,
6600/./3 2/3
4\/ x 2B 0.5808

50: cos (p +0g) = 0 3748
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E
T, t
I.5xF.L. v
FL. 1.O5xF.L. _ 85.33 ~
I,
(74
-72.3°
-41.8°
=8n
)
FiGg. E.5.10.

giving: (¢ +Jg) = 54749 and hence ¢ = 54.49 —41.8 = 12769
cos @ = 0976
Power = \/3 x 6600 x 87.48 x 0.976 = 1000 kVA x 0.976 = 976 kW
E, follows from eqn (5.10a):
6600 E, -2 .
976000 = —3{ —— x— ) x| —— ] from which E; = 6403 V/phase
\/3 50 3 e —
If E, is reduced to 709 of 6403 V = 4482 V

6600 4482\ |
976000 = —3{ —— x—— |sinéd

J3 50
from which sind =0.952 and § = 7293 . cosd = 0.306
. sin
Maximum overload is now —
sin72.3
The armature current at full load is
V—E _ 6600/,/3 —4482(0.306 —j0.952)
ix, i50

=8533—j48.8

= 98.3/298 cos ¢ = 0.868 lagging
The power component of the current, 85.33 A is the same as before (87.48 x 0.976), since the
load is unchanged. But the total current is greater at 98.3/87.48 = 1.12 per unit, the power

factor is now 30° lagging and the load angle is greatly increased to 72°3 which leaves the
overload margin very small at 5% before pull-out; see diagrams.

= 1.05 i.e. 5% overload
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Example 5.11

A 3-phase, 6600 V, 6-pole, 50 Hz, star connected synchronous motor has a synchronous
impedance of 0+ j30(Q2 per phase. At rated load the armature current is 100 A at 0.9 p.f.
leading. Neglecting losses:

(a) Determine the e.m.f. E,, the load angle in mechanical degrees and the rated torque.

(b) What increase of excitation will be required to sustain a torque overload of 25000 Nm
without falling out of step?

(c) With this new excitation, what would be the values of current, power factor and load
angle at rated torque?

(d) With this new excitation, what reduction of terminal voltage would be permissible so
that the machine would just stay in synchronism at rated torque?

(e) With this new excitation, and rated terminal voltage, what would be the value of current
if the load was removed altogether?

This is a Type (D) problem with further variations.
@ E,=V-jX.I 6 j30 % 100(0.9 + j0.436)
=V- = — X A X
f A, 7—3 ) J

5118.5 —j2700 = 5787/27'8
The load angle in mechanical degrees is 6/p = —27.8/3 = —9:.3

/3% 6600 % 100 x 0.9

Rated t e =
ated forqu 27 % 50/3

= 9827 Nm

6600 E,

. 1
(b) For maximum torque of 25000 Nm = —3 x \/3 +ﬁ X 2nx—50/3 x

sin — 90~
E, =6870V
6600 6870 sind

(c) For new load angle: 9827 Nm = —3 x ? X 30 x 21[)(—50/3

from which sind = —0393; 6= —23°1 elec.
6600/ /3 — 6870(0.92 —j0.393)
o 30
=90+j83.7 = 122.9/42°9  cos¢ = 0.732 lead
(d) For rated torque at reduced voltage:

For new current: I

% in 90~
9827 Nm = 3 x — x 2870, SIn%0°
737730 “2ax 503

from which: V = 2594 V = 0.393 per unit; 60.7% reduction
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(e) For zero load, 6 =0, siné = 0 and cos 6 = |
_ V—E(1+j0) _6600/,/3—6870
=T iX B 30

1 =jl02 A. Zero leading p.f.

Example 5.12

If the excitation of a synchronous motor is so controlled that the power factor is always
unity, show that the power is proportional to the tangent of the load angle. Neglect all
machine losses.

Type (G) problem. Referring to the phasor diagram and taking V as reference, then
I, will always be I, + jO.
From E, = V—jX_1, it can be seen that the load angle is:

-XI
d=tan" ' —°
v
. . P
But power is proportional to VI, so I, = v
—X,kP . .
Hence tand = ;3 and with V constant; tan é proportional to P
~i%1, i%1,
v
£y
1, I,
upf (reference)
N
S
Fig. E5.12. Fig. E5.13.

Example 5.13

If for a synchronous motor the r.m.s. armature current is maintained constant by varying
the terminal voltage V, develop the relationships comparable to those for constant voltage,
which will yield solutions for three unknowns given three valuesoutof V, 1, ¢, E,, §,and P
(or T,). Neglect machine losses.
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Type (E) problem, again solved more easily by referring to the phasor diagram, this time
with I, as the reference phasor instead of V.

P.=P, =P, =1Vcose =1,Ecos(p+5) per phase

and:
V= E, +)X.1,
V(cos p+jsin g) = E.[cos (¢ +8) +)sin(p +0)]+)X,1,
P
Hence for example, given I,, P and ¢ V=
I, cosg
and E = V(cosp+jsing) —jX, 1, = E /(d +¢, hence §

or, for a Type (F) problem, given /,, P and & find required voltage and excitation. Using the
cosine rule on the phasor diagram:

VE
(X,1,)* = V*+ E* —2VE, cos , and substituting for E, from P = ¥ ! sin &:
P2X? 2PX,

7 el Rl 1
V2sin’é tané

2PX PX?
0= (V¥ | 2+ X212 |V —2
v I:tané *oe ] sin? &
This equation can be solved for V. E, follows and using the sine rule yields y and hence
¢ =9%—-06-—y.
Further discussion of the constant-current mode follows in Section 5.5.

Effect of Supply Voltage/Frequency Changes

The circuit, power and torque expressions derived may be applied at
any frequency and voltage providing appropriate changes are made to
the frequency-sensitive terms. For example, synchronous speed, react-
ance, induced e.m.f. (with constant excitation), are all proportional to
frequency so must be changed from their normal values by the frequency
ratio k, say. The approximate circuit becomes more inaccurate as
frequency falls, due to the increasing significance of the RI, voltage.

Example 5.14

If the supply frequency and voltage applied to a synchronous motor are both reduced, to
fractions kf and k¥, what will be the effect on the values of maximum torque and on
maximum power? Take V, f, E;, o, and X, as the normal, rated parameter values.
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If f becomes kf then the synchronous speed becomes kw, and therefore the induced
emf. E; will become kE, if the flux is maintained constant. The reactance too is
proportional to frequency so X becomes kX . Substituting in the power equation (5.10a)

. kV xkE, . 3VE, |
Maximum power =—3 x X x sin (—90°) = sin 90 x k
Maximum 7, = power _ 3VE,sin90 x k _ 3VE,

speed ko X, X,

The maximum torque is unchanged from the normal condition as
might be expected since the flux and load angle are unchanged. Further,
the voltages and the impedance are affected equally, by the terms of the
question, so the current would be unchanged. The maximum power will
be reduced by k from the normal value since although the torque is
constant, the speed has been reduced by this k factor.

All the above reasoning neglects the effect of resistance. The equations
are different if this is allowed for. Only the induced voltage terms are
affected by the reduction in frequency (apart from the small resistance
skin-effects), so the resistance assumes a more important role and at very
low frequencies will dominate the current calculation. Expanding eqn
(5.12) the electromagnetic torque is:

P ~VE, . . EZ2
Te=3 '=i[ £ (sind cos & —cos & sin o) — — I;“]
w ol Z V4

S S S

Substituting sine = R,/Z, and cosa = X,/Z,, from the definition of «:

—-3E _
T. = — T (VX,siné — VR, cos 6+ E.R,). (5.13)

$°S

At any reduced frequency kf; E,, w, and X are reduced in the same
proportion and Z,* becomes R, + (kX,)?. Under these conditions, the
load angle for maximum torque can be deduced by differentiating the
modified expression with respect to 6 and leads to the statement that
kX cosd + R, sindé = 0 from which:

tand = —kX,/R,.

This shows that at very low frequencies, the load angle for maximum
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torque approaches zero. Also, since tana = R/kX,, the value of
sin (6 —a) in eqn (5.12) at maximum torque will be sin (—90°), as might
be expected, the tangents of the two angles showing that they are
complementary. With this value of (§ —a) inserted in eqn (5.12) an
expression for maximum torque at any frequency k f can be deduced:

- kE;)’R
LS

MaxT, =
axT, =

3E, 4 kE,R
= - . 5.14
[ RZ+(kXx)? RZ+(kX) J 19

which, with resistance neglected and with the applied voltage too
reduced by the same fraction k, will give the same value of maximum
torque as deduced from eqn (5.10b), as in Example 5.14, with sin § at its
maximum. See also Example 5.15.

Eqgn (5.14) becomes the general torque equation if the first term is
multiplied by —sin(d —a). As frequency falls till the reactance
kX, < R,, the equation becomes:

—3E| V kE, 3E.I
p I:R—SI (0 —a)— R :l——

w

S a8 a S

since ¢ is very small and o approaches 90°. The power factor approaches
unity.

5.5 CONSTANT-CURRENT OPERATION

This mode was discussed in Section 4.3 for the induction motor. For
the synchronous motor also, it is associated with variable frequency and
special applications. Indeed, when the induction machine is in the
dynamic-braking mode with a d.c. current-source for one winding, it is
really operating as a synchronous generator, of variable frequency if the
speed is changing. The power factor is always lagging, however, since it
has a passive R. L. load.

Traditional approaches to electrical-machine theory have tended to
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assume nominally constant-voltage sources in deriving the various
equations since this is the normal steady-state running condition. If,
instead, currents are specified and controlled, with the voltages adjusted
automatically to suit this condition, a different performance results. This
is especially important when considering maximum-torque capability.
The equivalent-circuit parameters are unchanged-—apart from the
greater likelihood of parameter changes due to saturation effects—but
the viewpoint is different. For example, not until the performance is
deduced from the specified currents does the primary impedance come
into the calculation—for the required supply voltage. Variable
frequency and changes of speed are the normal situation.

It is helpful as an introduction to return to the induction-motor
phasor diagram which is shown on Fig. 5.2a. The emphasis will be on the
current time-phasors, which can also represent the m.m.f. space phasors
to which they are proportional, being expressed in terms of the stator
winding turns. I, is for the stator (primary); I is for the rotor (secondary)
and I, the magnetising current, represents the resultant m.m.f. The
general expression for torque, eqn (4.4):

n:ixy&
) s

—3_.‘_xX xExElxRZ/s,
w/pole pairs " X. Z), Z

can be rearranged as:

where Z; =T2+jx’2
=3 xpole pairs x M’ xI, xI) xcose,
and, since ¢, = 90°:
=3 xpolepairsx M’ xI  xI, xsin(p_,—~¢,) (5.15)

where the angles have been measured from E, for convenience. Basically
this equation has been obtained by dividing the air-gap power by the
synchronous speed, 3 P,/w,, but it now expresses the torque as a product
of the referred mutual-inductance, the r.m.s. currents referred to the
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same side of the air gap and the sine of the angle between the rotor and
resultant m.m.f.s represented by I5 and I_,. For a.c. machines, this angle
between the air-gap flux and the rotor m.m.f., is closest to the
conventional load angle, which for synchronous machines is the angle ¢
between time-phasors V and E,.

From the geometry of the triangle, using the sine rule, it is readily
shown that the same torque will be given by using the currents I, and I,
or I, and I, with the appropriate correction for angular difference
substituted; e.g.

T, = 3 x pole pairs x M'1,I5sin (¢, —¢,) (5.16)

as proved by an alternative approach in Reference 1. The angle here is the
torque angle, between the stator and rotor m.m.fis, as on the d.c.
machine, between field and brush axes.

Turning now to the synchronous machine, the corresponding m.m.f.
diagram (Fig. 5.2b) is obtained on dividing the E, E,, jX I, voltage
triangle by jX_ which gives currents referred to the armature turns.
E/X_,, in phase with the mutual air-gap flux ¢, is really the equivalent
magnetising current I, like the induction motor and producing the air-
gap em.f. E. The current E,/ X _ is really the equivalent field current I{ in
armature winding terms, producing E, and is readily converted back to I,
if the coefficient relating E, to I, is known from the magnetising
characteristic, i.e. k;, for unsaturated conditions; see Section 5.1. The
torque is given by:

T _ Air-gap power _ 3EI cos (¢ +7)

€

, ,

X E
X ojpole pairs < X, 2 xsin[90—(¢+7)]

= 3 x pole pairs, x M’ x I_x1I,xsing,, (517)

which really corresponds to the third equation which could be derived
from Fig. 5.2a, using I, and 1. The angle ¢, is that between I and I,
but any of the three angles, with the corresponding currents, could be
used.
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{a) Induction mode {b) Synchronous mode

FiG. 5.2. Torque from phasor diagrams.

For constant-voltage constant-frequency drives, the air-gap flux is
approximately constant since V'/f (= E/f) is constant, therefore one
value of M’ is usually adequate for calculations. For current-fed drives,
as already discovered with Examples 4.14-4.17, the flux may vary
considerably and saturation changes which affect X, have to be allowed
for. Given the magnetising curve, which relates I,, (or I))) to E, at a
particular frequency, this can be included since X, = E/I ;. An iterative
procedure may be necessary to match calculated values with the correct
value of X, and M".

It is now appropriate and instructive to compare the induction
machine and the synchronous machine in terms of their m.m.f. diagrams.
Note that positive I5, the rotor m.m.f,, is conventionally taken to be
magnetising in the opposite sense to positive I, , unlike the rotor m.m.f. I}
(F,), which is taken to be magnetising in the same sense as I, (F,) when
both are positive. Reversing the phasor I as shown, brings Fig. 5.2a into
the same convention as Fig. 5.2b. The important thing to realise is that
the torque is a function of the m.m.f.s. and angles, for either synchronous
or induction machines and regardless of the speed, (though the condition
must be steady state, with the m.m.f.s in synchronism). Synchronous and

WEEMD-G 1 7 5



ELECTRICAL MACHINES AND DRIVES [5.5]

induction machines can thus have a common basis when considering the
torque produced and its control. If the three current magnitudes are
predetermined, then the geometry of the triangle constrains the angles to
certain values in accordance with the cosine rule. Alternatively, if two of
the current magnitudes are specified and the angle of one current with
respect to another, then again the geometry determines the remaining
current and angles.

This last statement is important when considering the maximum-
torque conditions. Clearly, from the equations derived, for a fixed M and
for any two specified currents, maximum torque occurs when the angle
between them is 90°. For the induction motor, Fig. 5.2a, this cannot
occur with an uncontrolled (cage) rotor, since I must always lag behind
E,. The torque can only be obtained with an angle (¢, — ¢,) less than
90°; or considering the angle between I, and —1I, an angle greater than
90° which in fact has the same sine. This is a consequence of the induction
mode, with the rotor current dependent on induction from the stator
currents. For the d.c. machine, a torque angle of 90° is the normal
condition, with field and armature m.m.f.s maintained in quadrature by
the angular-position switching action of brushes and commutator.

For the synchronous machine, the angles are functions of load,
voltage, field current and frequency. But supposing a shaft-position
detector was incorporated, so that specified stator and rotor m.m.fs
could be held at a fixed relative angle, this could be made 90° and again
the maximum torque could be obtained (Fig. 5.3a). In practice, however,
this would mean that the flux would have to adapt as the dependent
variable, and saturation effects on the value of M’ would have to be
allowed for. Maximum torque then occurs at a torque angle greater than
90° as will be seen. The normal, voltage-fed machine, with flux per pole
approximately constant (¢paxE/f = V/f), and with a particular field
m.m.f., will have maximum torque when the load angle 6 between V and
E, is virtually 90°, § being the same as the angle between I, and I{
neglecting leakage impedance; see Fig. 5.3b. With this as the constraint,
1, is the dependent variable and will be higher in terms of its m.m.f. than
either I or I{. The third possibility is to specify the flux level (I )and the
armature current /,, with an angle of 90° between them for maximum
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Im
I |

(a) pr, (Ftorgue angle 8¢)=90°

Ro Xal Iq X

In
v

(c) Current-source equivalent
circuit

SYNCHRONOUS MACHINES

) ‘ E¢ Im
1

I, \
I

(b) p,=90°

(d) Constant 8

FiG. 5.3. Maximum-torque conditions for synchronous machine.

torque. I, would then be vertical on Fig. 5.3b and I; would have to be the
highest in terms of its m.m.f. This might be the most appropriate option
since the field power is very much less than the armature power and

would therefore be cheaper to control.

The current-source equivalent circuit for the synchronous machine is
shown on Fig. 5.3c. It follows from Fig. 5.2b, though the current source
due to the field could also be obtained from standard circuit techniques
which would convert a voltage source E, behind an impedance j X toa
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current source I¢, (E;/jX ), at an angle which is known only with respect
to V as (6 —90°). But V itself is not specified if I, is to be predetermined
and controlled. V awaits the solution of performance from the current
diagram. The angles of the other currents are also unknown, though it is
usually convenient to take I, as the reference phasor, Example (5.13),and
I, is known to lag E, (X 1,,), by 90°.

If current-controlled sources are to be used, it has already been found
when discussing the induction motor, Section 4.3, that saturation effects
become very important. Consider Fig. 5.3d. This shows a particular I,
and flux, which may or may not result in pronounced saturation effects,
and the two currents I7 and I, with an angle 8 which is actually equal to
(180 — the torque angle 4,,), Fig. 5.2b. A few simple drawings will quickly
demonstrate that maximum torque occurs when I; and I, are equal”.
Actually this follows from eqn (5.17) which has the same form as the
area-of-a-triangle formula, 4a x b sin C, and maximum area occurs for
the condition stated. A comparison of control strategies could as a first
approximation consider the criterion of torque per ampere of total
current, which based on eqn (5.17) re-formed in terms of I; and I, would
be:

T./A = 3 x pole pairs x {W’Ialésint’)azM’I2 sinHaM’Isine
Ia+1f 21 2

(5.18)

if I, = I; = I. For optimum torque angle §,,( = 180 —8) = 90°, then
6 =90° and the maximum torque per ampere would be directly
proportional to I. However, this assumes that M’ is unaffected by the
value of I, which is only a reasonable assumption for a low-flux,
unsaturated state. But if I was the rated value and 6 = 90°, I would be
\/5.1 and M’ would therefore be appreciably lower than its unsaturated
value. Suppose now that 8 is reduced from 90°; I, will be less and so M’
will increase. If this increase is greater than the decrease of sin 8, the
torque will actually rise. What this means is that in the saturated state the
maximum torque occurs at a torque angle greater than 90°), though the
effect is not very marked until the magnetising current is approaching 1.5
per unit or more, and costs of excessive currents must be taken into
account.
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In the next example, a simplification will be made by expressing all the
relevant equations in per-unit, with rated kVA, rated voltage and the
synchronous speed at rated frequency, as base values. The equations are
unchanged apart from the omission of constants like “3”, w,,., and
pole pairs. The conversion is simple; for example, base torque is: (rated
kVA x 10%)/w,..., and on dividing the torque expressions by this, the
voltages V and E; by V., and remembering that Z
= (Vyase)?/Power, . (see Example 4.2d), the following equations result,
E, and X being the values at base frequency:

For the voltage equation at any frequency k x f, ...:

V =kE +R,I, +jk X I, (5.19)
For eqn (5.12):

the first term of eqn (5.20) below must be multiplied by — sin (6 —a).

For eqn (5.14).

Max. T, = E v KER, (5.20)
x. T. = = — .
T /RZ+ kX,)? RI+(kX)?
From eqn (5.17):
T, = X, I;1,siné,, (5.21)

now re-formed in terms of I7, I, and the torque angle &,,. Note that since
X, isin perunit = wy,e M'/(V,oe/ I ase ), it is proportional to the mutual
inductance and k does not appear in the equation, nor in eqn (5.17).

Example 5.15

A polyphase, cylindrical-rotor synchronous machine has a per-unit synchronous
impedance Z_ = 1. The resistance when allowed for can be taken as 0.05. The leakage
impedance can be taken as zero (X, = X, ). Determine:

(a) the per-unit E, for operation as a motor at unity power-factor and rated armature
current, voltage and frequency,
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(b) the per-unit torque at this rated condition calculated from (i) VI, cos ¢ — IZR,, (ii) eqn
(5.12) and (iii) eqn (5.21);

(c) the maximum torque with rated voltage and the same value of E;

(d) the armature current at condition (c);

(e) the air-gap e.m.f. E at condition (c);

(f) I, and I; at condition (c};

(g) the phasor diagram for condition (c), checking all the angles of the m.m.f. triangle by
the cosine rule on the current magnitudes;

(h) the voltage and frequency required to sustain condition (c) at a speed of 0.1 per unit;

(i) the answers to (a)-(h) if resistance is neglected,

(j) the values of torque and torque per ampere in per unit, for the following conditions
when supplied from current sources giving I, = I} =2. () I, = 1; Gi) I, = 2; (ii)) I,
= 3. Neglect the armature resistance and use the approximation to the magnetisation
curve employed in Example (4.16) for determining the reduction in per-unit mutual
inductance — X =1atI =1 (M perunit=wy, M I . /Vie=Xn/Zpse)

If R, = 0.05, then X, =,/12 —0.05> = 09987 and « = tan" 'R,/ X = 2°87
@) E, =V -L(R,+jX,)=1—(1+j0)(0.05+j0.9987) = 1.3784/ —46:43

) (T, =1x1x1-12x005 = 0.95
. —1x1.3784 1.37842 x 0.05
(i) T, = —————sin(—4643 -287) - ————— = 095
E, 13784/—4643
I = — = === - 138/ 13643
W k= = ~0.9987,%0 il
soT, = X_I{1,sind,, = 09987 x 1.38 x 1 x sin 136°43 =095
©} T,man)» fTom eqn (5.12) with (6 —a) = —90°
—1x1.3784 1.3784% x 0.05
= x (- = 1,283
1 12
V—E/—(90— 1~ 1.3784(0.05 — j0.9987
@1, =Y B0 (005 ~j0.9987) = 1.662/ —3122
Z,/90 —a 0.05 —j0.9987 _—
© E=V—-LR, =1-1662/—312 x005 = 0.93/2:65
E/—90+287
f) I, = ' —r"Fr— =1.38/-177:13
O 0.9987/90 e
0.93/2.65
E _0§ =0931/—87:35

1 =—=
™" iX, 09987/90°

The angle between I; and I (¢,,), is thus —177.13 — (—87.35) = 8978 which is very
nearly at the optimum value of 90°, even though it is the result of a maximum-torque
condition deduced from the voltage-source equations. These equations allow for
impedance drop and maximise the air-gap power rather than considering the optimum
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angle as for the current-source approach. In fact, if the leakage reactance had been allowed
for, this angle would have progressively reduced from 90° as a larger share of X, was
ascribed to leakage reactance. The maximum torque would have been unchanged since the
value depends on the total synchronous impedance. This will be verified if the calculations
are repeated with x,, typically 0.1 per unit, leaving X as 0.8987 per unit.

(8) The phasor diagram has been constructed from the above information and is shown on
the first figure. The check on the angles from the calculated current magnitudes is left as an
exercise to familiarise the calculation procedure when the currents are specified, as indeed
they are in the next question and part (j).

I,
v
¢/=18°
v
1093 E,
] 1.1

I.:1662 1:-1732

1, I

=1.38 =1.414
Max_ torque. Speed = | O Max . torque Speed = O.t Max torque Speed = | . OR,= O

Fic. E.5.15.

(h) The condition here is a speed and frequency of 0.1 per unit which means that k in the
variable-frequency expressions of eqns (5.19) and (5.20) is 0.1. The m.m f. diagram is to be
the same, to give the same torque — which is not quite the maximum for this particular flux
(I,,) and field current, since the angle between them is slightly less than 90", It is convenient
to take I_ as a reference phasor; it will be 1.662 + jO. Hence, from eqn (5.19): and the phasor
diagram from which the angles can be deduced, e.g.

S;a = 89.78+ (90 — 31.2 — 2.65) = 145.93:
V =kE + R, +ik X,I, = kI, X + R, I, +jk X, I,
= j0.1 x 1.38/— 145993 x 0.9987 + 0.05 x 1.662 + j0.1 x 0.9987 x 1.662
= 0.1378/— 55°93 +0.0831  +j0.166
=0.16+j0.052 = 0.168/+ 18"
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Note that in the above calculations, cartesian and polar forms have been used as convenient
but care must be taken in combining them finally. The second figure shows the phasor
diagram, the current I, being at a slightly lagging power-factor of 0.95. The load angle 6
between V and E, is —[18 —(—55.93)] = — 73793 which is < 90" even though torque is
maximum. ¢ falls further if k is reduced further.

The calculations neglecting resistance are much simpler and will now be outlined in the
same sequence as previously.

@ E, =1—-1xjl=1-)1=1414/—45"
b) HT.=1x1x1 =1
—1x 1414 xsin(—45")

T, = 1 =1

1.414 o
(l”)Tczle x 1 x sin45 =1
—1x1414
©) Tepman = —— (=11 = 1414
1—-1414/—-90° )
d)y I, = —w-—1~: =1414—-)1 = 1.732/—35.3
i l—s=i
() E=1V=1
1414/ —90° 1
(f) l;=—7¥=—1.414 IL=—=-]1

0 m

(g) The phasor diagram is shown on the 3rd figure and should be compared with the one
including resistance. The differences are about 59, but note that the angle is now
exactly 90 .

(h) With I, as the reference phasor, I is 1.414/-180°—(=3523)= 1 414/—144.7
So V=jkLL X_+3k X1,

=j0.I x I x 1.414/—144°7 +j0.1 x 1 x 1.732
=0.1414(0.578 —j0.816) +)0.1732

=0.082 +j0.058 = 0.1/ + 353

This result, which shows that I is proportional to k when resistance is neglected, has
already been illustrated in Example 5.14, but is now confirmed. With R, included, a much
higher voltage is required to provide for the increasingly dominating effect of resistance at
low frequencies, as shown in the first part of this question.

(j) Allowance for saturation of mutual inductance is now to be made and current sources
1, = I; = 2 are to be supplied at different phase angles to permit / | to vary from rated
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value of 1, to 3 per unit. The empirical expression relating flux and magnetising current
is, from Example 4.16:
0.6 1
o 08P o which ¢, =
1-04¢,, 0.6+041,

The average slope of the flux//,, curve is proportional to the mutual inductance. When
I, =1,¢, =1and the slope is proportional to 1. For I, =2, ¢, = 2/1.4and for [ , = 3,
¢, = 3/1.8. The average slopes for the last two are 1/1.4 and 1/1.8 respectively. These are
the coefficients by which M’ must be reduced. The angle ¢ between I, and I; used on
Fig. 5.3d is obtained from the cosine rule as:

P+12-12
T,

and the torque expression of eqn. (5.21) will complete the calculation. The results are
tabulated below:

cos™!

(i) (i) (iii)
1

M’ 1/14 1/1.8
0 29 60 97
T,=2x2xM'sinf 1.93 247 22
Torque/amp 7, /4 0.48 0.62 0.55

A few more calculations will show that the maximum torque occurs at an angle 6 rather less
than 90 which means that the torque angle §,,, between stator and rotor m.m.fs is rather
greater than the unsaturated value of 90 . The load angle between I, and I; is still less than
90 . The maximum torque per ampere is somewhat less than the unsaturated value given by
eqn. (5.18) which is //2, equal to 1 in this case.

5.6 OPERATING CHARTS

Under certain circumstances the phasor diagrams for a.c. circuits
under variable conditions give rise to phasor loci which are circular. Such
circle diagrams are useful visual aids and assist in rapid calculations.
They are less important nowadays with improved calculating facilities
which can operate directly on the equations, which are really the basis on
which the diagrams are constructed. No examples-of induction machine
circle diagrams have been given in this book though they are dealt with in
Reference 1. However, for synchronous machines they are still of general
interest because they delineate the various regions of operation in a
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manner especially useful for power-systems studies. One example will
therefore be given here, as a simple extension of the phasor loci shown on
Fig. 5.1.

Example 5.16

A 3-phase synchronous machine has a synchronous reactance X, = 1.25 per unit and on
full load as a generator it operates at 0.9 power-factor lagging. The machine losses may be
neglected.

(a) Determine the rated excitation in per unit to sustain this condition.

(b) What excitation would be required to operate at full-load current but 0.707 p.f.
lagging?

(c) With this maximum excitation, what would be the maximum motoring torque in per
unit—expressed in terms of full-load torque?

(d) What per-unit current would be drawn for condition (c)?

(¢) What power can be developed as a motor when running at 0.8 power-factor leading,
without exceeding rated excitation?

(f) With the maximum excitation of condition (c) what will be the kVAr rating as a
synchronous capacitor?

(g) What will be the maximum kVAr rating as a synchronous reactor with the excitation
reduced to a minimum of 1/3 of the rated value?

The problem can be solved using the approximate circuit as in the previous examples. With
the circle diagrams, the solution is much quicker though less accurate.

(@) The two current phasors; V/j X, = 1/j1.25, lagging 90° behind V,and I, = 1 per unit at
cos ¢ = 0.9 lagging as a generator, are first drawn. With a motor convention, the 1,
phasor is reversed at angle 25:8 lagging — V. The closing phasor of the triangle is the
rated excitation divided by j X, which by measurement is 1.52 per unit. Hence rated
E, = 1.52 x 1.25 = 1.9 per unit.

(b) More excitation will be required to operate at rated current and a lower power-factor.
Drawing an arc from the origin at I, = 1 per unit to angle 45° for 0.707 power factor
identifies the end of the E./j X, phasor which by measurement is 1.64 per unit. Hence
E; = 1.64 x 1.25 = 2.05 per unit.

(c) Anarc drawn at this new E /j X, radius into the motoring region until E;/j X, makes an
angle & = 90° with the V/j X, phasor, defines the point of maximum torque. The rated
torque corresponds to rated I,cos ¢ = 0.9 per unit and so the maximum torque is
1.64/0.9 = 1.82 per unit.

(d) A current phasor drawn from the origin to the point of maximum torque has a value of
1.85 per unit, at angle ¢ = 25°8 lagging; cos ¢ = 0.9.
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(¢) A motoring-current phasor drawn at ¢ = cos”~ ' 0.8 leading = 36.9 intersects the rated
excitation circle at I, = 0.9 per unit, and I, cos ¢ = 0.72 per unit is the power and
torque for this condition.

{f) For a “motor” at zero p.f. leading, the maximum excitation circle intersects the zero-
power axis at I, = j0.83 per unit, so kVAr as a synchronous capacitor is 0.83 per unit.

(g) For zero power-factor lagging, the excitation circle drawn at 1/3 of the rated E;/j X
= 1/3 x 1.52 = 0.507 intersects the zero-power axis at —j0.3, so kVAr as a synchron-
ous reactor would be 0.3 per unit. This rating is always less than as a capacitor because
of stability considerations at low excitation.

Boundaries are shown on Fig. E.5.16 indicating the operating limits
for the various modes. Per-unit notation is especially useful for the
portrayal of so many operating modes and conditions. Resistance can be
incorporated quite simply by drawing the excitation circles froma V/Z,
phasor, which will be at an angle less than 90" behind V, and the radii will
then be |E,/Z]|.

Max. I, cos g =1.64

Moximum
Max. Power
Iﬂ
FiGg. E.5.16.
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5.7 MULTI-MACHINE PROBLEMS

This area of study for synchronous machines is very important for
power systems. Only a few simple examples will be given here to illustrate
parallel operation of generators and the use of synchronous motors to
improve an industrial-system power factor. Examples up to now have
assumed that the supply-system has zero impedance, giving constant
terminal voltage 1 ; and infinite inertia, giving constant frequency. These
are the characteristics of the so-called “infinite” busbar system. For two
paralleled generators, the interaction of the individual machine impe-
dances and e.m.f.s on the sharing of kW and kVAr is instructive as an
introduction to the power-flow problem.

Example 5.17

Two 3-phase, 3.3kV, star-connected alternators are connected in parallel to supply a
load of 800 kW at 0.8 power factor lagging. The prime movers are so set that one machine
delivers twice as much power as the other. The more heavily loaded machine has a
synchronous reactance of 10Q per phase and its excitation is so adjusted that it operates at
0.75 p.f. lagging. The synchronous reactance of the other machine is 16 per phase.

Calculate the current, e.m.f., power factor and load angle of each machine. The internal
resistances may be neglected.

800
Total kVA = 08 = 1000k VA.

Total current =

x (0.8 —j0.6) =1=140—j105A.
3x33

For the heavier loaded machine (Machine A say)

2
I cos o =3 x 140 =933 A

and I singa =I5 cOs@a X tan oA = 93.3x0.882
=823 A.
o la =933 -j823.

Solg=I1—1, = 467 —j22.7.
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. Ia=1244 A at cosg, = 0.75.
Ig=51.9A atcos ¢p=09.

_ 3300 . .
Ex=V+jXala= 5 +j10(93.3 —j82.3) = 2728 + j933 = 2888/18°.0. per phase

3300
Ep=V+jXplp =~ +)16(46.7 —j22.7) = 2268+ 747 = 2388/18:2.  » "

V3

Example 5.18

Two star-connected, non salient-pole, synchronous generators of identical rating
operate in parallel to deliver 25 000k W, 0.9 power-factor lagging-currentat 11 kV. The line
induced e.m.f. of Machine A is 15kV and the machine delivers 10 MW, the remaining
power being supplied by Machine B. Determine for each machine:

(a) the load angle in electrical degrees
(b} the current and power factor
(c) the kVA

Find also the induced e.mf. of Machine B. Take the synchronous reactance for each
machine as 4.8 Q per phase and neglect all machine losses.

25000
Total kVA = WY 27777kVA.

27777
Total t= 09 —j0.436 = 1312 -j635.7.
otal curren m( ] ) )
Ix11kV x15kV
Load angle §, from I0MW = ;sin Oa
48 x \/3 x \/3

from which: sind, = 0.291; 85 = 16°9 ; cos o5 = 0.957.
Hence I — E -V _ 1000 150957+j0291) 11
X, V3 j4.8

Hence Ig =1-1, = 787 —)232.2.
Ep=V+jX,Ig=11000+ /3 xj48(787 —j2322) = 12.93+6.54 Line kV

= 14.49/268.

= 525 —j403.5.

From above:
(a) (SA =169 . 63 = 26°8.
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(b) I, =662A atcosgp, =0.793. Ig =820.5A at cos pg=0.959.
(c) kVA, = \/3 x11x662 =12600. kVAp= \/3 x 11 x 820.5 = 15630.
Induced e.m.f. for Machine B = 14.49 Line kV.

Example 5.19

A 6.6kV industrial plant has the following two induction motor drives and a main
transformer for the other plant

Ind. Mtr A Int. Mtr B Transformer

Rated output (kW) 100 200 300
Full-load efficiency 949, 95% 999%
Full-load power factor 091 093 0.98 lagging

A starconnected synchronous machine rated at 250kVA is to be installed and so
controlled that when all the equipment is working at full rating, the overall power-factor
will be unity. At the same time, the synchronous machine is to draw rated current and
deliver as much mechanical power as possible within its current rating. If its efficiency can
be taken as 96 % and its synchronous impedance 0 + j100Q, calculate the required em.f.
behind synchronous impedance to sustain this condition.

As an alternative strategy, consider what rating of synchronous machine, operating the
same motoring load, would be required to bring the overall works power-factor to 0.95
leading.

First, the total works load can be calculated by summing

P
1= Z*(ccsrp+jsinrp)
nx \/ IxVxpf.
100 . .
Ind Mtr A. I = (091-j0.4146) =9.306—j4.24
094 x /3% 6.6 x 0.91
200 . .
Ind. Mtr B. Ig= (093 -j0.3676) =1842-j7.28
095 x /3 x 6.6 x 0.93
300 . .
Transformer. Iy = (0.98 —30.199) =26.51 —j5.38
099 x /3 x 6.6 x 0.98 T
Total current = Ip —jlg =54.24—j16.9

Rated synchronous machine current = =21.87A

250
T
Reactive component of current must be j16.9 to bring pf. to unity.
.. active component of current = \/m = 13.88A.
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\ \
L
Fina! 169
Current I Io-
54,2
$ - COS" 095 IP I'o'ul
21.87
L 13.88
Ios 16.9
Improvement to 0.95 Improvement to u.p.f.

FiG. ES5.19.

So synchronous motor output power = \/3 x 6.6 x 13.88 x 0.96 = 1523kW =
204 hp.

6600
E =V—jX],=—— —jl00(1388+j16.9) = 5500.5—j1388 = 5673V = 1.49p.u.
3 -

For a power factor of 0.95 leading and with the same power component of synchronous-
motor current, the phasor diagram shows that the following relationship holds:
Igs—1g _ los—169
Ips+1p 1388+54.24°
and since tan @ = tan (cos~ ' 0.95) = 0.3286 = (Igs —16.9)/68.12,

Igs = 39.29A.

