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EDITOR'S PREFACE 

THIS is a companion volume to the author's textbook Electrical 
Machines and Their Applications, a well-loved book now in its fourth 
edition. The success of that book is due to the unusual combination in 
the author of great teaching skill and long first-hand experience of the 
design, manufacture and application of electrical machines. 

Although much has changed in electrical technology in the last few 
years, the role of rotating machines and transformers is as important as it 
ever was. It is by their means that electrical energy is generated and then 
reconverted to mechanical energy in homes and factories. Of course, 
these machines are continually being improved and modified, but their 
fundamental principles remain the same. Hence no electrical engineering 
course is complete without a study of the principles of electrical 
machines and drives. 

But this is not an easy subject. The interaction of electrical and 
mechanical energy can be understood by students only when they have 
had practice at solving numerical problems. In his new book the author 
provides such problems, mostly with their solutions, graded in difficulty 
and interspersed with advice, all against a background of sound 
engineering practice. The reader who has worked through these 
examples will be able to face with confidence many problems about the 
behaviour of machines and the choice of drives. Not every electrical 
engineer needs to be a machine specialist, but he needs to be able to co-
operate with such specialists and this book will enable him to do so. 

I am very happy to commend the book both to students and to 
teachers, who will find it a great help in strengthening their lectures and 
practical classes. 

University of Southampton P. HAMMOND 
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AUTHOR'S PREFACE TO THE 
SECOND EDITION 

THE response to the first edition included a suggestion that the final 
section on simulation was somewhat limited in scope. This topic really 
requires a separate text to deal in depth with such a wide-ranging subject. 
Nevertheless, an attempt has been made in the present edition to 
augment the introductory treatment so that with sufficient interest, 
extensive simulations could be undertaken on the basis of the material 
given. Although this is really tending towards project or even long-term 
post-graduate work, requiring substantial computer-program develop-
ment, its immediate importance is in the facility it provides to display 
computed performance, especially of power-electronic/machine circuits, 
which should give a better understanding of their special features. The 
author gratefully acknowledges permission to use the computational 
facilities at UMIST for this purpose. 

There are other changes in the text to include reference for example to 
unbalanced operation, permanent-magnet machines and the universal 
motor. Also, the additional worked examples and tutorial examples 
should ensure that the rather wide topic of Electrical Drives is given 
sufficiently comprehensive coverage. Overall, the intention is to support 
the suggestion of teaching the subject by means of worked examples, 
after due preparation on the basic equations and with discussion of the 
problems and solutions. 

Sale, Cheshire J. H. 
March 1985 
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AUTHOR'S PREFACE TO THE 
FIRST EDITION 

DISCUSSION of the summary and objective of this book is deferred to the 
first section of Chapter 1 lest this preface, like many others, goes unread. 
However, there are some matters which need to be covered here, 
especially those which concern the author's debt to others. Every author 
likes to believe that he has created something original or shed new light 
on an old topic. But, inevitably, much of the work must have been 
derived from his experiences as a student, from his own teachers, from 
books read, from his own students and from his colleagues. This last is 
particularly true in the present case. A major influence has been the 
author's long association with Dr. Ν. N. Hancock, whose deep 
perception of the subject and ever-sympathetic ear when difficulties of 
understanding arose have been a source of constant sustenance. To 
Dr. A. C. Williamson, with his remarkable facility for cutting clean 
through the theoretical fog to grasp the essential nature of tricky 
machines problems, especially those associated with power-electronic 
circuits, I am deeply indebted. Much time was spent by him in kindly 
checking and correcting formative ideas for the material on constant-
current and variable-frequency drives. Sections 4.3, 5.5, 7.3 and 7.4 are 
heavily reliant on his contributions. Dr. B. J. Chalmers' experience, with 
saturated a.c. machines particularly, was very important to the clarifi-
cation of this section of the work. I am grateful, too, to Dr. M. Lock wood 
for his suggestions on simplifying simulation problems. 

With regard to the examples themselves, an attempt has been made to 
cover thoroughly the basic machine types, but the subject is very wide. 
Very small and special machines have been omitted, quite apart from 
study of the economic and environmental factors which influence the 
decision in choosing an electrical drive, though some brief comments are 
made as appropriate. This selective treatment seemed to be the best way 
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AUTHOR'S PREFACE TO THE FIRST EDITION 

of meeting the many requests in response to which this book was written. 
Many of the examples are taken, or modified, from examination papers 
set at the University of Manchester Institute of Science and Technology 
(UMIST), and permission to publish these is gratefully acknowledged. 
Other examples, especially those in the Appendix, are drawn from a 
variety of sources. The author cannot deny that some of them may have 
originated in form from other books read over the years since first 
meeting the topic as a student, and from discussions and contact with 
present and past colleagues. 

Finally, the author would like to record his thanks to the Consulting 
Editor, Professor Percy Hammond, for his encouragement, for reading 
the text and making his usual perceptive comments and suggestions to 
get the balance right. To the Managing Editor, Mr. Jim Gilgunn-Jones, 
and his colleagues at Pergamon Press, who have been so patient in spite 
of delays and last-minute changes, I tender my grateful appreciation. 

Sale, Cheshire J. H. 
August 1981 
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LIST OF SYMBOLS 

THE following list comprises those symbols which are used fairly 
frequently throughout the text. Other symbols which are confined to 
certain sections of the book and those which are in general use are not 
included, e.g. the circuit symbols like R for resistance and the use of A, Β 
and C for 3-phase quantities. Some symbols are used for more than one 
quantity as indicated in the list. With few exceptions, the symbols 
conform to those recommended by the British Standards Institution BS 
1991. 

Instantaneous values are given small letters, e.g. e, i, for e.m.f. and 
current respectively. 

R.M.S. and steady d.c. values are given capital letters, e.g. Ε, I. 
Maximum values are written thus: £, T. 
Bold face type is used for phasor and vector quantities and for 

matrices, e.g. Ε, I. In general, the symbol Ε (e) is used for induced 
e.m.f.s due to mutual flux and the symbol V {υ) is used for terminal 
voltages. 

At Ampere turns. 
Β Flux density, in teslas (T) (webers/metre

2
). 

d Symbol for direct-axis quantities. 
d Armature diameter, in metres, 
e Base of natural logarithms. 

E{ Induced e.m.f. due to field m.m.f. F f . 
/ Frequency, in hertz (Hz) (cycles per second). 
F Magnetomotive force (m.m.f.) in ampere turns. Peak m.m.f. per 

pole per phase. 
F'A Effective d.c. armature-winding magnetising m.m.f. per pole. 
F a Peak armature-winding m.m.f. per pole. 
Ff Peak field-winding m.m.f. per pole. 
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LIST OF SYMBOLS 

(Note that the suffices a and f are also used with the symbols for 
currents, fluxes and resistances of armature and field 
respectively.) 

FT Peak resultant m.m.f. per pole. 
If, Full-load current. 

I0 Current in magnetising branch. 
Im Reactive or magnetising component of I0. 
Ip Power component of / 0 . 
J Polar moment of inertia (rotational inertia), in kg m 2. 
k Coefficient. A constant 

k{ Generated volts per field ampere or per unit of m.m.f. 
kfs Saturated value of kf. 
/c 0 Flux factor = generated volts per radian/sec or torque per 

ampere. 
/ Conductor length. Magnetic path length. 
/ (or ll9 / 2, etc.) Leakage inductance. 

L General inductance symbol; e.g. Lx x = self-inductance of coil 1; 
L 1 2, L13, etc., for mutual inductances, 

m Number of phases. 
M Alternative mutual-inductance symbol 
η Rev/sec. 

ns Rev/sec synchronous = f/p. 
Ν Number of turns. Rev/min. 

Ns Rev/min synchronous = 60f/p. 
ρ Operator d/di. 
ρ Number of pole pairs. 

p.u. Suffix for per-unit quantities. 
Ρ Power, 

^contro l Power at control terminals. 
P e l cc Power (total) at electrical terminals (P e = per phase). 
P g ap Air-gap power (total) (P g = per phase). 

Pm Mechanical power converted (per phase) (m.P m = a>m.Te). 
^ m e c h

 P o w er a t mechanical terminals (com.TcoupUnfl = P c o u p l i n g) . 
q Symbol for quadrature-axis quantities. 

Rm Magnetising resistance, representing iron losses. 
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LIST OF SYMBOLS 

s Fractional slip = (ns — ri)/ns. 
S Per-unit relative motion n/ns( = 1 — s). 

C o u p l i n g Torque at mechanical shaft coupling. 
r i o ss Sum of all machine internal loss torques. 

Te Torque developed electromagnetically, in newton metres. 
Tm Torque arising mechanically = Te in steady state. 

ν Velocity, in metres per second. 
V Voltage measured at the terminals of a circuit or machine. 
χ (or xl9 x 2 , x a l, etc.) Leakage reactance. 

X General reactance symbol. 
Xm Magnetising reactance. 

Xms Saturated value of Xm.Xmu Unsaturated value of Xm. 
Xs Synchronous reactance = Xm + x a l. 
z s Number of series-connected conductors per phase or per 

parallel path of a winding. 
Z s Synchronous impedance. 
α General angle. Slot angle. Impedance angle tan" 1 R/X. Firing-

delay angle. Abbreviation for "proportional to". 
δ Load angle. Chopper duty-cycle ratio 

<5fa (or δτ) Torque angle. 
η Efficiency. 
Λ Magnetic permeance, webers/ampere-turn. 

μ 0 Magnetic constant = 4π/10
7
. 

μΓ Relative permeability. 
μ Absolute permeability = Β/Η = μ0μΤ. 
φ Power-factor angle. N.B. This must be distinguished from the 

symbol for flux φ below. 
φ Instantaneous value of flux. Flux per pole, in webers. 

φηχ Mutual flux, in webers, due to resultant m.m.f. 
Φ Flux time-phasor. 
θ Shaft angular position in electrical radians, (0m mechanical 

angle). Temperature rise. General variable. 
θ Shaft speed in electrical rad/s. 
τ Time constant. 

ω Angular velocity of rotating time-phasors = Inf radians/sec. 
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LIST OF SYMBOLS 

xviii 

com Mechanical angular rotational velocity = 2nn radians/sec. 
œs Synchronous angular velocity = 2nns = 2nf/p radians/sec. 

Note: SI units (Systeme International d'Unites) are used in the text 
unless specifically stated otherwise, as in the case of per-unit quantities 
and the so-called Engineers' units; i.e. 1 hp = 746 watts; 1 lbf ft 
= (746/550) Nm. 



CHAPTER 1 

I N T R O D U C T I O N A N D REVIEW O F 
BASIC THEORY 

1.1 AIM O F T H E BOOK 

On entering the world of electrical machines, the student meets many 
conceptual difficulties not experienced for example in the early studies of 
digital systems, with their simple and precise 2-state operation. More 
assistance is required to permit the new-comer to gain confidence in 
dealing with non-linear, 3-dimensional, rotating electromagnetic de-
vices. The purpose of this book is to provide this aid to understanding by 
showing how, with a limited number of equations derived from basic 
considerations of power flow and elementary circuit and electromagnetic 
theory, the electromechanical performance can be explained and pre-
dicted with reasonable accuracy. 

Such an aim, which will permit the calculation of power-input/output 
characteristics almost close enough in engineering terms to those of the 
device itself, can be achieved by representing the machine as a simple 
electrical circuit—the equivalent-circuit model. This concept is explained 
in many books, for example in the author's companion volume Electrical 
Machines and Their Applications. Though more detailed theoretical 
treatment is given there, substantial portions of the present text may be 
regarded as suitable revision material. This expanded 2nd edition can, as 
a whole, be considered as a textbook on Electrical Drives, taught through 
worked examples, for a reader having some familiarity with basic 
machine theory. 

Perhaps it is appropriate to point out that complete and exact analysis 
of machine performance is so complex as to be virtually impossible. The 
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ELECTRICAL MACHINES AND DRIVES [1.1] 

additional accuracy achieved by attempts to approach such methods is 
primarily of interest to the specialist designer who must ensure that his 
product will meet the user's needs without breakdown and he must judge 
when the analytical complication is justified. For the user, and for the 
engineering student who is not yet a specialist, the simpler methods are 
adequate for general understanding and provide a lead-in if necessary for 
later specialisation. 

There are many features of all machine types which are common, the 
obvious example being the mechanical shaft equations. But apart from 
these and the fundamental electromagnetic laws, the input/output re-
lationships and modes of operation have many similarities. These are 
brought together where possible and also in this first chapter, some 
elementary mechanical, magnetic and circuit theory is discussed briefly, 
as a reminder of the basic knowledge required. Students should beware 
of underestimating the vital importance of this material, since experience 
shows that it is these very points, improperly understood, which hold 
back progress in coming to feel at ease with machines problems. 

However familiar one may become with theory, as a student, the true 
test of an engineer is his ability to make things work. First steps to this 
goal of confidence are reached when a student is prepared to commit 
himself to selecting equations and inserting values in the algebraic 
expressions, producing answers to a specific problem. Hence the 
importance of practice with numerical examples. Understanding grows 
in proportion to one's ability to realise that the equations developed 
really can be used in a systematic fashion to solve such problems, since 
they describe the physical behaviour in mathematical terms. Appreci-
ation of this last statement is the key to successful problem-solving. 