Hence required synchronous machine rating = \/5 x 6.6,/(39.29> + 13.88%) =
476k VA , requiring a machine of nearly twice the previous size.

tang =

5.8 SALIENT-POLE AND RELUCTANCE-TYPE
MACHINES, SYNCHRONISING POWER

All the examples so far posed have been solved using round-rotor or
cylindrical-rotor theory; viz. assuming that synchronous machines are
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built like induction machines with uniform air gap such that a sinusoidal
m.m.f. distribution will produce a sinusoidal flux distribution. The
majority of synchronous machines do not have such a symmetrical
magnetic geometry though the high-power turbo-generators are close to
this. Most synchronous-motor drives have salient-pole rotors, giving
two axes of symmetry per pole pair; the direct axis, along the main field
winding, and the axis in quadrature, between the poles. Consequently,
the magnetic permeance and the synchronous reactances as measured on
the two axes, X, and X, are very different. In spite of this, the steady-
state behaviour is not vastly different from that calculated by assuming
X, = X4, as in round-rotor theory. This is not true for transient
behaviour however, when considering the likelihood of instability,
oscillatory behaviour or loss of synchronism, since the power/load-angle
characteristic is much more helpful in these circumstances. In addition,
the salient-pole synchronous motor will operate without excitation, due
to the reluctance effect of the non-uniform air gap.

Transient stability studies are largely outside the scope of this book
but the oscillatory frequency can be approximated by ignoring damping.
From the general expression in dynamics:

Natural, undamped frequency = . /(stiffness/inertia)rad/s.

The effect of damping terms is discussed in Section 6.1, to which
reference might usefully be made. For a synchronous machine, the
stiffness 1s the rate of change of torque per mechanical radian, obtained
by differentiating the torque/load-angle curve at the operating point.
Sometimes the term “synchronising power” is used to define the power
AP, brought into play on a change of angle Ad, and this in turn is
obtained by differentiating the power/load-angle curve to get dP/dé.

Example 5.20

A 3-phase, S000kVA, 11kV, 50 Hz, 1000 rev/min, star-connected synchronous motor
operates at full load, 0.8 p.f. leading. The synchronous reactance is 0.6 per unit and the
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resistance may be neglected. Calculate for these conditions, the synchronising torque per
mechanical degree of angular displacement. The air gap may be assumed to be uniform
around the periphery.
Working in per unit; Ep=1~jX I, =1-)0.6 x 1(0.8 +j0.6)

= 1.36 —j0.48 = 1.44/19.44.

Ix1.44 )
sind = 2.4 siné.

v
Power/angle equation P = X—siné =

s

Hence, synchronising power from dP/dé = 2.4 cosd = 2.4¢0s 19.44 = 2.263 p.u./radian

5000 000

1 per-unit torque =

. n .
.. 2.263 per unit = 2.263 x 47746 x 180 x 3 = 5657 Nm/mechanical degree

since there must be 6 poles, if the synchronous speed is 1000 rev/min at 50 Hz.

Example 5.21

A salient-pole synchronous motor has X, = 0.9 and X, = 0.6 per unir and is supplied
from rated voltage and frequency. Calculate the current, power factor and power for a load
angle of —30 (motoring) and for excitation e.m.f.s (E;) of 1.5, 1.0, 0.5 and O per unit, the
latter case being the reluctance motor (zero excitation). What would be the new values if, as
areluctance motor, the rotor was redesigned to give X, = 0.75and X, = 0.25? What would
then be the maximum torque? Armature resistance may be neglected throughout.

The phasor diagram of Fig. S4a is shown for the overexcited
condition as a motor. The equation is similar to that for the round-rotor
machine but the resolution of the armature m.m.f. F, into direct-axis
(F,q) and quadrature axis (F,,) components is reflected in the two
component currents I, and 1 of the armature current I,. The equation is:

V=E+jX_ I, +jX,1, (see Reference 1).

Remembering that ¢ is negative for a motor, the angle by which I_,
(which is in phase with E,), leads I,, must be defined as:

¥ = 0 — ¢ and is negative on Fig. 54a.
From the geometry of the diagram and deliberately arranging the equa-

tions so that positive I will be magnetising along the d axis (as for Fy):
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4 q oxis

E,

I
. 4/
h
Kd ‘ﬁ’ Reversed I,
—— - . 7’
I4 d axis iXqlq 7
(a) Overexcited (b) Reluctance lo I,
Motor Motor Ie

(c) Overexcited Generator
(Motor conventions)

FiG. 5.4. Salient-pole synchronous machines.

. . —Vsind
X, = —Vsiné L= (522)
Xq
. Vcosé—E
X, =V cosé—E, g Id=—i°;——r (5.23)
d

I,is negative on Fig. 5.4a corresponding to the demagnetising action for
this condition. I, =1I,cosy and I =1, siny but for generating
operation this must be made negative if using motoring conventions.

tany = I /I, and the total armature current I, = /I >+ 1 7.
Power = (torque in per unit)
= VI, cosp = V(I cosé+ Isind) and both I, and J are negat-
ive in Fig. 5.4a. )
=V [—_ l;smé cos & + (Veoso — E,) —Ef)siné]

q d

-V ) ViX .
= X, [Ers1n5+5<x—:—1> sin 26] (5.24)
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For the reluctance motor, terms in E; become zero and I, becomes
positive as shown on Fig. 5.4b. Its maximum torque, by differentiation,
will occur at 6 = —45°. For a generator, the same equations apply (as a
negative motor), but § becomes positive, and for the overexcited
condition as shown on Fig. 5.4c, y is positive and ¢ is negative. Reversing
the current phasor brings back the generator convention and enables the
power-factor angle to be seen as less than 90°.

The table of results on p. 193, gives a very comprehensive comparison of
performance. With the excited salient-pole machine of course, the power
factor can be controlled from lagging to leading. As excitation is reduced
step by step to zero, the power factor falls drastically as does the power
and torque. The output as a reluctance motor is very small. However,
with a higher X /X ratio, the performance is much improved, at the
expense of higher currents. This is due to the fact that the magnetising
current must now come from the a.c. supply as for an induction machine.
The table also shows the value and simplicity of the per-unit system in
making these kinds of comparisons. As an exercise, the maximum torque
for the excited machine could be worked out for further comparisons.
The next example provides the maximum torque expression.

Example 5.22

A 6.6kV, 5 MVA, 6-pole, 50 Hz, star-connected synchronous generator has X, = 8.7Q
per phase and X = 4.35Q per phase. Resistance may be neglected. If the excitation is so
adjusted that E; = 11kV (line), and the load angle is 30° (elec.), determine:

(a) the power factor, output current and power in per unit;

(b) the load angle at maximum torque;

(c) the ratio between maximum torque and that occurring with 6 = 30°;

(d) the stiffness in newton metres per mechanical radian for a load angle of 30°;

(e) the frequency of small undamped oscillations if the total coupled inertia is 8200 kg m?,
the mean load angle being 30°;

(f) the stored-energy constant.
5,000

Rated armature current I, =
J3x66

= 4374 A =1 per unit current.
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—Vsind  —6600/,/3 xsin30° _

1 = = —438A.
@ fo="% 435
1= Vcosé —E, _ 6600 cos 30°—11000 — _3507A.
X4 J3x87
1= \/1,2 +1,,2 = /4387 +350.7% = 561.1A = 1.283 per unit.
tan uj/- a3 soy =38T=0~-¢=30-¢so0¢=—87,cos ¢ = 0988 lagging

Power = VI, cos g = 1 x 1.283 x 0.988 = 1.268 per unit.
- 14 Vix .

3 X —— X [E,sin6+~<—"—l) sm26j|,
o, X, 2\X,

dar X X,
Fr =0 when E, cosé = -—V(X—"—l)c0526 = _V<Y —1) (2cos?é —1).

(b) Torque =

Lo Ef X,
Forming the quadratic: 2 cos®d + 7\x cosd—1=0.
a™

2
From which: cosé = ( ) \/( f) ( Xq ) + 1
Xd— Xq—X,g 2

—11 (435 121
Substituting: cosd = ———(—) + \/__ +0.5

4x6.6\435 26.4°
= —04135 +0.8207
=0.4072 = cos66° ; sind = 0.914; sin2é = 0.743.
(¢) The ratio of torques is obtained by substituting the appropriate values of sin§ and

sin 26 for 6 = 30° and 6 = 66° in the torque expression. Some constants cancel.

6.6
11X 0914+ —-(2~1)x 0.743

max

= = 1.496.
rated 6'6
11 x 0.5+7(2 —1) x 0.866
-3 6600 11000 6600
(d) Torqueatangled = x x [ x (2 —1)sin 26]
22x 503 /3x8.7 \/3 iRy V3

dr, 3 6600
a._ 3
ds ~100n 87

x (11000 cos 30° + 6600 x 1 x cos 60°)

= 92917 Nm per electrical radian
= 92917 x 6/2 = 2.79 x 10° Nm/mechanical radian.
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stiffness \/2.78 x 10%

e) Undam natural frequency =
0] ped quency \/ 8200

—— = 5.83 rad/s
inertia _—

1
=— x5.83 =0.928 Hz.
2n

Stored energy at rated speed  12Jo.’

f) The stored-ener tant is defined as: =
«) By constant [s celined as Rated voltamperes MVA x 10°

_ 4% 8200 x (100m/3)?

= 9seconds.
5000000 e

Stepper and Switched Reluctance (SR) Motors®.

These motors do not offer much possibility for numerical examples
within the scope of this text, since they would involve the complexities of
electromagnetic design, stability analysis or the special disciplines of
power-electronic control. However, they are important in certain
Electrical Drive applications and a brief enunciation of the operating
principle can be made with reference to Fig 5.5. Sequential switching of
the “phases”, not necessarily three, brings the rotor in steps to the various
stable positions of minimum reluctance—only 12 per revolution in the
simplified case shown. Clearly, the convenience of digital control and the
precision of angle offer advantages for certain drives, e.g. machine tools
and computer printers. The addition of a rotor-position detector to
govern the frequency of switching produces, in the SR motor, a rugged,
variable-speed drive with controllable characteristics matching d.c. or
other rotor-switched machines.

Phase A excited Phase B excited Phase C excited

F1G. 5.5. Stepper motor.
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CHAPTER 6

TRANSIENT BEHAVIOUR

So far, nearly all the examples have been concerned with steady-state
behaviour. It is important however to introduce the ideas underlying the
equally significant behaviour which occurs during the approach to, or
the retreat from a particular steady state. The transient state is a very
interesting field for mathematical and computer experts, but it is still
possible to study many practical aspects of machine transients without
going much beyond the theory of the first-order differential equation.
Thermal, electrical and mechanical transients are all partly covered by
such simple equations, though clearly these will have to become more
complex as more elements and control circuits are included in the system
of which the machine may be only the main power unit. Usually the
machine has a much larger time-constant than the control and power-
electronic time-constants, so has a dominant effect and will be the area of
study in this chapter as a simple introduction to the topic. Even for the
machine itself, the mechanical time-constant is usually much greater
than the electrical time-constants and so the electrical and mechanical
responses can often be studied separately. The meaning of this is that the
electrical-system changes take place at virtually constant speed and the
mechanical changes take place after the electrical system has virtually
reached its steady state. This particular problem will be discussed in
illustrative examples but of course in the space available, the coverage of
the transient state can only be limited and selective.
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6.1 TRANSIENT EQUATIONS
First-order Equation

If a system has a variable 6, and an equation which can be expressed in

the form: 40
—+0 = .
T ar + ,, (6.1)
where 7 is a constant and 6, the value of 8 when the steady state is reached
(d8/dt = 0), the solution to a suddenly applied, or step function (to which

0, is related) is most conveniently expressed as'!):
9= 0o+ (6, —8,) (1 —e =), 6.2)

This is illustrated on Fig. 6.1a for the initial value 8, positive. For 6,
either positive and negative, the same equation holds. If the response was
linear at the same rate as the initial slope of the curve, then 6, would be
reached in a time 7 (in time units). Actually, the response is exponential
and 6 reaches only 0.632 of the change (6, —8,). After another time 7, a
further 0.632 of the remaining change is accomplished, to 0.864 (6, —6,).
For 37 the figure is 0.95 and for 4z the figure is 0.98, which is often taken
as the effective response time. The coefficient 7 is called the time-
constant.

Non-linear Response

The solution just described refers to a linear first-order equation, with
7 constant and also, the driving function 6, is constant. There are many
practical situations where these conditions do not hold but a solution
can still be organised fairly simply using numerical or graphical
techniques. As will be seen in the following examples it is possible to
express d6/dt as a function of 6. So for various values of 6, and for a small
change Af about these points we can write:

A0 df
— =— =1(f). .
Y arTi (6.3)
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Hence the time required to change by A8 is equal to:

o A9 AD
~dgide  f(0)”

The method could be applied to the linear equation but of course there is
no point in doing this since an analytical solution is available here.

Second-order Equation

The next stage of complexity to be described is the situation where
there are two energy stores in the system. For the first-order equation
there is only one, like the electromagnetic energy in an inductor or the
electrostatic energy in a capacitor. If both these elements are in circuit, or
any other two such stores, then the second differential coefficient comes
into the system equation. Depending on the system parameters, the
response can have rather similar characteristics (if heavily damped), or
can be quite different in that the response can be oscillatory. The second

& R
7 (per unit)

14— [:Qg»f‘r—‘,—i —
1.2 {06\
I

%
zj ’//,/‘&2.97”
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(a)lst-order equation (b) 2nd-order equation

FIG. 6.1. Transient response.
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case is of more general interest and occurs when the two roots of the
quadratic, characteristic equation are imaginary. The general form of the
system equation in this case is expressed in terms of the undamped
natural frequency of oscillation wq, and the damping ratio {:

_, d%0 dé

Again considering a suddenly applied driving function 6,, the solution is:

C-Cwol
0=0,|1————si 1-0%) -t 6.5
[ _(l_cz)sm{wmﬂ (%)t w}] (6.5)

and is shown graphically on Fig. 6.1b for different damping ratios. When
{, the damping ratio, is unity, the system is just not oscillatory. It is
critically damped, and at a time ¢ = 2 x 1/w,, equal to the coefficient of
the first-order differential term, the variable 8 reaches nearly 609, of the
final value 6, which is close to the first-order equation solution at 1=1.
6, could be included as for this solution, but is left here as zero. As the
damping ratio falls below unity, the oscillatory condition exists, but the
time response is speeded up. In practice, a ratio of about { = 0.6 might be
acceptable to gain this advantage without too much overshoot. More
complex systems with third-order and higher-order terms can sometimes
be approximated by this quadratic form to give a general idea of system
performance. The overshoot can be controlled by appropriate
external techniques to get fast response without instability or
excessive oscillation. The natural frequency of oscillation in the damped
state is given by: w, = w, \/(—1——§2 and the angle ¥ is tan”!
[\/(1 —{37/(—9). Should the damping be zero, we have w, = @, and
the equation would be that of simple harmonic-motion with a zero first-
order term and an oscillation between 0 and 20;.

Transfer Functions

In studying complex systems, it is convenient to represent each
element in the system by a relationship which relates its output to its
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input in both steady and transient states. The relationship is called the
transfer function, defined as:

Out
F 2 u put
Input

and hence: Output = T.F. x Input.

It is a simple matter to interconnect the various elements by
combining their transfer functions to give a mathematical expression for
the overall system equation. For example, if two elements having transfer
functions A and B are in cascade (series connected), then the overall
transfer functionis A x B. If the two elements are in parallel, with B as the
transfer function of the negative feedback loop around A, then the

overall transfer function is'"- A

1+(AxB)
Example 6.15 will apply these relationships but it must be appreciated
that it represents only a simplified use of basic concepts in control theory.
As an illustration of the transfer function consider eqn (6.1). Suppose
that it refers to a series L.R. circuit having a time constant L/R. The
equation would be:

Replacing d/dt by the operator p and rearranging:
(t+p)i=V/R

Output i
Input ~ V/R

< ! ) which is the transfer function.
1+1p
So the differential equation for this element can be formed from the

transfer function (by cross-multiplication) and this applies also when all
system elements are combined in the overall transfer function.

Frequency Response

The emphasis so far has been on the response to a suddenly applied
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d.c. driving function, but the transfer function and related equation are
quite general. In control theory, for example, the response of the system
to sinusoidal stimuli, at particular frequencies, is very important to the
prediction of behaviour under all conditions. The transfer function can
be used for this purpose. Suppose that the L.R. circuit is the field winding
of ad.c. generator. The output will be i; and the input voltage v,, the field-
circuit resistance being R,. The equation will be:

(1+1,p)i, = ve/R;.

If the generated voltage at a particular speed can be expressed as v,
= ki, where k; has the units of volts per field amp, then the transfer
function of the generator will be:

Vour _ ki _ k/R;  Steady-state voltage gain

Ve (1+p)i R, (1+7,p) (1+7p)

Now let v; be an a.c. voltage of angular frequency w. The equations
become, with r.m.s. values of voltages and currents:

Vi=(R;+joL)I, or (1+jot)I;R;
and:
Voul = kflf

assuming that the d.c. generator gives a linear response to field current
variations. Hence:
V.

out __

kflf kf/Rf

Vi (+jot)l R, (1+jwr,)’

which is the same expression as before but with p replaced by jw, in the
transfer function.

This frequency response has both a magnitude ratio and a phase angle
and these are easily shown by simple a.c. theory to be:

. . k:/R L
Magnitude ratio = k/Re and phase angle = —tan~! 2
1+ ot} R,

= —tan" ! wrt,
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Mechanical System

On the front cover of the book is shown a schematic diagram of a
motor driving a mechanical load through a coupling shaft. The torque is
transmitted because the shaft tends to twist and carry the load round in
the same direction. The angle of twist at the motor end 8_, on steady
state will be greater than the angle of twist 8, at the load end, because of
the shaft fiexibility, or resilience. Within the elastic limit, the torque
transmitted is proportional to the difference (6,,, —8_,), the resulting
angle of shaft twist. In the transient state, there is another (viscous)
damping force exerted by the shaft due to rate of change of shaft twist-
angle, p(6_,, —0.,). The inertia of the motor, J,kgm? opposes the
acceleration dw,_ /dt = p?6,,,. The electromagnetic torque T is there-
fore opposed by the loss torque, the inertia torque and the shaft torques
giving the following equation, where K is the shaft stiffness, (Nm/radian)
and C i1s in Nm per rad/s:

Te = Tloss +J1 pzoml +Cp(9ml —9m2)+ K(Oml _Omz)' (6'6)

At the load end, the shaft torques tending to turn the load in the same
direction as the motor are opposed by the load inertia-torque and the
load torque itself. Hence:

Cp(eml —omz) + K(oml —emz) = szzomz +Tload‘ (6‘7)

These two second-order simultaneous equations can be solved for the
two variables §_, and 0_, and the possibility of oscillation is present,
depending on the parameter values. After some rearrangement, eqn (6.6)
is multiplied by the coefficient of terms in eqn (6.7) involving 0,_,, i.e.
(J;p?+Cp+ K) and eqn (6.7) is multiplied by the coefficient of 8_, in
eqn (6.6),1.e. (Cp+K), to give, (T, and T, assumed constant):

K, ~T,) = (J,p’+Cp+K)(J,p* +Cp+K)-0,,

—(Cp+K)(J,p*+Cp+K)-6_, (6.8)
K@) = (Cp+K)(Cp+K)-0,,
—(Cp+K)(J,p*+Cp+K)-0,, (6.9)
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Taking eqn (6.9) from (6.8) and dividing throughout by p? after
multiplying out gives:

K

—P? (T, —Tioss —Troaa) = [J1 J2P* +(J; +J2)Cp+ (J, +J,)K]6,,;.

0,2 has been eliminated and we can concentrate on the characteristic
equation on the right-hand side, reducing it to standard form on dividing
by (J,+J)K, ie.
JiJ,
K(J,+J2)

and comparing coefficients with eqn (6.4) the oscillatory solution is
governed by an undamped natural frequency deduced from:

K(J,+J;) /K K
2—-——1 2 = -— —_—
We* = 7.7, SO Wy Jz+-11

The damping ratio is deduced from:

3C—--gsoc
(Do—K

C
2

—=p+1
p +Kp+

__¢ /r. 1
2\/1? J, I,

and the damped oscillation frequency is

cCt/1 1
= 12 = S
w,=wo+/1-{ wo\/l aK <J2+Jl)rad/s.

Clearly, this must have a value well away from any torque-pulsation
frequency arising either in the load, e.g. if it is a compressor, or from the
motor, if it is supplied through certain types of power-electronic circuit.
These factors are of concern for the drives specialist. For present
purposes, it will be assumed that the shaft is stiff enough to transmit the
torque without twisting. This means that the combined inertia of the
whole drive-system can be referred through to the motor shaft as say
J kg m?, by summing the total stored energy in the moving parts,
Zi(J, 02+ M v, ?), where the speeds of the elements w, and v,
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correspond to a particular speed w,, at the motor shaft (as determined by
the gear ratios), and dividing this energy by w_ 2. In a similar way by
equating the power transmitted through the various forces and torques
at their appropriate speeds, these can be referred to a motor torque
giving the same power at the motor shaft running at speed w,,. Allowing
for the transmission efficiency will increase these referred values.

For the stiff shaft, the last two terms of eqn (6.6) can be replaced by the
right-hand-side of eqn (6.7) with J, and J, combined as J to give:

Jdw,,
dt

dow
Te =7}oss+J——(i—t_m+710ad =Tm+

(6.10)

since pf,,,=w, and 6 _,=0,,. On steady state when the speed has
settled down, 7, is balanced by the total mechanical torque 7, =
T, .0 +T\oss- The electromagnetic torque T, is a function of the motor
currents or may be expressed as a function of speed through the
speed/torque curve, If the T (w,) characteristic is of simple form,
eqn (6.10) 1s of first order and easily solved. In any case:
do,, do, 7T.-T,
Iog =l so gt =

If the torques are some known function of w,,, the last expression is the
f(6), (where 8 here is w,,), required for the solution of eqn (6.3).

Example of Electromechanical System in Transient State

Because the d.c. machine equations are relatively simple, this machine
provides an easy introduction to the application of the mechanical
equations just described. For the present, the armature inductance will
be neglected so that the armature current at any instantaneous speed w,,,
and e.m.f. ¢, with supply voltage V, will be given by (V' —e¢)/R and e itself
will be k,w,. Hence, during a speed transient, the electromagnetic
torque 7, will be:

(V —ksw,) kyV ko,
R " R R

ki, = ky
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This must be balanced against 7, + Jdw,, /dt from eqn (6.10) giving:

kyV k2w do
¢ _ ¢ Tm_T —m
R R mtJ dt
To get this into the standard form of eqn (6.1), the coefficient of the
variable must be brought to unity which means dividing throughout by
k,2/R and rearranging:

JRdw, _V RT,

ET-{.wm—E_T‘,Z(: (Dmf). (611)

The solution given by eqn (6.2) can now be applied for sudden, step
changes of V, R or T,,,. Step changes of flux are not practicable because of
the relatively-slow field time-constant. It is assumed that 7, is not a
function of w,,; i.e. is constant. Under these circumstances, the speed
time-constant is J R/ko,z. Since this is a function of mechanical, electrical
and magnetic parameters it is sometimes referred to as 7, the
electromechanical time-constant. If 7, was a function of speed, say T,
= k, w,,, then the value of 1, would be JR/(k,? + k, R), the proof of this
being left as an exercise, i.e. by redeveloping eqn (6.11). Note that this
equation covers all modes of operation with V taking various values,
positive, negative and zero, see Section 3.5. It has only one more term
than the general speed/torque equation for a d.c. machine. When steady-
state speed has been reached, dw,/dt =0 and the equation is then
identical with eqn (3.8).
Invoking the solution given by eqn (6.2), we can write:

Dy = Oy + (wmt‘ —wmo) (1 _et/tm)
and Fig. 6.2 shows three transients:
(a) Acceleration on no load, V change from O to V.

(b) Sudden application of load T, after reaching no-load speed.

(c) Reversal of V, usually with extra limiting resistance. Note that
beyond zero speed, T, , if a passive load, would also become negative
as well as ¥ and the speed response would become slower. 7, governs
all response times, with the appropriate value of resistance inserted.
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Wy, Load application
constant 7

*e g AT,
kg

Acceleration on no

- Reversal, Put V' negotive.
load, 7y =0 (Current will be too high
Application of V without extra A or
control of V)
Genergl solution wy, =wWhe+ (Wmi— Wme) 7., becomes t
(1-¢7™=), e.q. solve for * to reach o N\ negotive
particulor speed ¢ ~ 47, to reach w \

N\

FiG. 6.2. Electromechanical transient on d.c. machine.

Duty Cycles and Ratings

Many drives are required to supply a varying load, following a cycle
which is repeated continually. Correctly chosen equipment would only
need to have a steady (continuous) rating somewhat less than the
maximum power. However, if this is relatively high as on a “peaky” load,
it might be the major factor in determining the appropriate machine
rating if the overload (maximum/continuous rating) is beyond about 2.
For the continuous rating, it is the r.m.s. value of the machine current
which must be withstood without excessive temperature rise, not the
lesser “average” value corresponding to the mean power and actual
energy consumption. Consider the straightforward case of a d.c. machine
operating at constant flux. The torque is proportional to current, so if the
time-varying torque is multiplied by the maximum speed to convert to
power, an r.m.s. rating could be obtained from the power/time curve. It
would be equivalent to r.m.s. torque, (proportional to r.m.s. current),
times maximum speed. This procedure is not strictly correct if the motor
speed is varying, which in turn results in a different machine-loss pattern
and inferior cooling capacity at low speeds. The situation is even less
precise if considering the determination of r.m.s. power for a.c. machine
drives with the additional complication of power factor and less simple
current/torque relationships. Various examples to follow will illustrate
some of these points and the general philosophy of estimating machine
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ratings. But in practice, each type of drive requires specialist treatment
for greater accuracy. Reference 3 discusses the issues in more detail.
If the approximation of using the power/time curve for r.m.s. power is
employed, the power variation is often further simplified to a series of
straight-line segments and the squared areas under these as summed to

give the r.m.s. power as:
fP?tde
Xt

where Xt must include any times during the cycle when the process is
stopped. Consider a section of such a power/time curve which in general
will have a trapezoidal shape, Fig. 6.3. The area under the squared curve
will be:

T t 2 T t
J [Pa+(Pb_Pa)_:| dt:j I:Paz_*_z(Pan_Paz)_
0 T 0 T

t2
+(P,2—-2P,P,+ P F:I de
which integrates finally to:
T 2 2
3 (P2+P,P,+P1). 6.12)
The overall power/time cycle can be divided into a series of such

generalised trapezia, e.g. P, = P, for a rectangle and P, or P, = O fora
triangle.

Fi1G. 6.3. Area under squared curve.
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SN

| Time

Fi1G. 6.4. Hoist duty cycle.

As an example of a duty cycle consider a mine hoist for which speed is
accelerated from zero to a constant value for a period and is then
decelerated back to zero, with a rest period before the next cycle. An
overload torque is required for acceleration, which if constant as shown,
requires a constant-torque component. During deceleration a similar,
reverse torque is required and will give some regeneration. Figure 6.4
shows such a cycle for a winder in which the static rope-torque is not
balanced out, though this is more usual. The changing, unbalanced
weight of the rope causes the slope in the torque curve. The power curve
is approximated by straight lines as shown, though this is only strictly
correct during the constant-speed region. The r.m.s. power can now be
calculated by summing the three squared areas, using eqn (6.12) on each.
Although the power starts from zero, the torque is often multiplied by
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the constant speed throughout—which is the torque/time curve to
another scale—to allow for the inferior cooling at low speeds. The mean
power is obtained from the area under the power curve as shown, part of
which is negative. The peak power is P,, but the machine must be capable
of delivering the peak torque 7', at the beginning of the cycle. Tutorial
Example T6.11 refers to this figure, which is typical of the pattern for lift
drives generally, though regeneration is not usually an economical
proposition for lifts in low buildings.

Example 6.1

The temperature rise of a certain motor can be assumed to follow an exponential law of
time-constant ¢ = 2 hours. The machine operates on a duty cycle in which it is clutched to
its load for 20 minutes and then declutched to run on no-load for 30 minutes. This cycle is
repeated continually. The steady temperature rise when running on no-load continuously
is 10°C and when operating the above duty cycle, the maximum temperature rise at the end
of an ON period is 50°C. In the event of a timing failure, a thermostat is set at 60°C and
shuts down the drive. Calculate:

(@) the minimum temperature rise above ambient when operating the above duty cycle;

(b) the maximum temperature rise if both the timing mechanism—which sets the ON
period—and the thermostat fail to protect the system.

This example assumes that the thermal response is governed by a first-order equation so
that the solution of eqn (6.2) can be invoked for the two different sections of the cycle. The
figure shows the variation of temperature rise, which, with a repetitive duty-cycle will
eventually settle down to a regular pattern between 8, and 8,.

8, has been given as 50°C. 6, has been given as 10°C above ambient.

(a) asks for 8, and (b) asks for 8 the “runaway” temperature rise.

Considering the ON and OFF periods separately, 8,,,, is 8, for the ON periodand 8, is 6;,
the final steady temperature rise for the OFF period. From eqn (6.2),

for the ON period: 8, = 8, +(0,.., —8,)(1 —e ~TON/T);

substituting: 50 =0, + (8., —0,)(1 —e %) (ton = 1/3 hour),
for the OFF period: 8, = 6, +(6,,,, — ;) (1 —e~'OFF/*);
substituting: 0, = 50+ (10 — 50) (1 —e'’*) (toFF = 1/2 hour).

(@) Solving the last equation: 8, = 50 —40 (1 —0.7788) = 41.15°C.
(b) Substituting in the ON equation: 50 = 41.15+ (,,,,, —41.15) (1 —0.8465)
=41.15-6.32+0.15356,

max?

from which: 8, = 98.8°C.
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This is a simple example of a pulsing load. The motor does not have to
be rated for the full load continuously, since there is an OFF period. Thus
the motor can be smaller than if it was rated for the full load. However,
the specified duration of this load must not be exceeded or else the
temperature too will be excessive as in (b). If we assume as an
approximation that the temperature rise is proportional to the load, then
the continuous rating of this motor would be about one-half of the 20-
minute-ON, 30-minute-OFF, duty-cycle rating, in order not to exceed
the normal 50°C maximum.

//’&mﬂl
—

82=50°C_ -~
—

[\
Bl
. / \ /
2 4
g ' &I/T\\\\\\‘
g &min= |O°C
s on no load

fon Torr

(20 mins) (30 mins)
Time
Fic. E.6.1.

Example 6.2

The d.c. generator for which data were given in Example 3.2 has a shunt-field inductance
of 23 henries (unsaturated). Derive the voltage transfer-function when run as a generator at
1000 rev/min on open circuit, and operating up to the limit of the linear part of the
magnetising curve—represented by the first point on the curve.

If the field were to be excited instead from a sinusoidal voltage, at what frequency would
the phase angle between output armature-voltage and input field-voltage be —45? What
would then be the voltage gain?

Referring back to Example 3.2, the lowest point on the o.c. curve, which is being taken as
the limit of the linear range, is 71 volts generated at a field current of 0.25 A when running at
500 rev/min.

. at 1000 rev/min, generated volts = 142 and k, = 142/0.25 = 568 V/A.
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The field-circuit resistance required to give a current of 0.25 A from a supply voltage of
220V is:

220/0.25 = 880 Q.
Hence, T.F. as a generator is:
k. /R, 568/880 0.645

1+1,p 1+p23/880 1+00261p

For —tan™! wr, to be —45°, wt, = 1. Hence:

1 1
f=

= =————— =61Hz.
1, x2n  0.0261 x 2=

0.645
= 0456

JI+1 '

Voltage gain =

Example 6.3

The same machine as in the last question and Examples 3.2 and 3.3 is to be started from a
220 V supply which is first connected directly across the field winding. The series winding is
notin circuit. An external armature resistor is used to limit the maximum starting current to
80 A and is left in circuit while the motor runs against a torque 7, corresponding to this field
flux and rated armature current. Calculate the expression for electromagnetic torque 7, as
speed changes.

Develop the differential equation for speed when the total coupled inertia is 13.5 kg m?.
What is the electromechanical time-constant and the final steady-state speed in rev/min?

Referring back to the data of Examples 3.2 and 3.3, with 220 V across the field alone the
current would be 220/110 = 2 A and from the curve this gives k, = 443,
Required total armature-circuit resistance to limit current to 80 A = 220/80 = 2.75Q. At
any speed during run up;
. V—kyo, 220-443w,
i = =
* R 275
Instantaneous torque T, = ki, =443(80—161w_)=3544-7130w Nm.
Mechanical torque corresponds to k,I;g = 4.43 x40 = 177.2Nm.
From egn (6.10) T, =T,+Jdw,/d;
substituting:  354.4—7.13w,, = 177.2+13.5dw,, /dt;
rearranging: 189dw_/dt+w, =1772/713 =248 =0, .

=80-16lw,,

From egn (6.2): W, = w,,+ (@, —o,,) (1 —e ") is the solution for w,;
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substituting: w, =0+(248-0)(1 —e~V'%),

So the final balancing speed is 24.8 x 60/2n = 236.8 rev/min and the electromechanical
time-constant is 1.89 seconds.

The first part of Fig. 6.2 is relevant to this question. Eqn (6.11) could have been used
directly.

Example 6.4

A flywheel is added on to the shaft of the motor for which particulars were given in
Example 6.3. The same field current and external armature resistance are set and full voltage
is then applied, the same constant torque being coupled. The speed reaches 200 rev/min in
10 seconds. Estimate the additional inertia contributed by the flywheel.

Since the flux, torque and circuit resistance are unchanged, the motor will reach the same
steady state speed of 236.8 rev/min. The equation of motion will be the same apart from the
different electromechanical time constant 7,,. Substituting in the standard solution of
eqn (6.2):

200 x 2n/60 = 24.8(1 —e ~1V/t)

1

— 642
1 —2094/24.8

from which: el0t, =

taking logs: 10/1,, = 1.86 giving 1., = 54 = JR/k,?
Hence total J = 5.38 x 4.43%/2.75 = 384 kgm?
The fiywheel inertia is therefore 38.4 —13.5 = 24.9 kgm?

Retardation Tests

The above example represents one method of measuring the inertia by a
transient test. An alternative would be to take a speed/time curve as the
machine slows down under the action of a known torque, e.g. the
mechanical loss. From eqn (6.10) J = -7, /(dw,,/dt) since T, would be
zero. This could be checked at various speeds during retardation,
allowing for non linearity if present in both numerator and denominator.
This retardation test is sometimes used, with known inertia, to determine
the (unknown) losses.
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Example 6.5

A 500 V d.c. series motor drives a fan, the total mechanical load torque being given by the
expression: T,, = 10+ (w,,/4.2)> Nm. An external 7.5 Q resistor is added at starting to limit
the current when full voltage is applied, and the motor is allowed to run up to the balancing
speed corresponding to this circuit condition. The resistor is then cut out and again the
speed is allowed to rise to the new balance condition in this single-step starting procedure.
(a) Calculate the starting current.

(b) Calculate the two balancing speeds, noting that the machine resistance itself is 0.8 Q.
(c) Estimate the currents at the two balancing speeds, and on changeover.

(d) Estimate the time to accelerate from 0 to 100 rev/min if total inertia is 14.5 kgm?.
A magnetisation curve at 550 rev/min gave the following information:

Field current I 20 30 4 50 60 70 A
Generated em.f. (E, ) 309 406 468 S09 534 560 V
Calculation of w,,/T, curves proceeds in a similar manner to Examples 3.16 and 3.17.
ky = E, /(550 x 21/60) 536 705 812 884 927 9.72Nm/A
T,=kyI, =k, 1072 211.5 3248 442 5562 6804 Nm
For high resis. E = 500 — (0.8 +7.5)I; 334 251 168 85 2 -81 V
m = E/k, 623 356 207 96 02 -—83 rad/s
For low resis. E= 500 —0.81, 484 476 468 460 452 444 V
w, = E/k, 903 67.5 576 52 488 456 rad/s

O

2
T,, (use high resis. oum)10+<4 2) 230 818 343 152 10

80 - - =
<
\ // Tm
60 845+ '~ I
\ e * \
50 7 | 240 .
e N r—
3 40— ,/ N — - -
/
/150 \ 510
/
/
20—/ - N -
7;,4_‘90_'ell{mi" P~
- I470Nm \
1

0o 100 200 300 400 500 \ 700

Torque, Nm

FiG. E.6.5.
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(a) Starting current, (w,, = 0) = 500/(0.8 + 7.5) = 60.2A.

(b) From the above tabular calculations the two /T, curves and the w,,/T,, curve are
plotted on the figure. The two balancing speeds at the intersections are 50 and 64.5
rad/s = 477 and 616 rev/min.

(c) The corresponding torques are 150 and 240 Nm. Since T, = k, /I, there is a unique
relationship between torque and I, and one can interpolate between the torque/I,
points in the table, to estimate the corresponding currents at 25 and 33 A. At
changeover, the torque rises to 510 Nm and the current will be approximately 56 A ,a
little less than at the first step of starting.

(d) Between O and 100 rev/min (10.47 rad/s), the mean accelerating torque T, —T,,, by
measurement from the curve, is 470 Nm and since from eqns (6.10) and (6.3):

Aw 14.5 x 10.47

T,-T,=J=—, At= =0.323 sec.
At 470 =

Example 6.6

A d.c. shunt motor has its supply voltage so controlled that it produces a speed/torque
characteristic following the law:
Rev/min = 1000,/1 — (0.01T,)

where T, is in Nm. The total mechanical load, including machine loss-torque, has the
following components; Coulomb friction 30 Nm; Viscous friction (a speed) 30 Nm at
1000 rev/min; and fan-load torque [a(speed)?], 30 Nm at 1000 rev/min. The total coupled

N, rev/min
1000 prmasey -
r’~
T
800 i - ] "
i 740 -
i
600
/
/
400~ - H-—-— - JR—
. |53
200 / ; 60
. 66 ;
/ +
L | 70
o} 20 40 60 80 100
Torque
Nm
Fic. E.6.6.
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inertia is 4 kg m2. Determine the balancing speed and also calculate the time to reach 98 %,
of this speed, starting from rest.

From the given laws of the speed/torque relationships, the curves are calculated below
and plotted on the figure.

T, 20 40 60 70 80 90 100 Nm
N =1000,/1 + (0.01T,)? 980 917 800 714 600 436 O rev/min
N 200 400 500 600 700 800 900 1000 rev/min

N N}
T,= 1+{— — 37.2 468 52.5 588 65.7 73.2 813 N
== 1+{ia0)* (o) oo

For speed/time calculations, we require the accelerating torque T, ~T,, = J (Aw,, /At),
over a series of intervals from zero to the top speed. Accuracy falls off when T, -7,
becomes small because At is inversely proportional to this. Extra intervals are taken
therefore near the final speed.

From the intersection of the curves, the balancing speed is 740rev/min and 98 % of this
is 725 rev/min. The following table is completed with the aid of readings from the graph.

N 0 | 100 |200 |300 {400 [S00 600 |650 690 (725
T,..=T,-T, 70 | 66 60 53 45| 34 22 145] 8 3
@, 0| 105] 209 314 419 524 628| 681 723 759
MeanT, 68 63 56.5 {488 393 128 183 {113 |55
Aw, 105 | 105 {105 (105 (105 (105 | 53 | 42 |36
A .
At = 300 062 066| 0.74| 086| 1.07| 1.5 | 1.14| 148267
mean T,
t=ZXAt 0 062 128| 202| 288 395| 545 659! 8.07!10.74

Speed/time coordinates can now be read from the above table and a curve plotted if
desired. The time to 98 9 of the balancing speed is 10.74 seconds. Note that the longest
times apply to the final build-up intervals and accuracy here is relatively poor.

Example 6.7

The induction motor of Example 4.10 is to be braked to standstill by reversing the phase
sequence of the supply to the stator. The mechanical load remains coupled and the total
drive inertia is 0.05 kgm?2. An additional speed torque coordinate will be required to
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N, rev/min
{500 ,
3Ny P17
Reversal
1000}
—9_5‘—>I
500} !
Te o
(reverse) (forward)
1 0 |
-4 4 8 12
Torgue
Nm

Fig. E.6.7.

construct the reverse sequence characteristic and this may be taken as (+ 1500 rev/min;
+ 3 Nm). Make an approximate estimate of the time to zero speed.

The reverse-sequence characteristic is a mirror image of the forward sequence
characteristic but only the portion in the top left-hand quadrant is required. The figure
shows the two , /T, curves over the required range and the load characteristic has
determined the normal speed as 1420 rev/min. It is also seen to be approximately parallel to
the “tail end” of the reverse characteristic and a mean value of the decelerating torque down
to zero speed is measured as 9.5 Nm.

Aw,,, taking just one interval, is: 1420 x 27/60 = 149.75 rad/s.
JAw,, _ 0.05 x 149.75
T,-T, 95

Note: if the supply is not switched off at zero speed, the machine will run up in the reverse
direction. This problem has illustrated plugging braking.

Hence At = =0.79 sec.

Example 6.8

A 500-V, 60-hp, 600-rev/min, d.c. shunt motor has a full-load efficiency of 90 %. The field-
circuit resistance is 200 Q and the armature resistance is 0.2 Q. Calculate the rated armature
current and hence find the speed under each of the following conditions at which the
machine will develop rated electromagnetic torque.

217



ELECTRICAL MACHINES AND DRIVES [6.1]

(a) Regenerative braking; no limiting resistance;
(b) Plugging (reverse current) braking—external limiting resistor of 5.5 Q inserted;
() Dynamic braking—external limiting resistor of 2.6 inserted.

Rated field-current is maintained and armature reaction and brush drop may be neglected.

The machine is to be braked from full-load motoring using the circuit configurations of
(b) and (c). What time would it take in each case to bring the machine to rest? The inertia of
the machine and coupled load is 4.6 kgm? and the load, which is coulomb friction, is
maintained.

Using the same equation as in Example 3.6 but noting the absence of external field
resistance:

60 x 746 90
= =—, fi hich I,g = 97 A.
TR =500 x I,g + (500)2/200 _ 100" o WHICH faR = 2R
500 —-0.2 x 97 L L
Rated flux kgyg = _T/so = 7.65 Nm/A, which is maintained constant.
600 x 2n

The braking-circuit calculations are similar to those for Example 3.20 and the basic
equation is:

V RT,
W, = E —?.
The value of rated torque is kyr Ig = 7.65 x 97 = 742 Nm.
(@) For regeneration, T, = —742. o, = 500 w = 67.9 = 648 rev/min.

mT 765 1657
(b) For plugging, T, = —742,

—500 57(—742)
V=—500and R=55+02 =Z2P 2N
an + Pn =765 " 7657

(¢) For dynamic braking T, = — 742,

= 6.91 = 66 rev/min.

2.8(—742) .
V=0and R=26+02. o,=0 BTyl 35.5 = 339 rev/min.
To solve the final part of the question, eqn (6.11) could be used directly but instead will be
built up from the data given. The electromagnetic torque T, = ki, has to be balanced
against T, + Jdo,,/dt = 742+ 4.6 dw,_,/dt and:

(V —ky0,) (—500—7.65w,,)
b): T, = =1,
for (b): T, at any speed w,, = k, R 7.65 55402
= —-671-1027w,,
(ko) (—765w,)
: T, = =17 —-209
for (c): T, at any speed o, = k, R 7.65 76402 @p»
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648 Speed, rev/min |

d

600 T

Dynamic braking |
o T

> 339

300

Plugging ’ dt |

Nt l

-2 -1 o] |
Torque per unit

Fic. E.6.8.

where the appropriate values of ¥ and R have been inserted. In both cases, the initial speed

starts off from the full-load value which is 600 x 272/60 = 62.8rad/s = w,,, in the solution

given by eqn (6.2), viz. o, = 0, + (0 —® ) (1 —e 7).

For (b) the differential equation is therefore: —671 —10.27w,, = 742 +4.6dw,,/d¢,
which can be rearranged in standard form as: 0.448 dw_ /dt + 0, = —137.6,
and the standard solution is: w,_, = 62.8 + (—137.6 —62.8)(1 —e ~"/0#8),

The question asks for the stopping time; i.e. when w_ = 0. Substituting and rearranging:

—62.8 =] _g /0488
—200.4 ’
e =145
1 —62.8/200.4

from which ¢ the time to stop is 0.448 x 0.376 = 0.168 sec.
For (c) the differential equation is: —209w,_, = 742 +4.6dw,_ /dt,
which can be rearranged in standard form as: 0.22dw,_ /dt + 0, = —35.5
and the standard solution is: w,, = 62.8 + (—35.5 —62.8)(1 —e ~/*%)
For the stopping time, putting w_, = 0:

—62.8
=1-e —/0.22 .
—983
e1/0.22 = =2769
1 -628/98.3 '

from which the time ¢ to stop is 0.22 x 1.018 = 0.224 sec.
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Dynamic braking gives a slower stopping time, even though the peak
armature current is about the same in (b) and (c) (as could be checked);
and the load torque, which in this case is a major braking force, is the
same. A study of the figure will show why this is so. For plugging, (b), the
machine will run up in reverse rotation after stopping unless it is
switched off.

Example 6.9

A 250 V d.c. shunt motor has an armature resistance of 0.15 Q. It is permanently coupled to
a constant-torque load of such magnitude that the motor takes an armature current of
120 A when running at rated speed of 600 rev/min. For emergency, provision must be made
to stop the motor from this speed in a time not greater than 0.5 second. The peak braking
current must be limited to twice the rated value and dynamic braking is to be employed
with the field excited to give rated flux. Determine the maximum permissible inertia of the
motor and its coupled load, which will allow braking to standstill in the specified time.
Calculate also the number of revolutions made by the motor from the initiation of braking,
down to standstill.

If after designing the drive asabove, it was found that the stopping time was too long and
had to be reduced to 0.4 second, determine the reduced value of resistance necessary to
achieve this, and calculate the increased value of peak current.

At the rated condition, em.f. E =250—-0.15x 120 =232 V. So:

232 232

=2 2% 369 Nm/A and T.g = 3.69 x 120 = 443 Nm.
00 x 21/60 628~ 09 Nm/A and Ter X 3 Nm

k¢R

The limiting resistance must keep the current to 2 x 120 = 240 A and since on dynamic
braking the current is E/R in magnitude = 232/R on changeover; R = 232/240 = 0967 Q,
an extra 0.967 —0.15 = 0.817Q.

—k —3.69?
As in the previous question, T, = k¢(——i'fw—'“) = G967 “m= " 141w,.

Forming the mechanical balance equation: T, =7, +Jdw,/dt
~14lw, =443+ Jdw,/dt,
and rearranging:
J dw,

mw*’wm = —314.
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Standard solution is. w,, = w_, + (W, —@,,,)(] —eVm

=628 +(—31.4—628)(1 —e 05 141)
For zero speed: 0= —31.4+94.2¢ %%/

1
fi hich: 7%/ = — —_andJ = 642 kgm?.
rom which: e 314942 an gm

Substituting this value of J gives the general expression for speed under these conditions:
W, =628+ (—314—628)(1 —e ' x 141542
= —314+942e"21%1

To find the number of revolutions turned through we require to integrate

dé
—dt = |d6.
de

0.5

94.2 0.3
Hence 6 = J w,dt = —31.4t+*—e‘2"%’}
219 .

=[—-157-429(0.3335 —1)] = 12.9 radians.
.. Number of revolutions to stop = 12.9/2rn = 2.05.
If the stopping time is to be changed to 0.4 second and R is unknown,
—-3.69?

.= w,.
R

The mechanical balance equation is now:

—13.63
6 w, =443+642dw, /di
. daw,,
Rearranging: 047IR="+w, = ~325R.
The solution is: w, =628+ (—32.5R~628)(1 _gHOATIR)

With ¢ = 0.4 second: = —32.5R + (32.5R + 62.8)e ~ O34k
R

An explicit solution for R is not possible, but by trying a few values of R somewhat below
the previous value of 0.967 Q a solution close to the correct answer is quickly found. For
R = 0.60Qthe R .H.S. of theequation is 1.02 so the additional series resistor must be reduced
to about 0.6 —0.15 =045Q.

The peak current on changeover would be 232/0.6 = 387 A =

3.22 per unit which is a considerable increase on the previous value of 2

221



ELECTRICAL MACHINES AND DRIVES [6.1]

per unit for 0.5 second stopping time. The machine designer would have
to be consulted to approve this increase.

Example 6.10

A small permanent-magnet, 100-V d.c. motor drives a constant-torque load at
1000 rev/min and requires an input of 250 watts. The armature resistance is 10 Q. The
motor is to be reversed by a solid-state contactor which can be assumed to apply full
reverse-voltage instantaneously. The inertia of the motor and driveis 0.05 kgm?. Calculate
the time:

(a) to reach zero speed
(b) to reach within 2%, of the final reverse speed.

The armature inductance can be neglected, but assuming it is 1 henry, make an estimate
of the actual peak current during reversal.

.= P/V =250/100 = 25 A,

E  100—10x25
Ly = J1010X20 0162 Nmya.
w 1000 x 27/60

Rated torque = k,/, = 0.7162 x 2.5 = 1.79 Nm.

(a) During the transient:
T.=T,+Jdo,/dt and V= —100

o.mz(M) = 1.79+0.05 dw, /dr.
Rearranging: 09748 dw . /dt + o, = —174.5.
Solution is: Oy = Opg + (@ — ) (1 —€ =),
Substituting w,, = 0: 0= 1047+ (—174.5 —104.7)(1 —¢ ~+/09743)
= —174.5+4279.2¢ ~1/09748
from which: time to stop, t = 0.458 sec.

Acceleration in the reverse direction will also be exponential of time-constant t,,, and
to 98 %; of final speed, time will be 47, = 3.9 seconds. Total time = 4.36 seconds.

~100-75
(b) If L is neglected, peak current on changeover = T S 17.5A,
. —100
current at zero speed = o = —10A,
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-~ 0.458 secs- -

FiG. E.6.10.

giving a current waveform as shown on Fig. E.6.10 over the period 0.458 second.

Electrical time-constant 7, = L/R = 1/10 = 0.1 second which is approximately 1/4 of
stopping time. Dividing this part of the current wave into four intervals, an estimate of
the current actually reached can be based on the exponential response of Fig. 6.1.

After 1st interval, current will be approximately 0.632 x 15.7 = 9.9 A.

After 2nd interval, current will be approximately 0.864 x 13.7 = 11.8 A.

After 3rd interval, current will be approximately 0.95 x 11.9 = 11.3A.

So the actual current peak will be about 12 A, not the 17.5 A calculated with inductance
neglected. See Example 6.14 for equations including effect of inductance.

Example 6.11

An 8-pole, 50-Hz induction motor coupled to a flywheel drives a load which requires a
torque 7, = 110 Nm when running light. For an intermittent period of 8 seconds, a pulse
load rising instantaneously to 550 Nm is to be supplied. What must be the combined inertia
of the system to ensure that the peak motor torque does not exceed 400 Nm? The motor
characteristic may be taken as linear and giving a torque of 350 Nm at a slip of 5%,

If the coupled inertia was to be changed to 200 kg m?, what would then be the peak
motor torque with the same duty?

Intermittent loads of this kind are not an uncommon requirement. To
rate the motor for the full peak would be wasteful. Instead, the stored
energy in the inertia, £ Jw, ?, supplemented by a flywheel if necessary, is
partly extracted during the pulse, by designing the motor with a steep

enough speed-regulation to release the required amount. Figure E.6.11
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FiG. E.6.11.

shows the duty pulse and the motor characteristic from the given data.
The law of the motor characteristic is linearised as
W, -
T = kL:_.L) = ks.

3
ws

Substituting the point given: 350 = k x 0.05 so k = 7000.

It is not essential of course that the motor should be of the induction type
and the characteristic is being simplified here by assuming it is a straight
line.

From the mechanical balance equation: 7,=T7,+Jdw,/dt

substituting for w,,: =T,+Jdw/(l —s)/dt,
=T, —Jw,ds/dt,
. Jw,ds T,
rearranging: 4 +s5= e

which again is in standard form and the standard solution of eqn {6.2)
can be invoked.

T,
SD =5, + <—k"l —5(,) (] —e —(lp/st/k))’
multiply by k: ks =T, =T, + (T, —T,)(1 —e ~Ftp/w),
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There are five variables and the equation can be solved for any one of
them, with all the others specified; i.e. minimum inertia (as in this
question), maximum torque pulse, maximum pulse time p, steepness of
speed regulation k and motor peak torque T (as in the second part of this
question). Notice that the speed time-constant t, = Jw, /k is a different
expression from those met in earlier examples in this chapter.

L J x 2 x 50/4 ds 550
Substituting values: - s =——
7000 dt 7000
L 007857
— — 45 =0 .
89.13 dt
In the solution at time t,, motor torque =T, = 400 = 110+ (550 —110) (1 —e ~%/)
from which: 1, = 1434 = J/89.13 s0 J = 663 kgm?.

With J =200: T, =110+ (550 — 110)(1 —e B x89.13/200) _ 538 Nm ,
which is almost the same as the pulse torque because the inertia is too small.

Example 6.12

A high-power d.c. magnet of resistance 0.1 Q is pulsed occasionally with 2000 A
maintained constant for a period of 8 seconds. A 6-pole 50-Hz induction motor drives the
supply generator, the speed regulation being set to give a speed of 800 rev/min at the end of
the load pulse. The induction-motor torque at 800 rev/min is 1500 Nm. For the purposes of
estimating the required flywheel effect, make the following assumptions:

(a) negligible light-load torque;

(b) d.c. generator efficiency 92%;

(¢) induction-motor torque proportional to slip;

(d) the pulse is of rectangular shape having a magnitude corresponding to the generator
coupling torque which occurs at the mean speed (900 rev/min).

Calculate this torque and the required flywheel effect of the motor-generator set.
Estimate how frequently the pulse could be applied while maintaining its magnitude and
duration.

Generator input power = Magnet power/efficiency
20002 x 0.1

=I?R/n =
m 092

Coupling torque at mean speed

=—=-—  __ =4613Nm
0.92 x 900 x 2r/60
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For the motor characteristic; at 800 rev/min, slip = (1000 — 800)/1000 = 0.2

The peak value, T, (=T,) = 1500 = ks = k x 0.2 from which k = 7500.
Setting up the mechanical equation: 7500s = 4613 + J dw,, /dt = 4613 — Jw ds/dt.
Rearranging and substituting w, = 2r x 50/3 = 104.7 rad/s:

J x 104.7 ds + 4613
s =
7500 dt 7500
J ds
———+5=0615=
Te3dr ' §
The solution is: T.=T,+ (T, ~T,)(1 —e~%/t™)

Substituting at the end of the pulse:1500 = 0+ (4613 —0)(1 —e~8/tw)
from which:
1

P
1 —1500/4613
and: T, = 2034 = J/71.63
hence required inertia = 1457 kgm?

After the pulse has been removed, the motor speed will rise and recharge the inertia. The
only change in the basic mechanical equation is that the load pulse will be replaced by the
light-load torque which in this case is taken to be zero. The factors affecting the time-
constant are not changed. Consequently, the slip will have returned to within 2 % of its no-
load value in a time equal to four time-constants.

Hence rest time must be at least 41, = 4 x 20.34 = 81 seconds.

The frequency of pulse application should not therefore exceed one every 14 minutes. If
the frequency must be greater than this, then the analysis will have to be different since the
minimum torque will no longer be 7. The method used in Example 6.1 is applicable.

Example 6.13

A d.c. rolling-mill motor operates on a speed-reversing duty cycle. For a particular duty,
the field current is maintained constant and the speed is reversed linearly from + 100 to
—100rev/min in a time of 3 seconds. During the constant-speed period, the first pass
requires a steady rolling torque of 30000 Ibf ft for 6 seconds and the second, reverse pass
requires 25000 1bf ft for 8 seconds. At the beginning and end of each pass there is a 1 second
period of no-load running at full speed. If the total inertia J referred to the motor shaft is
12500 kgm?, find the r.m.s. torque, r.m.s. power and peak motor power.

This example, as an introduction to the effect of duty cycles on motor ratings, is

somewhat simplified, but sufficiently realistic to illustrate the general method used when
the duty cycle is not an intermittent pulse as in the previous two examples.
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/ Time, sec

40690 Nm [ 8rooo
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01 7 | l 21 24
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+100 rev/min
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~87000
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S———

Fic. E.6.13.

The figures are drawn from the data and should help to interpret these data. The torques
are converted to Nm on multiplication by 746/550. During reversal, the inertia torque is far
greater than any no-load torque, which has been neglected, giving:

[100 — (—100)] x 27/60
3

d
Reversing torque = J %"—' = 12500

= 87000 Nm.

Since the motor is on fixed field current, the torque is proportional to armature current.
Therefore if the r.m.s. value of the torque duty-cycle is obtained, it will be proportional to
the r.m.s. current of the motor, which determines the motor rating. Since the torque/time
curves are all simple rectangles, the r.m.s. value is:

= Nm.
24 51860 Nm

I - l04\/4.0692 x6+ (872 x3)x2+33912 x 8
Hence the motor power-rating =
2
o T =210 1860 = sa3kW .
60 H4IKW
The motor must also be designed to withstand the peak torque and current
corresponding to 87000 Nm. The peak power is

2n x 100

87000 = 911 kW .
0 =
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Example 6.14

The motor coach on a 4-car suburban train weighs 50 tonnes (1 tonne = 1000 kg) and
the remaining coaches with passengers weigh a further 100 tonnes. All four axles are driven
by d.c. series motors supplied through a.c./d.c. rectifiers. If the maximum coefficient of
friction before wheel-slip is 0.2, calculate the maximum possible acceleration on level track
and also up a gradient of 1 in 120. Allow an extra 10 % on the weight for the stored energy of
the machinery in rotary motion.

For a particular duty, the train is on level track and travels under the following
conditions:

Mean starting current per motor 400 A, maintained by tap changing on the rectifier
transformer to increase the voltage uniformly to 750 V on each motor. Acceleration up to
50 km/hour, whereupon the power is shut off and coasting commences.

Braking is imposed at the rate of 3 km/hour/sec.

Resistance to motion is 4.5 kgf/tonne normally but is 6.5 kgf/tonne when coasting.

Calculate:

a) distance travelled in 2 minutes;

b) average speed;

c) energy consumption in watt hours;

d) specific energy consumption in watt hours/tonne/km.

— o —

The characteristics of each series motor are as follows, in terms of motor current, torque
converted to kilogram force at the motor-coach couplings, and linear speed in km/hour.

Current 400 320 240 160 120 80 A
Force per motor 2500 1860 1270 650 390 180  kgf
Speed 29 315 369 446 53 724 km/h

In the case of linear motion, the force equation is F = M dv/dt newtons, where M is the
mass in kg and velocity v is in metres/sec. If acceleration a is in the usual units of km/h per
second and the effective mass for both translational and rotational stored-energy is M,
tonnes:

1000
F=(M_x1000) x { @ x —- | newtons
60

1 10®
=—x
9.81 3600

in kef: x Mo =283 M akgf . (6.13)

In the example: M, = (50+ 100) x 1.1 = 165 tonnes.

Maximum force before slipping at the driving axles = (50 x 0.2) x 1000 = 10000 kgf.
Train resistance = (50 + 100) x 4.5 = 675 kgf.
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. . . 50 + 100
Downwards force due to gravity on a gradient of 1 in 120 = % x 1000
= 1250 kgf. The motor-torque-pulsations due to the rectifier supply will be neglected.
. 10000 — 675
From equation (6.13), on level track: « = ————— = 2 km/h/sec (1.25 mph/sec);
283x165 —
10000 — 675 — 1250
dient: ¢ = ———— = 1.73 km/h, .
on gradient: o 383 %165 m/h/sec
Calculation of the speed/time curve will also use eqn (6.13) in the form:
A 283 M, xA
Accelerating force = 28.3 M, 2Y from which At = 2> e X2
At Accel. force

The method is similar to Example 6.6 for rotary motion.
The motor characteristics are repeated here in terms of the total force.

Current 400 320 240 160 120 80 A
Total force 10000 | 7440 5080 | 2600 1560 | 720 kgf
Speed v 29 315 369 446 53 724 km/h
Accel. force (—675) | 9325 | 6765 4405 1925 885 45 kgf
Mean acc. force [9325 8045 5385 | 3165 1405 465 kgf
Av 29 25 5.4 1.7 84 19.4 km/h
283 M Av
=1 145 1.45 45 11.36 279 | 1948 sec
mean force
Time t from start 14.5 1595 20.45 31.8 69.7 264.5 sec

(a) From these results, the speed/time and current/time curves can be plotted as on the

figure. At 50 km/h, power is shut off and coasting commences at a decelerating rate of:

Resistance force 6.5 x 150

283 M, T 283 x 165

From a time of 2 minutes, the braking line can be drawn in at the specified rate of

3 km/h/sec to complete the speed/time curve. The distance travelled is now the area

under this curve from v = dx/dt so x = fvdt. By counting squares, or any other

method, this area is 4700 km/h x seconds and dividing by 60? gives distance as
1.306 km (0.81 mile).

1.306
120/3600

= 0.209 km/h/sec.

(b) Mean speed = = 39.2km/h (24.3 mph).
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(c) Energy in first accelerating period is {(mean voltage) x 400 A x At =

750
T x 400 x 14.5

and in the second period is: 750 V x (mean current) x At = 750 x 183 x (50 — 14.5).

For the four motors, in watt hours:

4
energy consumed = %(375 x 400 x 14.5+ 750 x 183 x 35.5) = 7830 watt hours

the mean current during the second period being obtained from the area under the

current/time curve.

830
(d) This performance figure is

150 x 1.306

Example 6.15

= 40 watt hours/tonne km (63.4 wh/ton mile).

Consider a d.c. separately excited motor and include the effect of armature-circuit

inductance.

(a) Show how the response of current is affected by the electrical and electromechanical
time constants and how, for a constant mechanical load 7, the system itself exhibits a

capacitance effect of J /k,? farads.

(b) Derive the transfer function @, /v for the motor, by considering it as a feedback system
(the e.m.f. being fed in negatively with respect to v), and interlinking the various
equations in terms of their individual “transfer functions”. Consider first a pure inertia
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load, but by the same technique, examine the effect of load torque T ,,, by superposition.
Show that the speed response will be oscillatory if the electrical time constant t, > 1,,/4
and derive the frequency in terms of these time constants.

(c) If the motor is supplied from an electronic amplifier of linear gain K with a closed-loop
speed control, show in general terms, the effect of this on the speed response and speed
regulation. Use the same techniques as in (b).

(@) The motor circuit equation is: v = Ri+ Lpi+ k,0,,,
and since T, = k,i:
do, T7T,-T, k,i-T,

“dr J J

Integrating this expression gives

k,(i—T /k,)dt k2
kg = k¢IL(‘———;‘/—") =%f{i—lss)dt.

Tm
v o+ v—hkgwn [ iq [ e + | W

R+Llp ke Jp

ezhkgwm

_ 4l
L]

(a)

Fic. E.6.15(a).

Substituting in the voltage equation and dividing throughout by R:

0 |+Ld]'+ ' li-1,)4

— = —— i+ —5 |(i— t

R Rdt JR/k,? )
This is in the same form as the circuit equation for an LCR circuit, with C havinga value
of J/k,?. The electrical time constant is tr, = L/R and 1, =“C’ R = JR/k,? is the
electromechanical time constant. I, is the steady-state current T, /k,.

(b) The block diagram on the first figure shows how the net voltage v —e = v —k, a0, is
applied to the armature-circuit impedance, R + Lp to produce the armature current i,
which in turn produces T, when acted upon by the torque “transfer function” k. At the
next mixing point, the mechanical torque is fed in negatively, opposing T, though this
will first be neglected and superimposed afterwards. From the equation J dw,,/dt =
T, —T,, the “transfer function” relating torque to speed is formed as:

O, 1
T,-T,, Jp
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The output now is w,, and on multiplying this by the speed/e.m.f. “transfer function”
k4, the e.m.f. can be fed back negatively at the v-e mixing point. We can now combine all
these individual “transfer functions” to form the overall w,, /v transfer function using
the techniques explained under this heading in Section 6.1. First of all the forward
elements are combined by simple multiplication to form

A=t
B (R+ Lp)Jp

and feedback transfer function B = k,. A and B are now combined as explained in
Section 6.1 with B in “parallel” with A.

W, A 1 1 ky
v 1+AB 1 " JLp*+ JRp T JLp*+ JRp+k2’
—+ —t+k,
A kg
Multiplying the first term of the denominator by R/R and by some rearrangement:
On 1/k, B 1/k,
v JRL JR o tpltr p+l

kIRY TP

If we now consider the effect of load T, alone, its forward transfer function to w,,
is 1/Jp and its parallel “feedback” loop is the product of the remaining elements,
k,2/(R + Lp). Again applying the parallel combination formula:
Vg 1 (kMHR+Lp)

Lk "~ JRL ., IR

R+Ip K2R TP
The denominator is the same as for the w,, /v transfer function so the two equations for
,, can be superimposed to give T.F.; xv—T.F, xT,

1 [ RT, L
o= o——T —— .
ket P TP+ DLk, kT ™

The final bracketed term consists of the voltage applied, the steady-state RI drop since
T,./ks = 1., and a zero term since dT, /dt = 0. Hence for application of V-
V—RI,
ks
and considering the quadratic in this differential equation, the solution will be
imaginary (and oscillatory) if 7,,2 < 477 or 1 /4 < 1..

"™ Jp +1

ie.

= (TpT P2+ 1,p + Dw,, = Q(s:s. speed)

The oscillatory solution can be obtained by comparing coefficients with the standard
form of eqn (6.4); i.c.

Q(s.s. speed) = (wo™*p? + 2[wo ™ 'p + 1wy,
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The standard solution from eqn (6.5) for a step change to a final value Q_, from
whatever cause is:
e~ {wot

o, =0+ (Q, —wmo)[l - ﬁsm {wo/(1 =82t =y} ]
1-¢
Comparing coeflicients:
1
Undamped oscillation frequency = o, = \/

e
Damping factor {w, = =_—.

1-
T Te 47,

Actual oscillation frequency = w,/1 —({* = \/

TmTe

~

w,T 1
Damping ratio { = —Z= = _
ping ratio { 3 2

1 1
- T, 41:(2'

v =tan '(J/1-03)/(={)=tan"} \/ii—l.

“@p
Wref et ~ W v | W
et
kg (T 7y P2+, p+!)

{b)

Fic. E.6.15(b).

In practice, the response of a single motor to the sudden application of
supply voltage does not normally give rise to oscillation. The small
permanent-magnet d.c. motor of Example 6.10 has 7, = 0.9748 and
7, = 0.1 which is well clear of the oscillatory condition that 7, > 1_/4.
However, on high-performance drives, for example multi-stand, metal-

233



ELECTRICAL MACHINES AND DRIVES [6.1]

strip rolling mills, this phenomenon could occur and would cause non-
uniform metal thicknesses and breakages unless properly damped.

(c) Taking the motor transfer function as just developed, it is now inserted in the forward
loop of the block diagram in the second figure. It is preceded by the linear amplifier of
gain K and the feedback loop is closed at the mixing point of the reference speed w,,,
and the actual speed w,,,. These are both converted to some convenient control voltage
and the difference, proportional to w,.; — w,, is the error and the control signal for the
amplifier. A speed disturbance wp, due to the natural load regulation is inserted at the
output to examine the effect of the speed-cantrol loop on this quantity. By combining
the transfer functions A and B as before:

[ 1

m = noting that B is unity.
Wyep k4> (‘tmttep2 + TmP + 1) & y

WAL L
K

W, ! . . .
- = noting that A is now unity.
wp |} K

1Tk enrp? + p+ )

From these two equations, the two contributions to @, ,—from the
control signal and from the load—can be obtained. It can be seen that the
response to w,., will be speeded up due to the feedback action since the
gain K, which will be greater than unity, reduces the magnitude of the
time-constants governing the response. The normal steady-state regu-
lation, wp, will also be reduced, by a factor of 1+ K/k,, the p terms
becoming zero when the speed has settled down. Overall, then, the effect
of feedback is beneficial in two clear ways. There is a price to pay in terms
of the additional gain required and the likelihood of instability. But this
is no problem with modern control methods which can readily introduce
stabilising circuits into the amplifier.

Note that this example is merely a simple introduction to the general
effects of closed-loop feedback control on performance. By this means,
the present-day electrical drive can be designed to overcome the natural
limitations imposed by inherent speed regulation, sluggishness of the
electromechanical system and the inaccuracies of speed, position or any
other output quantity.
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CHAPTER 7

POWER-ELECTRONIC/ELECTRICAL
MACHINE DRIVES

ELecTrICAL machines have been controlled through power-electronic
circuits since the early days of mercury-arc-type rectifiers. The develop-
ment of compact power semiconductors has increased such applications
enormously. Only a limited amount of power can be dissipated by such a
small device and so it must be operated as a switch, either open—rated at
maximum circuit voltage and virtually zero current; or closed—rated at
maximum circuit current and the relatively small forward-voltage-drop.
Power-electronic circuits therefore involve ON/OFF switching and
waveforms which are neither pure d.c. nor pure sinusoidal a.c., but the
average d.c. voltage or the average a.c. voltage and fundamental
frequency can be controlled as desired. It is no longer possible to
calculate the complete performance so simply as for the ideal waveforms,
because of the harmonics introduced, but even if these are neglected the
errors in the general electromechanical performance-calculations are not
usually serious. Methods of dealing with more detailed calculations are
introduced in the next chapter after some discussion and illustration of
approximate solutions in the present chapter.

Apart from the low-power applications, there are three main types of
semiconductor controlled rectifier which can be used in these circuits:
The THYRISTOR can be switched ON by a low-current gate pulse but
can only be switched OFF if its current is brought to zero through the
action of the reversing a.c. voltages in its circuit, (natural commutation),
or by forcing its current to zero, on releasing stored energy in auxiliary
circuits connected across its terminals, (forced commutation).

The GATE-TURN-OFF THYRISTOR (GTO) can be switched OFF as
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well as ON, by appropriate high-current pulses applied to the gate.
Higher switching frequencies are possible.

BIPOLAR or FET POWER TRANSISTORS can be controlled like
an ordinary transistor, through a continuous signal applied to the base
(gate). Like the GTO, they require no auxiliary commutating circuits and
can switch at even faster speeds though with lower ratings. Whatever
improvements are yet to come in evolving the “ideal” power switch, it is
unlikely that the basic circuits referred to in this chapter will be
substantially changed, other than in accommodating the tendency to
higher-frequency switching.

7.1 CHOPPER-CONTROLLED D.C. MACHINE

This is one of the simplest power-electronic/machine circuits and with
a battery supply, it is currently the most common electric road-vehicle
drive. The power is switched ON and OFF through a controlled rectifier
as indicated on Fig. 7.1a, for the motoring condition. Across the motor is
a free-wheel diode through which the machine inductance discharges in
the OFF period, avoiding the switch-off transient and keeping the motor
current flowing. The firing-control circuitry is not shown. For a fixed
field-current, the speed is nearly proportional to the duty-cycle ratio J of
ON-time to (ON + OFF)-time, since the average voltage is determined
by this. At low ratios, the current would fall to zero in the OFF period so
that the current pulses would be discontinuous. The terminal voltage
would then rise to the value of the e.m.f. during this short part of the
cycle, see Fig. 8.11b.

The electrical-circuit transients are much faster than those of the
mechanical system so there is no detectable change of speed due to the
current and torque pulsations which are typically at 100+ Hz. For
constant flux, the e.m.f. may be assumed constant during the cycle. If the
motor is series excited, then the e.m.f. does vary and can be expressed as
k. i, where k_ is the mean slope of the magnetisation curve in volts per
amp at the appropriate speed, and over the small current-pulsation range
from i, to i,.
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(7.1]
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FiG. 7.1. Chopper-fed d.c. machine.
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The volt drops of the semi-conductors can be included as constant
voltages of say 1 V and the battery resistance Ry is in circuit during the
ON period. The equations are:

ON OFF
Eg=E+(R,+Rp)i,+ Lpi,+1 0=E+R,i,+Lpi,+1 (7.1b)
. oL _Ep-E- 1(7-“" L. _—E-1_,
carranging: | o Pi+i,=— o =lp, RPuth= " =l
Solutions:
[Eqn (6.2)] iy =i+ (L, —i) {1 —e ~fONT) Iy = ig+ Ly — iz (1 —e TIOFFIT)

Note in the above that Ejy is the battery e.m.f., R = (R, + Rp) and the
two time constants are different because in the OFF condition the
resistance is just R,.

For the series motor, the em.f. = k. i, so the equations become:

fs'a

Eg = ki, + Ri,+ Lpi,+1 (7.2a)| 0 =k.i,+R,i,+ Lpi,+1 (7.2b)

R . L i Eg-1 L . i -1
carranging: — Pi =— — Pt L=

o g g R+k!<pa lﬂ R+k!s Ra+kfspa : Ra+kls

The equations are still of first order but the values are different and the
response faster as shown by the reduced time-constant. Increase of
current causes increase of flux.