The chapters are planned to sequence the examples at increasing levels 
of difficulty. Much theoretical support is given, in that the equations are 
discussed either at the beginning of each chapter, or as the need arises. 
Solution programmes indicate the kind of problems which can be 
formulated for the three basic types of rotating machine: d.c, induction, 
and synchronous. Readers are encouraged to adopt an ordered approach 
to the solution; for example it is a good idea to incorporate the question 
data on a diagram. One of the difficulties of machines problems often lies 
in the amount of data given. By putting the values on a simple diagram, 

2 



[1.2] INTRODUCTION AND REVIEW OF BASIC THEORY 

assimilation is easier and it helps to avoid mistakes of interpretation, 
especially when working with 3-phase circuits. In following this 
recommended pattern, it is hoped that the text will help to remove the 
mystery with which some students feel the machines area is shrouded. 

The emphasis is on machine terminal-characteristics, rather than on 
the internal electromagnetic design. In other words, the electrical-drives 
aspect is uppermost since this is the area in which most engineering 
students need to have some good knowledge. It is worth noting that 
about 60-70% of all electrical power is consumed by motors driving 
mechanical shafts and virtually all this power is produced by generators 
driven through mechanical shafts, so that the subject is of considerable 
importance to engineers. The problems and solutions are discussed 
where appropriate, to draw out the engineering implications. Electro-
mechanical transients are not neglected and opportunity is also 
taken to consider the effects introduced by the impact of power-
electronic control. In general, the usual methods of analysis are still 
reasonably effective in predicting machine performance. Full account of 
the influence of this important environment, in which harmonics 
proliferate, is somewhat beyond the scope of this book but some 
indication is given of the means used to deal with the machines problems 
which arise. Detailed study of machine/semiconductor systems requires 
a knowledge of mathematical and computer simulation procedures. 
Chapter 8 considers this topic in sufficient depth to provide real 
understanding and a sound basis for further, specialised investigations. 
Finally, in Appendix C, some tutorial examples are given along with the 
answers. Some of the worked examples in the text have been taken from 
Appendix Ε of Electrical Machines and Their Applications, but many of 
these remain as further exercises for the determined student. 

1.2 F O U N D A T I O N THEORY 

Excitation Calculations 

Virtually all machines have iron in the magnetic circuit to enhance the 
flux value and/or to reduce the excitation requirements. The price to pay 
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ELECTRICAL MACHINES AND DRIVES [1.2] 

for these advantages is reflected in iron loss and non linearity. Figure 1.1a 
shows a typical iron magnetisation-characteristic. The economic operat-
ing point is beyond the linear region and well clear of full saturation, at 
about Β = 1 tesla, though certain short parts of the magnetic circuit, like 
armature teeth, may exceed this by 50% or more. Under transient 
conditions too, this limit can be exceeded. The equation governing the 
excitation requirements follows from: 

Β = μ0μχΗ = μΗ = μΙΝ/l. 

Multiplying by area A: 

IN a A 
Β χ A = μ— χ A = IN χ 

In words: 

Flux = Magnetomotive force χ Permeance (or 1/Reluctance) 

φ(=ΒΑ)= F( = IN) χ Α(=μΑ/ΐ) 

The m.m.f. is shown in ampere turns (At), (turns Ν being dimensionless) 
but is effectively the current enclosing the magnetic circuit. 

Mutual flux <fim 
Β 

Η 

(a) Typical iron magnetisation curve (b) Combination of two coil m.m.f.s 

FIG. 1.1 Magnetic excitation. 
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[1.2] INTRODUCTION AND REVIEW OF BASIC THEORY 

The calculation of excitation m.m.f. (F) is often required for a given 
flux and magnetic geometry to determine the design of the coils. 
Frequently there are two (or more) such coils so that the resultant 
excitation FT is the combination of Fx and F2 which produces 0 m, see 
Fig. 1.1b. The two m.m.f.s may be produced on opposite sides of a 
machine air gap; Fx say, due to several stator coils, while F2 similarly may 
be due to several rotor coils. Often, sinusoidal distribution of m.m.f. is 
assumed and the coils can be designed to approach this closely. "Vector" 
techniques can then be used to combine these two "sinusoidal quantities" 
giving F x + F 2 = F r and </>m, the mutual flux = function (Fr). However, 
m.m.f. is not a vector but a scalar, so a different term, space phasor, is 
becoming accepted as an appropriate designation for such represen-
tations of sinusoidal space variations. It is sometimes convenient to take 
the positive magnetising senses of ¥ l and F 2 to be in the same direction, 
though in practice, the one is usually magnetising in the opposite sense to 
the other and would then be negative with respect to this. 

Electromagnetic Theory 

The most important equations for present purposes are: 

e = Ν άφ/dt; e = Blv; and Force = Bli; 

most practical machines having the directions of Β, ν and i at right angles 
to one another. 

For a fixed magnetic geometry: 

e = N ^ = L * 
di dt dt 

where: ÎMA 
L = N-j^ = Ν —— = Ν

2
 Λ 

di i 

and will fall with the onset of saturation, so the inductance L is 
flux/current dependent. For a sinusoidally time-varying current: 

i = Tsin2nft — /sincoi, 
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ELECTRICAL MACHINES AND DRIVES [1.2] 

then: e = L χ ωΪ sin(cot + 90°) 

and in r.m.s. and complex-number expressions: 

Ε = jcoLl = jXl = V, 

and I lags V by 90°. These quantities are scalars but their sinusoidal 
variation can be represented by time phasors, see Fig. 1.2. The word 
phasor alone will often be used in the text as an abbreviation for time 
phasor. The use of the back e.m.f. expression ( + L di/di) instead of the 
forward e.m.f. expression ( — L di/di) is seen to be preferable, since the 
current I comes out directly as lagging V by 90° for the inductive circuit, 
instead of having to deal with the concept of two identical but phase-
opposed voltages. 

For the general case with varying geometry, e = d(Li)/dt 
= L di/di (transformer voltage)-hi dL/dt (motional voltage). 

Circuit-theory Conventions 

Figure 1.3a shows a representation of a machine with its instantaneous 
e.m.f. and resistive and inductive voltage-drops. The voltage arrowheads 
are the assumed + ve ends. The directions of the arrows for the 
instantaneous terminal voltage ν and for e may be assigned arbitrarily 
but Ri and L di/dt must oppose i, since the voltage arrowheads must be 
positive for + ve i and + ve di/di respectively. The direction of i may also 
be assigned arbitrarily but the decision has consequences when related to 
the ν and/or e arrows. As shown, and with all quantities assumed to be 
+ ve, then the machine is a power sink; i.e., in a MOTORING mode; the vi 

j * I = V 

^ ^ s f ( / ) 

FIG. 1.2. Induced voltage (back e.m.f.). 
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[1.2] INTRODUCTION AND REVIEW OF BASIC THEORY 

(a) Circuit (b) System 

FIG. 1.3. Motor conventions. 

and ei products are both positive. For GENERATING , when the machine 
becomes a power source, ei will then be negative; e or i reversed. 

The above is called the MOTORING convention and it is often 
convenient in electrical-drives studies to use this throughout and let a 
negative ei product indicate a generating condition. Alternatively, a 
GENERATING convention could be used, as sometimes preferred in power-
systems studies. By reversing the i arrow say, ei would then be positive for 
generating and the circuit equation would have a sign reversed. It would 
be a good check to complete the following short exercise to see if the 
above statements are properly understood. 

Write down the MOTOR with MOTOR V=E RI 
equation; conventions: 
Write down the GENERATOR with MOTOR V= E RI 
equation; conventions: 
Write down the GENERATOR With GENERATOR V = E RI 
equation; conventions: 
Write down the MOTOR With GENERATOR V = E RI 
equation; conventions: 

The mechanical equation can be expressed as a simple extension of the 
above. The motor (as a mechanical power source) produces (generates) 

7 



ELECTRICAL MACHINES AND DRIVES [1.2] 

an electromagnetic torque Te, and in equilibrium at steady speed, this is 
balanced by the total mechanical torque T m, part of which is due to the 
internal mechanical resistance Tïoss and the remainder is the load torque 
at the coupling "terminals", r c o u p l i n g. 

So: Te = Tm = Tcoupung + T l o ss (cf. electrical source, Ε = V + RI). 

This is also a MOTORING convention. For a generator, with rotation 
unchanged, both Tt and T^^^ would be negative using this convention. 

To illustrate how these conventions affect the machine considered 
as a system, with electrical-power terminals and mechanical-power 
"terminals"—excluding for the moment the control-power terminals, 
consider Fig. 1.3b. In general, either or both terminal powers can be 
negative and here, a motoring convention is being considered. The three 
practicable conditions are: 

Electrical power Mechanical power MOTORING (A) 
positive; positive; 
Electrical power Mechanical power GENERATING (B) 
negative; negative; 
Electrical power Mechanical power BRAKING (C) 
positive; negative; 

In the last mode, it will be noticed that both mechanical and electrical 
"terminals" are accepting power into the machine system. All the power 
is in fact being dissipated within this system, which may include 
resistance external to the machine itself. The mechanical power is usually 
coming from energy stored in the moving parts, and since this cannot be 
released without a fall of speed, the action is one of braking. The machine 
is generating; not feeding power into the electrical supply, but assisting 
this to provide the power dissipated; see Section 3.5. 

To understand how the mechanical "terminals" respond to these three 
modes, assume that Tloss is 1 unit and Te is 10 units. Let the speed be 
positive and remembering that power is (torque χ speed), use the 
mechanical balance equation to find: 

Τ = Τ —Τ 
coupling * e loss 

Mode A; Motoring Γ 0 Ο 1 ι ρ 1 1 ηί = 1 0 - 1 = + 9 . <DMTCOUF,LLBT + ve. 
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[1.2] INTRODUCTION AND REVIEW OF BASIC THEORY 

Mode B; Generating r c o u p l i ng = - 1 0 - 1 = - 1 1 . (omTcoupUng -ve . 
\Tt will be - v e for + ve ct)m] 

Mode C; Braking (i) r c o u p l i ng = - 1 0 - 1 = - 1 1 . c o m7 ; o u p l i ng - ve. 
Κ +ve. Λ Γ Ι ο β 8= - Η ΐ 

Te will be - v e ] 

ModeC; Braking (ii) r c o u p l i ng = + 1 0 - ( - 1 ) = + 11. - ve . 
K , -ve. ·"· Tlota = - 1 

Tt will be + ve] 

Note that if rotation reverses, Tloss will reverse because it always opposes 
rotation. In mode C, the sign of Te is opposite to that of œm because the 
machine itself is generating so for either rotation, the mechanical 
"terminal" power is negative. 

Sinusoidal A.C. Theory 

Most a.c. sources are of nominally constant r.m.s. voltage so the 
voltage phasor is taken as the reference phasor. It need not be horizontal 
and can be drawn in any angular position. A lagging power factor cos φ 
means current lagging the voltage as shown on Fig. 1.4a. The instan-
taneous power vi, which pulsates at double frequency, is also shown and 
has a mean value of VI cos φ. If φ were to be greater than 90°, the power 
flow would have reversed since J cos φ would be negative as seen on the 
phasor diagram for a current / '. Note that the phasor diagrams have 
been drawn at a time œt = π/2 for a voltage expressed as ν = Ϋ sin œt. 

For the reverse power-flow condition, if the opposite convention had 
been chosen (with ν or ι reversed), then VI' cos φ would have been 
positive. This is shown on Fig. 1.4b where it will be noted that the current 
is at a leading power factor. Taking Fig. 1.4a as a motoring condition, it 
shows electrical power being absorbed at lagging power factor whereas 
Fig. 1.4b shows electrical power being delivered at a leading power factor. 

Phasor Diagram including Machine E.M.F.; Motoring Condition 

The equation, allowing for inductive impedance, is: 

V = E + K I + j X I , 

9 



E L E C T R I C A L M A C H I N E S A N D D R I V E S [1.2] 

(α) <ρ<ττ/2 (Motoring) (b) φ>ττ/Ζ (Generating) 

FIG. 1.4. Power flow in single-phase a.c. circuit. 

and is shown as a phasor diagram on Fig. 1.5 for two different values of 
E. Note that on a.c, the e.m.f. may be greater than the terminal voltage V 
and yet the machine may still operate as a motor. The power factor is 
affected but the power flow is determined by the phase of Ε with respect 

FIG. 1.5. Phasor diagrams. 

10 



[1.2] INTRODUCTION AND REVIEW OF BASIC THEORY 

to V. Frequently, the current is the unknown and this is found by 
rearranging the equation as: 

N.B. φ will normally be taken as — ve for lagging power factor. 
The appropriate exercise to check that these phasor diagrams are 

understood is to draw the corresponding diagrams for a generator using 
(a) motor conventions and (b) generator conventions. 

Meaning of V χ I Components 

Multiplying the /, / cos φ and / sin φ current phasors by V gives: 

VI (S Voltamperes, VA) 

VI cos φ (Ρ watts) and 

VI sin φ (Q Voltamperes reactive, VAr) 

and a "power phasor diagram" can be drawn as shown on Fig. 1.5c. 
Power devices are frequently very large and the units kVA, kW and 

kVAr, ( χ 10
3
), and MVA, MW and MVAr, ( χ 10

6
), are in common use. 

The largest single-unit steam-turbine generators for power stations are 
now over 1000 MW = 1 GW, (10

9
 W). 

3-phase Circuit Theory 

For many reasons, including efficiency of generation and transmis-
sion, quite apart from the ease of producing a rotating field as in any 
polyphase system, the 3-phase system has become virtually universal 
though there are occasions when other m-phase systems are used. For 
low powers of course, as in the domestic situation for example, single-
phase supplies are satisfactory. For present purposes consideration will 
only be given to balanced 3-phase circuits, i.e. where the phase voltages 

1 = 
V - E _ (Y-E)(R-)X) _ 1 V - E | 

~R+)X~ R
2
 + X

2
 Ζ 

= I (cos φ + jsin<p) 

-E\[R \X 
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ELECTRICAL MACHINES AND DRIVES [1.2] 

and also the phase currents are mutually displaced by 120 electrical 
degrees (2π/3) radians). Electrical angles are given by œt = 2nft radians. 