From the viewpoint of energy conservation, it is important to consider
regenerative braking where possible and the chopper circuit lends itself
simply to this. One possible circuit is shown in Fig. 7.1b for the
regenerative condition, the positions of thyristor and diode being
interchanged. The thyristor is effectively short-circuiting the machine
and the current builds up rapidly to charge the inductance during the
thyristor ON period. When switched OFF, the fall of current causes the
inductive e m.f. to supplement the machine e.m.f. and force current into
the battery, thus recovering the energy (minus losses) given up by the
mechanical system as the speed falls. The equations are:
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Thyristor ON Thyristor OFF
0=E-R,i,—Lpi,—1 (7.3a) Eg = E—(R,+Rp)i, — Lpi, —1
(7.3b)
. L . E-1 L = E-Eg-1
Rearranging: R—.p1_+ i, = R, =1 pr,+ i, = —R - I
Solutions: iy =igt (I pay—ia Ml —e'ONTY | g =iy (I, —is)(1 —e ~tOFF/T)

All the equations are first order and the current waveforms will therefore
be exponential in form. For the series machine when regenerating, the
exponential of the transient term is positive. This could be expected,
since the self-excited generator is basically unstable and only restrained
by the onset of saturation and demagnetising effects of armature m.m.f.

Acceleration and Deceleration between Current Limits

With a suitable current detector and control scheme, acceleration and
deceleration can be conducted at some constant “mean” current varying
between two specified limits I, and I;say. The ON period stops when I,
is reached and starts again when the current falls to I,. The chopping
frequency is not fixed but is determined by the system response to this
control and is typically in the range 50-500 Hz, for a vehicle drive. So
long as there is scope for further adjustment of the duty-cycle ratio, the
current will continue to pulsate between these limits so that the mean
torque is then “constant” and the rate of change of speed will be constant.
Thereafter the current will fall until steady-state speed is reached.
Figure 7.1c shows the initial part of such a current/time, speed/time
schedule.

Example 7.1

An electrically-driven automobile is powered by a d.c. series motor rated at 72V, 200 A.
The motor resistance and inductance are respectively 0.04 Q and 6 milli-henrys. Power is
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supplied viaan ON/OFF controller having a fixed frequency of 100 Hz. When the machine
is running at 2500 rev/min the generated-e.m.f. per field-ampere, k., is 0.32 V which may be
taken as a mean “constant” value over the operating range of current. Determine the
maximum and minimum currents, the mean torque and the mean power produced by the
motor, when operating at this particular speed and with a duty-cycle ratio é of 3/5.
Mechanical, battery and semi-conductor losses may be neglected when considering the
relevant diagrams of Fig. 7.1a.

Chopping period = 1/100 = 10 msec and for é = 3/5; ON + OFF = 6 + 4 msec.

The equations are:

for ON period: V = k. i+ Ri+ Lpi—from eqn (7.2a).

Substituting: 72 = 0.32i+ 0.04i+ 0.006 di/dt.

For OFF period: 0 = 0.32i + 0.04i + 0.006 di/d¢—from eqn (7.2b).
Rearranging:

ON 00167 di/dt+i=200=1
OFF 00167 di/dt+i=0=1_,,.
Current oscillates between a “low™ of i; and a “high” of i,, with t = 0.0167 second
ON i, =i, + (200 —i, )(1 —¢~0-006/0.0167)
i, =200 — (200 —i;)e %3¢ = 60.46 + 0.698i, .
OFF i, = i, + (0 —i,)(1 _6-0.004/0.0167)
i, =i, e %% =0.787i,.
Hence, by substituting: i, = 60.46 +0.698 x 0.787i,,
from which i, = 134.1A and i; = 1056 A.

k k
Torque = k,i = Il it
o

m

max?

w,

m

0.32 <134.12 +105.6* )

Mean torque =
2500 x 27/60 2

=178 Nm.

2
Mean power = w, T, = £ x 2500 x 17.8 = 4.66 kKW = 6.25hp.

Example 7.2

The chopper-controlled motor of the last question is to be separately excited at a flux
corresponding to its full rating. During acceleration, the current pulsation is to be
maintained as long as possible between 170 and 220 A. During deceleration the figures are
to be 150 and 200 A. The total mechanical load referred to the motor shaft corresponds to
an armature current of 100 A and rated flux. The total inertia referred to the motor shaft is
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1.2kgm? The battery resistance is 0.06 Q and the semiconductor losses may be neglected.
Determine the ON and OFF periods for both motoring and regenerating conditions and
hence the chopping frequency when the speed is 1000 rev/min.

Calculate the accelerating and decelerating rates in rev/min per second and assuming
these rates are maintained, determine the time to accelerate from zero to 1000 rev/min and
to decelerate to zero from 1000 rev/min. Reference to all the diagrams of Fig. 7.1 will be
helpful.

Rated flux at rated speed of 2500 rev/min corresponds to an e.m.f.:
E=V—-RI,=72-004 x200 = 64V
At a speed of 1000 rev/min therefore, full flux corresponds to 64 x 1000/2500 = 25.6 V
Acceleration Total resistance = R, + Rg = 0.04 +0.06 = 0.1Q
For ON period Eg=E+Ri,+ Lpi,,
72 =256+ 0.1i, +0.006 pi,.

Rearranging: 006 di,/dt+i, =464 =1_,,.

Solution is: iy =iy + (I, —i;)(1 —efON/T)

and since i, and i, are known: 220 = 170 + (464 — 170)(1 —e ~‘On/0.08),
220-170 = | —e—fon/006
464 —170

from which: ton = 0.01118.

For OFF period 0 = 25.6 + 0.04i, + 0.006pi, (note resis. = R,).
Rearranging: 0.15di, /dt+i, = —640 =1 .

Solution is: iy = ig+ (o —i2)(1 ~€ TIOFF/T),
Substituting i, and i,: 170 = 220 + ( ~ 640 —220)(1 —e —*OFF/015),
170-220 | —e —OFF/01S
— 640 —220 ’

from which: torr = 0.008985  ton + topr = 0.02017 second.

Duty cycle 6 =001118/0.02017 =0.554. Chopping frequency = 1/0.02017 =
49.58 Hz.

Deceleration

Thyristor ON 0=E—R,i,— Lpi,

Substituting: = 25.6 —0.04i, —0.006pi,.

Rearranging: 0.15di,/dt+i, =640 = I_,.

Solution is; iy =g+ (Imax —ig)(1 —€~ON/T),

Substituting: 200 = 150 4 (640 —150)(1 —e ~ON/0-15),
200150 =1 —e~toN/0IS5
640 —150

from which: ton = 001614,
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Thynistor OFF Ep = E —Ri, — Lpi,,
72 =25.6 —0.1i, —0.006 Lpi, .

Rearranging: 006di,/dt+i, = —464 =1_,,.
Solution is: iy = iy + (I —is)(1 —e ~tOFF/T),
Substituting: 150 = 200 + (— 464 — 200)(1 —e —‘OFF/0.06),

150 —200 — | —e~torF/006

—464 —200
from which: torr = 0.004697  ton+ torr = 0.02084 second.

Duty cycle &=0.01614/0.02084 =0.774. Chopping frequency = 1/0.02084 =
4798 Hz.

Accelerating time

E
Load torque = k I, = —I x 100 = 24.45 Nm.

@, * 2500 x 2160

During acceleration:

64 2204170
k,1 = = 0.2445 x 195 = 47.67Nm.
¢imen = 5500 x 2n/60 2 X o
T,—T, 4767-2445
Constant de,, /dt = = = 19.35rad/s per second

J 1.2

60
=1935x T 184.8 rev/min per sec.
n

1000
Accelerating time to 1000 rev/min = 1848~ 5.41 seconds.

Decelerating time
During deceleration: k I, = 0.2445(—200 —150)/2 = —42.8 Nm.
Note that this electromagnetic torque is now in the same sense as T, opposing rotation.
The mechanical equation is: 7T, =T, +Jdw_/dt,
—428 = 2445+ 1.2dw, /dt.

from which:
dd& = _f72'25 = —56.04rad/s per second = —535.1 rev/min per second.
t .

Time to stop from 1000rev/min with this torque maintained = 1000/535.1 =
1.87 seconds.
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7.2 THYRISTOR CONVERTER/D.C. MACHINE DRIVE

This 1s a most common variable-speed drive for general use. The
circuit diagram for the 3-phase bridge configuration and the terminal-
voltage waveforms are shown on Fig. 7.2. The average “Thevenin” e.m.f.
behind the bridge circuit can be expressed as E,, cosa. E,, is the mean
value of the bridge output voltage on zero current. Firing of the
thyristors can be delayed by angle a from the point in the a.c. cycle where
the circuit conditions are first suitable for the thyristor to conduct. From
o between 0° and 180°, switching over of the thyristors is simply
accomplished by natural commutation, since circuit voltages arise
naturally, in the correct direction to switch off the conducting thyristor
at the right time. With this range of firing-angle control, the voltage on
no-load would vary between + E;, and —E,, though in practice the
reverse voltage cannot be as high as this from considerations of
commutation failure at large values of a. It is possible to linearise the
transfer characteristic by suitable control in the firing circuits. The effect
of supply and transformer-leakage inductance on the delay of current
transfer, (commutation), from thyristor to thyristor is to cause a voltage
drop which is proportional to current, so that the d.c. terminal voltage
can be expressed finally as V = E, cosa —kI. See Appendix A for
detailed explanation of these voltage relationships.

The same terminal voltage appears across the machine, for which it
can be expressed as ¥'=E_ + RI. Both of these expressions average out
the harmonics, assume that the d.c. circuit inductance is high and that
the current is continuous. They enable the steady-state behaviour to
be calculated and can be represented graphically by straight lines on
the two right-hand quadrants of a V/I, 4-quadrant diagram‘V, see
Fig. 7.3.

The current in the circuit is unilateral, but the voltage polarity of either
element can be reversed and hence cause reverse power flow. For the
power-electronic circuit this means making o greater than 90", when the
rectifying action is changed to inverting action, from d.c. to a.c. For the
machine, the polarity can be reversed by changeover of armature
connections; by reversal of field current, which is rather slower, or by
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reversing rotation which is of course much slower and not usually a
practicable proposition. The operational modes can be determined from
the power expressions:

Machine motoring: E_ I +ve; (E cosa)l, +ve;
P.E. circuit rectifying.

Machine generating: E_ I, —ve; (E, cosa)l, —ve;
P.E. circuit inverting.

Machine plugging: E. I, —ve; (Ey cosa)l, +ve;

P.E. circuit rectifying.

To cover the usual four quadrants of machine operation without a
switching changeover, duplication of power-electronic equipment is
used, with one bridge for one direction of motor current and the other
bridge in inverse parallel for the opposite direction of current. The bridge
controls are interlocked so that they cannot operate as short circuits on
one another. Full “Ward-Leonard” control now becomes available. The
circuit is shown on Fig. 7.3 together with an indication of how a speed
reversal takes place. Converter 1 has its firing signals removed; i, falls to
zero and after a few milliseconds delay (dead time), Converter 2 is fired.
Typically, reversal is carried out with the control maintaining constant
“mean” current, to give uniform deceleration and acceleration, see
Fig. 8.13.

On the circuit, positive voltages are shown by the arrowheads, though
in the equations, these voltages may have negative values. The equations
are:

Converter 1 operating:

V,=E4cosa, —kl, = E_+RI, (7.4)
Converter 2 operating:
V,= —(E,cosa, —kl,)=E_—RI, (7.5)

These equations are shown as straight lines on the figure, the
intersection of the machine and converter characteristics giving the
operating points.
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Iz
il |
I
PR ing:
?”2: i or Converter | operating:
‘|' Vi =€q4o cOS @ ,~kI=E, + R,
Vo ! ezt
1 1
*: ! | For Converter 2 operating:
1 I
e Vo=—(E Q; —kl}=£E —
Eyy cos Gy 2 do COS Qp —klp)=E —FRI,
+Va4 v,
~(Ego cos az—kla) Eyo cos a =kl +
Jo Ep~RI, Eml+ve) En A1
_ ! Forward Generating | (@2 >90°) Forward Motoring
T
I, (+ve) 1 Reversal at constant
2 ¥ current i {+ ve)
V2 for Reverse Moftoring
e 4 E, (~ve)
-(Edo cos ag—kfg):‘ -V

(a, <90°)

f ! f f

Converter 2 operating Converter | operating

F1G. 7.3. Dual converter.
Example 7.3

Determine, for the foilowing conditions, the appropriate firing angles and d.c. machine
e.m.f.s for a d.c. machine/thyristor-bridge system for which E,, = 300 V, the bridge circuits
absorb 15 V at rated motor current and the machine has a per-unit resistance of 0.05 based
on its rated voltage of 250 V.

(a) Machine motoring at rated load current and with its terminal voltage at 250 V.
(b) Machine generating at rated load current and with its terminal voltage at 250 V.
(c) Machine plugging at rated load current and with its terminal voltage at 250 V.
(d) For condition (a), what would be the torque and speed if;
(i) flux is at rated value?
(i1) speed is 1.5 per unit?
(e) If the motor load for condition (a) is such that the torque is proportional to (speed)?,
what firing angle would be necessary to have the motor running at half speed with rated
flux?
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(a) Motoring (b) Regeneroting

(c) Plugging

Fic. E.7.3.

Conditions (a), (b) and (c) are shown on the figure. The question will be worked out in per
unit for convenience, but can be worked out in actual values and checked against the
answers. (Take rated current as 100 A say, and let this be 1 per-unit current.) The overall
equations are:

Ej cosa—kl, =V =E_+RI, =k,o,+RT,[k,. (7:6)

E,, = 300/250 = 1.2 per unit k = 15/250 = 0.06 per unit.

1 per-unit speed = Vg /kgg = 1/1 say 1000 rev/min.
- rated speed = Eg /kyr = 0.95/1 = 950 rev/min.
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(@ V= 1=12cosa—006x1. Cocosa = 1.06/1.2; a = 27°96.
(b) ¥=—1=12cosa—0.06x 1. C.cosa = —0.94/1.2; a = 141°6.
(€ V=—-1=12cosa—006x1+1x1; Cocosa = 0.06/1.2; a = 87°1.

Condition (c) requires a resistor to absorb 1 per-unit V, which was specified at the
machine terminals. Plugging is not a normal steady-state mode for this circuit, but see
Fig. 8.13.

d) V=1=E_ +RI, =k, 0, +005x1,s0 k,w, =095
(i) For rated flux (1 per unit), w,, = 0.95 which is rated speed and T, is also 1 p.u..
(i) For 1.5 per unit speed, k, = E/w,, = 0.95/1.5 = 0.633 which is also T.

() With rated flux, current will be (3)? since 7, is proportional to w,? . I, = 0.25.
Substitute in equation: 1.2 cosa=(0.06+0.05)0.25+0.95x 0.5 from which cosa
= 0.5025/1.2 = 04188 a = 65°2.

There are other power-electronic circuits used in the control of d.c.
machines, especially at the low-power end. However, the discussion and
examples in Sections 7.1 and 7.2, cover a major area of this activity.

7.3 POWER-ELECTRONIC CONTROL OF A.C.
MACHINES

The power-electronic circuit arrangements for a.c. machines are in
general, more complex than for d.c. machines where only a 2-line supply
to the armature is necessary. A.C. schemes in which semiconductor
devices switch the power ON and OFF cyclically, either at double line-
frequency or at lower rates, cause a variation of mean a.c. voltage, though
with a proliferation of harmonics. Such a simple voltage-control can be
used on single-phase supplies and is especially suitable for the universal
a.c./d.c. commutator motor. Good speed control is available because of
the machine characteristics. The performance can be calculated with
reasonable accuracy by averaging out the harmonics and assuming that
the change of mean (r.m.s.) voltage is the only consideration. This
method was used when discussing the similarly controlled, but rectified
thyristor-bridge/d.c. machine circuit. Neglecting harmonics means neg-
lecting the extra machine losses, commutation problems and the devel-
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opment of torque pulsations, rather than resulting in significant errorsin
speed/mean-torque calculations.

Consequently, many of the examples already dealt with earlier in the
text may be considered as if the control was exerted through power-
electronic circuits. As an illustration, voltage control of a 3-phase
induction machine was covered in Examples 4.6, 4.9 and 4.10. The effects
on the characteristics were explored without reference to the source of
the variable voltage, which could have been a variable-ratio transformer
or variable-voltage generator. But bilateral semiconductor power swit-
ches in the supply lines could achieve a more economic arrangement,
though with the penalty of extra machine losses and harmonic
generation.

Similarly the effects of variable frequency and/or voltage were
considered in Examples 4.6, 4.11, 4.12 and 4.15 without specifying the
power supply which would most likely be from a static frequency-
converter. The later constant-current schemes, Examples 4.12—4.17 and
slip-power recovery drives, Examples 4.22 and 4.24, could all use power-
electronic circuits for their implementation and microelectronics for
their control and supervision.

For synchronous machines, field excitation supplied through power
semiconductors is well-established practice. Speed-control schemes,
however, which require variable frequency, are still undergoing develop-
ments. Earlier problems have, in an introductery manner, covered both
possibilities in the electrical-drives area. The controlled excitation
required in Example 5.12 showed the changes brought about in load-
angle variation. Example 5.13 and Section 5.5 introduced the novelty of
supplying constant current instead of constant voltage and
Examples 5.14 and 5.15 showed the effect of variable frequency and
voltage.

Although calculation of performance neglecting harmonic effects as
just described, is suitable for many purposes, it is not a satisfactory
situation for the drives specialist who may need to analyse it in greater
detail. Here, there is only limited space to indicate how the general
problem may be approached.

Figure 7.4 shows the most common arrangement for mains-supplied
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L / W ¥ Y.
~ 72§ 0. Link

SR E

AC./DC. L i

Bridge .
3-phase Filter Inverter A.C. Machine Waveform (line voltage)
Supply

LLL

Fi1G. 7.4. Inverter drive (quasi-square wave).

frequency conversion. From the supply, a d.c. output is first produced to
give the “d.c. link”—which could of course come from a battery in
appropriate applications. The other end of the d.c. link has a similar 3-
phase bridge which is so switched that current is routed through the
machine in a sequence like that from a 3-phase supply, and at a variable
switching speed to change the frequency. Transfer of current between the
semiconductor switches may require additional “forced commutation”
circuits, or they may be commutated naturally as for the thyristor-
bridge/d.c. machine circuit. The output waveform for one of the simplest
schemes is as shown. The zero occurs when, as indicated, two thyristors
conduct in parallel and bring the associated machine line-terminals to
zero potential difference. Fourier analysis of this particular waveform
gives the instantaneous voltage in terms of the d.c. link voltage V as:

4V . cos 57/6 sin St cos Tn/6 sin Tt
v=7 cos n/6 sin wt + 5 7

2 \/3 v |: ) sin 5wt sin 7wt :|

sin @t - - R

T h] 7

On the assumption that superposition is valid, each harmonic can be
considered as producing its own rotating field at n times the fundamental
synchronous speed. If the voltages for the other two phases are
considered, with the angle wt changed to (wt —2n/3) and (wt —4n/3)
respectively, it will be found that the phase sequence for the Sth
harmonic is reversed from both the fundamental and the 7th harmonic.
The induction torques of the 5th and 7th-harmonic currents therefore
tend to cancel, with only a small resultant braking torque from the Sth-
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harmonic component. The torque due to the fundamental of the line
voltage can be calculated from its r.m.s. value which, from the above,
= (2\/ 3V)/(n \/ 2) = 0.78 V, and the methods of Chapters 4 and S can
be applied.

The smoothing filter in the d.c. link is sometimes capacitative, giving a
constant-voltage system with a flat-topped voltage wave, or inductive,
giving a constant d.c.-link current and a flat-topped current wave. In the
latter case, the waveform of Fig. 7.4 would be that of current. As far as
the machine is concerned, the harmonic-current components are little
different from the voltage-fed machine, because although the reactance is
higher at the higher harmonic frequencies, the slip for the harmonic
rotating field speeds is very large and so the impedance is about the “low”
short-circuit value. These effects tend to cancel so that the nth harmonic
current is about 1/n times the fundamental value as for the current-fed
machine.

In spite of the above remarks which suggest that there isa tendency for
harmonic effects to cancel, there is an important feature which cannot be
neglected. The harmonics do produce a torque pulsation and it is
important to be able to calculate this since it causes vibration and noise.
The most straightforward way of analysing the overall problem is to
transform all the variables to d—q axes®; the m.m.f. of the three phases
being produced by a current ip, on the direct axis (usually the A-phase
axis or the field-winding axis in the case of a synchronous machine) and a
current iy on an axis in “electrical” quadrature. Similarly for the rotor
currents, we would have i; and i, on the same two axes. The voltages too
must be transformed to d—q axes, including the harmonic components of
interest, and the impedance matrices must be expressed in d—q terms—
one for each harmonic if all frequency effects are included. After solving
for d—q currents, or transforming to these for a current-fed machine, the
instantaneous-torque expression is fairly simple and will of course give
all the torque components. For the synchronous machine, without
dampers and neglecting resistance it is:

T, = —[ipig(Xy— X ) +iqicXm]/w,; or in terms of inductances:
= — [ipig(Lg— Lg) +igi L] x pole pairs. (7.7)
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For the induction machine it is:
T, = X, (iyiq—i,ip)/w,; or in terms of inductances:
= M'(igiy—Iyip) X pole pairs; (7.8)
see Appendix B.
As an alternative, after working through the transformations'), the last

equation can be written as eqn (5.16) but for present purposes, another
derivative, eqn (5.15), is more convenient, viz.:

T,=3M"'l_I,sin(¢p, —¢@,) x pole pairs. (7.9)

We can now make an engineering estimate of the torque pulsation for
such inverter-fed induction motors. If the machine windings are
connected in star as shown, the phase-voltage wave-forms are quite
different from the line voltage, as indicated on Fig. 7.5 for phases A and
C. These are subtracted to give v4c, which is the quasi-square line-voltage
sV

AN
V. phase voltage

LN, !

A /\./
v
Sth harmonic

V. phase voltage I

7

L

V. Py

. W — V¥ line voltage

Sth

/ harmonic
/ N\ /\\ 4
A VAR v

D.C. link voitage= I/

FiG. 7.5. Quasi-square wave inverter
waveforms.
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waveform of Fig. 7.4. For all waveforms, 3rd and triplen harmonics are
not present, but the other harmonics combine to give the usual 30° shift
between phase and line waves. When this is allowed for, on the harmonic
scale, the expression for the phase voltage waveform can be deduced as:

1 2

— X

VERN

. sinSwt  sin 7wt
=\/2Vl sin wt + 5 + 7 )

3 . sinSwt  sin 7wt
x V| sinwt + 5 + 7

where V, = \/ 2 V/nis the r.m.s. value of the fundamental component of
the phase voltage. The Sth harmonic waveform is sketched in on Fig. 7.5
to show why the harmonic signs have changed from the line-voltage
expression.

Considering each voltage harmonic separately, applied to its own
equivalent circuit with appropriate correction for frequency-increased
reactances, and voltages reduced to V,/n, we could calculate the
harmonic currents and sum them to get the primary, secondary and
magnetising-current waveforms. Each rotor (secondary) harmonic cur-
rent will react with its own harmonic magnetising-current to produce a
steady-component of torque. It will react with all the other harmonic
magnetising currents to produce a component of the pulsating torque. In
fact, only the interaction of the S5th and 7th harmonic rotor currents, I ;
and I} say, with the fundamental magnetising current I, will be of great
significance. As stated earlier, the steady-torque components produced
by 5th and 7th harmonics tend to cancel. These approximations will be
justified later. At this stage we will make one further approximation, viz.:
that the fundamental harmonic magnetising current I, is given by
Vy/X,)/—90°, from the approximate circuit, though the exact
calculation of I, is not very much more difficult.

For the rotor currents, we require the slip, and if this is s for the
fundamental, it will be 6 — s for the 5th harmonic producing a backwards
rotating field at S5w,, and 6 +s for the 7th harmonic producing a
forwards rotating field at speed 7w, (see Fig. 7.6a). Hence, taking V, as
reference: and using the approximate circuits:
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{a) Harmonic slip s f\ [‘\
7,

Sng+(1-s)ng

+6=s)n 7ng={l-5)ng

= (6+s)n

w!
Vi

(b) Harmonic phasors
at 7:=0

Fi1G. 7.6. Pulsating-torque calculations.

v, 1 , .

=1 _ and i = /2[5 sin (Swt — @),

ST 5 R, +Ry/(6—9)+]5(x; +x3) 1 /25 sin ¢s)
V 1 .

I == and i; = \/21’7 sin (7wt — @4).

7 Ry +R5/(6+5)+17(x, +X3)

Consider the instant of time, wt =0, when the fundamental and
harmonic voltages are momentarily zero and initially are all increasing
positively as ¢t increases. Note this means that the 5th harmonic, of
reverse phase-sequence, must be shown in antiphase with V, and V, as
on Fig. 7.6b, which is the phasor diagram for this instant. Now when the
fundamental rotor-current I reacts with its own magnetising current
I, its phasor leads the I, phasor if producing forwards motoring-
torque. Hence, I reacting with I, at the instant shown is producing a
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positive torque and the angle between these phasors, taking wt = 0 as
reference is:

(—@7+7wt)—(—90+ wt) = 6wt + (90 —¢,).
The angle of I (lagging Vs of reverse phase-sequence) leads I, by:
(180 + @5 —Swt) — (— 90+ wt) = 270+ ¢ — bt =
—[6wt+ (90 —¢5)].
Thus, the total torque due to Sth and 7th harmonic rotor-currents
reacting with the fundamental magnetising current is, from eqn (7.9):

Vi

M !
3 X

[—15sin(6wt +90 —@s)+ I5sin (6wt + 90 —¢4)]
ml

x pole pairs. (7.10)
The expression shows that 5th and 7th harmonics combine to give a
pulsating torque at 6 times fundamental frequency. In Section 8.2, as an
illustration of a.c. machine simulation, the computed results from an
“exact” solution, including all the harmonics, show that this 6th
harmonic pulsation is almost completely dominant (Fig. 8.4, see also
T7.5). If the motor had been current fed, the division of Sth and 7th
harmonic currents into magnetising and rotor currents would have had
to invoke the standard parallel-circuit relationships, as in Section 4.3,
Examples 4.12-4.16.

Variable-frequency supplies can also be used to power synchronous
machines and the various equations used in Chapter 5 have shown how
the performance can be calculated. As for the induction machine, voltage
and frequency must be adjusted together if the flux per pole (ap-
proximately proportional to V' /f) is to be maintained constant. Some
control of the characteristic can be exercised from the supply system but
eqns (5.13) and (5.14) show that if the load angle 6 can be controlled, the
performance can be optimised. Load angle is related to the position of
the shaft and if a suitable position detector is fitted, it can be used to
trigger the power semiconductors in the inverter at a preferred instant in
the cycle. With forced-commutated inverters, good control can be
exerted since the switchover of current (commutation) can be presumed
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to occur almost instantaneously. If natural commutation is used, to
simplify the power-electronic circuits and make a more economically
viable proposition, then there are restrictions on the firing-angle range.
In addition the motor must always be overexcited to ensure the leading
power-factor necessary to this naturally-commutated mode. Analysis
becomes more complicated since the commutation time is now much
longer and cannot be neglected. A computer simulation of the system
becomes almost essential for reasonable calculations of performance®.

Synchronous motors with position control are in fact similar in
principle to the d.c. motor for which the armature coils are also
switched—by the “forcing” action of the mechanical commutator and
brushes. This ensures that under any particular polarity of the field, the
armature conductors always carry current in the same direction to give
maximum torque production. This occurs if the brush axis is set
perpendicular (electrically) to the field axis so that the torque angle is 90
electrical degrees. Commutators usually have many segments, reflecting
the large number of coil subdivisions, so that the torque pulsations due
to switching are negligibly small. The quasi-square wave inverter only
has six commutations per cycle which is a relatively coarse switching rate.
This can be improved, reducing the torque pulsation, by employing
pulse-width modulation schemes'”), which require higher-frequency
switching. The maximum ratings and speeds of a.c. machines are higher
than for d.c. machines, quite apart from their lower maintenance
requirements and these are important factors in choosing a drive.
Brushless d.c. machines are also made and the armature coils can now be
on the stator since the static switching-circuits have replaced the
mechanical commutator'® They ensure that the armature-conductor
currents reverse in step with the rotation of the poles. Fundamentally
there is no real difference between such motors and synchronous motors
with position control activating the switching arrangements. In either
case, the armature-coil frequency changes automatically to match the
rotational speed, so operation is stable over the speed range. Control of
d.c. link voltage and current has a similar effect to the control of d.c.
machine armature voltage or current.

A rather different form of variable-frequency supply is sometimes
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used which employs the cycloconverter principle. It is similar in concept
to Fig. 7.3 in that the positive half cycle is supplied by one bridge and the
negative half cycle by the other bridge. It has some advantages at the
lower end of the frequency range, being able to regenerate with natural
commutation. The waveform is made up of selected parts of the supply-
voltage waveforms and is rich in harmonics. The output frequency is
normally restricted to about 50 9 of the line frequency but this is suitable
for certain high-power, low-speed drives. This system, together with
many other power-electronic schemes for speed control of a.c. machines,
is discussed for example in References 9 and 10.

7.4 COMPARISON OF D.C, INDUCTION AND
SYNCHRONOUS MACHINE-DRIVES WITH
POWER-ELECTRONIC CONTROL

The choice of machine type for a particular electrical drive involves
many factors which cannot be discussed here in detail. Most drives are
satisfactory with a nominally constant speed for which induction
machines are usually suitable. But there is a large and increasing number
of systems requiring, or would benefit from variable-speed facilities. For
example, overall energy consumption can be reduced by speed adjust-
ments matched to the load conditions. For many drives, rapid speed
response is necessary, so it is appropriate to consider this one aspect,
since modern control methods permit schemes for comparison which
would not otherwise have been possible.

D.C. Machines

From a control viewpoint and for ready understanding, this is the
simplest variable-speed machine. Because the torque angle is fixed, the
torque is proportional to the product of flux and armature current. The
effect of saturation is to increase the (relatively small) field power but not
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to interfere significantly with maximum-torque capability over the
working speed-range. This is the factor which determines the speed
response of a drive and the most useful method of comparison is to draw
the maximum-torque envelope over this speed range. Figure 7.7a shows
this, and there are two well-defined, lower regions which are explained
adequately on the figure. A typical maximum current of 2 per unit at a flux
of 1 per unit defines the bottom constant-torque region, though values of
I, = 2.5 are not uncommon for large d.c. machines. When full voltage is
reached, further speed increase demands field weakening and loss of
maximum torque, the power being approximately constant in the middle
region. The third, upper region is less well defined, speed increase being
limited by commutation and stability—quite apart from mechanical
limitations. For constant reactance voltage, the (speed x I,) product
should be constant, so reduction of current and its unstabilising effects
with weak field would, with this product, be a suitable though somewhat
approximate criterion. Actually, field-weakening ranges of more than
4/1, at constant power are often demanded for certain d.c. metal- and
paper-mill drives. The simplicity of field control is an attractive feature,
even where only a modest weakening range is required, as in railway
traction applications; until recently dominated by d.c. motors, usually,
though not necessarily, of the series type.

Induction Machines

Figure 7.7b is the corresponding diagram for the induction machine.
Its shape is based on the work done in Examples 4.12-4.16 in Section 4.3,
To make a reasonable comparison, a maximum torque of 2 per unit is
shown. This would require a current nearer to 170 A than the rated 103 A
in the above examples. The bottom region, for constant torque, is very
small and depends on the value of this current. Even with the smaller,
rated current the speed limit for this region was less than 0.2 per unit. The
slip frequency is maintained constant at the relatively low value of R, x
Joase/ (X5 + X ) [see development of eqn (4.17)] in order to maintain
the constant value of I, I, and flux for this particular I, setting.
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Fi6. 7.7. Comparison of maximum speed/torque characteristics.

The second, constant-power region extends to rated frequency (f,,..)
at which the equivalent-circuit parameters x,, x, and X, have been
specified. Since V is at its maximum in this range, only the frequency f,
can be controlled, in such a manner relative to speed that I, remains
constant. To get some idea of the control, we can use the approximate

circuit neglecting stator resistance and look at the expression for input
impedance which has to be constant; i.e.

=—2 4j(x +x')f—1
f2/.]1 J ! : fbase

’

z

N [ R, .
= ——=—+7](x; +x5) { must be constant.
fbase fZZfbase ! 2

So as f; increases, f, must increase, to the value which, when f; =f,, .

gives the maximum torque from the constant-voltage circuit; eqn (4.12),
ie.
R; S
= (x; +x5) —
f2 Zfl ! 2 fbase
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’ ’

2 P
or: = X, +x, giving: f, =
fZ/fbase : 2

The flux falls in this region as the m.m.f. diagram changes shape from that
of Fig.4.2b to Fig. 4.2a with corresponding torque reduction (see
Section 4.3). This constant-power region finishes where that of the d.c.
machine starts.

Further frequency increase, with f, monitored at the eqn (7.11) setting
and no longer compensating for the reactance increase, will cause I, to
fallin the third upper region. The maximum torque for a particular I, will
still be obtained but since I; and I depend directly on I, all sides of the
m.m.f. diagram of Fig. 4.2a will be falling so that there is a square-law
decrease of maximum torque. Note that in the constant-voltage region,
any particular slip will give a reducing torque asf; increases, see eqn (4.5)
and this is reflected in a steeper speed-regulation curve as indicated by the
broken lines.

(x + fbdse (7.11)

Synchronous Machines

Open-loop control of a synchronous machine with variable frequency
requires a restraint on the rate of frequency increase, to avoid the load
angle falling too far back, beyond 90, as the rotor attempts to accelerate
and keep up with the rotating field. A margin would have to be provided
to prevent stalling and therefore maximum torque over the speed range
would not be available since this demands certain angles between the
m.m.f. space phasors. Some closed-loop system would be necessary to
ensure stable operation, and position-detector control has already been
mentioned in Section 7.3. This would permit the current-controlled
mode discussed in Section 5.5 in which particular currents at particular
phase angles can be provided. In this case, the machine is nearer to the d.c.
machine. Various control strategies have been explained. Referring to
Fig. 5.2b, suppose that ¢_, is held at 90°, which would mean that I, would
be at unity power factor, neglecting leakage impedance. If I is at the
rated value, 1 per unit, and I, is controlled at 2 per unit, the torque will
then be 2 per unit in the lower region of Fig. 7.7c up to rated voltage, as for
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the d.c. machine. The field m.m.f. would have to be \/S per unit, to close
the m.m.f. triangle. Beyond this speed, increase of frequency will bring
about a reduction of I, and flux (¢ oc E/f = V/f). If I, is maintained,
there will be a second, constant-power region comparable with that of
Fig. 7.7a. In fact this region could continue beyond 2 per-unit speed but
the frequency increase of leakage-reactance voltage drop could no longer
be ignored. The consequent reduction of air-gape.m.f. E would resultin a
more severe fall of flux than that due to frequency increase alone, so the
speed/torque envelope would be rather less than shown. In these upper
regions too, there would have to be reductions of field current if the angle
®.a 15 to be maintained at 90"

A different control strategy, taking the flux into saturation as described
in Section 5.5, could give improved performance over a limited speed
range where the excess flux would not lead to unacceptable iron losses.
Supposing I_ was 1.5 giving a flux of about 1.25, allowing for saturation
as in Example 5.15(j). Equal currents I, = I; of about 1.75 would give 2
per-unit torque with a better torque per ampere than just described; i.e.
2/3.5 as against 2/(2+4/S) = 2/4.2, though not quite as good as the d.c.
machine at 2/(2+1) = 2/3.

In summary, it can be seen that the d.c. machine gives the best
acceleration performance and simplest characteristic control and the
induction machine the poorest. This reflects the physical complexity of
the one with respect to the other. The cage-rotor motor is much cheaper
and relatively maintenance free. Offsetting this to some extent is the
greater complexity and expense of the power-electronic circuitry for the
a.c. machines though the synchronous machine can match, and in some
respects give slight improvements on the d.c. machine characteristic, with
sufficient sophistication in the control system. Most systems require
additional equipment to obtain full 4-quadrant operation; e.g. a dual
converter or a cyclo-converter. This kind of drive for d.c. machines is
well established and it still holds the field in certain applications, for best
control and reliability per unit cost. But the commutator imposes certain
penalties in terms of maintenance, maximum power and speed. However,
the continued improvements to high-power GTOs have resulted in better
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d.c./a.c. inverters. Switching frequencies can be higher, permitting
optimised pulse-width modulation (PWM) techniques, giving much-
reduced harmonics; therefore lighter and less-expensive filtering arrange-
ments. The newer train-propulsion and certain high-performance industrial
applications are changing to a.c. drives as a result. The main power-
circuit arrangements are the same in principle as on Fig 7.4 but with
additional elements; e.g. to allow regeneration, through frequency control,
on to the d.c. link or to a chopper-controlled braking resistor connected
across this. Variation of the d.c. link voltage can be provided either from
a controlled converter or a d.c. chopper. Monitoring of various significant
quantities for diagnostic or protection purposes, is readily accomplished
through the overall multiprocessor control.