On the assumption of balanced conditions, the power in a 3-phase 
system can be considered as available in three equal power "packages", 
each handling 1/3 of the total power, i.e. 

Total power 
3 = ^phase 'phase COS ψ 

where φ is the same for each phase. The pulsating components of power 
cancel, giving steady power flow. 

There are two symmetrical ways of connecting the three phases as 
shown on Fig. 1.6: 

in STAR (or wye); 

for which it is obvious that the current through the line terminals is the 
same as the current in the phase itself, or: 

in DELTA (or mesh); 
for which it is obvious that the voltage across the line terminals is the 
same as the voltage across the phase itself. 

(a) Star (Y) (b) Delta (Δ) or (c) Phasors for (b) 
connection Mesh connection 

FIG. 1.6. 3-phase circuits. 
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[1.2] INTRODUCTION AND REVIEW OF BASIC THEORY 

For the delta case shown: 
^ i n e = IA - Ic and I B - I A and I c - I B. 

For the star case shown: V l i ne = VA — VB and VB — V c and V c — VA; 

assumed positive senses of phase currents and voltages being indicated. 
The 120° displacement means that the magnitude of the line quantities 

in these two cases is equal to y/3 times the magnitude of the phase 
quantities and there is a + 30° displacement between line and phase 
phasors; ± depending on which phasors are differenced. Only one line 
value involves a y/ï factor, hence for both star and delta circuits: 

V I 
Total power = 3 χ

 u
™^

i n
< χ cos φ 

= V
/ 3X V

Unc A i n e
 X

 <*>
S
 ψ 

(or Power = Voltamperes χ cos φ) 

which can be solved for any one unknown. Frequently this is the current, 
from the known power and voltage ratings. Sometimes, for parameter 
measurements, φ is required for dividing currents, voltages or impe-
dances into resistive and reactive components. The total Voltamperes for 
a 3-phase system are thus given by y/Z VI where V and / are here, line 
values, or alternatively, three times the phase VI product. A.C. devices 
are rated on a VA (kVA or MVA) basis, since they must be big enough 
magnetically to deal with full voltage, whatever the current, and big 
enough in terms of the electrically-sensitive parameters to deal with the 
current-carrying capacity specified in the rating, whatever the voltage. 
This means for example, that at zero power-factor, at full voltage and 
current, the temperature rise will be as high as or even higher than at 
unity power factor (u.p.f.), where real power is being converted. 

3-phase circuits will be analysed by reducing everything to phase 
values: PowerVUne or VlinJy/39 J I l ne or / ι Ι η βΛΑ depending on the 
circuit connection. The problem can then be dealt with as a single-phase 
circuit but the total power is three times the phase power. The examples 
in Chapter 2 are especially valuable for revising this topic and the analysis 
of unbalanced circuits is also introduced. 

13 
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Torque Components 

Te, the electromagnetic torque, will have different expressions 
for different machine types. It is basically due to the sum of all the 

tangential electromagnetic forces between the currents in rotor and 
stator conductors. If the windings are so distributed that the m.m.f. space 
waves are sinusoidal in shape and of magnitudes F s t a t or and F r o t o r, the 
axes being displaced by the torque angle δ T, then Tc is proportional to the 
products of these m.m.f.s and the sine of the torque angle. Because of the 
sinusoidal distribution, the two m.m.f. space waves can be combined 
vectorially to give a resultant m.m.f. wave of magnitude F r, which 
produces the resultant mutual (air-gap) flux <£m. An alternative expres-
sion, invoking the sine rule, gives Tc as proportional to the product of Fr 

with either F s t a t or or F r o t or and the sine of the different angle between 
them. This alternative is used for a.c. machines (cf. Fig. 5.2) and since the 
angle is a function of load, it is called the load angle δ. For d.c. machines, 
the torque angle is fixed by the brush position (usually at maximum angle 
90°) and so Tc can be expressed as Κ χ φ χ 7a, where Κ χ φ can be 
combined as one coefficient /c^ which will be shown in Chapter 3 to be 
directly proportional to flux. The expression shows that /c^ is equal to the 
torque in newton metres, per ampere, (TC/IJ. It is also equal to the 
generated e.m.f. per radian/second, (E/œm). 

r i o ss is due to internal machine friction, windage and iron-loss 
torques. 

C o u p l i n g *
s
 ^ e terminal torque, supplying the load in the case of a 

motor. The load torque may have an active component due to 
gravity or stored energy in the load system. This may oppose or assist the 
rotation. The passive components of the load torque, like friction, can 
only oppose rotation and will therefore reverse with rotation. The loss 
torques should be small and since they are mostly similar in nature to the 
passive load torques, it is convenient to combine them. At the balance 
point, where the speed is steady therefore, we have: 

Τ = T + Γ = Τ 
e loss

 1
 coupling m* 

Tm is not a simple function of speed but is sometimes expressed in the 

14 



[1.2] INTRODUCTION AND REVIEW OF BASIC THEORY 

form: 
T
m =

 f
 K n ) = *! + k2(Dm + Μ * 

where fcj is the idealised "Coulomb" friction. 
k2œm is the viscous friction, proportional to speed and cor-

responding to "streamline" flow. It occurs when the 
torque is due to eddy currents. 

/ί3ω^ is the torque due to "turbulent" flow; as an approxima-
tion. It occurs, above the "streamline"-flow speed, with 
fan- and propellor-type loads, e.g. windage losses. 

Regulation; Speed/Torque Curves; Α-quadrant Diagram 

The important characteristic of a power device is the way it reacts to 
the application of !oad. For a generator, the natural tendency is for the 
terminal voltage to fall as load current is taken. This fall is called the 
regulation and can be controlled by various means. The corresponding 
characteristic for a motor is the way in which speed changes as load 
torque is applied. With the d.c. motor as an example, the speed is nearly 
proportional to terminal voltage and the torque is proportional to 
current / a, so the speed/torque axes follow the voltage/current axes for 
the generator. Figure 1.7 shows the natural characteristics for the various 
machine types. The d.c. machine can easily be given a variety of curve 
shapes and two distinct forms are shown, for shunt and series motors. 
The synchronous machine runs at constant speed and as load increases 
the speed does not fall; the load angle increases to a maximum 
whereupon the speed will collapse, see Fig. 8.5. The induction machine, 
like the d.c. machine, reacts to torque by a decrease of speed until it too 
reaches a maximum and stalls. The d.c. machine has a much higher 
maximum though it rarely reaches it without damage. 

Also shown on Fig. 1.7 is a typical load characteristic Tm = f(œm). 
Where this intersects the motor œm = f(7"e) characteristic, we have the 
balancing (steady-state) speed. There is not a universal practice in the 
assignment of axes and sometimes the torque axis is drawn vertically 
following the mechanical characteristic where Tm is the dependent 
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j 
+ 

ve
 

S
p

ee
d

 

\ D.C. Series motor (7"e) 

\ / 
^ Synchronous motor ( T. ) 

T T J \ ' \ 

0 Π Γ Shunt motor 

/ ^ ^ ^ ^ ^ ^ ^ " ^ ^ 
/ ^ ^ ^ ^ 

/ 
1 Induction motor [Te) 

- v e Torque j χ + v e Torque 
* 1 

1 
1 

1 
1
 - ve Speed 

FIG. 1.7. Speed/torque characteristics. 

variable. The usual practice for d.c. machines will be retained for all 
machine types in this text. 

It will be noted that the axes have been continued into the negative 
regions, giving a 4-quadrant diagram with all combinations of positive 
and negative speeds and torques. Electromagnetic machines operate in 
all four regions as will be illustrated in later chapters. 

1.3 E Q U I V A L E N T C I R C U I T S 

These circuits represent a physical system by an electrical circuit. The 
simplest example is that for a battery, since over a limited range, the 
terminal voltage falls in proportion to the current taken. The battery 
behaves as if it consisted of a constant e.m.f. £, behind a resistance k 
equal to the slope of the "regulation" curve of V against /, see Fig. 1.8a. 
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The d.c. machine can be represented by the same equivalent circuit 
with the modification that the e.m.f. is controllable, being a function of 
speed and flux (Ε = 1<φωιη); Fig. 1.8b. An a.c. machine can also be 
represented this way, with the further modification that inductance must 
be included. Normally, the inductive reactance is appreciably larger than 
the resistance. The reactance may be considered in components cor-
responding to the leakage fluxes (which are relatively small and 
proportional to current because of the relatively large air-path reluct-
ance), and the mutual flux (non-linear with excitation and confined 
largely to a path having its reluctance sensitive to iron saturation), see 
Fig. Lib. 

The equivalent-circuit parameters are often measured by conducting 
open-circuit and short-circuit tests. On open circuit for example, the 
current / is zero and the measured terminal voltage V is then equal to E. 
On short circuit, if this is possible without damage, i.e. if Ε is 
controllable, then the e.m.f. in the circuit is equal to the impedance drop 
since V = 0, so the impedance is obtained on dividing Ε by the current. 

A full consideration of the induced voltages in the machine windings 
leads to circuit equations which can apply either to the machine or to 
another circuit which has the same equations. Starting with the 2-coil 
transformer, Fig. 1.9a, we arrive at the circuit shown in which Rx and xx 

are the primary resistance and leakage reactance respectively. Xm is the 
magnetising reactance and represents the effect of the mutual flux 
common to both primary and secondary windings. R2+}x2 is the 

(a) Battery characteristic and 
Equivalent circuit 

(b ) D.C Machine 
Equivalent 

circuit 

FIG. 1.8. Equivalent circuits. 

17 
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(c) Synchronous machine 

A 

(d) O.C. mochine 

O » vV 'TP 1 

(e) General equivalent circuit 

FIG. 1.9. Machine equivalent circuits. 

18 
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[1.3] INTRODUCTION AND REVIEW OF BASIC THEORY 

"referred' secondary leakage impedance, which is the actual value 
multiplied by the (turns ratio, Nl/N2)

2
. This is equivalent to replacing 

the secondary having N2 turns with another secondary having the same 
number of turns as the primary, Nl. This would increase the voltage by 
Nl/N2 and reduce the current by N2/Nl. Hence the impedance 
(voltage/current) would be increased by (Λ/\ /ΛΓ 2)

2
. Since it is not 

possible to tell from measurements on the primary side, how many turns 
there are on the secondary, this replacement by a 1/1 ratio is convenient, 
expressing secondary voltages and currents in primary terms. The ideal 
transformer at the end of the circuit converts these referred values back 
to actual values. Note that the positive directions of 11 and I 2 have been 
taken in the same sense magnetically because this is convenient when 
developing the equations. Generally, however, the positive sense of I 2 is 
taken in the opposite direction to ll and the magnetising branch in the 
middle carries \l—l2 = I 0 , as usually designated. 

For rotating machines, the above treatment can be adapted and 
extended by considering the stator m.m.f. as being produced by one 
specially distributed coil. Similarly the rotor m.m.f. is treated as due to 
one coil. The difference from the transformer is that the rotor coils move 
with respect to the stator coils, though their m.m.f.s are always in 
synchronism for the steady-state condition. The fluxes follow the same 
general pattern in that there is a common mutual flux, crossing the air 
gap and linking both stator and rotor windings, and leakage fluxes 
associated with each winding individually. 

The way in which the equivalent circuit is modified from the 
transformer depends on the machine type. For a.c. machines, the m.m.f. 
of the stator (usually) produces a rotating field at synchronous speed 
cos = 2nns rad/s, where ns = f/p rev/s. The induction machine runs at a 
speed œm = ω8(1 — s) where the slip s expresses the relative movement of 
the rotor with respect to the synchronous-speed m.m.f. wave. The rotor 
e.m.f. is reduced to sE 2, where E 2 is the e.m.f. at standstill with stator and 
rotor windings stationary as in a transformer. The rotor current 
I 2 = sE 2/ (K 2+jsx 2) = E2/{R2/s + jXi), s o that the only difference 
from the transformer equivalent circuit is the replacement of R'2 by R'2/s 
(Fig. 1.9b) and all parameters are per-phase values. 
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For the synchronous machine, s = 0 since œm = ω 8 and the right-hand 
side of the equivalent circuit carries no induced current on steady state 
since R'2/s = oo. A d.c. current has to be provided in the "secondary" 
winding which now becomes the field; Fig. 1.9c. The effect on the 
"primary" winding is now expressed as E f = f (ω 8,1 () instead of through 
Γ2 Xm as in the transformer and induction machines. The resultant m.m.f. 
Fr produces the mutual (air-gap) flux </>m and e.m.f. E. 

For the d.c. machine, both terminal currents are d.c. so the reactive 
elements may be omitted. The effect of the armature m.m.f. F a on the 
field m.m.f. is more complex than for the other machines and is 
represented by its net magnetising action F a , which is usually negative. 
Figure 1.9d shows the equivalent circuit. 

This rather rapid review of equivalent-circuit development is ob-
viously deficient in many details but is dealt with fully in Reference 1. 
Figure 1.9e shows a general equivalent circuit which is applicable to all 
machine types discussed, with appropriate modifications. For the 
transformer, E{ is omitted and the value of s is unity. For the induction 
machine, s takes on any value. For the synchronous machine, s = 0 and 
the right-hand side of the equivalent circuit is omitted and Ef is inserted. 
For the d.c. machine, the reactances are omitted for steady-state 
operation. It will also be noted that there is an additional element, Rm. 
The power dissipated here (E

2
/Rm) represents the iron loss (per phase). 

When the circuit represents an a.c.-excited device like a transformer or an 
induction motor, this power is provided by the electrical supply. The 
value of Rm is relatively high and does not normally affect the 
calculations of the remaining currents very significantly. For Figs 1.9(a) 
and (b), Xm (and Rm) may be shown directly across Vx to give the 
'approximate' circuit, (see Example 2.8), with leakage impedance 

K l + K
,
2 + J ( * l + X ' 2 ) . 

1.4 P O W E R - F L O W D I A G R A M 

Figure 1.10 is an extension of Fig. 1.3b showing more details of the 
power distribution within the machine. The expressions for the various 
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ΡTiecrr
 x

 '̂ coupling 

MECHANICAL 
'TERMINALS' 

CONTROL TERMINALS 

FIG. 1.10. Power-flow distribution between machine terminals (motoring convention). 

power components sometimes differ as between the different machine 
types but the general pattern is the same. The power flow for motoring 
operation is from left to right, the electrical terminal power P e l ec and the 
mechanical terminal power P m e ch being both positive. For generating 
operation, these are both negative, power flowing from right to left. For 
braking, P m e Ch *

s
 negative and for reverse-current braking power flow is 

inwards from both ends. Electromechanical power conversion takes 
place through the air gap and the power P g ap is less than P e l ec for 
motoring, by the amount "Electrical loss". The power converted to 
mechanical power is always (speed χ electromagnetic torque) = œmTe, 
where a>m = cos for the synchronous machine. For the induction machine 
the speed is œm = ω8(1 — 5 ) so that there is a power s P g ap converted not to 
mechanical power, but to electrical power in the secondary circuits. 
Continuing along the motoring power-flow path, the remaining ele-
ments are the same for all machine types. comTe is reduced by the 
mechanical loss œmTloss to ω ι ηΓ ε ο ι ι ρ 1 ί η8 which is the output motoring 
power at the mechanical terminals. There is a further set of terminals for 
the control power, P c o n t r o l. For the d.c. and synchronous machines, this is 
absorbed entirely by the field Cu loss IfRF. For the induction machine, 
the control loss is the secondary Cu loss, 3 / 2

2 K 2

 a n <
^ if the secondary 

terminals are short circuited, this is provided by the "transformer-
converted" power, s P g ap and P c o n l r oI is zero. Sometimes however, for slip-
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T a b l e 1.1 

D.C. motor 
3-ρΛ induction 

motor 
3-p/i synchronous 

motor 

P 
' e l e c y/3VLILCOS<pl 

= 3 7 t c o s ^ 
^ K l / l C O S Î / ) 

= 3K/acos</) 

"Electrical loss" Ia

2
Ra + brush loss H,

2
R1 + Fe loss 

Air-gap power P g ap 3 Eir2cos(p2 
= 3I2

2
R2/s = wsTc 

3£f/acos(<p - < 5 ) 
= wsTe — 3 i

/
/ a cos φ 

Control loss 3 / 2

2
K 2 = sP g ap ifs.c. / f

2
* F 

ρ 
control 

V,I, = I,
2
RF 3 ^ 3 / 2 cos φ 3 

= 0 if secondary s.c. 
| / f/ f = / f

2
K F 

p 
mech ^ m ^ c o u p l i n g ^ c o u p l i n g ^ s ^ c o u p l i n g 

Note. The Fe loss mostly manifests itself as a torque loss, part of r i o s s, though it is usual 
on induction machines to show it as part of the electrical loss. 

power recovery schemes, control power is exerted from an external 
voltage source V3 and this power may be inwards (for super-
synchronous speeds) or outwards from the machine (for sub-
synchronous speeds). Figure 1.10 is useful for explaining the concepts of 
efficiency, control and a method of measuring the losses, by setting the 
power to zero at two-sets of terminals and measuring the input at the 
other set. 

In Table 1.1 the power components for the various machine types are 
listed, using the symbols adopted in the later text where the equations 
will be explained. 
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CHAPTER 2 

T R A N S F O R M E R S 

ALTHOUGH the transformer is not an electromechanical converter like the 
other devices to be covered in this text, it forms the basis from which all 
the other equivalent circuits are derived. The theory is relatively simple, 
built up from Faraday's Law of Electromagnetic Induction. Only steady-
state operation will be dealt with here but it is very important to the 
understanding of the remaining chapters; for example, in coming to grips 
with the referring process by means of which two coupled windings of 
different voltage and current ratings can be replaced by a simple 
series/parallel circuit. There is also much vital practice to be obtained in 
the analysis and manipulation of 3-phase circuits. Multiple windings and 
the combination of winding m.m.f.s, together with basic work in a.c. 
circuit theory and use of complex numbers, are all illustrated by the 
various examples. Finally, an unbalanced transformer load condition is 
analysed, using Symmetrical Components. 

2.1 S O L U T I O N O F E Q U A T I O N S 

In this chapter, since some of the groundwork has already been 
covered in Chapter 1, equations will mostly be discussed as the need 
arises. The first example requires the important e.m.f. equation, which 
applies, with some slight modifications, to all a.c. machines. It relates the 
r.m.s.-induced e.m.f. Ε to the maximum flux φ in webers, frequency/and 
number of turns N: 

From the law of induction, the instantaneous e.m.f. = Ν άφ/dt and for 
a sinusoidal variation of flux, expressed as φ = φ sin 2π/ί, it is readily 
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Example 2.1 

A transformer core has a square cross-section of 20 mm side. The primary winding is to 
be designed for 230 V, the secondary winding for 110 V and a further centre-tapped, 
6/0/6-V winding is to be provided. If the flux density Ê is not to exceed 1 tesla, find a suitable 
number of turns for each winding, for a frequency of 50 Hz. Neglect all transformer 
imperfections. 

The low-voltage winding is always designed first because voltage ratios can rarely be 
obtained exactly and since there are the fewest turns on the low-voltage winding and the 
actual number of turns must always be integral, the adjustment is also the coarsest. 

The maximum flux must not exceed φ = Ê χ Λ = 1 χ (20 χ 10"
 3
)

2
. 

From the e.m.f. equation: 6 = 4.44 χ 400 χ 10"
6
 χ 50 χ JV3 from which Ν 3 = 67.57 and 

the nearest integral number is 68, to avoid the specified maximum flux density being 
exceeded. It will now be slightly lower than Ê = 1. 

N 2 110 110x68 
For the secondary winding: — = — , s o N 2 = τ = 1246.7 say 1247 turns. 

N 3 6 6 
Nl 230 230x68 

For the primary winding: — = » s o ^ = = 2606.7 say 2607 turns. 
N 3 6 6 

The tertiary winding requires 2 χ 68 turns. 

Note 1 On core-type transformers, the windings are divided into 
two sections, one on each limb. In this case the nearest even 
number of turns would be chosen, to make the sections 
equal. 

Note 2 When transformer cores are supplied for the user to wind his 
own coils, it is usual, for convenience, to specify the magnetic 
limits at a particular frequency, in terms of the volts per turn. 
For this core it is 6/67.57 = 88.8 mV/turn or 11.26 turns per 
volt; at 50 Hz. 
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shown by differentiation and substitution that: 

Ε = 4Mx<j)xfxN volts (2.1) 

Note especially that Ε is r.m.s. e.m.f. and flux is the maximum value. 



[2.1] TRANSFORMERS 

Example 2.2 

A 20-kVA, 3810/230-V, 50-Hz single-phase transformer operates at a maximum flux 
density of 1.25 teslas, for which the iron requires a value of H = 0.356 At/mm. The core 
Cross-section is 0.016 m

2
 and the mean length of the magnetic path through the core is 

1.4 m. The primary and secondary turns are 860 and 52 respectively. It is decided to use the 
transformer as an inductor and to keep the reactance substantially constant with current, 
the core is sawn through transversely and packed with brass to give an "air" gap. If the 
secondary winding is used, find the length of the air gap so that when carrying rated 
current, the maximum flux density is not exceeded. What is then the inductance and the 
reactance at 50 Hz? 20000 

Rated current = = 86.96 A r.m.s. 
230 

The peak m.m.f. exerted by this current is: yjl χ 86.96 χ 52 = 6394.7 At 

At peak flux density, the m.m.f. absorbed by the iron is Η χ / = 0.356 χ 1.4 χ ΙΟ
3
 = 

498.4 At. 

.'. m.m.f. available for the air gap = 6394.7 -498.4 = 5896.3 At. 

Neglecting air-gap fringing so that the flux density is assumed to be the same as in the iron: 

Β 1.25 
Air-gap m.m.f. = Hxl = — xl = χ / = 5896.3 μ0 4π/107 

from which / = 5.93 mm. 

The effective permeance of the core + gap = 

flux 1.25x0.016 Λ = 
m.m.f. 6394.7 

= 3.128 χ 1(T
6
 Wb/At 

so inductance = N
2
A = 52* χ 3.128 χ Ι Ο

-6
 = 8.458mH 

and reactance = 2π χ 50 χ 8.458 χ 10"
3
 = 2.657Ω 

Alternatively, the e.m.f. = 4.44 χ (1.25 χ 0.016) χ 50 χ 52 = 230.9 V 
and the impedance = 230.9/86.96 = 2.656 Ω 

Note J Resistance has been neglected in the above calculation; it 
would be relatively small. 

Note 2 The inductance is not quite constant with current, but at the 
maximum value, the iron absorbs less than 8 % of the total 
m.m.f. At lower currents, the linearity will improve since the 
iron will absorb proportionately less At. 
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Example 2.3 

0.1268 + jO.1018 (0.1268)
2
 4- (0.1018)

2 

= 28.77 -J23.1 = 36.9/-38 .8 A 

Voltage at secondary terminals, i.e. across the load = 36.9VA).12
2
 + 0.09

2 

= 5.535 V 

An alternative approach is to calculate the drop of voltage due to the transformer internal 
impedance; the so-called regulation. From the phasor diagram as drawn, this is 
approximately equal to RI cos φ — XI sin φ = | Ε — V |. (sin φ is — ve.) 

0.12 
The load power-factor is — — = 0.8 = cos φ. .".sin φ = -0 .6 (lagging) 

N/0 .12
2
 + 0.09

2 

Regulation = 36.9(0.0068 χ 0.8 + 0.0118 χ 0.6) = 0.462 V 
So load voltage = 6 -0.462 = 5.538 V 

26 

A 230/6-V, single-phase transformer is tested with its secondary winding short circuited. 
A low voltage (20 V) is applied to the primary terminals and it then takes an input current of 
1 A; the power supplied being 10 watts. Calculate the values of leakage reactance and 
resistance, referred to the primary side and then to the secondary side. If the magnetising 
impedance is neglected, calculate the secondary terminal voltage when a load impedance of 
value 0.12+j0.09ü is connected. 

Ρ 10 
On s.c. test, the input power factor is: — = = 0.5 = cosa>sc 

VI 20 χ 1 
and the leakage impedance, (neglecting the relatively small current I 0 = / — j / m through 
magnetising branch Rm\\ Xm ), is: y 2Q 

- = - = 20Q = Z s c 
/ 1 

·'· impedance referred to the primary side = Z s c(cos(/) sc -jsin<ps c). (sin<pscis -ve). 

= R, + R'2 + \{Xi + x'i) = 20(0.5 +J0.866) = 10 + jl7.32Q 

It is convenient, to solve for the load test with the impedance referred to the secondary side. 
The diagram shows the equivalent circuit connected to the load, and the phasor diagram— 
not to scale. 

6(0.1268 -jO.1018) 
The load current would be 

6 

Impedance referred to the secondary side . (10 + J17.32) 

= R\+R2+j{x\+x2) = 0.0068+J0.0118 Ώ. 
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0 . 0 0 6 8 0.0118 
/ ν ατ̂ -
R Χ 

I 

FIG. E.2.3. 

Note 1 In this case there is enough information to calculate V from Ε 
— Z I where, with Ε as the reference phasor, the phase angle 

of I with respect to Ε could be found from the total series 
impedance. If only the load power-factor φ is known however, 
this information is not available and the regulation expression 
must be used. A more accurate regulation expression can be 
derived.*

1} 

Note 2 If the load power-factor had been leading, — sin φ would have 
been negative and the load voltage could have been higher than 
the open-circuit voltage (£). 

Example 2.4 

A 3-phase, 50-Hz transformer is to have primary, secondary and tertiary windings for 
each phase. The specification is as follows: Primary to be 6600 V and delta connected. 
Secondary to be 1000 V and delta connected. Tertiary to be 440 V and star connected. 
Determine suitable numbers of turns to ensure that the peak flux does not exceed 0.03 Wb. 

If the secondary is to supply a balanced load of 100 k VA at 0.8 p.f. lagging and the 
tertiary is to supply a balanced load of 50 kW at u.p.f., determine the primary line-current 
and power factor for this condition. Neglect all transformer imperfections. 

This is the first 3-phase problem in the book and it is an excellent 
opportunity to become absolutely familiar with the basic circuit 
relationships. It is always helpful to draw a circuit diagram as on the 
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figure, where these relationships become obvious. Note that it is 
standard practice to specify line voltages, line currents and total power 
for 3-phase devices so that, as in this case, conversion to phase values may 
be necessary. For example, the turns ratio is the phase-voltage ratio and 
is usually specified for the no-load condition. 

Using the e.m.f. equation and as before, designing the low-voltage winding first: 

440/^3 = 4.44 χ 0.03 χ 50 χ N3 

from which N3 = 38.14 say 39 turns per phase —to keep the flux below the specified 
level. 