Vector (Field orientation) Control

This is yet another attempt to replace high-performance d.c.—by a.c.
drives. A main advantage of the d.c. machine is its inherent maximum
torque/ampere due to the space-quadrature relationship between armature
and field m.m.f.s. By appropriate control, such a relationship between
stator and rotor m.m.f. axes could be arranged—at least during dynamic
processes, by setting the individual phase currents correctly. A knowledge
of the air-gap flux vector and the rotor angular-position is required to
process the machine equations, (see Appendix B), several times through
each fundamental-frequency cycle. This must determine the individual
phase-current references, (set points), for the current control loops, as
well as responding to the speed and torque demands within the main
feedback loop. The set-points come either from calculations using design
or test data, or from the interrogated, stored results of pre-calculations
from nameplate data.

Vector control can also be used on synchronous-machine drives, the
calculations being much simpler because the field m.m.f. is fixed with
respect to the rotor winding. It can also be regarded as load-angle control,
this being optimised to give maximum torque as already discussed on
p-176. With permanent-magnet excitation, using the new high-energy-
density materials, such brushless machines offer strong competition.
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‘CHAPTER 8

MATHEMATICAL AND COMPUTER
SIMULATION OF MACHINE
SYSTEMS

Machine-drive systems have become more complex in recent years,
especially with the proliferation of power-electronic circuits and their
consequential introduction of substantial harmonic content in the
waveforms. Most of the text has been devoted to illustrations of
behaviour with pure d.c. or pure sinusoidal supplies and, even with
harmonics present, these methods still give a good idea of the overall
electromechanical performance. However, for the keen student, the
specialist and for post-graduate studies, it is important to indicate how a
more accurate solution of a system may be obtained. This inevitably
involves the use of computational aids and in this final chapter, enough
information is given, in terms of methods and equations, for much more
detailed solutions to be undertaken, assuming a knowledge of computer
programming. If the machine equations are expressed in such a manner
as to allow for switching operations and other non-linearities like
saturation, the possibility of a general analytical solution is usually lost.
However, iterative® and step-by-step numerical solutions can be used
and as they proceed, any change in the system condition or configuration
can be included. Although space available limits the present treatment
somewhat, it is sufficient to cover generalised methods for machine cir-
cuits and includes examples dealing with forced- and natural-commu-
tation schemes.
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8.1 ORGANISATION OF STEP-BY-STEP SOLUTIONS

Figure 8.1 shows a flow diagram for a section of a computer program
calculating the electromechanical performance following some system
change, e.g. acceleration from zero speed; or a transient following a load
change or a voltage/frequency change. Following the specification of the
data, the time limits of the calculation and the system change being
investigated, the machine and circuits are scanned to determine the
appropriate equations. If power semiconductors are involved, then this
will require a logic check, at each time increment, to find the conducting
state of every circuit branch including such switching devices. For a fairly
simple representation:

A diode will conduct if the forward voltage drop across it is equal to or
greater than 1V (say).

For a GTO or power transistor, a firing pulse must be present for con-
duction, AND the forward voltage drop must be greater than 1 V.

For a thyristor in a naturally-commutated system, conduction will
continue if it was conducting in the previous time increment, with a
current greater than the holding value—say 100 mA; OR it will
conduct if the forward voltage drop is greater than 1V, AND a
firing pulse is present.

For a thyristor in a forced-commutated system, a GTO or a power
transistor, the switch-off time can be specified.

If a no-conduction condition is detected, it may be necessary to
calculate the voltage across such an element arising from the rest of the
circuit and apply this to the element in the simulation, so that its current
will calculate zero. It may be possible, with certain types of simulation,
see Section 8.3, to set this semiconductor impedance to several thousand
ohms say, and solve the circuit without mathematical instabilities.

With the conducting paths known, the equations can now be set up,
making allowance for the semiconductor voltage drops if these are of
relative significance. The machine terminal-voltages and the impedance
matrices may be affected by the nature of the conducting paths so these
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SIMULATION OF MACHINE SYSTEMS

Reod machine ond system dato

Set all variables to initial values

Specify time increment ‘h*

Specify fmox: time ordinote for final calculations
Set time /=0 and specify switching instant

[r=r+n}

Examine circuit to determine by logic check
the conducting stote in the previous time
increment, and the condition of the magnetic
geometry and saturation in order to select
the oppropriate impedance matrix

IMPEDANCE
ROUTINE

[ Determine the machine terminal voltages

VOLTAGE
ROUTINE
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[ Transform voltages to ¢-¢ axes if required |

Form —3’,—=f( /} to calculate currents by
numerical integration

INTEGRATION

/

Calculate electromagnetic torque aliowing for
saturation as £ (/) if necessary

iz

Determine 7., if f{speed) and perform numerical
integration to calcuiate speed &, and shaft
ongle 8

*9 and 8

Print out results ond store points for graphical
display if required

INTEGRATION

NO YES

! 7 tmax?

Next system change
and program routine.

F1G. 8.1. General flow diagram for digital-computer numerical solutions of elec-

tromechanical performance.

must now be determined. If a d—q simulation is being used, transform-
ation of these voltages to d—q axes must be performed. For a current-fed
system, the determination of any unknown currents is usually fairly
simple. In any case an expression for di/dt is required in terms of the
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circuit parameters. From the circuit equation:
v=Ri;+ L,;di;/dt+ L,,di,/dt ... +f(speed, currents, inductances),
the general form:
n
) v — Ri,; —f(speed, currents, inductances)— Z L, di /dt
b z

de L,

is obtained. Numerical integration methods predict the change of i
during the time increment, from the initial value and the rate of change.
This is done for all the conducting paths, using matrix techniques if there
are several of these. The electromagnetic torque can then be calculated.

The next step is to calculate the speed 8 and the shaft angle 6 if this is
required, e.g. to allow for change of inductances with shaft orientation. 6
will normally be an electrical angle. Referring to the earlier equations for
the mechanical system:

do, T.-T,
de  J
and hence:
dd T, -T,
i £ 5 ™ x pole pairs (in electrical rad/s?) 8.1
and:
dé .
= 8.2
ar (8.2)

are the two relevant first-order equations required for numerical
solution.

If the mechanical load is a function of speed, it can be continually
updated throughout the solution at each incremental step. In a similar
manner, inductances can be changed if there is a variation with position
or with current value.

The time increment is now added, the new circuit conduction
condition checked and the new driving function (voltage or current) at
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this new time, is inserted to repeat the calculation procedure, until ¢, is
reached.

8.2 SIMULATIONS FOR POLYPHASE A.C. MACHINES

These simulations are usually more complex than for d.c. machines.
For steady-state (constant-speed) calculations, equivalent-circuit
methods can be used of course, as already demonstrated. The equivalent-
circuit model is based on a viewpoint which notes that for a uniform air-
gap machine, or along an axis fixed with respect to a salient pole, e.g along
the field-coil (d-) axis or the interpole (g-) axis, the magnetic permeance
does not change with flux-wave position, so inductances are not time
dependent. The induced voltages shown on the circuit take account of the
flux-wave movement and are usually expressed in terms of the winding
carrying the line-frequency current. It must be remembered that
inductance variation is the source of the motional e.m.f.s (Xi.d L/dt), see
p. 6, but these can be replaced by terms which are a function of a fixed
inductance, a current and the rotational speed (6).

A formal transformation to d-q axes, which must be stationary with
respect to the flux wave for the salient-pole machine, but need not
necessarily be so for the uniform air-gap machine, permits much greater
flexibility in the analytical solution of both steady and transient states.
Time dependence of inductances can be removed by the transformation.
This can be achieved providing certain conditions are fulfilled®; e.g.
sinusoidal distribution of d-axis and g-axis flux and any winding
imbalance confined to one side of the air gap. Analytical transient
solutions at a particular speed for current and torque say, are then
possible. For an electromechanical transient, including speed as a
variable, a numerical solution would be necessary. Even then, the d-q
simulation permits the greatest economy in computation time because
the equations are so concise and the inductances are constant. However,
if the necessary conditions are not fulfilled, the transformation will not
lead to time-independent inductances and it may then be convenient to
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use a real-axis simulation, (A-B-C, a-b-c, for 3-phase), sometimes known
as the method of phase coordinates. No extensive additional knowledge
is required to follow the development and setting out of the equations.
They are preferably in matrix form since this is the way they are
manipulated in the computer program. The method is explained in
sufficient detail to enable such a program to be written using standard
inversion, multiplication and integration procedures. For reference
purposes and for comparison, the d-q matrices are given in Appendix B.

Development of Equations

The circuit equations for all the phase windings of a machine can be
expressed very simply and concisely in matrix form as:

v = Ri+p(Li) (8.3)

It will be noticed that time changes in both the currents and the
inductances must be allowed for. For a 3-phase, wound-rotor machine
which is going to be used to illustrate the method, the inductance matrix
will be 6 x 6 since there are 6 coupled windings, stator A-B-C and rotor a-
b-c. Each winding has a self inductance and 5 mutual inductance terms,
e.g. for the A-phase winding:

va = Rpin+P(Laain)+ P(Lapis) + P(Lacic)
+ P(Laaiy) + P(Laviy) + P (Lacic) (8.3a)

The other winding equations can be written down in the same
straightforward fashion.

The A-phase axis will be taken as the reference position and the rotor
a-phase will be at some electrical angle 8 to the stator A phase, Fig. 8.2.
@ varies with rotation and time so that the stator/rotor mutual inductances
vary through a complete cycle for every pole-pair pitch of movement.
With a uniform air-gap machine, all the self inductances will be
unaffected by rotor position. This applies also to the mutuals between
stator phases and between the rotor phases.

When parameter tests are conducted, they yield an equivalent-circuit
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A -phase axis

,/ C-phase
/

FiG. 8.2. Phase axes for uniform air-gap wound rotor machine.

stator inductance L, = (x, + X, )/w which is 50 %, higher than the stator-
phase self-inductance L,,'!), because the other two phases are excited
and contribute this extra flux. So:

LAA = LBB = LCC = Ls X 2/3

The mutual inductance between stator phases is half of this because they
are displaced by 120° and cos 120° = —1. A similar situation exists for
the rotor phases which in referred terms are often taken to be the same as
the stator inductance i.e. L, = L,,. The actual rotor parameters can be
used in which case the voltages and currents for the rotor will be those for
the winding itself. The mutual inductance derived from equivalent circuit
referred to the stator, will be X, /(. N ,.0./ N oror)- If this is designated
M, then, for the same reason as in the case of self inductance, the
maximum value between the A-phase and the a-phase when these are in
alignment physically and additive magnetically will be M x 2/3. For any
angle 6:
L,,=(2/3) M cos®.

The other stator/rotor mutual inductances vary similarly but with a
phase displacement in accordance with the L, matrix to be given. This
can be checked from Fig. 8.2 by considering when a particular pair of
stator and rotor phases are in alignment and give maximum mutual
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inductance (2/3) M. It can also be verified on studying Fig. 8.2 at different
angular positions, that L is the same as L,. This is a consequence of the
choice of axes as shown, and recommended in Reference 2 where it is
explained that several advantages arise in the manipulation of the
equations and the application to different machine types. In displaying
the matrices, it is convenient‘'? to delineate the stator and rotor sections,
eqn (8.3b), so that the four quarters of the inductance matrix can be
shown separately. If all parameters are referred to the stator, only two
quarters need be given in detail if L, = L, (referred). In this case also,
the value of M in L;, = L must now be the referred value, i.e. X ,,/®. The
equations described can be summarised as:

v!l.lof Rl + pL!! L!Y i! a10r1
v - el T (8.3b)
vfolof pL;’s RY + pL;’r IYDIDY
where:
A B C
2 A |1 -2 | -Lp
L = — 'S S 'S = Ll
»=3% B [Crp | L | —Lp]” b
c FL2[-Lep| L
and
a b c
2 A|Mcosb M cos (6 —2n/3) | M cos (0 —4n/3)
Lo =La=3%B | M cos (9—2n/3) | M cos (§—4n/3) | M cos 6
C | M cos (8 —4n/3) | M cos ¢ M cos (6 —2nr/3)

The assumption in the above equations is that the flux distribution is
sinusoidal but this is not an essential condition. Any known flux
distribution can be allowed for providing this is reflected in the
expressions for inductance variation. Harmonic terms could be added,
or, since the equations are to be solved numerically, a non-analytical
relationship of inductance variation with angle could be referred to at
every incremental step, for the appropriate inductance and its angular

270



[8.2] SIMULATION OF MACHINE SYSTEMS

rate of change. If one member is salient for example, the other member
will have self- as well as mutual-inductance variation.

Organisation of Computed Solution

In solving the equations for current, given the voltages, the impedance
matrix has to be inverted; i = Z 7' . v, and it would appear that for the
system described, a 6 x 6 inversion is necessary. However, this would
ignore the fact that for a 3-line, 3-phase circuit, the sum of the three
currents is zero and hence one current can be expressed in terms of the
other two. Indeed, an attempt to invert the 6 x 6 impedance matrix
would result in failure because there 1s redundant information.
Substituting the conditions that:

ic= _(1A+IB) and ic = _(ia+ib)

and using line voltages across two loops, will reduce the equations from 6
to 4, giving much shortening of computer time. Actually, it is much more
convenient to reduce the equations to 4, by employing routine matrix
techniques as will be shown in main outline. The stator phase voltages:

va=Vsinwt, vg=Fsin(wt—120") and vc = F sin(wt+ 120",

will come out in the transformation as two line voltages. A similar
treatment can be accorded to the rotor voltages though this winding will
here be assumed short circuited so v, = 0.

We require a connection matrix C, relating the six old currents iy, i, ic,
i,, i, and i , to the four new currents iy, iy, i, and i, say. With this we
proceed to find the corresponding transformations for voltage and
impedance using standard techniques. Figure 8.3 shows the physical
relationship of the currents as chosen, for star-connected windings.

From the figure:

A i, =i
iy = ip iy = 1,
ie= —(y+ip) ii= —(+i)
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In matrix form:

FiG. 8.3.

A B a b
i Al 1 T
iy B 1
ic]=Cl—1]—1 iy
i, al 1 i
iy b 1
i, c -1 | -1 Iy

or; i=C.i

[8.2]

i (84)

This is the transformation for currents. For voltages and impedance,
maintaining constant power through the transformation, (i,.v =1i,.v)
the corresponding equations are‘?:

and Z'=C,.Z.C

v=C..v

where C, is the transpose of C. Applying these and assuming a short
circuited rotor so that v, = v, =0

1 -1 Dy Uy — V¢ v,
1 |—1 vg

1 1| [oc|=| Vs —Vc =8

-1(10 0 "

0 a

0 0 U;)
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These are the line voltages to the common line C, for which the current
has been eliminated from the equations. The phase (and line) voltages
could have any time variation specified in the problem.

For the impedance, the 6 x 6 matrix will have to be assembled in detail.
It will be convenient to make the substitutions:

a, =6, a,=(0-2n/3) and o3 = (6+2n/3)=(0—4n/3).

In the matrix multiplications, certain expressions will arise for which the
following further substitutions will simplify the intermediate equations:

X =cosa; —cosa,; Y=cosoa, —cosa; and Z =cosa,—cCosa;

and because of the 120" relationship between the angles, the com-
binations of X, Y and Z which arise can, by trigonometric manipulation
be simplified as follows:

X+Y)=3cosa,; (Z—X)=3cosa, and (Y+Z)= —3cosas,.

Hence, performing first the operation Z.C on the whole matrix
expanded from egn (8.3b), including the R terms:

3R, +2pL, —pL, -pL, 2pM cosa, | 2pM cosa, | 2pM cosa,

—pL, 3R, +2pL, -pL, 2pMcosa, | 2pM cosay | 2pM cosa,

1 -pL, —-pL, 3R, +2pL, | 2pM cosa, | 2pM cosa, | 2pM cosa,

3 |2pM cosa, | 2pM cosa, | 2pMcosa; | 3R, +2pL, —-pL, —-pL,

2pM cosa, | 2pM cosa, | 2pM cosa, —-pL, 3R, +2pL, —-pL,

2pM cosa, | 2pM cosa, | 2pM cosa, -pL, —-pL, | 3R, +2pL,
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To complete the transformation Z' = C, . ZC:

i

-1

1 =1

[8.2]

7= 1 -1
a1
3(R, +plL,) 0 2pM(Y) 2pM(2)
0 3(R.+pl) | 2pM(—X) | 2pM(=Y)

V1 —3(R,+pl) { -3(R,+pL,)| 2pM(-27) 2pM(X)

3 2pM(Y) 2pM(Z) 3(R,+pL,) 0
2pM(=X) | 2pM(-Y) 0 3(R,+pL,)
2pM(—-2) 2pM(X) | —3(R,+pL,) | -3(R,+pL,)

giving finally:
A’ B’ a’ b’
Al 2(R,+plL,) R, +pL, —2pMcosay | 2pM cosa,
Z =8| R +plL, 2(R,+plL,) | 2pMcosa, |—2pMcosa, (8.6)
a’'| —2pMcosay | 2pMcosa, 2(R. +pL) R, +pL,
b | 2pMcosa, |—2pM cosa, R +pL, 2(R +plL)

For numerical integration, an expression for di/dt is required.
Rearranging the matrix voltage equation (8.3) in terms of the motional
and transformer components:

v=R.i+i.dL/dt+ L.di/d¢

. . dL d8 )
= R.|+|.@.a + L.di/dt
from which:
di - dL . \.

It is seen that the speed 6, in electrical radians per second, comes into the
motional voltage term and also, the variation of inductance with angle
must be known in order to obtain dL/df. In the present case,
differentiating the inductive terms of Z' is very simple because L and L,
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are constant and the mutual terms involving 6, vary sinusoidally with
angular position. Performing this differentiation and combining the R
terms gives:

2R, R, 2M fsina, | —2M O sina,
R dLé R, 2R, —2M Bsina, | 2M Osina,
T 40”7 [2Mdsina, | —2M fsina; 2R, R,
—2M Osina, | 2M fsina, R, 2R,
(8.7a)

This expression is now multiplied by the transformed i’ matrix, then
subtracted from the transformed v’ matrix corresponding to the
particular instant, the whole being multiplied by the inverse of the
inductance matrix, i.e. Z'~ ! omitting the p’s and the R terms. This gives
the di/dt matrix from which numerical integration by any appropriate
method, e.g. Runge Kutta or even Modified Euler, will yield the new
currents i’ for the end of the integration interval. These are now ready for
the next incremental step to repeat the above procedure. The actual
winding currents are readily obtained since for example: i, = i\, and i =
— (i), + 1), eqn (8.4).
The electromagnetic torque is obtained at each integration step from
the calculated currents using the matrix expression‘?’:
L= %i‘ %—; i x pole pairs or, with a less concise formulation

of the equations:
i d Lsr l; ator -
lslalor m : a-(; L - i,rlmlor X POle pairs (88)

TS

—

The differential of the inductance matrix is the samc as eqn (8.7a) except
that the R terms and 6 are omitted. The actual machine winding currents
and the original 6 x 6 inductance matrix differentiated could be used to
calculate T, without much additional work since no inversion is needed.

For the mechanical system, the two Ist-order equations required to
obtain numerical solutions for speed and angle, have already been given
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in terms of electrical radians as:

%? = . JT"' x pole pairs and 3—(3 =0 (8.1) (8.2)
If the machine is supplied through semiconductor switching circuits,
these may occasion phase connections to be broken during part of the
cycle so that during certain periods, not all phases are in circuit. The
equations would require reformulation to cover all connection modes,
determined by a logic check of conduction conditions during the course
of the program, as indicated on p. 264 and illustrated for a simple case in
Example 8.3. The program could be modified to allow for saturationin a
similar manner to the provision made on Fig. 8.1 to read in a functional
relationship of T, with speed. Such refinements are part of the usefulness
of numerical solutions, where constant monitoring of the system
condition can be made. Figure 8.1 shows the steps in the computed
solution. The machine terminal voltages are the line voltages of eqn (8.5),
no assumption about the potential of the neutral connection having to be
made. Eqn (8.7) requires the multiplication of eqn (8.7a) by the previous
calculation of —or the initial value. This is deducted from eqn (8.5) and
the whole multiplied by the inverse of eqn (8.6) omitting the p’sand the R
terms, to get di/d¢. Solutions for i, 7,, 6 and 6 follow as indicated on the
figure.

Equations in Per-unit Terms

Sections 3.3, 5.3 and Example 4.2 have dealt with the steady-state per-
unit equations. To cover the dynamic state, more information is required
to deal with inertia, inductance and terms involving shaft angle. For the
first quantity, the inertia torque is divided by 7, ., to produce the per-unit
value: d

2
(wm(base)) J

ase

WDy,

N 2
J'dwm/dt _ dt W (base) — J‘(wm(basc))
Powerbasc Win(base) Powerbasc Powerbasc
wm(basc) wm(basc)

dw,, (per unit)
x — e ————

= 8.9)
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So if w,, is in per-unit, the corresponding expression for per-unit inertia is
the first term, which is twice the stored energy at base speed, divided by
rated VA, i.e., twice the stored-energy constant.

For the second quantity, the inductive voltage is divided by V, . to
produce the per-unit value:

L.di/dt 1
v, I

base

base _ L di/l,,.. _ L di(per unit) (8.10)
Vbase/lbase dt Z dt

base base

Both per-unit J and L are not dimensionless but the associated torque
and voltage terms become so, on multiplication by per-unit rate of
change of speed and current respectively.

Solution of eqn (8.1) using per-unit inertia and per-unit torque
will give 8 as a fraction of base speed, i.e. in per unit. Base speed is
usually taken as the synchronous value, viz. @) = @, = 2nf/pole
pairs. Consequently to find the angle 6 in electrical radians, 6 in eqn (8.2)
must be multiplied by w = 2nf when integrating, if § is in per unit.

For a 3-phase machine, rated voltage per phase Vy is usually taken as
»ase aNd either rated VA or_rated current may be chosen as the third
base value from the expression: P, = 3.V, ... I, ... For the induction
motor, the rated output power Py is usually taken as P, . and this gives
I,,.. = Pr/3Vx which is not equal to Iy because of power factor and
efficiency. The torque base would then follow from the above choices as:

V

P

base __

I

base * ” base

w,

Py 3.V

w,

wm(base) s s

To express electromagnetic torque in per-unit, referring back to eqn (8.8):

p—

. dL . .
3.1,.——.1i.pole pairs

T, *Udf
Tbase - 3 ° Vbase‘ Ibase Ibase
ws ' Ibase
1, dL( ). w
= 5 lt(p.u.)' de - l(p.u.) ) 3 (8.11)

277



ELECTRICAL MACHINES AND DRIVES [8.2]

w = w, x pole pairs and could be regarded as converting 6, which is in
radians, to a per-unit measure on division by w. The number 3 arises
because phase voltages and currents have been taken as base values.
L., is the inductance divided by base impedance V. /I,,... Note that
although 6 is in per unit in the relevant equations, dL, , ,/dt must be the
variation of per-unit inductance with electrical angle in radians, as
obtained by integrating d/dt = 0, , x w.

All the equations are now available to incorporate in a computer
program, to be expressed either in actual or per-unit terms. They refer
specifically to the 3-phase, uniform air-gap machine but can be applied to
any polyphase machine with appropriate modifications. The only
significant difficulty is in defining the inductance/angle function from
which dL/d@is deduced. This is a matter for either design calculations or
actual measurements. The usual assumptions made when obtaining the
d-q equations yield analytical expressions of the inductance variation‘®,
but if further refinement is sought, some extra complication is only to be
expected. The method is in a sense generalised, not being restricted by
winding unbalance or asymmetry, nor by the magnetic geometry such as
the presence of saliency on both sides of the air gap or even allowance for
rotor and stator slots. For a simple, uniform air-gap machine one can
compare the computer time required to achieve comparable accuracy.
Based on the time for a d-q simulation, the real-axis simulation would
require two to ten times this, depending on the waveform. Such a
difference, though becoming less important as computers continue to
improve, would not be justified. But if the situation is such that the d-q
transformation does not yield constant inductances, then a lengthy
computation time is endemic in the problem and a real-axis simulation
may be the most convenient. For single-phase machines, unlike the
model for analytical solutions, the real-axis equations are simpler than
for 3-phase machines because there are fewer of them.

The next two figures use the simulation just described to illustrate
some instructive electromechanical transients. Figure 84 is for an
inverter-fed induction motor, accelerated from zero speed up to the
steady-state speed where the slip is about 69, full-load mechanical
torque being coupled throughout. The bottom figures show the quasi-
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Fi1G. 8.4. Acceleration and steady-state waveforms of inverter-fed induction motor. (D.C.
link voltage set to give fundamental V', = rated value)
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square-wave line-voltage which is applied at full value and frequency. In
practice, such a source would be applied at reduced voltage and
frequency, but is computed as shown to illustrate the nature of current
and torque transients for direct-on-line start. A sine-wave supply would
have given similar peak values but without the 6-pulse ripple. The torque
peaks reach nearly 7 per unit and the first six torque cycles are shown. The
computer graph plot is then stopped until the steady-state is reached and
then the expanded waveforms for one cycle are plotted. The speed is then
constant but the torque pulsations are considerable at about +0.33 per
unit. The dominant frequency is 6th harmonic as deduced from Fig. 7.6b
and eqn (7.10). But the waveform shows a slight even-harmonic
asymmetry, and this will be due to the small effect of 11th and 13th rotor
harmonic currents giving a 12th-harmonic component of torque. The
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top diagrams show the phase-voltage waveform, deduced from the
calculated currents and the sum of the impedance drops in accordance
with eqn (8.3a). It is the same shape as already found in Fig. 7.5. The
stator-phase current reaches starting peaks of over 7 per unit and on
steady state is rich in Sth and 7th harmonic components. The peak
currents reached on steady state are somewhat higher than those
occurring with a sinusoidal-voltage supply which would give a current
sine-wave running through the distorted wave shown here. The remain-
ing waveform is for the flux, neglecting saturation and deduced by
combining the stator A-phase current with the referred and transformed
a-phase rotor current; viz. the waveform of I . Because of the parameters
of this particular machine, | per-unit I_, corresponds to about normal
peak flux and the diagram shows that the peak flux on steady state is a few
per cent higher than the normal value for a sine-wave supply. More
interesting is that in spite of the violent i, fluctuations, the induced rotor-
current acts to damp these out as shown by the nearly sinusoidal flux-
waveform. The rotor current in fact has a pronounced 6th harmonic
component superimposed on its slip-frequency sine-wave variation. This
ripple, which is only to be expected since there are six switching changes
per cycle, is similar to the torque pulsation. This is also to be expected
since it is the reaction between the nearly sinusoidal flux wave and the
rotor current which produces the torque. On observing the flux
transient, it is seen that this dies out from a high peak in a few cycles, the
value then being about half the normal rated value for a short time, due
to the high voltage drop across the primary impedance during starting. It
is also seen that the flux wave is approximately 90° lagging on the phase-
voltage wave.

Figure 8.5 is for the same machine, this time running at rated torque as
an induction motor from a 50-Hz sinusoidal-voltage supply. The top
diagram shows that the phase current lags the voltage by about 45°
initially and the rotor current can be seen oscillating at the very much
lower slip frequency of about 3 Hz. At time 0.14 sec from the beginning
of the plot, the rotor is supplied with a d.c. voltage, sufficient to cause it to
pull into step as a synchronous motor. This takes about 0.5 sec, during
which time the stator and rotor currents exceed their rated values quite
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FiG. 8.5. 3-phase wound-rotor a.c. machine. First loaded as an induction motor, then
synchronised, then overloaded to puli-out.

considerably. When synchronisation is successfully achieved, at time
0.6 sec from the beginning of the plot, the mechanical torque 7,, is
increased linearly up to 2 per unit. 1t is appropriate now to look at the
bottom diagram and see the electromagnetic torque 7, initially in balance
with T, the speed being about 0.94 times the synchronous value. The
electromagnetic-torque-transient is quite violent during synchronising
and the speed dips, then overshoots and at 0.6 second, it is virtually
synchronous, with 7, again almost in balance with 7. The mechanical
oscillations are somewhat exaggerated because the inertia was lowered
artificially below its true value, for the computation of Figs 8.4 and 8.5, to
demonstrate the torque and speed changes in a short computation time.
The increase of T, is then slowly followed by 7, as the load angle
increases and speed falls. However, the load angle must have increased
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well beyond 90° and the torque commences another violent oscillation
which is sufficient to pull the machine out of synchronism. The armature
current and rotor current again rise to excessive values, but the
combination of induction torque produced by the induced rotor-
currents reacting with the stator currents, and the pulsating torque
produced by the reaction of the d.c. component of rotor current reacting
with the stator currents, is still sufficient to hold the load torque though
with an appreciable speed oscillation. Actually, the pull-out torque in the
induction mode is 3.2 per-unit, see Tutorial Example T7.5, and in the
mode shown, T, would have to approach nearly 3 per unit to completely
stall the machine. To restore synchronism (apart from reducing the load
to about 1.5 per unit), it would be necessary to increase the excitation by
about 50 %.

8.3 SIMULATIONS FOR CHOPPER-CONTROLLED D.C.
MACHINES

The overall performance of a chopper-controlled d.c. motor drive can
be estimated by neglecting the peculiar waveforms and assuming that the
machine terminal voltage is just reduced in the duty-cycle ratio to é V,

ON time
here § = . Th i
where ON time + OFF time e next example goes a little further

than this and is followed by a detailed simulation.

Example 8.1

Show in outline how the battery-supplied, chopper-controlled, d.c. series motor could be
simulated for a computer solution. What differences would be necessary to deal with the
separately-excited d.c. motor with regenerative operation included?

The equations for the chopper-controlled d.c. machine were derived in Section 7.1 and
the expressions for di/dt required for numerical solution follow as below.
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Thyristor ON Thyristor OFF
Eg—1—Ri, —k —1—R.i —k
Series motor B la —KoOm als — Ko
L L
. Eg—1—Ri, —k —1—R,i, —k
Separately excited. Motoring B Ll. ¢@m a 2. +@m
—1—R,i,+k —Ep—1—Ri +k
Separately excited. Regenerating 'L' ¢%m B 5 Lt Ky,

This is a forced-commutated circuit and 4 is controllable as required, either from speed
demand, current limit or manually. No logic check on thyristor conduction is required, the
circuit becomes conducting almost instantaneously in the controlled ON period and non-
conducting in the controlled OFF period. The duty cycle shown on the figure starts from
t' =0, ¢ being set to zero at the beginning of each cycle. The ON period lasts until ¢’ is
greater than toy.

The flow diagram will be generally similar to Fig. 8.1, the appropriate value of di/dt
being used from the above expressions. For the series motor, the k, = f(i,) curve would
have to be available. For the separately-excited motor, k, would have to be specified, but
otherwise, the equations above cover the motoring and regenerating conditions. The
mechanical equation is standard and after the speed is found, it only remains to check the
time and whether ¢’ must be set to zero before repeating the calculation with the time
incremented.

[e——fon —— = forF -

Y

- ——

- Sx

-— -l R

Fic. E8.1.

The above example is instructive as an introduction but it is unlikely
that such a program would be used. The reason is that the analytical
solutions described in Section 7.1 are usually adequate. The time-
constant of the electrical circuit is very short by comparison with the
mechanical system and the electrical transients can therefore be solved as
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if the speed was constant. Example 7.2 is an indication of how the
mechanical transient could be dealt with, though once the duty cycle
reaches unity, no further current-limit control is available and the
chopper is usually shorted out to save energy. Subsequent speed changes
can be brought about by field weakening and this can readily be
incorporated in a different computer program if studies of the complete
accelerating period are required. If studies of the chopper circuit itself are
to be undertaken then a program recording all the events within a duty
cycle would be necessary. The time-constants of the forced-commutated
circuits and the protective circuits for the thyristors are now very much
shorter than those of the main power circuit, so they are usually designed
as if the power-circuit was in steady state, quite apart from neglecting
speed changes. It is instructive however to work through a detailed
simulation which makes none of the above assumptions. A nodal
method""” is appropriate to deal with all the parallel branches. The d.c.
machine e.m.f. will be represented by the voltage across a capacitor
C = J/k,* as proved in Example 6.15, for a constant-torque load. The
load will be assumed negligible for simplicity though its inclusion only
requires the addition of a constant term, which as in Example 6.15 is a
function of the steady-state current I_,.

Solution Method

The circuit will consist of R, L and C terms and a simple implicit
integration technique (trapezoidal rule), will be employed to convert the
differential equations to algebraic equations. Familiarity with elemen-
tary matrix manipulations will be assumed in what is then a straightfor-
ward solution. Consider a function Y varying with time t, which is being
advanced by time increments H (= Jt), as in numerical integration. The
time integral of Y is the area under the Y(t) curve and at a time ¢ is equal
to the area up to time ¢, _,, plus, as an approximation: H. (Y, + Y, _,)/2.
When H is very small, the errors in this approximation are correspond-
ingly small. With this information, consider now the L and C elements of
a circuit as their currents and voltage drops change with time.

For an inductor: v = L.di/dt and therefore: i = ;‘Jv.dt.
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At time ¢,

1 (" 1 [
i =zj_wv.dt = area up to tn_1+ZJ; _lv.dt.

To a close approximation, see Fig. 8.6:

. . _H(v,+v,_¢)

i, = i1 +#’i— 8.12)
i.e. the value of the current after time increment H, depends on the value
of the current before the increment, plus a factor H/2 L times the sum of
the voltage drops at the beginning and at the end of the increment, so if
these are known, i, can be found.

In a similar way, for a capacitor, since i = C.dv/dt, the value of the

voltage drop at time ¢, is given on substituting C for L and interchanging
i for v so, again referring to Fig. 8.6:

+H.(in+in_1)
n—1 2C
If we are solving the circuit for currents, given the voltages, then
eqn. (8.13) must be rearranged with the current i, as the unknown, i.c.

v, = v (8.13)

. . 2C
L, = —la-1 +_‘(vn—vn—1) (8133)
H
s st
2 =
e =1
S O
> Vo
v focy /a
—l H J—— - _l H 1‘ —
hot T Time taet 1o Time
For inductor: /= Z'[v dz, For capacitor: v =Zl\—//.df.

FiG. 8.6. v(1) and i(z) curves.
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For the resistive element, the current at ¢, does not depend on the
previous current but only on the voltage at the time, i.e.

i, =uv,/R. (8.14)

We can now apply the last equations to the solution of the machine
equivalent circuit of Fig. 8.7. Three currents are injected at the three
“nodes”, or junctions, iy, i, and i;. Only one of these has a real value, i,
being supplied by voltage v, . The other two will be equated to zero in the
solution method. The currents through the elements can be determined
from the voltages across them, between the appropriate nodes. v, , v, and
v, are the node potentials defined with respect to the bottom line as zero
potential. Hence, from the previous expressions:

1
(ir), = R (v, —vy), (8.15)
(iL)y = (iL)a—y + [(Uz U3), + (v —v3),-4] (8.16)
(ic)y = —(ic)y—y + [(Us) —(V3)n-1] (8.17)

From these equations, and the circuit, expressions for the “injected”
currents i,, i, and i, are formed

1
{iy), = (ir), = R (vy — ),

(i2) = (L), —(ir)y = ()0 + [(Uz U3),+ (v2 —03), -]

1
R (vy —U3),
1/ 12 . /3 .
LSV, W C2 N W
? v, R T v, L f V}’—4 }?T
| i

F1G. 8.7. Nodal method applied to D.C. Machine Equivalent Circuit.
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2C
(i3)a = (ic)a — i)y = —(ic)y-1 +F [(©3)n —(v3)0-1]

H
—(iL)a-1 _2_L[(v2 —V3),+ (v —V3),-1]

Rearranging these and expressing in matrix form:

i. I O o
t U _
l)n R R Ui
. . -1 H 1 -H ©)
(2)s [= J(iL)a-1 + R 2L+R 2L U2)a
. . . —-H H +2C )
(i3)q —(ic)a-1—liL)a-1 L Y] (v3)q
(©1)n-1
+ H —H
+ 2L 2L W21 1 (g18)
—H H 2C
2L ZL_ H (v3)a-y

which is of the form:
i,=1,_1+A.v,+B.v _,

The elements of the matnix i,_, are called the CORRECTOR
CURRENTS and are particular combinations of “previous” values of
currents through the reactive elements.

We now take advantage of the fact that only the current i, has a real
value and partition the matrices in such a way that there will be two
current matrices, i, = i, say, which may have a value and the other
currents (i, and i;) grouped together as i, say,and i, = 0. The admittance
and voltage matrices are partitioned correspondingly to give:
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1 -1
R Ass Asp Bss Bsp
-1 H 1 -H H -H
® (uatr| L |7 and: sk | L [T
AD‘ ADD Bps Bpp
—-H H 2C —-H |H 2C
20 |atH 20 (2L H

The partitioned matrices thus read, for the whole system of equations:

(is)n — (is)n*l + Ass Asp (vs)n + Bss Bsp (vs)n—l
(ip)n (ip)n*I Aps Anp (vp)n Bps Bpp (vp)n—l

(8.19)

The v matrices, like the i matrices, consist of the lower two elements of
the corresponding, complete column matrices. v, is the supply voltage, v,
on Fig. 8.7.

Multiplying out to get the matrix (i), so that it can be equated to zero:

(ip)n = (ip)n—l + Aps’(vs)n+ App'(vp)n+ Bps’(vs)n*l + Bpp'(vp)n—l = 0

This is rearranged to give the new values of junction voltages (v, ), in
terms of the previous values and the admittance matrices. Hence:

(Vo) = _App—l [Op)n— 14+ Ap- (Vo) + B (Vo)a- 1+ By (vp)- 1]

(8.20)
Solving this equation, which requires only simple routines for a
computer program, will enable the voltages across any element to be
determined from the differences of the appropriate “nodal” or junction
voltages and the appropriate equation for either resistive, inductive or
capacitative elements. In the present, simple series case, all the element
currents will calculate the same, apart from the very small errors inherent
in a numerical solution. For the general case, there may be several series/
parallel elements and various different currents to be calculated. Note
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that by multiplying out we can get the input current (i), from the
partitioned matrices:

(is)n = (is)n—l + Ass' (Vs)n + Asp' (vp)n + Bss' (vs)n—l + Bsp' (Vp)n_l
(8.21)

Although the above derivation has only referred to a simple R, L, C
series circuit it follows general rules for forming the A and B matrices by
inspection, for any R, L, C network. Thus, from examination of the
matrices A and B:

1. The value of an element on the principal diagonal (Y;;) is the sum of
the admittances connected to that junction.

2. The value of an off-diagonal element (Y}, ) is the negated sum of the
admittances connected between the corresponding junctions (j and
k).

3. The values of the elements in the B matrix are the same as for the A
matrix except that the resistive terms are zero and the capacitative
terms are negated.

Note also:

The A and B matrices are symmetrical.

The admittance of a resistor is 1/R.

The admittance for an inductor is H/2L, where H is the time
increment.

The admittance for a capacitor is 2C/H.

Each injected-current equation has a corrector current, formed from
the previous currents in the elements connected to the particular
junction, in accordance with the following rules:

(i) An inductor contributes its previous current.

(i) A capacitor contributes its previous current but this must be
negated.
(iii) A resistor makes no contribution to the corrector current.

Figure 8.8 shows a junction with various elements connected. Positive
directions of element currents are assigned arbitrarily as in normal
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FiG. 8.8. Formation of Corrector Currents.

practice. They are summed in the usual way, but to form the corrector
current the contribution from the resistors is omitted and those from the
capacitors are negated. Hence:

=g —iLZ_iR —lc¢
so the corrector current for this junction is:
(Lida-1 = (L2)-1+ (icha-1

The formation of eqn (8.18) could be checked against these rules for
which it is a particular and simple case derived from first principles. It
should now be possible to set up the equations for any R, L, C network
and write an appropriate computer program to solve eqn. (8.20) and
hence find all the element currents for any form of applied voltage
v = f(t); see Tutorial Example T8.3.

Inversion of a large matrix takes much computer time, but in eqn (8.20)
it is not necessary to invert A at every incremental step, but only when
there is a change to the elements in the matrix. One inversion would be
sufficient for the whole program time if the circuit was unchanged and
the driving voltage relatively smooth. For a chopper circuit however,
semiconductor elements are being switched ON and OFF so that their
resistance changes from a very low to a very high value. In addition, the
sharp changes of voltage thus occurring require that the time increment
H is shortened for brief periods to avoid mathematical instability. Values
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of H might have to be less than a microsecond in this case though with
smoother changes of voltage the value could be in milliseconds, e.g.
during the periods after the switching transients have largely died down.

Application to Practical Circuit

Figure 8.9 is a basic chopper circuit supplying a d.c. motor. Only the
firing circuits have been omitted. These apply low-power current pulses
to the gates at desired instants, to switch on the main thyristor (7,) and
the commutating thyristor (7}). This is a forced-commutated system, the
thyristors being switched off by having their currents forced to zero. The
commutating circuit is formed by C_, L_ and D_. It is essential that the
charge on C, is initially arranged to be + ¥, on the lower plate,
(v. + ve), before the main thyristor is gated. When a gate pulse is applied
to T}, a resonant current commences through L, D . and T, as C,
discharges, leaving the lower plate at potential —V,, ., the charge
having been transferred to the top plate. The negative wave of the
resonant current cannot flow since it is blocked by the commutating
diode D,. Supply current is now flowing through the d.c. armature.

To switch off, T, is gated whereupon there is a path for armature
current through T,,urged on by 2V, . approximately, since C_ voltage
is now in series with the supply voltage. The commutating capacitor
becomes repolarised with the lower plate again positive. The time taken
for this reversal depends not only on the time constants, but also on the
value of armature current which was flowing and which is directed
through C_ when T} is fired. Since T, is starved of current and is subject to
a high reversed voltage from C_, it switches off. The effect of i, falling is to
cause a voltage L, di,/dt to oppose and overcome the e.m.f. E, so that v
falls and eventually the freewheel diode D, becomes forward biased.
Armature current is then diverted through it, starving thyristor T, which
switches off rapidly. The circuit is once again primed, ready for the main
thyristor to switch on when gated.

Of the remaining elements in the circuit, the CR “snubber” networks
are for protection against fast-rising voltages, because of their low
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impedance to such voltages which would otherwise appear at full value
across the thyristors and diodes. The inductor L_limits the di/d¢ through
the diode D,, some of the initial flow being diverted through the
suppressor R_3, C ;. The series diode D, prevents leakage of charge from
C, during the OFF period when E and v, are in series aiding, but in
opposition to ¥, and there would otherwise be a reverse current
through the armature.

To assist in the formulation of the matrices, the equivalent circuit of
Fig. 89 is drawn on Fig. 8.10, with the semiconductors replaced by
resistors. The values must change as the solution progresses, from say
10 kQ in the OFF condition to say 0.05 Q for the ON condition. A more
accurate representation of the ON condition could easily be in-
corporated by setting Rgy at (1 volt/calculated current). Positive direc-
tions of currents, chosen arbitrarily, are shown on the diagram. Note that
each element has its own current, even though it may be in series with

+
o
.
- R | v
1 upoty™ 250V 53 ZX
; @ Dy
C.
. st Rq, Css—E 5;) /b,
AN - -
25 . sz § 4
1 . Alsy L L'va
_ m, '
T
®

Rated I,=40 A

R,<05 Q L,=20 mH
kg=2v/rad sec™ J=2 kg m?
Ce=10 uF  £c=50 pH

Rs =R, 53233 0
Cq3Cs,=0.1 uF

Cs3=0.2 pF

L=20 pH

Fi6. 8.9. D.C. Motor/Chopper Circuit.
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FiG. 8.10. Equivalent Circuit of Fig. 8.9.

another element, though the calculated values should then be the same.
The corrector-current matrix i,_,, follows from equating the injected
current at each node, to the sum of the inductor current if present,
flowing from the junction, plus the capacitor current if present, flowing
to the junction as calculated at time ¢, _,.

Example 8.2

Using the symbols on the circuits of Figs 8.9 and 8.10, prepare the corrector-current
matrix and the A and B matrices for this particular chopper/d.c. machine system.

Guidance has already been given for the assembly of the corrector-current matrix and
this is shown on Fig. E8.2a. The A matrix is constructed by filling in first the principal
diagonal with the sum of the connected admittances, Rule 1, and the off diagonals by the
negated sum of any admittances connected between corresponding nodes, Rule 2. The B
matrix omits the R terms and negates the C terms of the A matrix, Rule 3. The A and B
matrices are shown on Figs E.8.2b and E.8.2c respectively.
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FiG. E.8.2a.
Corrector-current Matrix (All currents calculated as at time t_ - ).

Results of Computation with Actual Circuit Values

Using the data on Fig. 8.9 the numerical values for the three matrices
can be inserted. In the case of the semiconductor elements, their
resistance needs to have the low setting when a logic check shows that the
previous current was above the latching current; or forward voltage drop
and gate firing conditions are correct for conduction to start; the high
resistance setting applies otherwise. This procedure has been followed to
produce the results of Fig. 8.11 for a chopping frequency of 500 Hzand a
duty-cycle ratio 6 = 0.3, (0.6 ms/2ms). The time increment H was 5 us for
most of the computation time but was reduced to 0.1 us to allow for the
high-speed transients during short periods following the gating of each
thyristor. Changes of element resistance, (or time increment) required a
resetting of the A, (and B) matrices. Equation (8.20) calculates all the new
nodal voltages and eqns. (8.21) for the input current and (8.15-8.17) for
the element currents, applied to the appropriate nodes provide also the
data for the new v, _, voltages and corrector currents for the next step in
the solution. Since the solution started from initial conditions other than
zero, the appropriate nodal voltages and corrector currents had to be
declared at the start of the program.
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Figure 8.11a is for continuous current, having a mean, equal to about
the rated value for the armature (40 A). This was set as an initial current
for iy, and ic,, which therefore demanded initial corrector currents other
than zero for nodes 1,2 and 5. With 6 = 0.3 an approximate value for the
emf is given by 6.V, ., —R,I, =55V, the supply voltage being
250 V. However, the computed terminal-voltage waveform, v, takes an
appreciable, finite time to fall to zero, making the effective § somewhat
larger than that calculated from the switch-on time of the commutating
thyristor. Consequently an initial value of E = 65V was estimated,
giving initial node voltages of v, = v, =67V, vs=2Vand vg =1V,
which allows 1 V drop for each semiconductor. An initial charge on the
commutating capacitor corresponding to the supply voltage made vgy =
+ 250 V at the start of computation. The program was run for 5 ms to
allow conditions to settle before plotting and the section between 6 ms
and 8 ms is shown.

Examining the computed graphs, the main thyristor current is
virtually the same as the armature current during the ON period, apart
from an initial peak during the resonant half-cycle. Spike currents of
1.5 A flow through the T, suppressor during its rapid current-changes,
both due to the sudden negative changes of potential at node 6 as T, and
then T, are switched on. C,, recharges at approximately constant current
as the voltage across T, builds down from the forward drop, to full
reverse voltage, following the v curve, for which dv/dt is almost constant.
Excessive voltage peaks and dv/dt applied to T, are thus avoided. dv/dt
measures at about 5 V/usec.

The suppressor R_; also carries two, larger current-pulses per cycle;
when T, is switched on, due to C_; discharging and when T, is switched
on, due to the rapid rise to a high voltage peak; (this explains why,
referring to Fig. 8.11b, T, current is initially higher than T, current when
taking over the conducting path). dv/dt is virtually constant and negative
after T, is gated, so there is a constant charging current for C_jas forC ;.
When v eventually reverses, D, becomes forward biased and starts to
conduct. Immediately a voltage arises across L, (about —63 V), which
limits the rise of diode current, (to about 3 A/usec in this case). The
additional path through R_;, C; only has a small effect on the diode
current subsequently, this being almost indistinguishable from the L,
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ELECTRICAL MACHINES AND DRIVES [8.3]

current once it starts to conduct. Thus the protected semiconductor Dy is
never subjected to excessive voltage, dv/dt or di/dt.

Operation of the commutating circuit is shown on Fig. 8.11b, but in
addition, the components and settings have been changed to produce
and illustrate a discontinuous-current condition. The e.m.f. E is set
higher at 176 V so that the average current is much reduced. The current
actually falls to zero and here it might be expected that the machine
terminal voltage v, would rise to the value of the e.m.f. But in fact,
because of the high-impedance circuit through R 3, C,; and L_, which is
oscillatory, there is a small, reverse armature current and a voltage
overshoot. The suppressor resistors were increased to 250 Q to damp this
oscillation.

When T, is switched on, armature current builds up at an initial rate
determined by voltage/inductance, the voltage being 2V, ., — E) in this
case, giving about 20 A/msec until T, is gated. It will be noticed that the
voltage fall after this is much slower than for Fig. 8.11a because the
current which can be drawn by C_ during its charge reversal is lower than
before.

Examining now the commutating circuit, v_ reverses rapidly when T,
is fired and ic is virtually indistinguishable from i,.. Further, since the
load current now starts from zero, T, peak current is almost the same as
ic.. When T, is gated, it takes over the current from T,, plus additional
currents from the suppressors, as explained earlier. The commutating-
capacitor voltage reverses, more slowly than before and reaches a larger
value than that of the supply. This is due to the effect of L_ since v, goes
negative, (—22 V). Therefore, node 5 potential must be at 272 V which is
transferred, less D and T, voltage drops, to node 8. C, is once again
primed ready for the next cycle initiation. The suppressor across the
commutating diode carries sharp peak currents, in accordance with the
state of the circuit. During T, switch on, C,, discharges through D_. It
recharges when T, is gated to apply the C, potential suddenly across T,
and for a very short time, D is subject to forward dv/dt, much reduced by
1tS Suppressor.

The simulation, in neglecting the resistances of L, and L,, does not
introduce any serious error because these are relatively small and could
be part of the series elements, €.g. Rp; and R_5. In practice, an additional
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diode across R, might be necessary to brake the forward dv/dt across T,
to avoid premature breakdown. To accelerate C, charge reversal on light
load to ensure failure-free commutation, a further inductor/diode
combination across node 5 and the negative supply terminal might be
necessary, since this would provide an extra resonant loop. The
simulation can readily accept these changes but the matrices would then
have 12 elements instead of 10. Another feature which might be
mentioned concerns the mechanical response, determined from w,_, =
(vs —v;)/k4, the value of flux having been assumed fixed, in the
simulation. The results for one chopping cycle show virtually no change
of em.f. since the mechanical time-constant is relatively very long.
Although prolonging the computation time would yield the desired
information, in practice the duty-cycle ratio  would usually be changed
during mechanical transients to maintain a controlled average current so
that a different approach, based on this value, would be appropriate as in
Example 7.2.

84 SIMULATIONS FOR THYRISTOR BRIDGE/D.C.
MACHINE SYSTEMS

Calculations of thyristor bridge-circuits as in Example 7.3., have used
expressions for average voltages and currents and though these give a
good estimate of the electromechanical performance, they yield no
information about the effect of harmonics. This omission is more serious
on the single-phase bridge with its large pulsation ripple. The next
example develops the equations for this circuit, from which relatively
simple analogue or digital simulations can be implemented though in
fact an analytical solution is possible, with some restrictions®.

Example 8.3

Set up the equations for the single-phase thyristor bridge/d.c. motor circuit and explain
how the conducting conditions can be determined and a computer simulation im-
plemented. Allow for all circuit resistances and inductances.
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The first figure shows the circuit; currents and voltages being indicated. The transformer
is represented by its secondary e.m.f. e, behind the leakage and supply impedances referred
to the secondary, r + Ip, where p represents d/dr. This is a naturally-commutated circuit
since the a.c. voltage developed across the thyristors v,, reverses every half cycle and reduces
the thyristor current to zero naturally. There is a period of “overlap”, however, when the
incoming thyristors share the total load current until the outgoing thyristors have their
currents eventually reduced to zero. For the single-phase bridge, this means that the d.c.
terminals are short circuited through the thyristors so that the terminal voltage is zero
during overlap. If the equations are set up for this case when all thyristors are conducting, it
is merely a question of setting the appropriate terms to zero, if a current falls to zero.

Consider a path through thyristors 1 and 3, when all thyristors are conducting:

ey =Tliy —i))+Ipliy —ig) + 1 V+ L pi, + R i, +e,+1V.

from which:
e, —Ri, —Ri,—e, —2V L

pi; = L —Ipiz

where R=R +r;, R'=R;—r, L=Li+l, L'=L; -] and i, =i +i,.
For a path through thyristors 2 and 4 for the same condition:
—e,=1V+Lpi, +R i, +e, +1V —Ip(i, —i,)—r(i; —i;)
from which:
—e,—Ri,—R'i,—e, -2V L
L R

pi; =

pi is thus available for each current, to perform the numerical integration as required.
To determine the conducting condition, the voltages developed by the circuit across each
thyristor must be monitored whilst it is switched off, since when the gate firing pulse is
applied, conduction will not start unless v, is greater than the normal forward volt drop,
taken to be 1 V. Itis assumed that ,, is the same for thyristors 1and 3 and v, is the same for
thyristors 2 and 4.
For a path through thyristors 1 and 3 when they are not conducting:

Uy = —en— Rpi— Lypi; — v, +1Ipiy +riy +e,
from which:
20, = —e,+e,—R'i;— Lpi,.
Similarly:
20, = —e, —€,.—R'iy — L'pi,.
The phase-delay angle a(or = + a for thyristors 2 and 4) and the value of flux k,, must be
specified in the data. i, and i,, ,, and e, will be known from the previous time increment

and solution and e, will be known from its time-function expression. The pattern of logical
checks is shown, by means of which, working through the various questions, each thyristor
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path is checked for previous conduction (i > I, the latching or holding value) and the
possibility of starting conduction.

The normal condition is for i, or i, to be conducting so these questions are asked first
since if the answer is YES the remaining questions are unnecessary. If the answer is NO, for
either or both currents, then the phase delay of the firing puises is checked against the
progression of angle § = wt, measured from the beginning of the cycle, to see if a firing
pulse is present. If not, then that thyristor will be non-conducting in the next increment. If
the answer is YES, the forward voltage across that thyristor must be checked to see if it is
greater than 1V (say). There are four possible answers to the overall question pattern.
Either circuit can be conducting, both can be conducting (overlap), or both currents can be
zero (a discontinuous-current condition). With these conditions known, the appropriate
equations can be formed and i, and/or i, can be determined by numerical integration. The
solution thereafter follows the pattern of the general flow diagram of Fig. 8.1.

Again the time-constants of the electrical system are usually very much shorter than for
the mechanical system and it may be sufficient to study the circuit for a particular speed,
flux and constant e.m.f. Natural commutation may take more than 1 millisecond and
full-scale simulations may be necessary however, to check that this aspect of circuit
operation is working correctly; it is liable to break down under certain conditions.

3-phase Converter Bridge

This circuit has already been discussed in Section 7.2. Beyond the
small-power range it is the most common configuration for both rectifier
(A.C./D.C.) and inverter (D.C./A.C.) conversion. It uses natural commu-
tation for d.c. drives and either natural or forced commutation (Fig. 7.4)
for a.c. drives. Its importance justifies a careful examination of the
various operating modes, through the medium of a computer simulation
and this will be a suitable conclusion to the text. For full reversible,
regenerative control, the dual (anti-parallel) bridge arrangement supply-
ing a d.c. machine is extensively used, see Fig. 8.12. A single bridge can be
used to achieve the same general result but requires machine-field
switching, which is slow, or armature-circuit switching, breaking the
main circuit. The armature current must be zeroed during these
operations, which causes loss of torque control during this “dead” time
and this approaches 1 second duration for field-switching schemes. It
should be pointed out that the circuit of Fig. 8.12 can also represent the
arrangement of a cycloconverter, for which the output frequency at the
terminals follows the controlled switching between bridges.
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The nodal method described in Section 8.3 with application to the
chopper circuit, has also been used for the dual converter bridge''®. Here
the “ss’ partitioned matrices of eqn (8.19) would have three elements
corresponding to the 3-phase source. There are other methods of
simulating the system which ignore the suppressor/filter elements and
concentrate on the main power circuits. These are based on the fact that
as the thyristors are switched on and off, the conducting paths for
currents change and can be defined. The number of possible circuit
configurations which can occur during a cycle is very large, approaching
100. However, each yields simple equations of the form: v,
= f(R,, L, i,). A comprehensive method for formulating and solving the
equations is given for example in Reference 14 but for the purposes of
Fig. 8.13 a more restricted but simpler method has been used.*> It
covers most practical cases and is meant to illustrate the various
machine/converter modes as an aid to understanding since, because of
the waveforms, the operation is not too easy to explain satisfactorily to
the keen student, without such a simulation.

The duty cycle is somewhat contrived though it corresponds closely to
the conditions occurring in a reversing steel-mill drive. A steel billet is
processed through the rolls at some nominally-constant rolling torque
and when it emerges from the rolls, the torque falls to the no-load value.
The rolls are then reversed as quickly as possible within a permissible
short-time overload armature current. Steel enters the rolls again after
they have been adjusted to give the appropriate pressure on the billet for
this reverse “pass”. On the simulation, it has been assumed that this
pressure has been wrongly adjusted to give 4 per-unit torque, which
stops the motor and causes a flashover which short circuits the converter
terminals. The changes of waveforms throughout these operations are
interesting and instructive and are best explained by reference to
significant points (0—12), along the time base. Note that the computation
started with the machine stationary, to be accelerated with firing-delay
angle a = 30° and with mechanical torque 7, adjusted to rated value, 1
per unit. The graph plot starts when the current has almost reached rated
value, 1 per unit.

The top graph records the d.c. machine terminal voltage v, the machine
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A Wy A
~ X sz = ~
C c

BRIDGE[ A BRIDGEI B

FiG. 8.12.
Dual Converter Bridge/D.C. Machine System.

e.m.f. e, which is proportional to speed since flux is set constant, and the
armature current i, which is therefore proportional to the elec-
tromagnetic torque T, = ki,. The lower graph shows the mechanically
applied torque with the C-phase current and terminal-voltage wavef-
orms. The notches in the phase-voltage waveform are caused by the
“effective” short circuit of the phases during overlap. The half-wave of
phase current is therefore a little longer than 120° and follows the d.c.
current wave-form during most of this period. It is far removed from the
idealised square wave assumed in approximate analysis of rectifier
circuits; see Appendix A.

Points—with reference to base line on Fig. 8.13

0-1 Bridge A is conducting with a, = 30°. T, = 1 p.u. The overlap
angle p is about 20°. Bridge B is inhibited. Currents are plotted
in per-unit terms.

1 T, reduced to 0.16 p.u. and Bridge A phased back to a, = 150°.

1-2 Current falls naturally to zero, a short time after terminal
voltage v reverses, the delay being due to the d.c.-circuit
inductance.

2-3 Coasting on no load for = 20 ms (dead time), to ensure Bridge A
is “dead” and cannot short circuit Bridge B when this is fired.
T, = 0. The e.m.f. (and speed) rise slightly as the load is thrown
off but fall thereafter, the terminal voltage then being the same
as the e.m.f. since there is no current.
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34

10

11

Bridge A inhibited and Bridge B fired at an initial firing-delay
angle ag = 150°.

ag phased forward at a linear rate of 1° per 4° of wt change.
Current eventually starts to flow as the high (reversed) bridge
voltage falls below the machine e.m.f. Regeneration commences
into the a.c. supply as can be seen by the phase relation between
icand vc which is greater than 90°. With this particular rate of ag
change, apart from the initial single-current pulse, the machine
current increases at a rate of approximately 160 per-unit/sec,
which is typical of a d.c. fast-response reversing drive.

Here, the mean d.c. terminal voltage is zero, so no average
regenerated power is fed from the machine, though it is not
consuming any power from the power-electronic system either.
The speed is falling so the mechanical energy stored is given up
to provide the armature losses. The fundamental of i, though at
low power-factor, is becoming less than 90° out of phase with vc
fundamental, so the a.c. system is providing power, consumed in
transformer and thyristor losses. The system as a whole is
therefore plugging until the speed is zero, the current reach-
ing a value over 3 p.u.—approximately constant for a short
time.

By the time this point is reached, ag has become 30° and is fixed
at this thereafter.

The time scale is changed here during the last stages of reversal.
Speed is now zero and the machine changes from plugging to
motoring in reverse; note that the mechanical friction torque
will reverse at this point also.

The speed has now reached —0.84 p.u. and the torque is
suddenly increased negatively from —0.16 to —4 p.u., which is
sufficient to bring the speed to zero at point 9.

The current scales are now doubled to anticipate the increase of
current from about 2.4 p.u. to the short-circuit value.

The machine resistance ismade virtually zero in the simulation,
corresponding to a short circuit. The d.c.-circuit inductance is
left in circuit.
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11-12  The final short-circuit current has a mean value of about 4.1 p.u.,
the circuit power rating being low so that per-unit impedances
are high. It will be noticed, from the v trace, that the overlap
angle, increasing as the short-circuit current builds up, eventu-
ally exceeds 60° and the bridge mode changes, another thyristor
being fired to cause four thyristors to be conducting together.
Both a.c. and d.c. sides are therefore short circuited when this
occurs and this is confirmed by observing that there are periods
when a.c. terminal voltage as well as d.c. terminal voltage are
both zero. The time scale has been increased back to its previous
setting, from point 12 onwards.

The simulation described is for a non-circulating current scheme with
all thyristors controlled, logic monitoring to ensure that only one bridge
can be fired at any one time and requiring a short “dead” time between
bridge changeover. There are other schemes where, to avoid the “dead”
time the bridges are fired together, but with a, + az = 180° so that the
average bridge voltages are the same, to prevent any d.c. current
circulating between them. Due to the waveforms, the instantaneous
voltages are not equal so there is an a.c. circulating current which must be
limited by additional inductors'®). There are simpler schemes using only
single-phase bridges, or 3-phase bridges with only half the number of
thyristors which give either half-wave operation with only three voltage
pulses per cycle, or half-controlled 6-pulse waveforms if diodes are used
on one side of a bridge in place of thyristors. The choice of schemes is
determined from economic considerations and in some cases, to reduce
harmonics on large-power systems, it is necessary to have twice as many
thyristors and a 12-pulse output voltage. Further developments®19 in
power semiconductors may result in changes in detail though the basic
bridge circuits are likely to remain.
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APPENDIX A

VOLTAGE/CURRENT/POWER
RELATIONSHIPS FOR BRIDGE-
RECTIFIER CIRCUITS

The 3-phase bridge circuit is shown on Fig. A.1 together with the voltage and current
waveforms for the “ideal” assumptions of high d.c. circuit-inductance (so that I, is of
constant magnitude) and instantaneous transfer (commutation) of currents from semi-
conductor element to element in sequence, without voltage loss. Elements A, and C_
conduct in period 1 and it can be checked that across all other elements, the voltage is
negative, e.g. V'ga across B, and Vgacross B_ . At the end of this period - instant 2~ Vg,
becomes positive and B, takes over (commutating naturally) from A, across which
appears Vg which is negative. Similar voltage changes in sequence give rise to the d.c.
voltage waveform pulsating 6 times per fundamental cycle, at values following the
maximum forward line-voltage.

The secondary-current waveforms are square sections of 120° duration and
referring to the development of eqn (6.12) give an r.m.s. value of:

IF0+1+1+1 2
Asarlrirl) Z1,=08161,
1+1+1+1+1+1 V3

The primary phase current will be of the same shape - neglecting magnetising current —and
with a delta connection, the line current will be nearer to a sine wave as shown.

The “ideal” no-load voltage deduced from the waveform will have an average value
designated as E,,, being the “Thevenin” em.f. behind the d.c. terminals and internal
impedance. Its value is deduced on Fig. A.2a for m = 6 pulses per cycle, the general
expression being:

s sin— x Peak line voltage, (A.1)
n m

2
e.g. for a single-phase bridge withm =2, E, = - sin g E,=0637E,

With controlled rectifiers, “firing” can be delayed, by o say, from the natural point of
current transfer. Figure A.2b shows how this reduces Ey, to E,,c0s a, eqn (A.2), if 1,
is a smooth current.

A further reduction in voltage occurs due to the time taken to commutate the
current —the overlap period, for an angle u - the delay being due to the inductance on the
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Fi1G6. A.l. 3-phase bridge circuit and waveforms.

a.c. side, mostly due to transformer leakage. If this is / per phase for a star connection,
between terminals the commutating inductance will be 2/ and the corresponding reactance
is X . From the waveforms and circuit of Fig. A.2¢, the voltage loss is proportional to the
shaded area averaged out over 1/6 of a cycle, i.c.
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(a) Mean d.c. voltage E, (with zero current)

|
Ey = — E,. cos®
2r/6 )&
.6
=k, - sin —

since E, = /2.E x \/3; E, = 234 E .

(b) Effect of firing-delay-angle (o) (with zero current)

A de. vol ! %+1L 0"
verage d.c. voltage = -——— . .COS ——
& 87 26 » 6>

a

6 1. [2=n n ) n
= —.E [sin|-—+a——)—sin|a——
2n 6 6 6

6 = .
= E_.—.sin—.cosa —in general = E, cosx
n 6 _

do

O a e,
(A.2) 6" ¢
(c) Effect of overlap angle p during commutation
d/y
€=l gy I,
EG F’fﬁ o - - ———
- G 6
Z 2
[ # f
- s B
s
ey ~(. <2

Fi1G. A.2. Mean values of bridge voltages.

For any bridge circuit of m pulses per cycle, the voltage loss due to overlap is:

mX. | (A3)
4n

which is directly proportional to the d.c. current value. An alternative integration based on
the instantaneous expressions for e, and e, gives the loss as E,, sin? u/2, see Tutorial
Example T.7.3. There is a further voltage loss due to the transformer resistance which can
be referred to the d.c. side as: Transformer copper loss/I ;. A voltage loss of 1 V for each side
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of the bridge is a typical allowance for the approximately constant forward voltage drop of
a semiconductor.

Fromall these relationships, the output from a bridge rectifier can be represented by the
equation for average voltageas V' = E, cosa — kI, —2, but the idealisations above should
be compared with the computed graph of Fig. 8.13.

On the a.c. side, the secondary VA is:

E,, 2 n
3IxExI  =3x—2=—— [, == xdc. power.
ﬁﬁxS/n 3 3

This means that even without a phase shift of current due to firing delay or overlap, the
power factoris 3/n = 0.955 as a maximum. Actually, the control of voltage by a variation is
brought about by delaying the phase of the current so that on the a.c. side, the harmonic
component, (distortion factor) of the power-factor as above, is supplemented by a phase-
shift component (displacement factor) and the a.c. kVA rating must be increased in
accordance with the combined effect. Various methods have been devised for offsetting this
disadvantage of phase-shift control, e.g. on some traction schemes, the d.c. voltage is
supplied by two bridges in series, one of them uncontrolled. Only the other bridge has
phase shift applied, thus limiting the phase control to only half the voltage. But by adding
or subtracting this from the diode bridge producing ¥ /2, the total voltage variation is
still 0— V.
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SUMMARY OF EQUATIONS FOR d-q
SIMULATIONS

The effect of the d-q transformation is to replace the angular rate of inductance variation
dL/d0 in eqns (8.3) and (8.7) by fixed inductances G, similarly associated with the angular
speed 8 and defining the rotational voltages. Eqn (8.3) becomes:

v=R.i+G.6.i+L.di/dt

and from this, the equation corresponding to (8.7) is:
di _ -

= L 'x[v—(R+G.0).i]
The electromagnetic torque T, = i,. G .i x pole pairs which compares with eqn (8.8).

The transformations for voltages and currents do not have such an obvious physical
relationshipas those of eqns (8.4)and (8.5)and they depend on the reference frame to which
the d-q axes are fixed and along which the phase axes are resolved to produce the
transformation; see Fig. B1. For the uniform-air-gap machine, this is usually, though not
necessarily, the stator, on which the line-connected winding is placed. For the salient-pole
machine, the d-q axes must be fixed to the salient-pole member, (for the transformations to
result in simpler equations), and this is usually the rotor for the synchronous machine. The
transformed, transient impedance-matrix can be filled in by a standard technique'?, the
main diagonal taking the self impedance of the corresponding axis, using the same
resistances and inductances as eqn (8.6). Windings on a common axis have mutual
inductance which must be entered. The rotational voltage terms appear only in the
windings which are rotating with respect to the reference frame, the inductance being taken
from the d to q axis with a negative sign and from q to d axis with positive sign. Consider the
stator reference frame and let the symbol “dss” mean the d axis of the stator referred to the
stator; "qrs” mean the q axis of the rotor referred to the stator; the remaining symbols “gss”
and “drs” following the same code. The voltage equation is:

v = z i
D Q d q
in detail: vdss DI R +Lp Mp idss
vgss Q R +Lp Mp igss
vdrs B d Mp Mé R +Lp L,é idrs
vgrs ql -Mo Mp -Lf R, +Lp| |{igrs
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Qq axis
B (stator) B\
) \ Dd axis
\\ a (rotor)
¢ (rotor) \
\ G A {stator)
Dd axis
/ R
/ 8
/
C (s'cnoy)’// b (rotor)
Qq axis
Stator reference frame Rotor reference frame

Fi1G. B.1. Machine axes.

for a uniform air-gap machine referred to the stator reference frame. The G matrix consists
only of the terms associated with 6 on the d and q rows. The L matrix has all the remaining
inductive terms.

In this equation, the transformation of voltages from the three, phase-to-neutral
voltages of stator and rotor is given by resolving ABC abc axes along direct and quadrature
axes fixed to the stator, Dd and Qgq:

A B C a b c
vddss pji [ -4+ 4 N
vgss h Qo \/3/2 :/3/2 T’B—
odrs | \/ 3d cos0 | cos(0—2n/3) | cos(®—4n3) | | uc |
vqrs q sinf | sin(6@ —2n/3) | sin(@ —4n/3) T

The backward transformation, which would be needed to get the phase currents from the
solution for d-q currents is:
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D Q d q
—i:— Al 0 idss
i | B|-1 |32 igss
TC— 5 Cl-% -3 idrs
i, - \/3 a cosf sin @ iqrs
i b cos(8 —21/3) sin(@ —2/3)
_.ic_ c cos(8 —4n/3) sin(@ —4n/3)

1t will be noticed that the inverse transformation is the same as the transpose, one of the

advantages of this particular arrangement'?. The ./(2/3) factor is associated with
maintaining constant power throughout the transformation. The solutton is organised in a
similar manner as that for real axes and in accordance with Fig. 8.1. The mechanical
equations remain as in eqns (8.1) and (8.2) and the per-unit system may be used if desired.
Extracting G from the transient impedance matrix and ahbreviating stator current
symbols to ip, ig; rotor current symbols to i, i,, the electromagnetic torque is:

D Q d q

x pole pairs

T 17

which when multiplied out gives:
(i Mig+i,Li —i Mi,—i L) x pole pairs
T, = M(iyiq —i,ip) x pole pairs.

If per-unit quantities are used, the term w/3 replaces pole pairs in the above expression, as
for eqn (8.11).

The Rotor Reference Frame

1t is possible of course to solve the uniform air-gap machine using d-q axes fixed to the
rotor instead of the stator, but this reference frame will be used now, primarily to introduce
saliency and a rotor d-axis field winding, so that the equations will have an immediate
connection with the salient-pole synchronous machine. The rotor d and q windings will
represent the dampers. The difference between the permeances on d and q axes is reflected
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in a difference between the mutual inductances Mp and M say, which may be in the ratio
“r” as high as 4:1 on reluctance machines. Referring all inductances to one winding, the
direct and quadrature axis values will be.

stator, D axis leakage + mutual = Lp—Mp+ Mp =Lp
. Mp 1

stator, Q axis =lp-Mp +— =Llp+|-—1])Mp =Lg
r r

rotor, d axis = =L, —Mp+Mp =L,
. Mp 1

rotor, q axis =L,—Mp +— =L;+[-—-1)Mp =L,
r r

rotor field winding L-M, +Mg, =L

Note; the mutual between field and stator D winding # M but = M,

The voltage equation can be written down as before, with an extra row and column to
accommodate the field winding and noting that rotational voltages now appear in the
stator winding which is rotating with respect to the rotor reference frame.

D Q d q f

vdsr D |Rp+ Lpp Lof Mpp Mgt M.pp | |idsr

vgsr Q| —Lpl |Rg+Lgp| —-Mpd Mgp —Mpd | {igsr

vdrr - d Mpp R,+L,p M p idrr

vqrr q Mqp R +Lp igrr

ufr f| Mgpp M. p R+ Lp ifr

Resolving the axes along rotor d and q gives:

A B C a b ¢ f

vdsr D|cosf | cos(f —2nr/3) | cos(t —4n/3) vA

vgsr Q|sin8 | sin(@ —4n/3) | sin(f —4n/3) vg

vdrr = \/g d 1 -3 | -4 e

vgrr q 0 3/21/32 v,

ufr f L) o
vc
U
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The backwards transformation is the transpose of the above, as for the stator reference
frame.