N2 1000 
For the secondary: — = / from which N2 - 153.5 say 154 turns per phase 

Ν3 440/yj 3 

Ni 6600 
For the primary: — = , from which Nl = 1013.2 say 1013 turns per phase 

Ν3 440/yj 3 

Load condition 

power per phase 50000/3 
Tertiary current per phase = = 1- = 65.6 A 

voltage per phase 440/^/3 

39 
Referred to primary; l\ = 65.6 χ = 2.525 A 

1013 

But since referred currents are required in order to calculate the total primary current, it is 
simpler to go directly to this by dividing the tertiary kVA by primary voltage. 

50000/3 
i.e. /'3 = and since power factor is unity, Γ3 = 2.525 + jO. 

6600 

Primary 100 kVA 5 0 kW 

@ 0 . 8 p.f. lag @ u.p.f. 

FIG. E.2.4. 
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100000/3 
Similarly I2 = - (0 .8 -j0.6) since p.f. is 0.8 lagging. Γ2 = 4.04 - J3.03 

6600 
So I, = Γ2 + T3 + 1 0( = 0) = 6.565 -J3.03 

and the primary is delta connected so line current = ^ 3 χ yje.565
1
 + 3.03

2 

= ^ 3 χ 7.23 = 12.52 A 
Power factor = cos φ = 6.565/7.23 = 0.908 lagging. 

Example 2.5 

On open circuit, a 3-phase, star/star/delta, 6600/660/220-V transformer takes 50 kVA at 
0.15 p.f. What is the primary input kVA and power factor when, for balanced loads, the 
secondary delivers 870 A at 0.8 p.f. lagging and the tertiary delivers 260 line A at unity 
power factor? Neglect the leakage impedances. 

The connections are different here from the previous example but a sketch of the 
appropriately modified circuit diagram would be instructive. 

The data given permit / 0 to be calculated from kVA/(v/3 χ kV)-star connection: 

50 
I 0 = —ι (cos φ + j sin φ) = 4.374(0.15 -jO.9887) = 0.656 -J4.324 

y/3.X 6.6 

660/^3 
r 2

=
 8 7 0 ( a 8

-
J

° -
6 ) X

^ 3 =69.6-j52.2 

260 220 

I j = I 0 + I'2 + I 3 = 78.92 -J56.52 

Ii = y78.92
2
 + 56.52

2
 = 97.07 A at cos φ = 78.92/97.07 = 0.813 lag 

Input kVA = ^ 3 χ 6.6 χ 97.07 = 1109.6 kVA. 

Example 2.6 

A 3-phase, 3-winding, delta/delta/star, 33 000/1100/400-V, 200-kVA transformer carries 
a secondary load of 150 kVA at 0.8 p.f. lagging and a tertiary load of 50 kVA at 0.9 p.f. 
lagging. The magnetising current is 4 % of rated current; the iron loss being 1 kW total. 
Calculate the value of the primary current and power factor and input kVA when the other 
two windings are operating on the above loads. 
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Again the leakage impedances will be neglected. See Reference 2 for an exact equivalent 
circuit for the 3-winding transformer. 

1 kW/3 
Power component of I0 - ^ = 0.01 A 

4 200/3 

Magnetising component of / 0 = χ ^ = 0.081 A 

M 0 =0.01 -jO.081 

\ 2 = 1 ^ (0.8 - J0.6) =1.212 -jO.909 

I'3 = ^ (0.9 - jO.436) = 0.455 - jO.22 

Ij = 1.677-jl.21 

Line current = ^ 3 χ y i . 677
2
 + 1.21

2

 = N/ 3 x 2.07 = 3.58 A 

at power factor 1.677/2.07 = 0.81 lagging 

and input kVA = ^ 3 χ 33 χ 3.58 = 204.6 kVA 

Example 2.7 

The following are the light-load test readings on a 3-phase, 100-kVA, 400/6600-V, 
star/delta transformer: 

Open circuit; supply to low-voltage side 400 V, 1250 W 
Short circuit; supply to high-voltage side 314 V, 1600 W, full-load current. 

Calculate the efficiencies at full load, 0.8 power factor and at half full load, u.p.f. Calculate 
also the maximum efficiency. What is the percentage leakage impedance based on 100% 
= rated V/rated /? 

The losses on a transformer are: Fe loss which varies very little at constant voltage and 
frequency and Cu loss which is proportional to (current)

2
, or (load kVA)

2
 at constant 

voltage. 
At any load, λ times rated value (load here referring to load current or load kVA): 

„ . Output λ χ kVA χ cos ω , . f Efficiency = — = -——— where kVA is the rated value 
Input λ χ kVA χ cos φ + Losses 

λ kVA cos φ 
η λ kVA cos φ + Fe loss 4- λ

2
 (Cu loss at full load) 

The maximum value of this expression is easily shown by differentiation, to occur when 

λ = v^Fe loss)/(Cu loss at full load) at any particular power factor. 
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The o.e. test gives the normal Fe loss since rated voltage is applied and the s.c. test gives 
the copper loss at full load since rated current is flowing. 

For full load, 0.8 p.f. 

1 χ 100 χ 0.8 80 
= 0.9656 = 96.56%. 

Max. η =
 :

 = = — = 0.9725 = 97.25 ; 
' OO Λ ι 1 ">C ι lf\ Ο Ο Λ\2 w 1 L. C\f\ C\ ' 

'' (1 x 100 x 0.8)+1.25+l
2
 x 1.6 82.85 

For half full load, u.p.f. 

0.5 χ 100 χ 1 50 
η = = = 0.968 = 96.8%. 
' (0 .5x l00x l )+1 .25 + (0.5)

2
xl.6 51.65 — 

Maximum efficiency when 

λ = yi.25/1.6 = 0.884 and power factor is unity. 

0.884 χ 100 χ 1 _ 88.4 

U + 1 . 2 5 + (0.884)
2
 x 1.6 ~ 909 ' 

Leakage impedance 
100000/3 

Rated secondary current per phase = = 5.05 A. 
6600 

1600/3 
Short-circuit power factor = = 0.336. 

^ 314x5.05 

314 
Z9C (referred to secondary) = — (0.336 + jO.9417) = 20.89 + J58.55 Ω. 

6600 
Base impedance = 100% = = 1306.9 Ω. 

Hence percentage impedance = —î—(20.89 + J58.55) χ 100 
1306.9 

= (0.016+J0.0448) χ 100 = 1.6+j4.48%. 

The value before multiplying by 100 is called the per-unit impedance; see Sections 3.3, 5.3 
and Example (4.2d). 

Example 2.8 

The following light-load, line-input readings were taken on a 3-phase, 150-kVA, 
6600/440-V, delta/star-connected transformer: 

Open-circuit test 1900 W, 440 V, 16.5 A 
Short-circuit tests 2700 W, 315V, 12.5 A. 
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(a) Calculate the equivalent-circuit parameters per phase, referred to the h.v. side. 
(b) Determine the secondary terminal voltages when operating at rated and half-rated 

current if the load power-factor is 0.8 lagging. Calculate also the efficiencies for these 
loads. 

(c) Determine the secondary terminal voltage when operating at rated current with a load 
power-factor of 0.8 leading and calculate the efficiency for this condition. 

Although this problem is for a 3-phase transformer, once the equivalent-circuit parameters 
per phase have been determined correctly, it may proceed as for single-phase, making due 
allowance for the fact that the calculations will give phase currents and powers. A balanced 
load is assumed. The figure shows the circuit and the approximate equivalent circuit which 
should help to avoid confusion when analysing the tests. On short circuit, I 0 may be 
neglected and on open circuit, the leakage impedance has little effect, but see Example 4.1. 

Open-circuit test 

Since iron loss is a function of voltage, this test must be taken at rated voltage if the usual 
parameters are required. The voltage is 440 V so it must have been taken on the low-voltage 
side. Referring / 0 to the primary will permit the magnetising parameters, referred to the h.v. 
side, to be calculated directly. 

I0 = 16.5 χ 
4 4 0 / 0 

6600 
: 0.635 A 

1900 
cos φΜ 0 χ 440 χ 16.5 

= 0.151; sin -0.9985. 

Hence: 

R = 
6600 

/ o c o s ^ 0.635x0.151 
- 68.8 k n . Xm = -

6600 

0.635 χ 0.9985 
= 10.4 k n . 

Short-circuit test 

This does not have to be taken at exactly rated current, since with unsaturated leakage 
reactance, a linear relationship between voltage and current can be assumed. Only a low 

/, Ii I7 -3 Î1 4 0 Î 1 

6 6 0 0 V 6 0 0 V ^ \ ^ 4 4 0 V 
. t 

I6 -5A 
on o.e. test 

= 68-8 k i l = I O - 4 k f t 

Approximate equivalent circuit, per phase 

FIG. E.2.8. 
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voltage is required, so the readings show that the test was taken on the h.v. side. 

2700 

C 0 S
^ * 7 3 x 3 1 5 x 1 2 . 5

 =
 ^ ™

φ
- = 

Z' c =
 1 2

. 5 / V 3
(
° -

3 96 + J a 9 1 8) = 1 73 + i 4 0
" -Load conditions 

n Λ , , „ . Rated VA per phase 150/3 
Rated current, by definition = = = 7.575 A. The same 

Rated voltage per phase 6.6 
regulation expression can be used as in Example 2.3 and cos φ = 0.8. 
sin φ = -0 .6 for (b) and +0.6 for (c) 

H.V. Load current per phase 
/ cos φ 
I sin φ 

Regulation = 17.3/cos φ - 4 0 / sin φ 
Terminal voltage = 6600 - regulation 
Referred to secondary [ χ 440/(^/3 χ 6600)] 
Secondary terminal voltage (line) 
Load current referred to secondary 
Secondary (output) power = ^ 3 VI cos φ 
Cu loss = 2.7 χ (^3 x /h v/12.5)

2 

Total loss ( + Fe loss = 1.9) 
Efficiency 

Note that when calculating the efficiency, the changing secondary voltage has been allowed 
for, and this is higher than the o.e. voltage when the power factor is leading. 

(a) (b) (c) 
= 7.575 3.787 7.575 A 
= 6.06 3.03 6.06 A 
= - 4.545 -2.272 +4.545 A 
= 286.7 143.3 - 7 7 V 
= 6313.3 6456.7 6677 V 
= 243 248.5 257 V 
= 420.9 430.4 445.1 V 
= 196.8 98.4 196.8 A 
= 114.8 58.7 121.3 kW 
= 2.97 0.74 2.97 kW 
= 4.87 2.64 4.87 kW 
= 95.93 95.7 96.14 % 

Example 2.9 

A 3-phase transformer has a star-connected primary and a delta-connected secondary. 
The primary/secondary turns ratio is 2/1. It supplies a balanced, star-connected load, each 
phase consisting of a resistance of 4 Ω in series with an inductive reactance of 3Ω. 

(a) If the transformer was perfect, what would be the value of the load impedance per 
phase viewed from the primary terminals? 
From a practical test, the following primary input-readings were taken: 

Total power Line voltage Line current 
Secondary short circuited 12 W 7.75 V 2 A 
Secondary load connected 745 W 220 V 2.35 A 

(b) Deduce, from the readings, the equivalent circuit of the load viewed from the primary 
winding and explain why it differs from (a). 
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(a) The circuit diagram is shown on the figure and the first step is to transform the star-
connected load to an equivalent delta; i.e. one that carries the same current as the 
secondary winding and has the same voltage across it, as indicated on the figure. Since 
the current per load-phase will thus be reduced by ^ 3 and its voltage increased by ^ 3 , 
the effect will be to transform the impedance by a factor of 3 times, from that of the star-
connection. 

Hence Ζ = 12 +j9Q per phase. 

It is now possible to treat each balanced phase separately, as a single-phase problem. 
The effect of the 2/1 turns ratio and a perfect transformer will be to decrease the current 
by 1/2 and increase the voltage by 2/1, giving an impedance transformation of 2

2
; i.e. 

{Nl/N2)
2
. Viewed from the primary therefore, the load impedance will appear as: 

Z' l o ad = 48 + j36Q per phase. 

(b) From the s.c. tests: 

cos (psc = y 3 x

1

?

2

7 5 x2 = 0.4469; sin <psc = -0.8845. 

Hence 

Z sc =
 7 7 5

/\/
3
(04469-L .jo.8845) = 1 +)2Ω per phase. 

From the load test: 

745 

C O S
^ - - ^ 3 x220x2.35

 = a 8 3 1 9; =
 "

a 5 5 5
-

Z i n p ut = ^ ^ ( 0 . 8 3 1 9 +J0.555) = 45+J30Q per phase. 

3 4 

FIG. E.2.9. 
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Hence, 

referred load impedance = Z, -input - Z sc = 44+J28 per phase. 

The equivalent circuit per phase from these results is shown on Fig. E.2.9, which includes 
the unknown magnetising impedance Z m across the input terminals. A small part of the 
input current will flow through here so that the figure of 2.35 A used in calculating Z l n p ut 

will be higher than the true value of Γ2. Hence, the above value of the referred load 
impedance will be lower than calculated from part (a). 

Example 2.10 

A 3-phase, 11000/660-V, star/delta transformer is connected to the far end of a 
distribution line for which the near-end voltage is maintained at 11 kV. The effective 
leakage reactance and resistance per-phase of the transformer are respectively 0.25 Ω and 
0.05 Ω referred to the low-voltage side. The reactance and resistance of each line are 
respectively 2 Ω and 1Ω. 

It is required to maintain the terminal voltage at 660 V when a line current of260 A at 0.8 
lagging power factor is drawn from the secondary winding. What percentage tapping must 
be provided on the h.v. side of the transformer to permit the necessary adjustment? The 
transformer magnetising current may be neglected and an approximate expression for the 
regulation may be used. Neglect also the changes to the impedance due to the alteration of 
the turns ratio. 

The equivalent circuit per phase is shown on the figure. The line impedance can also be 
referred to the secondary side and included in the regulation expression. 