It will be noted that the parameters can be defined in terms of the D and d axes together
with the ratio r, i.e. My =M_/1 so the effect of different r ratios can be conveniently tried
out. Usually, R, =K, =R,, the stator resistance per phase but R, would not normally be the
same as R, (the direct and quadrature damper-winding resistances). However, if for
example the rotor reference frame was used for solution of an induction motor, then these
two would be equal to the rotor resistance per phase R, . The field winding row and column
would be omitted. The parameters are usually referred to one particular winding though
this is not essential providing there is consistency in the use of voltages and currents. A
4 x 4 matrix would also apply to the reluctance machine, with d and q representing the
starting/damping winding in the salient poles.

Extracting the G matrix from the top two rows and multiplying out to get i,Gi, will give
the following expressions for instantaneous electromagnetic torque:

Salient-pole machine;

T: = [—-(LD - LQ)(IQID) + MQ(iqiD) - MD(idiQJ - MfD(z}iQ)] X pole pairs
Reluctance machine; _
T, ={-(Lp—L)ligip)+ Mqli,ip) — Mpli,ig)] x pole pairs
Induction Machine with
LD=LQ and MD=MQ=M
T, = M(igip — i iq) x pole pairs
It is sometimes useful to express the equations in terras of the flux linkage (4 =
NQ@ = Li)ondirect and quadrature axes, ¢.g. if saturation of parameters had to be allowed
for. The voltage equations for the excited salient-pole machine would become; using the
abbreviated notation:
vp = Rpip + d(p)/dt + igf
Q= RQiQ + d(Ap)/dt — ADB
vy = Ry, + d(4,)/dt
v, = R, +d(4,)/dt
v = Reip  + d(4)/dt

where:
ip = Lpip ‘+ Mpiy + Mipj
'1Q = LQiQ + MQin
4g = Mpip + Lyi, + Mgyir
Aq = MQiQ + qu'q
4 = Mpip+ M i, +iLii;
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The electromagnetic torque is given by:

T, = (Agip — Apiq) X pole pairs

It can be seen that all the torque equations reduce to one simple form, since the common-axis
terms have been grouped together, expressed as the total flux linkage on each axis.

Stator and rotor reference frames are the most commonly used though for certain
purposes, e.g. study of oscillatory conditions, some simplification follows if the reference
frame is fixed to the rotating field, (synchronous axes), even though either stator or rotor
may not be stationary with respect to this reference'®.
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APPENDIX C

TUTORIAL EXAMPLES WITH ANSWERS

THE following examples are provided so that there is opportunity to check understanding
of the various problems encountered in the main text. Most of them are at least slightly
different from these, but the necessary background has been covered for all. Chapter 1 on
basic theory should be thoroughly understood and the recommendation to incorporate the
question data on a simple diagram should be followed. This is especially important when
dealing with 3-phase circuits so that mistakes of interpretation are avoided when extracting
phase voltages, currents and impedances from the data given. Note that the “rating” refers
to the total power or VA, the line voltage and the line current. Chapter 2 on Transformers
revises all these points and the practice of declaring the no-load voltage ratio is followed, so
that this is also the turns ratio when reduced to phase values. Answers, and some part
answers, are given to all numerical problems, together with an indication in some cases of
theoretical points which are raised. Accuracy is generally to three figures, though
sometimes more, where appropriate. Although much care has been taken, there may be a
few errors and the author would be very grateful to be informed about any which are
discovered.

Chapter 1. Introduction

No examples are set for this revisory chapter but two convention problems were raised
therein. On p. 7 the motor convention equation always has a positive sign and the genera-
tor convention equation always has a negative sign.

Referring to the question on p. 11 concerning Fig. 1.5 for the generator phasor diagrams;
with a motor convention, the current phasor in Figs. 1.5a and 1.5b would be in the lower
half of the diagrams. E would still be V—jXI—RI, but because of the lower position of
the current phasor, E would now lead V in both cases. For a generator convention, the
I phasor would be reversed, together with the sign in the above equation but the
phasor diagrams would be otherwise unchanged in shape, the new current phasor
being in the upper half of the diagram, with the power-factor angle less than 90°.
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Chapter 2. Transformers

In the following examples, the approximate equivalent-circuit can be used and in some
cases, the magnetising impedance may be omitted altogether. For determination of turns
ratio and for 3-winding transformers, all impedances of the transformer are neglected.

T2.1 A 3-phase, 50-Hz, 6600/400-V star/zigzag transformer has a core cross-sectional
area of 0.04 m2. Calculate the number of turns required for each coil of primary- and
secondary-winding sections, if the maximum flux density is not to exceed 1.1T. Note, each
secondary phase is made up of two equal sections, taken from neighbouring phases and
connected in opposition so that the phase voltage is the phasor difference of the two
sections; i.e. phase voltage = \/ 3 x secondary-section voltage.

T2.2. A 3-phase, 3-winding, 1000-kVA, 50-Hz transformer is required to meet the
following specification.
Primary 66 kV (line) star connected.
Secondary 6.6 kV (line) delta connected.
Tertiary 440 V (line) star connected.
The maximum flux is not to exceed 0.1 Wb.
(a) Determine the required number of turns per phase on each winding.
(b) Taking the magnetising current as 5 9, of the rated current and the ironloss as 10 kW

total, determine the input current, power factor, k VA and kW when the secondary is
loaded at 600 kVA, 0.9 pf lagging and the tertiary is loaded at 400 kVA, 0.8 pf

lagging.
T2.3. In a certain transformer, the winding leakage reactances are six times the winding

resistances. Estimate the power factor at which the voltage regulation is zero. If the leakage
reactance is 10 %, what is the maximum regulation in per unit for a current of 1 per-unit?

T2.4. A single-phase, 50-Hz, 500-kVA, 33 000/3300-V transformer has the following
parameters: R; =86, R, =008Q, x;, =52Q, x, =046 Q.

On no load, the h.v. current at 33kV is 0.3 A and the power input is 3.5 kW. Calculate:

(a) The regulation at rated current and power factors of: 0.866 lag, u.p.f. and 0.866 lead,

(b) The efficiencies at the same load current and power factors (neglect regulation).

(c) The maximum efficiency.

(d) The in-phase and quadrature components of the no-load current.

(e) The primary current and power factor and the secondary current when the secondar
. . . . . . y
power-factor is 0.8 lagging and the efficiency is at its maximum for this power factor.

T2.5. A 3-phase, 50-Hz, 300-kVA, 11000/660-V, star/delta transformer gave the
following line-input readings during light-load tests:

Open circuit 660V, 8A, 24kW
Short circuit 500V, 15A, 41kW
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Calculate and show on a per-phase equivalent circuit, the parameters deduced from these
tests, referred to the h.v. side. Also show all currents, input power-factor and secondary
terminal voltage when the secondary is supplying rated current at 0.8 p.f. lagging. Allow for
the voltage regulation.

T2.6. An 800-kVA transformer at normal voltage and frequency requires an input of
8 kW on open circuit. The input on short circuit at rated current is 15 kW. The transformer
has to operate on the following duty cycle:

6 h at 450 kW, 0.8 p.f.

4 h at 650 kW, 0.9 p.f.

5 h at 250 kW, 095 pf.

Remainder of 24-h day on no load.

Calculate the all-day efficiency defined as: output in kWh/(output inkWh + losses in kWh).
What is the efficiency at a constant load of 800 kVA at 0.8 p.f.?

T2.7. Two single-phase transformers A and B operate in parallel. E, = 200 V and
Eg =203 V,Z, = Zg = 0.01 +j0.1 Q, all data referred to the secondary side. Calculate I,
in terms of Iy (magnitude and phase), when the load impedance has the following values:

(@ Z=10+)1Q.

b) Z=01+j10

In what mode is transformer A operating in case (a)? Phasor diagrams would be
informative.

T2.8. The following data refer to two 3-phase, delta/star connected transformers:

Transformer  kVA rating Line voltage Short-circuit test
at rated current

A 600 2300/398 160V, 4.2 kW

B 900 2300/390 100V, 5.1 kW

Calculate the total current supplied by the two transformers connected in parallel to a star-
connected load of 0.132 Q per phase and of power factor 0.8 lagging.

If the load is disconnected, what will be the secondary circulating current and the change
in secondary terminal-voltage from the loaded condition?

T2.9. A single-phase transformer supplies a full-load secondary current of 300 A at
0.8 p.f. lagging when the load voltage is 600 V. The transformer is rated at 6600/600 V on
no load and is provided with tappings on the h.v. side to reduce this ratio. It is supplied
from a feeder for which the sending-end voltage is maintained at 6.6 kV. The impedances
are as follows:

Feeder (total) =1+j4Q
Transformer primary =14+j5.2Q
Transformer secondary =0012+0.047 Q

To what value must the turns ratio be adjusted if the secondary terminal voltage is to be
600 V under the full-load condition? Neglect the magnetising current and the effect of the
changed turns-ratio on the referred impedance.
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Chapter 3. D.C. Machines

In the following questions, the brush voltage-drop, the magnetising effects of armature
reaction and the mechanical losses may be neglected unless specifically stated otherwise.

T3.1. A 25 hp, 500-rev/min d.c. shunt-wound motor operates from a constant supply
voltage of 500 V. The full-load armature current is 42 A. The field resistance is 500 Q and
the armature resistance is 0.6 Q. The magnetisation characteristic was taken at 400 rev/min
as follows:

Field current 04 06 08 1.0 1.2A
Generated e.m.f. 236 300 356 400 432A

Calculate the mechanical loss torque using the full-load data (1 hp = 746 W), and assume it
is constant in the following calculations.
(a) Calculate the field current and the external field resistance for operation at rated load
and speed.
(b) What is the speed when the load is removed, leaving just the loss torque?
(c) With the excitation of part (a), at what speed must the machine be driven to
regenerate at rated current?
(d) What extra field-circuit resistance is necessary to cause the machine to run on no load
at 600 rev/min?
(¢) Whatextra armature-circuit resistance is needed to cause the machine to develop half
its rated electromagnetic torque at a speed of 300 rev/min with field current as in (a)?
What would be the output power at the coupling?

T3.2. A 500-V, d.c. separately excited generator at its normal rating gives an output of
50 kW at 1000 rev/min. The armature-circuit resistance is 0.4 Q.

The machine is to be run as a motor, but with the voltage reduced to 200 V. At what
speed will it run if set at rated flux and taking rated armature current?

What reduction of flux will be necessary to run at 1000 rev/min with the same armature
current and how will the electromagnetic torque differ from that developed as a generator
at normal rating?

T3.3. A 500-V d.c. shunt motor has a rated output at the coupling of 40 kW when
running at 500 rev/min, the efficiency then being 909,. The armature- and field-circuit
resistances are 0.23 Q and 400 Q respectively. The following magnetisation curve was taken
when running as an open-circuited generator at 600 rev/min:

Field current 025 05 075 1.0 125 1.5A
Generated em.f. 170 330 460 531 572 595V

Determine, at the rated condition:
(a) the armature current;
(b) the electromagnetic torque;
(c) the loss torque.
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Find also the additional field-circuit resistance necessary to give a speed of 1200 rev/min,
the armature current and loss torque being assumed constant and rated voltage being
applied. What will be the output power at this condition?

T3.4. Derive the speed/torque expression for a d.c. machine. Hence explain the various
methods of controlling the speed of such a motor, commenting on their advantageous and
disadvantageous features.

A d.c. generator at its normal rating gives an output of 100 kW at 500 V when driven at
S00 rev/min. It is to be run as a motor from a 500-V supply at a speed of 750 rev/min, the
additional cooling at this speed permitting an armature-current increase of 10 9, above the
rated value. Calculate the electromagnetic torque the motor will develop under this
condition. What value of flux is necessary and what total mechanical power will the motor
produce? Express this flux, torque and power as fractions of rated flux, torque and power.
The armature resistance is 0.15 Q.

T3.5. Ad.c.motor hasa full-load armature rating of 7.5 kW, 200 V,45 A at 800 rev/min.
The armature resistance is 0.5 €. Determine the mechanical loss torque and assume this is
constant, independent of speed. The mechanical load torque has a characteristic such that
beyond 800 rev/min, it falls off inversely as speed; i.e., a constant-power law. Determine the
percentage of rated flux required to increase the speed to 2400 rev/min, and the
corresponding value of armature current.

T3.6. Derive expressions for armature current and flux for operation of a d.c. motor at
any specified voltage, speed, electromagnetic torque and armature-circuit resistance.
A 500-V, d.c. motor at rated load runs at 1500 rev/min and takes an armature current of
50 A. The armature resistance is 0.5Q and the shunt-field resistance is 200 Q. The
mechanical loss torque is S Nm. Determine:
(@) The electromagnetic torque, the mechanical output and the efficiency.
(b) The electromagnetic torque when the flux is weakened to give a speed of
2000 rev/min with armature current allowed to increase by 259%,.

(c) The armature current and per-unit flux (K, /k 4a.0q)) required to sustain operation at
1000 rev/min with terminal voltage halved and armature-circuit resistance doubled.
Assume the total mechanical torque is proportional to (speed)?.

T3.7. Adc. generator has R, = 1 Qand R; = 480 Q. Its o.c. characteristic is as follows:

Field current 0.1 02 0.4 06 A
Generated e.m.f. 85 160 233 264 V

The machine is to be run as a motor from 230 V with an armature current of 30 A. Find:

(a) The additional resistance in the field circuit to give a speed of 750 rev/min.

(b) The additional resistance in the armature circuit to give a speed of 300 rev/min when
the field winding is connected directly across the 230-V supply.

(c) The resistance in parallel with the armature terminals, but otherwise as in condition
(b), to give a speed of 200 rev/min. What will then be the supply current?

N.B. This is the potential-divider connection.
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T3.8. A d.c. series motor was run at constant speed of 1500 rev/min, with varying
voltage and load to give the following points:

Terminal voltage 61 71 81 93 1025 110V
Current 139 168 198 242 287 322A

If the motor is supplied at 110 V, calculate the speed/torque curve:

(a) with the natural armature-circuit resistance of 7.4 Q;
(b) with an additional series resistor of value 30 Q.

What is the torque at 1500 rev/min in each case and what is the operating mode when the
speed goes negative in case (b)?

T3.9. A dc. series motor was run at 500 rev/min when the following magnetisation
characteristic was taken:

Field current 5 10 15 20 25 30A
Generated em.f. 192 276 322 356 384 406V

The armature and field resistances are each 1 Q. The motor is connected in series with a
resistor of 20 Q across a 420-V d.c. supply. Across the armature terminals is a further,
diverter resistor of 21 €. Calculate the speed/torque curve with this connection and show
the currents and voltages at the various points in the circuit when the field current is 20 A.
For what purpose would this characteristic be useful?

T3.10. A d.c.series motor of resistance 0.12 Q has a magnetisation curve at 750 rev/min
as follows:

Field current 50 100 150 200 250 300A
Generated em.f. 110 220 300 360 400 420V

The motor is controlling a hoist in the dynamic-braking connection. Determine the
resistance to be connected across the machine terminals so that when the overhauling
torque is 1017 Nm, the speed is limited to S00 rev/min. How much extra resistance will be
required to maintain this speed when the total torque falls to 271 Nm?

If the drive is now changed to hoisting with this last resistor in circuit and a supply
voltage of 400 V, what will be the operating speed for a motoring torque of 271 Nm?

T3.11. The dc. series motor of T3.8 is to be braked from the full-load motoring
condition (110 V, 1500 rev/min). If the initial braking current is to be limited to twice the
full-load value of 3.22 A, what resistor would have to be inserted in series with the
armature:

(a) for rheostatic (dynamic) braking;

(b) for plugging (reverse-current) braking?

At what speed, in each case, would the braking torque be equal to the full-load value?

T3.12. Illustrate on a 4-quadrant diagram, the various methods of electrical braking
using the following data for a separately-excited d.c. machine.
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Rating: 500 V, 50 A, 500 rev/min

Armature resistance 0.5 Q

Rated flux maintained throughout.
Calculate the speed/torque equations for:

(a) regenerative braking into rated voltage supply;

(b) reverse-current braking with the same supply and an additional 10 Q limiting
resistor;

(c) rheostatic braking with a 5-Q external limiting resistor.

At what speed in each case will full-load torque be developed? Comment on the special
features of each mode, pointing out the advantages and limitations. See also the second part
of Tutorial Example T6.6.

T3.13. A 500-V, separately-excited d.c. motor takes an armature current of 100 A when
driving its mechanical load at rated speed of 600 rev/min. The total mechanical torque asa
function of speed is given by the following expression:

T, = k[1 + (0,/20m) + (,,/20m)*] Nm,

where w,, is the speed in rad/s. The armature-circuit resistance is 0.4 Q. Calculate the
torque at rated speed and the value of k.

If the speed is increased to 700 rev/min by field weakening, what percentage change of
flux and of armature current would be required? Comment on the suitability of this method
of speed control for this particular load.

T3.14. A d.c. separately excited motor has a per-unit resistance of 0.05 based on rated
armature voltage and current. For the 3rd base quantity in the per-unit system, take rated
flux, which gives rated torque at rated armature current. In the following, per-unit
quantities are being referred to throughout.

At rated flux and rated torque, what is the rated speed, i.e. when rated voltage is applied?

The motor drives aload which requires a torque of 0.3 at starting and thereafter increases
linearly with speed reaching 1.0 at rated speed. What is the expression for this mechanical
torque as a function of speed?

Assuming the magnetisation characteristic can be expressed by the following
relationship: 0.6¢

‘T 1-04¢

where ¢ is the flux, calculate flux, field current and armature current for the following
conditions:

(a) Voltage = 0.5, speed = 0.5.
(b) Voltage = 1.0, speed = 1.2.
(c) Voltage = 0.5, speed = 0.4 and total armature-circuit resistance = 0.15.

T3.1S5. A separatelyexcited d.c. motor is permanently coupled to a mechanical load with
a total characteristic given by T,, = 0.24 + 0.8, per unit.T,, is unity at rated speed where
rated flux and armature current are required to produce the corresponding T, at rated

324



[APPENDIX C] TUTORIAL EXAMPLES

voltage. Per-unit R, based on the rated terminal voltage and armature current is 0.05. Per-
unit speeds are based on the speed at rated voltage and flux with zero torque. The required
portion of the magnetisation curve of per-unit flux against per-unit field current may be
taken as a straight line passing through ¢ = 0.6, I, = 0and ¢ = 1.0, I, = 1.0. Calculate the
per-unit field and armature currents to sustain operation at:
(a) half rated voltage and speed,
(b) rated voltage and speed of:
(i) 0.75 per-unit;
(ii) 1.25 per-unit.
(If per-unit ideas are insecure, take rated V as 100 V, rated I, as 100 A (i.e. R, = 0.05 (),
rated speed as 100rad/s (955rev/min) and hence kame.u = (100 — 100 x 0.05)/100
=0.95Nm/A)

Chapter 4. Induction Machines

For this chapter, the approximate equivalent circuit will normally be used unless
specifically stated otherwise. The magnetising branch may be omitted if no data is given.
Also, mechanical loss will be neglected unless the data include this.

T4.1. The primary leakage-impedance per phase of a 3-phase, 440-V, 50-Hz, 4-pole,
star-connected induction machine is identical with the referred secondary impedance and is
equivalent to a 1-Q resistor in series with a 10 mH inductor. The magnetising impedance
may be considered as connected across the primary terminals and consists of a 300-0
resistor in parallel with a 200 mH inductor. Calculate, for a slip of 0.05:

(a) the input current and power factor;

(b) the electromagnetic torque;

(c) the mechanical output-power if the mechanical loss-torque is 1 Nm;

(d) the efficiency.

If the mechanical load-torque were to be increased from this figure, at what speed would
the motor begin to stall?

T4.2. A 3-phase, 440-V, 50-Hz, 4-pole, star-connected induction machine gave the
following line-input readings during parameter tests:

Locked rotor (short circuit) 120V 25A 20kW
No-load (running uncoupled) 40V 8A 1.5kW

Separate tests determined the friction and windage loss as 600 W.

Using the approximation thai the magnetising branch is connected across the terminals,
deduce the value of the equivalent-circuit parameters, dividing the leakage impedance
equally to give identical stator and (referred) rotor values. Note that the mechanical loss
must be deducted from the no-load input before calculating R, and X .
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(a) At the full-load slip of 4 % determine the input current and power factor, the rotor
(referred) current, electromagnetic torque, output power and efficiency.

(b) What is the starting torque at full voltage and the ratio of starting current to full-
load current?

T4.3. Using the data for the machine of the last question, calculate at a speed of
1560 rev/min:

(@) the stator current and power factor;

(b) the rotor current;

(c) the electromagnetic torque;

(d) the mechanical coupling-power;

(e) the efficiency.

Repeat the calculations using the same parameters in the “exact” circuit and draw a
power-flow diagram similar to that of Example 4.8 to illustrate this operating mode.

From the “exact” circuit calculate the self-inductance of the stator and rotor and the
mutual inductance, all referred to the stator winding, for the condition with all three phases
excited with balanced currents.

T4.4. A 50-Hz, 6-pole, wound-rotor induction motor has a star-connected stator and a
delta-connected rotor. The effective stator/rotor turns-ratio per phase is 2/1. The rotor
leakage impedance at standstill is 0.36+ j1.5 €, the corresponding figure for the stator
being 1.4 +j7 Q per phase.

If the impressed stator voltage is 220 V/phase, calculate:

(a) the actual rotor current at starting;

(b) the actual rotor current when running at 960 rev/min,

(¢) the initial rotor current when, from condition (b), the stator supply sequence, (and

hence the rotating field) is suddenly reversed;

(d) the electrical input power for condition (c) and the mode of operation;

(e) the required resistance in series with the slip rings, to give maximum torque at

starting.
Note: for convenience, refer all quantities to the rotor winding.

T4.5. Determine the value of the starting torque and the maximum torque (in terms of
the full-load torque) for an induction motor with a full-load slip of 4%,. The primary and
secondary leakage reactances are identical when referred to the same winding and the
leakage reactance is five times the resistance. Note: use 1,2R,/s ratios so that any constants
will cancel.

T4.6. In a certain 3-phase induction motor, the stator and referred-rotor impedances
are identical, the leakage reactance being four times the resistance. Determine the effect on
the starting torque, the speed at which maximum torque occurs and the maximum torque
itself of doubling:

(a) the rotor resistance;

(b) the stator resistance.
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Hence sketch the shape of the three speed/torque curves corresponding to normal
operation, condition (a) and condition (b). Note: let R, = R; = Rand x, = x; = 4R, then
use ratios of the appropriate expressions, taking normal T,,,,, as 1 per-unit torque.

T4.7. On locked-rotor test, an induction motor takes three times full-load current
(3 per-unit), at half rated-voltage. The motor has a full-load slip of 49 and is to be started
against a load requiring 1/3 of full-load torque. An auto-transformer is used to reduce the
motor terminal voltage at starting so that it is just sufficient to meet this requirement. What
percentage tapping will be necessary and what will then be the supply current expressed in
per unit?

Note: if the ratio of starting torque to rated torque at full voltage, is expressed in terms of
the appropriate I,2R,/s ratios, the value of the per-unit starting torque will be given in
terms of per-unit current and full-load slip. Hence the required starting current in per-unit
for the reduced starting torque and the transformer tapping will follow.

T4.8. The speed/electromagnetic-torque curve for a 50-Hz, 4-pole induction motor at
rated voltage is given by the following points:

Speed 1470 1440 1410 1300 1100 900 750 350 Orev/min
Torque 6 12 18 26 30 26 22 14 10 Nm

The mechanical load it drives requires a torque of 14 Nm and the mechanical loss torque
can be taken as 1 Nm. What is the speed at normal voltage?

It is required to reduce the speed to 1200 rev/min. Assuming that the load and loss
torques do not change with speed:

{(a) What voltage reduction would be required?

(b} What percentage increase in rotor resistance would be required if the voltage was left
unchanged?

Comment on these two methods of achieving this speed reduction.

T4.9. A 3-phase, 440-V, 50-Hz, 6-pole, delta-connected induction motor drives a fan at
920 rev/min when supplied at rated voltage. The motor has a high-resistance speed/torque
characteristic and the following equivalent-circuit parameters:

R,=8Q R,=16Q, x,=x,=120Q

Assuming the total mechanical torque varies in proportion to the square of the speed,
what supply voltage would be required to run the fan at 460 rev/min and what will then be
the rotor current and copper loss?

As an alternative, calculate the required extra rotor-resistance to get half speed with full
voltage; the unknown in eqn (4.5) is now R;. Calculate the rotor current and copper loss to
compare with the previous method. Refer also to T.4.22.

T4.10. A certain 3-phase induction motor on locked-rotor test takes full-load current at
a power-factor of 0.4 lagging, from a normal-frequency supply. If the motor is operated
with a 30 % reduction in both voltage and frequency, estimate the new starting torque and
maximum torque in terms of normal values. Sketch the two speed/torque curves for
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comparison. Assume the impedance is divided equally between stator and (referred) rotor.
Note: take R, + R; = 0.4and x, = xj as sin(cos ™' 0.4) and use ratios from appropriate
expressions.

T4.11. A 3-phase, 440-V, 50-Hz, 6-pole, star-connected induction motor has the
following equivalent-circuit parameters at normal supply frequency:

R, =02Q, R, =0.18Q, x,=x,=0.58Q per phase.

The machine is run up and controlled from a variable-frequency supply, the voltage of
which is directly proportional to the frequency up to 440 V at 50 Hz. Find the supply
frequency which gives maximum-starting torque and compare the value of this torque with
the starting torque at rated voltage and frequency.

Note: set voltage, synchronous speed and reactancesat k V', kw, and kx respectively in the
approximate-circuit expressions, then differentiate with respect to k.

T4.12. For a certain 3-phase induction motor, R, +jx; = R; +jx; and x,/R; = 3 at
normal frequency. Calculate speed/torque coordinates at zero torque, maximum motoring
torque and at zero speed for the following conditions:

(a) rated voltage 1}’ and rated frequency  f;
(b) voltage }'/3  and frequency 173
(c) " }'/3  and ” H
(d) " 2 and " 1.5f.

Express speeds as fractions of rated synchronous speed and torques as fractions of the
maximum torque at rated voltage and frequency.

Note: use equations (4.5), (4.12) and (4.13) with R, = R; = R and x, = x;, = 3R at
normal frequency. Using torque ratios will permit common terms to cancel. 5 values will be
with respect to the actual supply frequency.

T4.13. Sketch the speed/torque characteristics for an induction-motor drive supplied
from a variable-frequency source, explaining why it is desirable to maintain a particular
relationship between supply voltage and frequency.

A 3-phase, 400-V, 50-Hz, 6-pole, star-connected induction motor has leakage impe-
dances z, = z; = 0.15+ j0.75 Q per phase at rated frequency. Calculate the torque at rated
voltage and frequency for the rated slip of 3%,

If the same torque is required at starting and also at 750 rev/min, to what values must the
supply frequency and voltage be adjusted if the machine flux-per-pole is to be the same as at
the rated condition?

T4.14. A 3-phase, 50-Hz, 4-pole induction motor at rated voltage and frequency has the
speed/torque characteristic given in Example 4.10. The motor is controlled to maintain the
flux-per-pole-constant at any particular torque. Estimate the frequency required to
produce:

(a) maximum torque at starting;
(b) a speed of 750 rev/min with a torque of 9 Nm.
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T4.15. Show that if rotor leakage reactance is neglected, maximum torque for a
constant-current induction-motor drive occurs when the rotor current and magnetising
currentare equalin value at I,/,/2. Show also that for maximum torque during a constant-
current acceleration, the rotor frequency must be constant.

Using the data from T4.1, but neglecting the magnetising resistance, calculate the
maximum torque:

(a) with rated voltage and frequency applied—use the approximate circuit;

(b) with a constant-current drive at the same rotor current as in (a). Include x,’ and
calculate the required /, as well as the maximum torques:

(i) neglecting saturation of X, and:
(ii) assuming saturation reduces X,, to 62.8/3 ohms per phase.

Check whether condition (b)(ii) is feasible by calculating the value of the required line
voltage to supply the primary current at starting and at 300 rev/min. The “exact” circuit
will have to be used for this purpose.

T4.16. A 3-phase, 660-V, 50-Hz, 4-pole, delta-connected induction motor has z, =
z; = 0.15+j0.75 Q per phase at standstill. The full-load slip is 3%, Compare the torque
developed at full load with that developed immediately after making the following
alternative changes from the full-load condition:

(a) reversal of two primary-supply leads;

(b) disconnection of a.c. supply from primary and replacement by a d.c. voltage across
two lines, previously adjusted so that the same air-gap flux will exist as before the
changeover.

What is the initial per-unit current in each case, based on full-load current?

T4.17. A 3-phase, 1100-V, 50-Hz, 6-pole, star-connected induction machine when
operating at full load as a motor running at 980 rev/min takes a total current of
113.5-j76.3 A per phase, the current through the magnetising branch being—-3.8-759.3 A
per phase, with the terminal voltage as the reference phasor. The primary and (referred)
secondary impedances are of equal value at standstill at 0.1 + j0.4 Q per phase. Calculate
X,, from E /I, (neglecting R,,), where E; = |V, —1,z,| and obtain the equivalent circuit
for a d.c. dynamic braking condition, with an extra rotor (referred) resistance of 3.5 Q per
phase. What is then the electromagnetic torque when switched over from motoring,
assuming the air-gap flux is unchanged?

To maintain this air-gap flux what is the required stator current: (a) in a.c. terms and (b)
ind.c. terms; two of the phases being connected in series for d.c. excitation purposes? What
excitation voltage would be required?

Calculate also the speed at which maximum torque occurs when dynamic braking and
the ratio of this torque to that which occurs immediately after changing over the
connections from rated motoring load.

T4.18. A 3-phase, 400-V, 50-Hz, 4-pole, star-connected, double-cage induction motor
has the following equivalent circuit parameters per phase at standstill:
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Primary 0.0625+30.25  per-unit, (0.5+j2 Q);
Outer cage 0.25+j0.075 per-unit, (2 +30.6Q);
Inner cage 0.0375+j0.3125 per-unit, (0.3+j2.5 Q).

The per-unit impedancesare based on rated voltage and any convenient output, say 20 kW,
for which the ohmic impedances are shown (base impedance = 8 ). Calculate the per-unit
starting torque and also the mechanical power when the speed is 1410 rev/min. Use per-unit
values in the calculation but check the answers using real values.

T4.19. Forthe motor of Example 4.19, p. 131 calculate the three, input line-currents and
electromagnetic torque for a positive-sequence slip of 3%, if the line voltages are only
slightly unbalanced at 440 V, 430 V and 430 V. There will be no zero-sequence currents and
calculation of the other currents, though somewhat tedious, is facilitated if polar
coordinatesare usedtoget V., /Z, and V_/Z _ for each phase. These must be added using
cartesian coordinates of course. The positive- and negative-sequence phase voltages must
be obtained for each phase, noting that the former lag 30" behind the line voltages,
Fig. 1.6c, whereas the latter lead the line voltages by 30°.

T4.20. Solve the single-phase induction-motor problem of Example 4.21, p. 135, fora slip
of 0.03, using the exact equivalent circuit though neglecting the very small effect of R ; i.e.
X,./2=20Q, R,/2=R5/2=01Q, x,/2 =x5/2=05Q.

Note: combine the primary, forward-circuit and backwards-circuit impedances in series
to determine the total current. Hence follow the e.m.f:s E;and E,and thecurrents I, I, I,
and I,,. Compare answers with those from the approximate circuit in Example 4.21. The
calculation of the torque pulsation will be deferred to Tutorial example T7.7, which could
be referred to with advantage.

T4.21. Using the answers of Tutorial Problem T4.20 and assuming that the iron loss
and mechanical loss are unchanged from the operating condition of Example 4.2(b) (p. 94)
determine the output, power factor and efficiency as a single-phase motor running at 39
slip. What would these values be if the motor was 2-phase, having two windings in
quadrature, each phase having an identical equivalent circuit to that of Example 4.2(b)?
Make a table comparing the answers.

T4.22. Consideration is to be given to controlling the fan-motor drive of Tutorial
Example T4.9 by means of a slip-power recovery scheme to compare the performance. The
rotor power-factor at 460 rev/min is to remain the same as at 920 rev/min but the
impedance drop of the equivalent circuit, which previously was supplied entirely by the
stator voltage (121.8 V), will now be provided by rated voltage V, (440 + j0) — V4 /s; eqn
(4.19). V3 will have to be in phase with V, if there is to be no change of power factor. The
value of the current will be less however because the torque expression is different, eqn
(4.20). Determine V; and this new current, the VA, the corresponding rotor copper-loss and
the slip power recovered, 3(V'31; cos ¢3). Check that the total rotor circuit power is the same
as for T4.9. Also determine the maximum VA rating of the injected-power source to give
speed control over the whole range to zero speed. Compare, on a phasor diagram, the three
methods of speed reduction.
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T4.23. Show that the linear speed of a rotating field at frequency f, number of pole pairs
p, pole pitch © = nd/2p metres is v = 21f metres/s. Hence determine the pole pitch of a
linear induction motor required to have a speed of 200 miles per hour with a slip of 0.5,
from a 50-Hz supply.

Chapter 5. Synchronous Machines

Unless specifically stated otherwise, the following problems will assume that the air gap
is uniform, and that resistance and mechanical losses are neglected.

T5.1. A 3-phase, 3.3-kV, 50-Hz, 6-pole, star-connected synchronous motor gave the
following test points when run at synchronous speed as a generator, on open circuit and
then on short circuit:

Open-circuit test Line voltage 2080 3100 3730 4060 4310V
Field current 25 40 55 70 90 A
Short-circuit test Armature current 100 A with field current = 40 A.

The armature leakage impedance and all power losses may be neglected.

Calculate the excitation current required at rated voltage and frequency when operating
with a mechanical output of 500 kW and an input power factor of 0.8 leading. Allow for the
saturation of the magnetising reactance X (= X,, since x,, = 0).

What overload torque, gradually applied, would pull the machine out of synchronism
with this calculated field-current maintained? Note that saturation affects both E, and X,
to the same degree. What then is the permissible overload in per unit based on full-load
torque? (Overload = Max./Rated.)

T5.2. Recalculate the answers for Examples 5.5 and 5.6 where appropnate, but
neglecting the resistance, to check the errors in the approximation.

T5.3. A 3-phase, S00-kVA, 6600-V, 50-Hz, 6-pole, star-connected synchronous motor
has a synchronous impedance per-phase which can be taken as j70 Q. At its normal rating,
the motor is excited to give unity power-factor at the input terminals. Find:

(@) the rated current;

b) the em.f. behind synchronous impedance (E,);

c) the rated electromagnetic torque;

d) the pull-out torque with excitation as in (b);

€) the required increase in excitation (E;) which will just permit an overload margin of
100 %, before pulling out of synchronism;

(f) the load angle, armature current and power factor if this excitation is maintained at
rated load.

(
(
(
(

T5.4. A 3-phase, 6600-V, star-connected synchronous motor has a synchronous
impedance of (0 + j30) Q per phase. When driving its normal load, the input current is
100 A at a power factor of 0.9 lagging.
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The excitation is now increased by 50 % above the value required to sustain the above
condition, the mechanical load being unaltered. What changes in machine behaviour will
take place?

With the new excitation, to what value and power factor will the armature current settle
down if the mechanical load is removed altogether?

T5.5. A 3-phase, 11-kV, 50-Hz, 6-pole, star-connected synchronous motor is rated at 1
MVA and power factor 0.9 leading. It has a synchronous impedance which may be taken as
entirely inductive of value j120 Q per phase. Calculate the rated current, the e.m.f. behind
synchronous impedance, the electromagnetic torque and the output power.

Calculate the new values of armature current and excitation required to give operation at
rated power but at 0.8 p.f. lagging. Express these values as fractions of rated values.

With the same excitation and armature current, at what power and power factor would
the machine operate if running as a generator?

Note: use the cosine rule on the voltage triangle.

T5.6. Make a concise comparison of synchronous- and induction-machine perform-
ance features.

A 3-phase, 1000-k VA, 6.6-k V synchronous motor operates at unity power-factor when at
its rated load condition. Its synchronous impedance can be taken as j40 Q per phase.
Determine the e.m.f. behind synchronous impedance.

For a 50 % change of this excitation voltage (both increased and decreased values), what
changes would take place in the motor performance?

T5.7. A 3-phase, 440-V, 50-Hz, 6-pole, star-connected synchronous motor has a
synchronous impedance of (0 + j10) Q per phase. At its normal rating, the armature current
is 20 A and the power factor is 0.9 leading. The load torque is slowly increased from this
condition to 300 Nm. By what percentage must the excitation be increased to avoid pulling
out of step with this load torque?

T5.8. A round rotor machine has 3-phase windings on stator and rotor, the stator being
connected to the 3-phase mains. Explain briefly why the machine will work in the induction
mode at all speeds other than one particular value, with the rotor short circuited, whereas,
in the synchronous mode, this speed is the only value at which it will operate when the rotor
is d.c. supplied.

A 3-phase, 6.6-kV, star-connected synchronous motor has a synchronous impedance of
(0 + j48) Q per phase, and is running at its rated output of 650 kW. What will be the input
current and power factor when the excitation is so adjusted that the e.m.f. behind
synchronous impedance is 1.5 times the applied voltage?

If the supply voltage was to suffer a fall of 509, would you expect the machine to
continue supplying the load at synchronous speed? Would the reaction to this voltage fall
have been generally similar if the machine had instead been motoring in the induction
mode? Give reasons for your answers.

T5.9. Solve the numerical examples of T5.2 to TS5.8 using the phasor loci and operating
charts as in the solution of Example 5.16. Note that the Examples 5.5 to 5.7, for which the
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resistance was included, can also be solved by this method but with V/(R, + jX ) defining
the circle centre, the excitation term drawn from this being E,/(R, + jX ).

T5.10. A 3-phase, 3.3-kV industrial plant has the following induction-motor drives:
M1 IM 2 IM 3

Rated output 50 100 150 kW
Full-load efficiency 93% 949, 94.5%,
Full-load power factor 0.89 091 0.93

A star-connected synchronous motor rated at 150 kVA is to be installed and is to be
overexcited to improve the overall plant power-factor to unity when all machines are
operating at their full ratings.

What is the required excitation in terms of the em.f. (E;) if Z_, = 0+ j50 Q per phase?
What power output will the synchronous motor be delivering if its efficiency is 95 9, when it
is operating at rated kVA?

T5.11. A 3.3-kV, 3-phase industrial installation has an overall power factor of 0.88
lagging. A 200-k VA synchronous motor is added to the system and is run at zero power
factor and slightly reduced rating to provide power-factor correction only. The total load is
then 350 kVA at unity power factor.

If it was decided to run the synchronous machine at its rated k VA and use it as a source of
mechanical power, what gross mechanical power would it produce with the overall power
factor of the installation at:

(@) unity;

(b) reduced to 0.96 lagging?

Note: In part (b) Ips and Ios are both unknowns but are the quadrature components of
the rated synchronous machine current I, i.e. Ips = \/Is? —Ios’.

T5.12. Convert eqn (5.12) to an expression giving the total torque in per-unit for any
frequency, k times the base frequency at which E; and X are specified. It will be the same
form as eqn (5.20) except for a factor —sin(é —a) multiplying the first term, see also
Tutorial Example T7.6.

Refer to the above equation and the preamble before Example 5.15, using the same
values of R, and X as in this example, to determine the required excitation (E;) in per unit
when operating at rated frequency, rated voltage and current and a power factor of 0.8
leading. If the load is increased slowly, what maximum value of electromagnetic torque
with the corresponding current will be reached before pulling out of synchronism?

What value of terminal voltage would be required, with the excitation maintained, to
sustain this maximum torque when (a) k = 0.3, and (b) k = 0.1?

T5.13. Solve Tutorial Examples T5.3 to T5.8 using the current-source equivalent circuit
of Fig. 5.3c and the sine or cosine rules, where appropriate.

T5.14. A salient-pole synchronous motor has V' = 1 per unit, X, = 0.9 per unit and X |
= 0.6 per unit. Neglect R,. The current is 1 per unit at power factor 0.8 leading. Calculate
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the required excitation, power and torque in per unit and also the components I, and I,
What is the maximum torque?

Note: refer to the phasor diagram of Fig. 5.4a, the relationships I, = I cos(6 — ¢);
I, = I,sin(6 — ¢) and eqn (5.22) to solve for ; eqn (5.23) to solve for E,.

T5.15. The same synchronous motor as in the previous question hasitse.m f. E, reduced
to 1 per unit, the power remaining the same. What will now be the load angle, power factor,
1,, 1, and I ? What will be the maximum torque and its reduction from the previous
maximum value with the higher excitation?

Note: with the data given, for a specified power of 0.8, an explicit solution is not possible
but using eqn (5.24) a simple iteration will quickly produce the value of 6. Eqns (5.22) and
(5.23) then solve for the currents.

T5.16. Use eqn (5.15), (5.16) or (5.17) as appropriate to check any, or all, of the various
torque calculations for uniform air-gap induction and synchronous machines.

T5.17. A permanent-magnet synchronous machine has an open-circuit e.m.f. equal, at
rated speed to the terminal voltage. The value of X, is 0.8 per unitand X | = 1 per unit. Note
that the direct-axis flux has to negotiate the low-permeability permanent-magnet material
whereas for the quadrature axis, the flux has a soft-iron path in the rotor structure, hence
X, > X,.Refer to Example 5.22 and show that maximum torque occurs at an angle greater
than 90° and calculate its value in per unit. What is the load angle, power factor and current
at 1 per-unit torque. A short iteration procedure with eqn (5.24) will be necessary to obtain é
and eqns (5.22) and (5.23) will yield the current components etc.

Chapter 6. Transient Behaviour

T6.1. Consider an idealised thermal system and a small change of temperature rise A6
taking placein time At. It has a heat source of P watts, a heat storage capacity of M.S joules
per “C, where M = mass in kg and S = specific heat in joules per kg per °C change, and
radiates heat at the rate of K.0 watts per second, where K has the units of watts/'C and 8 is
the temperature rise above the surroundings. Balance the heat generated in time At against
the heat stored and radiated and hence show that the temperature rises exponentially in
accordance with egn (6.2).

Assuming that an electrical machine can be so represented, calculate the maximum and
minimum temperature rises occurring eventually when it has been subjected repeatedly to
the following duty cycle for an appropriate period:

(a) full-load ON for a time equal to the thermal time constant, t;
(b) load reduced to zero for a time equal to one half of the thermal time constant.

Express the temperature rises in terms of the final temperature rise §,, which would occur
if the full load were to be left on indefinitely.
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Starting from cold, what would be the temperature rises at times 7, 1.5t and 2.5t? What s
the r.m.s. value of the duty cycle in terms of the full-load power P?

T6.2. A 230-V, 50-hp, 935-rev/min, separately-excited d.c. motor has a rated armature
current of 176 A. The armature-circuit resistance is 0.065 Q. If a starting resistance of
0.75 Qis connected in series, what will be the initial starting current and torque exerted with
rated field current maintained?

With a Coulomb-friction load of 271.3 Nm and a total coupled inertia of 3.58 kg m?,
what will be the final balancing speed and the time taken to reach 98 % of this speed?

If the motor were to be supplied from a constant-current source instead, set at a value
corresponding to the initial starting current above, what would then be the time to full
speed from rest? Explain fully the difference between the two time periods calculated.

Té6.3. Using the data of Example 6.3, consider the next step of the starting period when it
can be assumed that on current falling to 60 A, the circuit resistance is reduced so that the
current again increases to 80 A. What will be the e.m.f. at this instant and the value of the
total circuit resistance required to produce this result?

Set up the new transient speed equation and find:

(a) the new electromechanical time constant;

(b) the next balancing speed if the resistance is left in circuit;

(c) the time for the speed to rise to 400 rev/min if, on reaching the speed in (b), the
mechanical torque is suddenly reduced to zero.

Neglect the circuit inductance.

T6.4. The machine of the last Tutorial Example has an armature rating of 220 V,40 A at
500 rev/min. The armature-circuit resistance is 0.25Q and the rotational inertia is
13.5 kg m*. Calculate the rated flux in Nm/A and the stored-energy constant, [stored
energy 3Jw2 ... /rated power, sec eqn (8.9)]. Woese) is 1 per-unit machine speed in
radians/sec at full voltage and full flux.

An estimate of the armature-circuit inductance for a d.c. machine in per unit, eqn (8.10), is
given by:

K
27 x fat base speed

L per unit=

where K = 0.6 for a non-compensated machine and K = (.25 for a fully-compensated
machine. fat base speed is the conductor frequency (pn,,. ) at base speed. Make an estimate
of the inductance for this 4-pole compensated machine and hence calculate the electrical
and electromachanical time constants to see whether the speed response is likely to be
oscillatory. Check the time constants using actual and per-unit expressions.

T6.5. A 250-V, 500-rev/min d.c. separately-excited motor has an armature resistance of
0.13 Q and takes an armature current of 60 A when delivering full-load power at rated flux,
which is maintained constant throughout. Calculate the speed at which a braking torque
equal to the full-load torque will be developed when:
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(a) regeneratively braking at normal terminal voltage;

(b) plugging braking but with an extra resistor to limit the initial torque on changeover
to 3 per-unit;

(c) dynamically braking with an extra resistor to limit the peak current to 2 per-unit.

For cases (b) and (c), write down the torque balance-equation and hence find the
maximum total inertia in each case which could be reduced to zero speed in 2 sec, the full-
load, friction torque being coupled throughout.

For case (b), what is the total time to reverse to 95 9, of the final balancing speed with the
extra resistance in circuit? Note the reversal of friction torque with rotation reversal.

T6.6. For a 3-phase induction motor, express the rotor copper loss as a function of
electromagnetic torque and slip. Noting that 7, = J dw,/dt = — Jw,ds/dt (see Example
6.11), integrate the expression for copper loss over a range of slip and show that the energy
dissipated in rotor heat = $Jw_*(s;? —s,?). Hence show that for acceleration from zero to
synchronous speed with zero load and for deceleration from synchronous speed to zero
under dynamic braking conditions, the energy loss in rotor heating is equal to the stored
mechanical energy in the rotating mass at synchronous speed. Show also that when
plugging from synchronous speed to zero speed, the rotor heat energy is equal to three
times this kinetic energy at synchronous speed.

Now consider the d.c. separately excited machine under similar conditions. w, is replaced
by the no-load speed w, = V/k4, and w,, = wy(l —s) where s = I, R/(k,w,). Noting also
that I, = armature copper loss/I,R where I,R = skyw,, use the d.c. machine equations
where appropriate to show that the rotor energy loss is the same in terms of the kinetic
energy, as for the induction machine for the same transient conditions.

T6.7. A 300-V,d.c. series motor driven at 500 rev/min as a separately excited generator,
with the armature loaded to give the same current as in the field winding, gave the following
characteristic:

Terminal voltage 142 224 273 305 318V
Field current 15 25 35 45 55A

The field and armature resistances are each 0.15 Q.

The motor is to be braked from normal motoring speed where it is developing an
electromagnetic torque of 300 Nm when supplied from 300 V. An external resistor is to be
inserted to limit the initial current to 55 A. It can be assumed that on changeover, the
response of flux following the increase of current, is completed before the speed changes
significantly so that the e.m.f. rises also.

(a) Determine the speed when motoring at 300 Nm, from 300 V, and the corresponding
values of current and flux (k).

(b) Calculate the required resistor values for plugging and for dynamic braking.

(c) Estimate the times in (b) for the speed to fall to such a level that the braking torque is
equal in magnitude to the full-load torque, the load torque being still coupled and the
inertia is 10 kg m?.
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Note: the motor curves must be calculated in order to solve part (a) but on braking,
only two specific points are required and the average braking torque can be used.
Nevertheless, it may be a good idea to sketch the braking curves to clarify the method.

T6.8. Using the data of Example 4.10 and the associated figure, calculate the time to
accelerate from zero speed to 1400 rev/min at full voltage and with the natural rotor
resistance. Take the total drive inertia as 0.05 kgm? as in Example 6.7, p. 216 and take
points on the curves at speed intervals of 200 rev/min.

T6.9. A 10-pole, 50-Hz induction motor drives a d.c. pulse generator through a flywheel
coupled between the two machines. The pulse requires a generator input torque of
2713 Nm for 4 sec and the combined inertia of machines and flywheel is 1686 kg m2. The
no-load speed of the motor is 597 rev/min and the speed at rated torque of 977 Nm is
576 rev/min. Assuming the fall of speed with torque is linear, what is the peak motor-
torque at the end of the load pulse?

T6.10. A mine winder requires the following duty cycle for its d.c. motor:

Time period Condition Torque required

0-20 sec Constant acceleration up to 45 rev/min 2.712 x 10° Nm
20-50 sec Constant speed of 45 rev/min 1.356 x 10° Nm
50-70 sec Regenerative braking at constant torque  —0.678 x 10° Nm
70-90 sec Speed now zero; rest period

Plot the torque and power duty-cycles, find the average power throughout the cycle and
draw a line at the appropriate height representing this average power. The area above (and
below) this line represents the magnitude of the energy pulsation in watt-seconds. If this is
provided by the stored energy of the flywheel and inertia of the motor-generator set
supplying the winder motor, then the m.g. set motor will be shielded from the peak. The
m.g. set speed will have to fall, under control, from w, to w, to release this energy of
magnitude }Jw,? — }Jw,? watt-seconds. By equating, the value of J follows. Determine
this inertia if the m.g. set motor speed falls from 740 to 650 rev/min.

What is the peak power when motoring and when regenerating? Neglect machine losses.

Té6.11. Referring to Fig. 6.4, p. 209 showing the duty cycle for a mine hoist, the
numerical values are as follows:

Torque T,=06, T, =055 T,=03, T,=-01, T,= -035 T,=-04
(Nm x 10°)

Time t, =10, 1, =80, t; =10, t, =20.
(seconds)

The motor speed reaches a maximum of 40 rev/min. Determine the average and the rms.
torque—refer to eqn (6.12). Calculate the various power ordinates and from the
power/time curve obtain the average and the r.m.s. power:

(a) using the actual motor speed,
(b) assuming the motor speed is constant at the maximum value.
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T7.1. A d.c. permanent-magnet motor is supplied from a 50-V source through a fixed-
frequency chopper circuit. At normal motor rating the armature current is 30 A and the
speed is 1000 rev/min. The armature resistance is 0.2 Q. If the current pulsations can be
taken as relatively small so that the mean current can be used in calculations, what is the
required duty-cycle ratio of the chopper if the motor is to operate at a mean torque
corresponding to the full rating and at a speed of 400 rev/min?

T7.2. A battery-driven vehicle is powered by a d.c. series motor. The time-constant of
armature and field together is 0.2 sec, the resistance being 0.1 Q. At a speed of 1000 rev/min,
the mean generated volts/field A over the operating range of current is 0.9. A fixed
frequency, 200-Hz chopper is used to control the speed and when this is 1000 rev/min, the
mark: space ratio is 3: 2. The battery voltage is 200 V. Find the maximum and minimum
values of the current pulsation and hence determine the mean torque and power output if
the mechanical losses are 1000 W.

T7.3. Referring to the derivation of eqn (A.3) in Appendix A, show that the voltage loss
due to overlapisalso equal to E,, sin?1/2 when the alternative method is used for averaging

'’ _
f e 5 ea)rd(wt)

(V]

over the pulse period 2m/m. The instantaneous expressions for the e.m.fs are:
e, = E cos(wt—n/m) and e, = E cos (wt + n/m).

A 3-phase diode bridge is to provide an output of 220 V, 50 A d.c. from a 3-phase, 440-V
supply and a suitable transformer. Allow fora 30" overlap angle,a 1-V drop for each diode
and 4V for the transformer resistance losses, referred to the d.c. terminals. If the
transformer flux can be expressed as 3 r.m.s. volts/turn find a suitable number of primary
and secondary turns for a delta/star transformer and its k VA rating. Note that all voltage
drops must be added to the required terminal voltage to obtain the necessary value of E .

T7.4. On a thyristor converter/d.c. machine system, the converter mean voltage falls
from 500 V on no load to 460 V when delivering 100 A, there being no gate firing delay. The
d.c. motor has an armature resistance of 0.3 Q. Determine the required firing-delay angle «
under the following conditions:

(a) As a motor taking 50 A and excited to produce an em.f. E =400 V.

(b) As a motor at normal rating, 460 V, 100 A, 1000 rev/min. Calculate kyr-

(c) Regenerating at rated terminal-voltage and current.

(d) Motoring at half-speed, the total torque being proportional to (speed)? and the flux

being set at rated value.

If speed increase is required by field weakening, what permissible torque can the motor
deliver at 1250 rev/min without exceeding rated current and what would then be the flux in
per unit? The firing-delay angle is 0"
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T7.5. Referring to Figs 8.4 and 8.5, the induction machine equivalent circuit parameters
at 50 Hz are as follows:

R, =67Q, Ry=177Q, L, =L1,,=0436H, M’ =041H,
x; =x;=w(L,, —M’) = 8168 Q.

Values are per phase, with all phases excited. The motor is 4-pole, 50-Hz and star-
connected, the rated line voltage being 220 V.

For reference purposes and to relate the normal values to Figs 8.4 and 8.5, first use the
exact equivalent circuit to work out the rated input current, power factor, rotor current and
electromagnetic torque at a slip of 0.06. Also estimate the maximum torque from the
approximate circuit and express this in per-unit based on the rated torque. This will help to
explain the behaviour on Fig. 8.5 when the motor pulls out of synchronism.

The motor is now to be supplied from a quasi-square-wave, voltage-source inverter as
shown on Fig. 7.4, with a dc. link voltage so adjusted that the r.m.s. value of the
fundamental of phase-voltage waveform is the same as its rated sinusoidal voltage.
Determine the d.c. link voltage required.

Using the method described in Section 7.3 culminating in eqn (7.10), estimate the value of
the 6th-harmonic torque pulsation as a function of time. Compare this with the value
measured from Fig. 8.4 which is based on 1 per-unit torque = 1.9 Nm and 1 per-unit
current = 1.3 A. (The computed peak value of pulsation is +0.327 Nm.)

T7.6. The cylindrical-rotor synchronous machine of Example 5.15 (and Tutorial
Example T5.12) is provided with load-angle () control through a position detector. By
differentiating the torque expression of eqn (5.13) determine the angle at which 4 must be
set to produce maximum torque:

(a) at rated voltage and frequency;
(b) at 0.3 x rated frequency;
(c) at 0.1 x rated frequency.

Use eqn (5.13) modified to per-unit terms and expressed for any frequency, k x the base
frequency at which E; and X, are specified.

Check the value of « = tan~! R,/k X, at each frequency and show that § —a is — 90" at
maximum torque for parts (a), (b) and (c).

Check also, using the answers to T5.12 for V' and E,, that the maximum torque for (b)
and (c) is the same as for (a) if the excitation is maintained at the part (a) setting.

T7.7. For this problem, reference back will be necessary to Example 4.21, Tutorial
Example T4.20, eqn (7.9) in Section 7.3 and the general approach of Tutorial Example T7.5.
Use the answers obtained in Tutorial Example T4.20 shown on Fig. T7.7 on p. 340, to
calculate the average torque and the pulsating torque for the single-phase induction-motor
operation. The average torque is due to the reaction of I; with I, ;, minus the reaction of I,
and I .. The pulsating torque is due to the reaction of I, with 1, plus the reaction of I, with
I, Compare the average-torque answer with that obtained in T4.20 and express the
pulsating torque as a fraction of the average torque.
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O
v, L
0.1/0.03
0.5
2105 I,:103.2 A
0.171.97
I, \
© wt
t
I, -2.59 @
36°5
-]
wt%Z ) v, =440
1,2,

1.4:17.2

I,-101.94 /Eb=5‘~8M
1 \

E;= 3433 /-18°9
\,405.8 /-36°6

Fic. T7.7.

Chapter 8. Mathematical and Computer Simulation of Machine
Systems

This chapter, concerned with machine modelling and simulation really needs a computer
to give tutorial practice. Equations are given in some cases for fairly substantial programs
so that to check Figs 8.4, 8.5 and 8.11 for example would réquire much time for program
development. The data are available for the purpose however and once the program is
working successfully relatively small changes are needed to explore a variety of problems.
Note that for Figs 8.4 and 8.5, Tutorial Example T7.5 gives the machine data, the inertia
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being artificially lowered to J = 0.009 kg m? so that acceleration could be speeded up and
the various transients observed on the graph plot over a few cycles. A d-q simulation of
these two figures should give almost identical results using rather longer time increments.
For the inverter waveform this could mean an increase from H = 10 gs to 100 us say, and
for a sinusoidal waveform, from H = 100us to 0.5ms. Apart from such major
computational exercises, the following suggested problems give an opportunity to think
around the ideas presented in this chapter.

T8.1. The steps in the development of eqn (8.6) have been given in broad outline but it
would be a useful exercise to make the substitutions suggested and work through the matrix
multiplications in detail to obtain Z' = C,. Z.C.

T8.2. A single-phase a.c. load is connected through a bilateral thyristor-type semi-
conductor switch. It conducts if the voltage acrossitis | V or more, in either direction, and
the time angle (0 = wt) of the sine-wave supply voltage ¢ = E sin wt, is greater than the
firing-delay angle « measured from voltage zero for the positive halfwave, and greater than
(n +a) for the negative half wave. Draw up a logic-check diagram, similar to that of
Example 8.3, which will check the conduction condition.

Consider how this could be applied to a star-connected 3-phase source supplying a
3-phase star—connected induction motor which is voltage controlled for speed variation.

T8.3. Using the nodal equations developed for the series LCR circuit, eqn (8.18),
together with eqns (8.20) and (8.21), determine the current response for an applied d.c.
voltagev, = 100 V,L =1H,C =1F,and R = | Q. Compare with the analytical solution,
(obtained by any suitable method). A time increment H = 0.1 sec is satisfactory.
Commence with initial conditions all zero.

The analytical solution is:

i = 115.5¢""2sin({/3/2)1,
which is a damped sinusoid with a maximum first oscillation peak of 54.4 A occurring at

t = 1.3sec. and decaying almost to zero in 10 seconds. If a hand calculator is used to work
through eqns (8.18), (8.20) and (8.21) for the first increment; i = 4.75 A at t = 0.1 sec.

T8.4. From the expressions for direct- and quadrature axis-flux linkages, prove that the
final equations for voltage and torque given in Appendix B in terms of flux linkages are the
same as those derived from the impedance matrix for the rotor reference frame.

T8.5. Calculate vdss and vgss at time ¢t =0 for a 3-phase stator voltage when
vy = 100 sin wt.

T8.6. For the same voltage as in T8.5 and at the same instant, calculate vdsr and vgsr
assuming that at t =0, (a) # = 0 and (b) 6 = n/6.
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T2.1.
T2.2.

T2.3.
T24.

T2.5.

T2.6.
T2.7.

T2.8.

T2.9.

T3.2.
T3.3.
T34.

T3.6.
T3.7.

Primary 400 turns; Secondary 14 turns per section.

(a) N, =1800, N, =312, N;=12. (b) I, =9A, cos¢ = 0.845, 1030kVA,
870 kW.

cos ¢ = 0.986 lead; 0.101 per-unit at 80.5 lag.

(@) 96V, 251V, —52.5V. (b) 98.29% and 98.559 % atu.pf. (c) 98.56%.(d) I,
=0.106 —j0.28 A. (e) 1478 A at 0.79 pf, I, = 1452 A.

Answers are on attached figure.

1614 /-38° 15 75A

048A S610l B3N
635i1v| 013 046
6101V 634V
50 4 13728
k1

FiG. T2.5.

95.71%; 96.53%.

(@) 1, = Iy x 0.827/112°.7, transformer A is working with reverse power flow.
(b) IA = lB X 07@‘ -

1, = 1640/ =38° ; circulating current = 178/=79°, A terminal voltage in-
creased from 375 line V to 392.5 line V. Note; Z g = 0.0032 +j0.0181, Zyq-
= 0.0016 + j0.00716 ohms per phase.

9539

kgp = 9068 Nm/A, Tios =24.7Nm. (@) I, =09, 556Q. (b) 525rev/min.
(c) 553rev/min. (d)=160Q. () 9.64€, 52kW (7 hp).

296 rev/min; flux and torque reduced to 29.6 % of rated value.

(a) 8764 A. (b) 8024 Nm. (c) 38.5Nm. =~990Q. 37.1kWw.

5946 Nm/A, 1308 Nm, 102.7 kW; or 0.588, 0.646, and 0.973 per-unit.

5.84Nm; 32.79,; S1.4A.

(@) 151.2Nm, 23kW, 87.5%. (b) 139.9Nm. (c) 32.35A, 0.687 per-unit.
@=670Q. (b)2.52Q. (c) 6.859Q, 46.5A.
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T3.8.
T3.9.

T3.10.

T3.11.
T3.12.

T3.13.

T3.14.

T3.15.

T4.1.
T4.2.

T4.3.

T4.4.
T4.5.
T4.6.
T4.7.

T4.8.

T4.9.

(a) 1.77Nm. (b) 0.53 Nm. The mode is plugging.

Wy, (rad/s)/T, (Nm) points —88.5/—-36.6, —32.3/309. Remaining answers on
attached figure. Mode gives limited speed on zero load and has some regenerative
capability; see Fig. E.3.18(b).

oA 212
204 20A
O AN O™~ —0
2080 1Q 1Q
—-—— -——
420V +20V  -20V
Fig. T3.9.

1.04Q; extra 0.35€; 865rev/min. Note: 1017 Nm requires 214 A; 271 Nm needs
97 A.

(&) 6€, 750rev/min.  (b) 23Q, —207 rev/min.

(a) w,, = 5512 -T,/164.6, 553 rev/min. (b) w,, = —55.12 —T,/7.838, 26 rev/min.
©) v, = -T,/14.96, 290 rev/min.

732 Nm, k=244. Flux reduced by 17.59,, armature current increased by 42.5¢,.
Excessive armature current required beyond base speed and excessive flux required
if lower speeds are attempted by strengthening the flux (see also T3.15).

0.95 per unit; T,, = 03+0.737w,,. (a) 0.928,0.885,0.72. (b) 0.769, 0.666. 1.54.
(c) 1.034, 1.058, 0.575.

(a) 0.965,0.628. (b) (i) 1.725, 0.65. (b) (i1) 0.33, 1.694.

(a) 14Aat085pflag. (b) SI.5Nm. (c) 7.54kW. (d) 82.69,. 1265rev, min.
R, =R, =053Q; x,=x,=128Q; R_ =215 X, A =321Q

(a) 22A at 0.86 p.f. lag, 18.1 A, 84.5Nm, 12.1kW, 84°,.

(b) 85.1 Nm, 4.5/1.

(a) 21.5A at 0.837 p.f. lead (“exact” = 19.9A at 0.821 pf lead). (b) 19.6A
(18.7A). (c) 96.9Nm. (88.9 Nm). (d) 16.4kW (15.1kW). (e) 83.5°,
(824%,). L, =Ly, =106 mH, M’ = 102mH. See flow diagram on Fig. T4.3.
Actual directions shown, values in kW.

(a) 33A. (b) 1L.1A. (c) 334A. (d) 1.79kW; plugging mode. {e) 0.97Q.
T, =02987,; T, =1405T,.

Answers on Fig. T4.6. Torques are expressed in terms of normal peak torque.
T, = I* x s, x T, (all in per unit). Tapping at 0.481. Motor current = 2.89 p.u. and
transformer input current = 1.39 p.u.

1425 rev/min. (a) Reduction to 71.7 %, voltage (can be estimated by drawing curves).
(b) Extra 3R,. (See also T4.9 and T4.22))

6.32 Nm at 460 rev/min requires 121.8 Vand 2.73 A giving 357 W rotor copper loss;
or, extra 465Q (referred) and 0.51 A giving same rotor loss, (same torque), but
much reduced stator copper-loss at the lower current. See also T4.22.
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1511
| -
Pmech
063+0.87 0.517 0.6
0.517
Fic. T4.3.
Speed
per — unit

FiG. T4.6.

T4.10. Answers on Fig. T4.10. Torques are expressed in terms of normal peak torque.

T4.11. k = 0.328 giving V = 144V and f = 16.4 Hz. Torque = 377 Nm compared with
223 Nm.

T4.12. Answers on Fig. T4.12.

T4.13. 266 Nm; 1.5Hz, 22.6 line V; 39 Hz, 314 line V.

T4.14. (a) 13.3Hz. (b) 28 Hz (f, = 3 Hz).
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T4.15.

T4.16.

T4.17.

T4.18.
T4.19.

T4.20.

T4.21.

T4.22.

(@) I, =2624A, T, =837Nm. (b) (i) f=07579Hz, I, =39.08A, T,,,
=8674Nm. (b)(ii) f=2076Hz, I, =4267A, T, , =3166Nm. V, =111.7
line V at starting. At 300 rev/min, f = 12.076 Hz and V', = 357 line V, so less than
available supply V.
Rated torque = 1446 Nm; rated current = 123 A (a)7, = 0.19p.u.l, = 3.54 p.u.
(b) T, = 1.35 p.u.. I, = 6.6 p.u. Note, E; at synchronous speed = 6219 V.
X, =10Q, 7T, =2722Nm, I3 =161A. (a) I, =177TA. (b) 1, =217A, V,,
= 43.5V. Max. torque = 4340 Nm (1.59 x ) at 346 rev/min.
T, =0.802p.u. or 102Nm. Power = 0.842 p.u. or 16.9kW for T, = 0.896 p.u.
Vas = (1/4/3)4333073/=30 , Vo_ = (1//3)6.6927/+ 30,

Z, =3.576/16..258

Z_=1011/81:427 , 1, =738A,Ig=678A,1c =684 A.

T. = 622.4 Nm, negative-sequence torque negligible.

Z, =3091+j09903, Z, = 0048 +j0.488, Z = 3.339+j2478 = 4.16/36:.6.
T, = 434.1 Nm. Remaining answers shown on Fig. T7.7 for Tutorial Example T7.7.

Sing.lé phase Two phase Three phase
Output k\;ﬁv 321 316 479
Power factor 0.8 0.908 0.908
Efficiency ¢, 81.6 879 88.8
_-_S:ator current A 105.8 71.9 779

Iron loss 1.94 kW. Mechanical loss | kW. Note that if the stator had been fully
wound for 2-phase operation, the output would have been nearer to that for 3-
phase operation.

Vi =1718V, I, = 0758 A, 390 VA, Rotor loss = 27.6 W. Slip-power recovered
= 3294 W. VA rating from rated I (2.1 A) and max. 'y = 440V is 2770 VA.
Phasor diagrams for comparison on Fig. T4.22.

Reduced f Ve
—_— 3/ L/

\0.5 A (Resistance control)
0758 A

(Slip —power recovery

2 73 A (Voltage reduction)

Fig. T4.22.
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T4.23.

T5.1.
T5.2.

T5.3.

T54.

TS.5.
T5.6.
T5.7.
T5.8.

T5.10.
T5.11.

T5.12.
T5.14.
T5.15.

T5.17.

Té.1.

Té6.2.
Té6.3.
Té6.4.
T6.5
T6.7.
T6.8.

T6.9.
Té6.10.

T= 1789 m.

X,, =19.1Q k, =766 line V/A, I, = 77.4A. Max. T, = 10620Nm = 2.22p.u.
(5.5)— 1897,31 830 Nm, 229 A at 0.95 lead, 6910 line V, 2010 kW. (5.6) 3750 line V,
95.7 A at 0.98 lead, 550 kW.
(@) I,g =43.74A. (b) E, = 4888/—38.9 (phase V). (c) 4775Nm.  (d)
7620 Nm. () For 9550 Nm, E, = 10.61 kV (line). (f) 6 = —30", I, = 48.65A at
0.898 lead.
—0 reduced to 29:3 from 47:7. I, reduced to 96 A and power factor to 0.937 lead.
On no load the current becomes 57A at zero leading-power-factor (sync.
capacitor).
52.49 A, 10.72 kV/phase, 8594 Nm, 900 kW. I, becomes 59.1 A and E, = 6.05kV.
(1.125 p.u. and 0.56 x E . q)-) 900 kW at 0.8 p.f. lead.
E; = 5173/—42%6 , I,g = 8748 A. 1.5E, gives 6 = —26:8 and I, =117.1A at
0.747 pf. lead. 0.5 E, requires —sind > 1 to sustain load, so pulls out of step.
E, = 385.8/ —27:8 Normal pull-out torque = 280.8 Nm so E, must be increased
by 68%.
61.5Aat091 pf.lead —sind = 0.4775 so would still be < 1if V (or E,) was halved.
For induction motor Ta}'? so much more sensitive to ¥ reduction.
Igs = 24.3 A, Ips = 9.88 A, Power = 53.65kW, E, = 1.66 p.u. (3160 V/phase).
At zero load, kVAr = 188.6.  (a) 66.7kW. (b) Igs = 5.05A, Ips = 34.63A.
Power = 198kW.
E, =1766/—28°;and atT_, =161, 6 = —87.13, and I, = 1.985/—24:47 A.
(a) 0.363. (b) 0.18. See also. T7.6

E, = 1692, Power = Torque in per unit =08. I, = —0832, I =0554, T,
=1955pu.=244xT,atd=—751.
6= —30:1797, I, = 0.851A at 094pf. lag, Ig= —0.1506, I, = 0.8379, y =
—10°19. T, = 1223 p.u, reduction of 37.5%; at § = —68.5.

= —100073, T, = 1.274. 6 = —62, I, = —0.663, I, = 0.883, I, = 1.104 at
0.906 lagging power factor. § = —36°9.

PAt = MSAG+ KOA:, +=MS/K, 6_=P/K. 081360,, 0493¢_. 06320_,

0.383¢_,0.7730,.. \/2/3.P.

561 rev/min, 2.35sec. 0.98sec to full speed—constant torque maintained till
maximum speed reached, so acceleration constant at maximum.

55V;2063Q. (a) 1.418sec. (b) 296 rev/min; (c) 1.24 sec. Final speed =
474.2 rev/min.

4.011 Nm/A, 2.31 seconds. 0.0125 H (0.00228 per unit). r_ = 0.05 sec, 7, = 0.21 sec.
7./t = 4.18, greater than 4 so just not oscillatory, but would be if uncompensated.
(@) 531.7rev/min.  (b) 2.6 Q extra, —177.3rev/min, J = 34 kgm?, 15sec total.
(c) 1.89Q extra, 249.7rev/min, J = 19.3kgm?.

(a) 445rev/min, I, = 49.5A, k, = 6.1 Nm/A. -(b) 1045Q and 5Q extra. (c)
0.27 sec and 0.11 sec, to speeds of 363 rev/min and 411 rev/min.

2.58 sec.

1680 Nm.

Average power = 319.6kW. Energy area = 16 770kWsec, J =24450kgm?.
1278 kW, —318.5kW.
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T6.11. 0.083 x 10°Nm,0.234 x 10° Nm. (a) 314.1kW, 692.9kW. (b) 349 kW,981.1 kW.

T7.1.
T7.2
T7.3.

T74.
T7.5.

T7.6.

T7.7.

4 =0472. (E reduced to 17.6 V from 44 V at rated speed)

1259 A to 1139 A. Mean torque = 123.9 Nm and power output = 11.97 kW.
E,,=2423V, E =2537V, E=103.6 V. N, = 35 turns per phase, N, = 149
turns per phase. R.M.S. secondary current = 40.8 A, kVA = 12.68.

(@) 29:5. (b) 0, kyg =4.106. (c) 147 . (d) 62:3. 328 Nm at k, = 0.8 p.u.
I, =1286A, at 47 2lag; I, =0882A; T, =1907Nm. Max. T, = 6.09 Nm
=32 pu.D.C.link voltage = 282.2 V.15 = 0.3095 A, 15 = 0.158 A, 95 = 844, ¢,
= 86". Torque pulsation = —0.368 sin (6wt + 7:3). Note: approximate circuit
overestimates I_,, mostly explaining discrepancy from computed pulsation of
0.327 Nm.

(@) 6 = —87°13. (b) 6 = —80°53. (c) 6 = —63°41. Eqn (5.13) in per unit =
(—E,/Z7) (VKX sin § — VR, cos 8+ kER,).

ml>

M’ =006366 H, p = 4. Forwards torque =4M’'I I  sin[ —27.4 —(—108:9)]
Backwards torque = 4M'I, I, sin[36:5 —42:3]
Pulsating torque = 4M'[I, 1, sin (¢; — @) + 1,1, sin (@, — @, ()] where @,
— Pmp = [— 6927+ 2wt] and @, — P, = [145°4 — 2wt ]. Average torque = 440.96
X\fer
es />[L No
Yes
Yes
\Yes No
~ye conduction
+ve No conduction No conduction
conduction
Fic. T8.2.
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[APPENDIX C] ANSWERS TO TUTORIAL EXAMPLES

T8.2

T8.3.
T8.5.
T8.6.

—6.88 = 434.1 Pulsation = 439.9 sin (2wt +26°). Ratio = 1.013, so pulsation
slightly bigger than average value.

Answer on Fig. T8.2. For 3-phase motor, each phase would have to be checked in
this way, making appropriate corrections for time-phase shift of waveforms. At
least two thyristor-units must be free to conduct for current to flow at all. Voltage
equations must then be set up in accordance with the overall conducting pattern.
Necessary answers given with problem.

vy, =0,vp=—866V,vc=86.6V.vdss=0,vgss = —12247 V.

@) vdsr =0V, vgsr = 12247V. (b) vdsr = —106.7V, vgsr = 61.24 V.
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