Referred line impedance = χ (1 -I-j2) = 0.0108 +30.0216Ω per phase. 

The total impedance referred to the secondary = 0.0608 + ]0.2716Ω per phase. 
260 

Voltage regulation per phase = I(R cos φ - X sin φ) = —r-(0.0608 χ 0.8 + 0.2716 χ 0.6) 

= 7.3 + 24.46 = 31.76 V. 

I + j 2 
0 .05 + jO.25 2 6 0 / / 3 " 7 - 3 6 . 9 ° 

ι ι ο ο ο / / 3 ~ ν 6 6 0 V 

Nominal t u r n s - r a t i o = 
11000 

- / 6 6 0 

FIG. E.2.10. 
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So o.e. voltage of transformer must be 660 + 31.76 

. 11000Λ/3 . J r1 1 0 0 0 / v/ 3 
and turns ratio must be: — instead of — 

660 + 31.76 660 

i.e. 9.18 instead of 9.623 

9.18 
h.v. tapping must be at: = 95.4 %. 

Example 2.11 

Two single-phase transformers operate in parallel to supply a load of 24+jlOO. 
Transformer A has a secondary e.m.f. of440 V on open circuit and an internal impedance in 
secondary terms of 1 + j3 Ω. The corresponding figures for Transformer Β are 450 V and 
1 +j4Q. Calculate the terminal voltage, the current and terminal power-factor of each 
transformer. 

The equivalent circuit is shown in the figure and yields the following equations: 

E A- Z AI A = V = ( I A + I B) Z 

E B - Z BI B = V = ( I A + I B) Z 

Solving simultaneously gives: 

j _ E AZ B + ( E A — E B) Z 
A
 Z ( Z A + Z B) + Z AZ B 

The expression for I B is obtained by interchanging A and Β in the above equation. 
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A reference phasor must be chosen and if the two transformers have a common primary 
voltage, the equivalent-circuit e.m.f.s (E^) will be in phase, so will be a convenient choice. 

Note 1 Although the two currents are similar, the power and reactive 
components of these currents are quite different. The trans-
formers must be identical (in per-unit terms) with equal e.m.fs, 
if they are to share the load in proportion to their ratings. 
Calculations like the above determine whether any dis-
crepancies are tolerable. 

Note 2 To calculate the input primary currents, the secondary cur-
rents must be referred through the turns ratio and the 
corresponding components / 0 added. 

Note 3 Two 3-phase transformers in parallel would be solved the 
same way, but using their per-phase equivalent circuits. 

Note 4 The equation for I A can be rearranged as: 

The right-hand term is sometimes referred to as a circulating 
current due to the difference voltage. Strictly, it is only a 

Hence 
Substituting: 

E A = 440+j0 and E B = 450+j0. 

Ζ ( Z A + Z B ) + Z A Z B

 +
 Z A + Z B + Z A Z B/ Z 
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440(1+j4) + (-10)(24+jl0) _ 200+J1660 _ 1672/83113 
1 a =

 (24+jl0)(2+j7) + ( l+j3)( l+j4) " -33+J195 " 197.8/9916 

= 8.45/-1615 

_ 450(1 +j3)+ 10(24+j 10) _ 690-f J1450 _ 1605.8/6416 
B

~ 197.8/9916 ~ 197.8/9916 ~ 197.8/9916~ 

= 8.12/-35° 

I A + IB = 8.1 -J2.4 + 6.65 -J4.66 = 14.75 -J7.06 = 16.35/-2516. 

Load impedance Z = 24+jlO = 26/2216. 

Terminal voltage V= Z ( I A + I B) = 425.1/-3" 

Relative to V, I A = 8.45/ -1615 + 3° = 8.45 A at cos 13.°6 = 0.972 p.f. lag. 

Relative to V, I B = 8.12/ - 3 5 +3° = 8.12 A at cos 32° = 0.848 p.f. lag. 

ΙΑ 
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mathematically expressed component of the total current, 
except when Ζ = oo, i.e. when the load is open circuited. This 
true circulating current is then seen to be (EA - EB)/(ZA 4- ZB), 
which could have been deduced directly from the circuit 
diagram. 

2.2 SYMMETRICAL C O M P O N E N T S 

A set of balanced 3-phase components ( + ), (—) and (0) can be 
combined to give an unbalanced set of 3-phase time-phasors as shown on 
Fig. 2.1. An operator h, to give a +120° angular shift is introduced, 
noting that to give + 240

ϋ
 shift, h would have to be applied twice. Thus, 

h = 1/120°, h
2
 = 1/240° and so h

3
 = 1/360° = 1, showing that h = 

-0.5+J0.866 expressed as a complex number and together with h
2 

and h
3
( = 1), form the cube roots of unity. When added together, h + 

h
2
 + 1 form a closed delta thus summing to zero. From Fig. 2.1, using this 

operator and one positive, one negative and one zero sequence 
component, usually for the A phase, the sequence components and their 

+ ve sequence -ve sequence zero sequence combinotion 
A+B+C+ A _ C _ B _ A 0 B 0 CG A B C 

in phose 

FIG. 2.1. Symmetrical components of an unbalanced system 

combination for the other two phases can be expressed mathematically. 
The matrix form is convenient: 
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A 

ΊΓ 
1 1 1 

h
2 

h 1 

h h 2 1 

1 A(+) 

(2.2) 

T o obtain the sequence c o m p o n e n t s from the actual unbalanced values 

we require the inverse matrix, which by standard techniques can be 

s h o w n to lead to the fo l lowing equation: 

A ( + ( + ) 

^(0) 

1 h h 2 

1 h 2 h 

1 1 1 

A 

Β 

T T 

(2.3) 

So , under certain condit ions , an unbalanced system A, B, C, can be 

solved from three independent balanced systems if we know the 

impedance offered to positive, negative and zero-sequence currents. The 

phase impedances must be equal for this s imple technique to be possible 

and the deeper implications o f the m e t h o d require further study, for 

example in References 2 and 3. Only introductory applications are being 

considered in this text. 

Example 2.12 

A 3-phase, 3-winding, V 1/ V 2/ V 3, star/star/delta transformer has a single-phase load of Ia 

amps on the secondary a-phase. The tertiary line terminals are open circuited but current 
may circulate within the delta. Neglecting the leakage impedances and assuming the 
magnetising current is so small as to be neglected, determine the currents in each phase of 
each winding. 

This problem can be solved without recourse to symmetrical-component t h e o r y
0
b u t it 

is a conveniently simple example to introduce the application of this theory, which is also to 
be used later in Example 4.19. In the present instance, only the resolution of currents is 
required and the total m.m.f. for each sequence and for each phase may be summed to zero 
since 1 = 0 . 
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1
 ( - ) 

I é
( o ) 

h ' 

I , I . / 3 

I - / 3 

The three sequence components are equal for this particular loading condition. For the b 
and c phases there is of course an (h) or (h

2
) displacement in accordance with Fig. 2.1 and 

eqn (2.2). In the following solution, the primary and tertiary currents will be referred to the 
secondary, e.g. as I A and I 3 A. Actually, in the tertiary winding, no positive or negative 
sequence currents can flow since these two balanced 3-phase systems must individually sum 
to zero. The only current which can flow with the line terminals open circuited, is zero 
sequence, Γ3 say, all in phase and equal, circulating in the closed delta. The m.m.f. for each 
phase and each sequence is now summed to zero. For the A phase: 

+ ve sequence 0 = [IJA + Ia/3 + 0] ( + ) 

- ve sequence 0 = [I'1A + Ia/3 + 0] ( - ) 

zero sequence 0 = [I'IA + Ia/3 + 13] (0) 

Adding: 0 = I A + Ia + Γ 3α 

from which the A-phase current I A = — Ia — I'3A 

For the Β phase: 

-Hve sequence 0 = [Γ1Β + h
2
I a/3 + 0 ] ( + ) 

- v e sequence 0 = [Γ1Β + h Ia/3 + 0 ] ( - ) 

zero sequence 0 = [IJB + Ia/3 + Γ3 ] (0) 

Adding: 0 = ΓΒ + 0 + Ι 3 Α' 

from which the B-phase current I B = - I 3 A = 

Similarly, the C-phase current Ic = - I 3 A = 

40 

From the loading condition, the symmetrical components for the secondary follow from 
eqn (2.3): 
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Combining the above answers: 

Ά - ' a - ' m 

' β = - l 3 A 

«c = - l 3 A 

Adding 0 = - Ia - 3I 3A so 1^ = - I a/ 3 

Hence IA = - ] Ia and l'B = lc = \ Ia 

The solution is shown on the figure, the actual currents being obtainable using the turns 
ratios derived from V,, V 2 and V 3. 

3 

v, v 2 v 3 

F i g . E.2.12. 

The sequence currents can be checked from eqn (2.3) as: 

IA( + )= - 3 Ia = IA( )
a n

d I A, o ) = 0. 

Tin-) —0 —13( j and I3 ( 0) = — \ I a. 
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CHAPTER 3 

D.C. MACHINES 

FOR a first approach to the subject of electrical drives, the d.c. machine 
provides a simple introduction to the problems encountered since, for 
steady-state operation, it can be represented with reasonable accuracy, as 
a variable e.m.f. Ε, (a speed χ flux), behind the armature-circuit 
resistance Ra. The field m.m.f. may be provided in various ways and with 
more than one field winding. Non-linearities, especially saturation 
effects, may be involved in the calculations. The first three of the 
following examples bear somewhat lightly on machine-design aspects 
but the remainder are concerned with motoring, regenerating and 
braking. It is not the intention in this book to cover machine-winding 
design since this is a specialised study, for which the essential back-
ground is explained in Reference 1 for example. Here the emphasis is on 
electromechanical performance. Chapter 6 deals with transient oper-
ation and Chapters 7 and 8 with d.c. machines in power-electronic 
circuits. 

3.1 R E V I S I O N O F E Q U A T I O N S 

The average (d.c.) e.m.f. generated in a winding with zs conductors 
connected in series, of active length /, rotating at velocity ν = ndn where d 
is the armature diameter and η the speed of rotation in rev/sec, is 
obtained from: 

Flux per pole φ 
Ε = BAJvzs and ß a v = 

2ρφ 

Cylindrical area/No. of poles ndlßp 

Ε = x / x ndn χ zs = 2ρφηζ% (3.1) 
ndl 
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A d.c. machine armature-winding always has parallel paths and z s is the 
total number of armature conductors Z, divided by the number of 
parallel paths. A simple wave winding has the smallest number, 2, and 
zs = Z/2. For a simple lap winding, z s = Z/2p. 

Reference back to Sections 1.3 and 1.4 will be helpful in understanding 
the following development of the power-balance equation. For sim-
plicity at this stage, the brush loss—typically 2 x / a watts—will be 
assumed to be included in the /?a effect. 

From the basic circuit equation for a motor: 

V= Ε + RIa (3.2) 

Multiplying by / a gives the power-balance equation: 

VIa= £/a + Rll (3.3) 

Terminal power = Converted + Electrical 
(air-gap) loss 
power 

^ e . e c = ^ a p + EleC. lOSS 

The power converted, £ / a , can be expressed in mechanical terms as c o m Te 

(rad/s χ Nm) and hence by equating these two expressions: 

ΙΛ œm Inn π φ 

Note that the electromechanical conversion coefficient, is directly 
proportional to the flux per pole and has alternative units of e.m.f. per 
rad/s, or electromagnetic torque per ampere. It is sometimes called the 
speed constant or the torque constant and when SI units are used, these 
haveUhe same numerical value, k<t>. 

Hence: 
E = k+wm (3.5) 

Tc = k+Ia (3.6) 

and: /c 0 = / ( F f , F a) 
where F a , the armature m.m.f. per pole, has some demagnetising effect 
usually, and this may be even greater than 10 % of Ff on uncompensated 
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machines. It will be neglected in the following examples except where 
special magnetisation curves are taken for series motors in Sections 3.4. 
For a single field winding then: 

h = f (/f ) (3.7) 

Several other equations may be derived from the above for the 
purpose of expressing a particular variable as the unknown. The most 
important is the speed/torque equation from: 

Ε V-RL V RTe 

% *φ "φ «>φ 

7a could be obtained from ( V — E)/R and /c^ from E/com, but Ε (and / a) are 
dependent variables, determined from power considerations and the 
armature current may have to be obtained from: 

V-JV2-4RcomT 
/ . = ja — (3.9) 

and the flux from: 

* Φ = ^ — (3.10) 

which are derived from eqns (3.3, 3.4 and 3.8). The choice of sign before 
the radical gives the lower current and higher flux, which is correct for the 
normal, low-resistance case. The opposite choice is applicable to high-
resistance circuits; see Reference 1 and Example 3.12. Note that on steady 
state, Τ = Τ . 

3.2 S O L U T I O N O F E Q U A T I O N S 

The following flow diagram has been prepared to act as a guide to 
thought while ascertaining a solution procedure. Not every possibility 

44 



[3.2] D.C. MACHINES 

has been covered but the systematic approach indicated should be 
helpful in all cases. Non-linearities are taken into account either at the 
beginning or at the end of the solution. For example, if I( is given, k4> 

follows and hence leads to a solution of the linear equations for torque 
and speed, say. Alternatively, if k4> is calculated from the linear equations, 
If follows from the magnetisation curve. On the mechanical side, if the 
non-linear relationship Tm = f (a>m) is available, then any particular speed 
will yield the corresponding torque Tm which is the same as Tc on steady 
state. Alternatively, if ω ι η = f(Te) is calculated from the electromagnetic 
equations, then the intercept with the Tm = f(com) curve determines the 
steady-state speed. Relationships for transient speed-calculations are 
also available from these two curves; see Chapter 6. 

D.C. Machine Solution Programme 

Input data from: 

V, /a, Power, Efficiency η, a>m, k+, / f, Resistances, r i o s s, Tm = f(tt>m) 

Magnetisation curve given, or from test values of {V, /a, R, a>m, / f) l e st 
(V-Rl \ 

we can obtain k<t> = I 1 as f(/f). 
V ^ m y t e st 

Alternatively, rated fc^R may be established from rated values of the above. 
The subsequent calculation(s) of k^ could be expressed as per-unit flux 
values; viz. k ^ / ^ R . 

• 1 

Given: Given: Given: Given: 
V, R Κ R, if, o)m) 

V,R,Tm = i(mJ V, Parameters 
Output power and circuit 

configuration 
Find: 

Find: ω„ = fir.) 
V-RL 

ω
-

=
 k 

Find: Find: throughout 

f.» ^φ» h* ê» ^ l o s s all modes 

• 
Speeds Currents Field-circuit 

resistance 
Speed/Torque 

curves 
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Example 3.1 

A 4-pole d.c. armature wave winding has 294 conductors; 
(a) What flux per pole is necessary to generate 230 V when rotating at 1500 rev/min? 
(b) What is the electromagnetic torque at this flux when rated armature current of 120 A is 

flowing? 
(c) How many interpole ampere turns are required with this current if the interpole gap 

density is to be 0.15 tesla and the effective radial air gap is /g = 8 mm? Neglect the m.m.f. 
absorbed by the iron. 

(d) Through what mechanical angle must the brushes be moved away from the quadrature 
axis if it is required to produce a direct-axis magnetisation of 200 At/pole? 

(a) From eqn (3.1) Ε = 2χρχφχ η x z s 

1500 294 
substituting: 230 = 2 χ 2 χ φ χ χ — 

60 2 

from which: </> = 0.0156 Wb. 

(c) On the interpolar (quadrature) axis, maximum armature At per pole Fa occurs, and the 
interpole m.m.f. must cancel this and also provide sufficient excess to produce the 
required commutating flux opposing that of the armature. 

(b) From eqns (3.4) and (3.6) Γβ = /c,./a = —•Φ-ΐ. 
π 

2 χ 147 
2 χ 147 

χ 0.0156 χ 120 = 175.7 Nm. 
π 

Total ampere turns amps/conductor χ conductors/2 

No. of poles 2p 
120/2 χ 294/2 

= — — = 2205 At/pole 
4 

Direct axis 

Main pole 

Interpole 

Quadrature 

axis 

FIG. E.3.1. (2-pole machine shown for simplicity) 
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Required 

At Β B.L 0 . 1 5 x 8 x l O
-3 

Η = — = —. Hence At = —
8
 = = = 955 At/pole 

/g μ0 μ0 4π/10
7 

Hence total interpole m.m.f. required = 2205 4-955 = 3160 At/pole 

This would typically be obtained with 27 turns per pole carrying / a = 120 A, with small 
adjustments to the air-gap length if necessary, following commutation tests, 

(d) From the diagram, a brush axis shift of α produces a demagnetising (or magnetising) 
m.m.f. of Fa χ 2a/180 At/pole. Hence: 

200 = 2205 χ 2a/180 
so: a = 8.16 electrical degrees 

= 8.16/p = 4.08 mechanical degrees 

Example 3.2 

A d.c. shunt-wound, (self-excited) generator rated at 220 V and 40 A armature current 
has an armature resistance of 0.25Ω. The shunt field resistance is 110Ω and there are 2500 
turns per pole. Calculate: 

(a) the range of external field-circuit resistance necessary to vary the voltage from 220 V on 
full load to 170 V on no load when the speed is 500 rev/min; 

(b) the series-winding m.m.f. required to give a level-compound characteristic at 220 V 
when running at 500 rev/min; 

(c) the maximum voltage on o.e. if the speed is reduced to 250 rev/min and all external field 
resistance is cut out. 

Armature reaction and brush drops may be neglected. 
The following open-circuit characteristic was obtained when running at 500 rev/min 

with the shunt field excited: 

E.M.F. 71 133 170 195 220 232 V 
Field current 0.25 0.5 0.75 1.0 1.5 2.0 A 

œm at 500 rev/min = 500 χ 2π/60 = 52.36 rad/s; at 250 rev/min wm = 26.18 rad/s. 

Hence k4 = e.m.f. (above)/52.36 = 1.36 2.54 3.25 3.72 4.2 4.43 

The kjlf curve is plotted on the diagram, Ff being the field current χ 2500. 

(a) The e.m.f. must be calculated at the two limits to determine the range of field current 
and hence of field-circuit resistance variation. 
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4 . 2 , 

• / 
0 . 5 1.0 1.5 

/ f = A t / 2 5 0 0 

FIG. H J . ! . 

£ = V + R.I^ = 
k4 = £/52.36 = 
I( from curve = 

KF = ( £ - K / . ) / / f = 

No load 

170 V 
3.25 
0.75 
226.4 

External field-circuit resistance = RF — 110 = 116.4 Ω 

Full load 

220 + 40 x 0.25 = 230 V 
4.39 
1.86 

118.3 Ω 
8.3 Ω 

(b) The terminal voltage must be 220 V on no load and on full load. 

V 
E=V+R.It 

(On no load, / a = / f is small). 
Required k4> at com = 52.36 = 
Field m.m.f. required, from curve = 
Difference = series m.m.f. required = 

220 
220 

220 
230 

4.2 4.39 
1.5 χ 2500 1.86 χ 2500 
(1.86- 1.5) χ 2500 = 840 At/pole 

(c) The open-circuit curve could be redrawn in terms of e.m.f. against field current with the 
e.m.f. reduced in the ratio 250/500. Alternatively, the fc^ curve can be used, since it is the 
e.m.f. at 250 rev/min scaled down by the divisor 26.18 rad/s. The slope of the resistance 
line ( V/I{) for 110 Ω must also be reduced, to 110/26.18 ( = 4.2) as shown. The field line 
intersects the characteristic at a /ĉ  ( = e.m.f./26.18) of 3.38. Hence the voltage on open 
circuit— which is the terminal voltage neglecting the very small Ra If drop—is 3.38 
χ 26.18 = 88.5 V. 
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Example 3.3 

The machine of the last question is to be run as a motor from 220 V. A speed range of 2/1 
by field control is required. Again neglecting the effect of armature reaction and brush drop 
and assuming / a = 0 on no load, calculate: 

(a) the range of external field-circuit resistance required, as a shunt motor, to permit speed 
variation from 500 rev/min on no load, to 1000 rev/min with the armature carrying its 
rated current of 40 A; 

(b) the value of the series-field ampere turns required to cause the speed to fall by 10% 
from 500 rev/min on no load, when full-load current is taken; 

(c) the speed regulation (no load to 40 A load) with this series winding in circuit and the 
shunt field set to give 1000 rev/min on no load. 

(d) By how much would this series winding increase the torque at 40 A compared with 
condition (a) at the minimum field setting? 

Parts (a) and (b) require calculation of the Ιίφ range to find the excitation needs. 

(a) / a = 0 A, no load / a = 40 A 
Speed 500 1000 rev/min 
com 52.36 104.7 rad/s 
Ε = 220-0.25 x / a 220 210 V 
k+ = E/a>m 4.2 2.0 Nm/A 
If from mag. curve 1.5 0.38 A 
RF = 220// f 146.7 579 Ω 

External resistance = R¥-\\0= 36/7 469Ω 

(b) Speed 500 450 rev/min 
wm 52.36 47.12 rad/s 
Ε = 220 -0.25 x / a 220 210 V 
k+ = E/wm 4.2 4.46 Nm/A 

Field ampere turns from mag. curve = 1.5 χ 2500 2.05 χ 2500 
Difference is required series m.m.f. = (2.05 — 1.5) χ 2500 = 1375 At/pole 

With each series turn carrying 40 A this would require 1375/40 = 34 + turns. With 40 turns 
say and a diverter, the test performance could be adjusted to give the 10 % speed regulation 
specified. 

(c) The speed will be obtained from com = £ / V 
On no load, k4 = 220 V/104.7 rad/s = 2.1. 
From mag. curve this requires 0.4 A χ 2500 = 1000 At/pole shunt excitation. 
On load, the total excitation is therefore 1000+1375 = 2375 At/pole. 
/c0 will therefore correspond to 2375/2500 = 0.95 A giving: 3.65 Nm/A. 

Ε 210 
Hence, œm on load will be —- = = 57.5 rad/s = 549 rev/min 

κ.φ 3.65 
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Speed regulation from 1000 rev/min is therefore " q̂qq ^
 x

 ^
 =

 45.1% . 

Note the great increase from the 500 rev/min condition because of the weak shunt field. 

(d) Tc = / a. At minimum field, 1000 rev/min Te = 2 χ 40 = 80 Nm 
With additional series excitation Te = 3.65 χ 40 = 146 Nm 

So although the speed has fallen considerably, due to the series winding, the 
electromagnetic torque has increased by 66/80 = 82% for the same reason and the air-
gap power is the same. 

Example 3.4 

In the shunt motor of the last question, the no-load armature current was neglected. In 
fact, the total no-load input current is 5 A when both field and armature are directly 
connected across the 220 V supply, the output (coupling) torque being zero, so that the only 
torque is that due to the friction, windage and iron losses. Calculate the speed, output 
power and efficiency when the load has increased to demand rated armature current, 40 A. 

The no-load condition is shown on the first diagram where it is seen that the armature 
current is 3 A, the field taking 220/110 = 2 A. 
The value of Ιίφ from the o.e. curve at 2 A is 4.43 Nm/A. 
The no-load e.m.f. is 220 -0.25 χ 3 = 219.25 V. 
Hence speed œm = Ejk+ = 219.25/4.43 = 49.49 rad/s = 473 rev/min. 
The air-gap power P g ap = œmTc = £ / a = 219.25 χ 3 = 658 watts is consumed in 
friction, windage and iron losses and corresponds to Γ 1 ομ = 658/49.49 = 13.3 Nm. 

5 Δ 3 A 

2 A I 
220 V 

ιιοΏ, 
s 

No load 

0 .25 Λ 
INPUT 

220 χ 4 0 

Power flow on load 

2 1 0 x 4 0 . 

= 8 4 0 0
N 

4 0
2
x 0 . 2 5 

8 4 0 0 

6 3 0 \ 

- 2
2 χ n o 

7 7 7 0 

OUTPUT 

CONTROL 2 2 0 x 2 

FIG. E.3.4. 

For the load condition, with 40 A in the armature, the second diagram is a useful 
representation of the power flow. The explanation of the numerical values involves a few 
minor calculations which can be understood by reference back to Fig. 1.10. 
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Speed = Εβφ = 210/4.43 = 47.4 rad/s = 453 rev/min. 
If we neglect any small change in loss torque with this speed fall then: 
Mechanical loss = a>m · Tloss = 47.4 χ 13.3 = 630 watts. 
Output power = P g ap - mechanical loss = 210 χ 40 - 6 3 0 = 7.77 kW = 10.4 hp. 
Input power = 220(40 + 2) = 9.24 kW so efficiency = 7.77/9.24 = 84.1% . 

Example 3.5 

In the back-to-back test circuit shown, Machine 1 is a motor driving Machine 2 which is 
a generator. The generated power is fed back into the common 250-V line so that only the 
machine losses have to be supplied. Currents in various parts of the circuit, together with 
the resistances, are shown. Allow for brush drop of 2 V total per machine and calculate the 
efficiency of each machine. It may be assumed that the mechanical losses are the same for 
both machines. 

Input current = 50 - 4 0 = 10A. 
Input power to armature circuits = 250 χ 10 = 2500 watts. 
Total armature losses, excluding friction, windage and iron losses = 
50

2
 χ 0.3 + 2 χ 50 + 40

2
 x0.3 + 2 χ 40 = 1410 watts. 

·'· Total mechanical loss = 2500 - 1410 = 1090 watts = 545 watts per machine 

(50
2
 χ 0.3) + (2 χ 50) + 545 + (250 χ 2) 

250(50 + 2) 

1895 

13000 

= 85.42% 

„ Input — losses 
Motor efficiency = = 

Input 
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Generator efficiency = 
Output 

Output + losses 

250 χ 40 

(250 x 40)+(40
: 
>

2
 χ 0.3) + (2 χ 40) 4- 545 + (250 χ 2.4) 

The most convenient expressions to suit the data have been chosen. It is a coincidence that 
efficiencies are the same. The motor has the higher copper loss and the generator the higher 
flux and hence field loss and, in practice, a slightly higher iron loss also. But note also that 
efficiency is a function of output and for the generator this is 10 kW whereas for the motor 
it is 11.105 kW. 

The next few examples illustrate the consequences of changing the 
machine parameters, sometimes with the object of achieving a certain 
speed against a specified mechanical load characteristic. This brings in 
the overall drive viewpoint and the interaction of mechanical and 
machine speed/torque characteristics. It leads on to the treatment of 
machine equations in per-unit terms which is often helpful in assessing 
drive characteristics. 

Example 3.6 

A 500-V, 60-hp, 600-rev/min d.c. shunt motor has a full-load efficiency of 90%. The 
resistance of the field itself is 200 Ω and rated field current is 2 A. Ra = 0.2 Ω. Calculate the 
full-load (rated) current 7 aR and in subsequent calculations, maintain this value. Determine 
the loss torque. 

The speed is to be increased up to 1000 rev/min by field weakening. Calculate the extra 
resistance, over and above the field winding itself to cover the range 600-1000 rev/min. 
Determine the output torque and power at the top speed, assuming that the loss torque 
varies in proportion to speed. For the magnetisation curve use the empirical expression 
below, which is an approximation to the curve shape. 

where the flux ratio is that between a particular operating flux (E/com) and rated flux (fc^R). 
The field-current ratio is that of the corresponding field currents. 

Field-current ratio = 
(1 — a) χ flux ratio 

with a = 0.4 
1 — a χ flux ratio 
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The data are assembled on the figure as a convenient aide-memoire, together with a 
skeleton power-flow diagram from which: 

Full-load efficiency 

60x 746 
>7r = 

^.cc + ĉonTo. 500 x / a R + 500x2 

90 

TOO 
from which: 

Hence: 

and: 

/ aR = 97.5A 

500 - 0.2 x 97.5 
:
 2(to 

= 7.65 Nm/A 

reR = /c^R · / a R = 7.65 χ 97.5 = 745.9 Nm 

60x 746 

At 1000 rev/min, 

At 1000 rev/min, 

, u p n n , 2 ( )π 

^ l o s s ~ ^eR ~ ^ c o u p l l n » 

r iols = 33.5 χ 1000/600 
500 -0.2 χ 97.5 

= 712.4 Nm 

= 33.5 Nm 

= 56 Nm 

= 4.59 Nm/A 

Hece, field-current ratio = 

from which: / 

and: 

1000 χ 2π/60 

flux ratio = 4.59/7.65 = 0.6 

o, 0.6 χ 0.6 

1 -0 .4 χ 0.6 2A 

f(iooo) =• 0-947 A 

RF = 500/0.947 = 528 Ω so external resistance = 328 Ω 

Coupling torque = Tc -Tloss = 4.59 χ 97.5 - 56 = 392 Nm 
Mechanical output power = a)mTcout>nni = 104.7 χ 392 = 41 kW = 55 hp 

Ïq (RATED) 
' coupling 

5 0 0 V 

FIG. E.3.6. 
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Example 3.7 

A 500-V, 500-rev/min d.c. shunt motor has a full-load (rated) armature current of 42 A. 
Ka = 0.6 Ω and Rt = 500 Ω. It is required to run the machine under the following 
conditions by inserting a single resistor for each case. 
(a) 300 rev/min while operating at rated electromagnetic torque; 
(b) 600 rev/min at the same torque; 
(c) 800 rev/min while operating at the same gross power (œm- Tc) as in condition (b). 
For each condition, find the appropriate value of the resistor. 
The following magnetisation curve was taken on open circuit at 500 rev/min: 

Field current 
Generated e.m.f. 

0.4 
285 

0.6 
375 

0.8 
445 

1.0 
500 

1.2 A 
540 V 

The test speed cüm ( ( e s t) = 500 χ 2π/60 = 52.36 rad/s. 
*• =

 £
/ û W s t) = £/52.36 = 5.44 7.16 8.5 9.56 10.3 Nm/A 

h i - Ä - / aR 500 - 0.6 x 42 
Rated *,(fyR) = -

52.36 
9.07 Nm/A 

Rated Te(TeR) = /c^R· / aR = 9.07 χ 42 = 381 Nm. 
Rated field current from curve at k4 = 9.07, is 0.9 A RF = 500/0.9 = 555 Ω 

V R Τ 
Now consider the speed/torque equation (3.8): œm = ---—— 

"Φ "Φ 

7-5 

2 .5 
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It can be seen that at a fixed terminal voltage V, any increase of speed beyond the rated 
value can only be obtained by reduction of flux; i.e. by inserting extra resistance in the field 
circuit. A reduction of speed, without exceeding the flux limit imposed by saturation, can 
only be obtained by operating on the second term—in practice this means increasing R 
since reduction of Ιίφ would give rise to excessive armature currents unless R is relatively 
high—see Reference 1 and speed/flux curves of Example 3.12. 

(V — k ·ω ) / y — £\ 
Hence, for (a), rearranging the equation: R = —— I = ) 

T
J

k
o \ U ) 

_ ^ _ n 500-9.07 χ 10π 
Since ω = 300 χ 2π/60 = 10π: R = 

381/9.07 

= 5.12Ω, an extra 5.12 -0 .6 = 4.52 Ω 

For (b) we require /ĉ , not knowing the armature current and hence eqn (3.10) will have to 
be used. At 600 rev/min eom = 20π so: 

k V^y/V
2
-4xRxwmxfe _ 500 + ν/ 5 0 0

2
- 4 χ 0 . 6 χ 2 0 π χ 3 8 1 

φ
 ~ 2œm ~ 2 χ 20π 

= 7.47 Nm/A 

From the magnetisation curve, this requires Jf = 0.64 A and RF = 500/0.64 = 781Ω. 
Hence extra field-circuit resistance is 781 -555 = 226 Ω 

For (c), since the same ct>m Te product is specified, the only difference in the ^ equation 
above is to the denominator which becomes 2 χ 800 χ 2π/60 = 167.6. 

k4 is therefore 5.602 requiring an / f of 0.41 A and RF = 500/0.41 = 1219 Ω. 
·". extra resistance is 1219-555 = 664 Ω 

Example 3.8 

A 220-V, 1000-rev/min, 10-hp, d.c. shunt motor has an efficiency of 85 % at this rated, 
full-load condition. The total field-circuit resistance R¥ is then 100 Ω and Rt - 0.4 Ω. 
Calculate the rated values of current, flux and electromagnetic torque; (/ a R, /c^R and reR). 
Express your answers to the following questions in per unit where appropriate by dividing 
them by these reference or base values, which are taken as 1 per unit. Take 220 V ( KR) as 1 
per unit voltage. 

(a) Find the applied voltage to give half rated speed if Tm is proportional to ω
2
 ; k4 and 

unchanged. 
(b) Find the extra armature-circuit resistance to give half rated speed if Tm is proportional 

to speed; k+ and V being 1 per unit. 

(c) Find the per-unit flux to give 2000 rev/min if Tm a l/cam (constant power) and also the 
armature current, if V — 1 per unit and Ra is the normal value. 
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(d) What electromagnetic torque is developed if the voltage, flux and speed are at half the 
rated values and there is an extra 2 Ω in the armature circuit? 

The data could usefully be assembled on a diagram as for Example 3.6. Referring also to 
the associated power-flow diagram: 

ρ 
Motor efficiency ηκ =

 m e ch 

r
e l e c ' 

10x746 
0.85 = 2 2 0 x / aR + 220

2
/100 

from which: / aR = 37.7 A. 

220-0.4x37.7 
Hence: kiR = — = 1.957 and therefore F eR = 1.957 χ 37.7 = 73.8 Nm φΚ

 1000 χ2π/60
 cR 

The remaining questions can all be answered from the speed/torque equation: 

_ V_ RTt 
ω ,η

 ~ k4 ~ k4

2
 where Tt = Tm on steady state. 

(a) At half speed, wm = 52.36 rad/s and Tm = ( i )
2
 χ 73.8 

RTm 0.4 73.8 
From the equation: V = k<pwm + ——- = 1.957 χ 52.36 -I- —— χ — -

= 106.2 V = 0.48 per unit 

(b) A different mechanical characteristic applies so Tm = £ χ 73.8 = 36.9 Nm 

)-1.957x52.36 _ - „ V-k4œm( V-E\ 220-1.9 
From the equation: R = — ^

 =
 ~j—J

 = 

i.9/1.957 

= 6.23 Ω, i.e. an extra 6.23 -0 .4 = 5.83 Ω 

_ V+JV
2
-4'R'0>mTm 220 + v/ 2 2 0

2
- 4 x 0 . 4 x 104.7x73.8 

φ
 ~ 2wm ~ 2 χ 2000 χ 2π/60 

= 0.9784 Nm/A = 0.9784/1.957 = 0.5 per unit 

Note that rated power and speed have been used under the radical because for this 
mechanical load, the power is stated to be constant. Check /„ = / a R, Eqn (3.9). 

n r . = v ^ p ^ = ^ "
l 0

- ;
9

; ; ;
5 2

-
3 6 )

= 2 4 N m 

= 24/73.8 = 0.325 per unit 

and / a = 24/0.978 = 24.5 A 
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3.3 PER-UNIT NOTATION 

The last question introduced the idea of expressing quantities in per-
unit, i.e. as fractions of some base or reference quantity. It is possible to 
solve the question throughout in per-unit notation and after the follow-
ing explanation, it would be a good exercise to try this. The method is 
sometimes convenient, especially when integrating the mechanical 
system parameters into the drive and in simplifying scaling factors for 
computer solutions. For a d.c. machine, with the appropriate choice of 
base values, the equations, apart from being dimensionless, are the same 
as those used for actual values as explained in Reference 1. The most 
convenient base values are: 

Rated voltage VR = 1 per-unit voltage 
Rated current / a R = 1 per-unit current 
Rated flux / c 0R = 1 per-unit flux 

From these: 

Rated torque = /c^R · 7 a R is also 1 per-unit torque 
Rated power = VR · I a R is also 1 per-unit power 

and 1 per-unit resistance = Ϋκ/ΙΛ, since only three of the seven 
practicable quantities, derived from the products and quotients of the 
first three, can be defined independently. It follows also that 1 per-unit 
speed is predetermined as F r /Z c ^ r , since these two parameters have been 
chosen. Therefore rated speed is not 1 per unit but: 

ER VR-R'LR l - R x l 

k<t>R k<t>R 
— 1 — R per unit. 

Per-unit resistance is: 

ohmic value R RL 

base value VR/I&R VR ' 

which is the fraction of base voltage, which is absorbed across the 
armature-circuit resistance at base current. 
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In the following example, the field current is also expressed in per unit 
using the same empirical expression as in Example 3.6. 

Example 3 .9 

A d.c. shunt motor runs at 1000 rev/min when supplied from rated voltage, at rated flux 
and drives a total mechanical load, including the loss torque, which has coulomb friction, 
viscous friction and square-law components given by the following expression: 

/rev/min \ ίrev/min \
2

 τ —- +30 —- Nm V looo / V looo ; Tm = 30 + 30 

The armature resistance is 0.06 per-unit and the magnetisation curve can be approximated 
by the empirical expression: 

0.6 χ φ per unit 
L per unit = -—— 

1 — 0.4 χ φ per unit 
Calculate: 
(a) The values of 1 per-unit torque in Nm and 1 per-unit speed in rev/min; 
(b) the required If and the value of / a in per unit, if the speed is to be 600 rev/min with the 

terminal voltage set at 0.5 per unit; 
(c) the required l{ and the value of J, in per unit when the terminal voltage is set at the rated 

value and the speed is adjusted to (i) 1200 rev/min; (ii) 0.8 per unit; 
(d) the required terminal voltage in per unit if the resistance is increased to 0.2 per unit, the 

field current is reduced to 0.6 per unit and the speed is to be set at the rated value. 

In this comprehensive question, since the non-linear Tm = f(œm) 
relationship is given and Te = Tm in the steady state, then Te follows if the 
speed is specified and conversely, any particular torque will correspond to 
a particular speed. Thereafter, the solution is just applying the various 
equations developed at the beginning of this chapter. The quadratic 
expression for / a eqn (3.9), must be used because the power is given, not 
the value of e.m.f. or flux. 

(a) 1 per unit torque, from the question, must occur at a speed of 1000 rev/min 

/ 1000 1000
2
 \ 

viz. 30 1 + - - — + ——y =90Nm 

V looo looo2; 
Rated speed = 1 — R per unit is 1000 rev/min. 

1000 
1 per unit speed = = 1064 rev/min y y

 1-0.06 - -
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Preliminary calculation of re( = Tm) at stated speeds: 

Part Rev/min 

p.u. speed 
rev/min 

1064 
Torque, Nm 

p.u. torque 
Tm 

~ 9 0 

1064 1 
(d) 1000 0.94 90 1 
(b) 600 0.564 30(1-»- 0.6 + 0.6

2
) = 58.8 0.653 

(c)(i) 1200 1.128 30(1 -1- 1.2+ 1.2
2
) = 109.2 1.213 

(c)(ii) 851 0.8 30(1 +0.851 + 0.851
2
) = 77.3 0.858 

Calculations for parts: (b) (c)(i) (c)(ii) 

0.564 1.128 0.8 

T e 
0.653 1.213 0.858 

Power = comTc 0.368 1.368 0.686 

X=V
2
-4RœmTe 0.5

2
-0.24x0.368 1

2
- 0 . 2 4 x 1.368 l

2
-0 .24x0 .686 

= 0.1617 = 0.6717 = 0.835 

V-y/X 

2R 
0.816 1.504 0.717 

*, = :rc//a 0.8 0.807 1.196 

f
 1 - 0 . 4 * , 

0.706 0.715 1.376 

(d) The field current is set at 0.6 per unit = j — hence k4> = 0.714 
1 —0.4 κ φ 

The speed is to be the rated value (0.94 per unit) 
The torque will therefore be 1 per unit. 
Hence / a = TJk+ = 1/0.714 = 1.4 per unit 
Required V = k^œm + /? · / , = 0.714 χ 0.94 + 0.2 χ 1.4 = 0.951 per unit 

Note that the answers to part (c) show that field control of speed is not 
satisfactory with this mechanical load because the armature current 
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becomes excessive at high speeds and the field current is excessive at 
speeds lower than rated. Part (d) shows a similar situation. 

Example 3.10 

A d.c. shunt motor is being considered as a drive for different mechanical loads having the 
following characteristics: (a) Constant power {o)mTm); (b) constant torque and (c) torque 
proportional to speed. It is desired to know the effects on armature current and speed of 
making various changes on the electrical side. Taking as a basis that rated voltage, rated 
armature current and held current give rated speed and torque, express armature current 
and speed in per unit when the following changes are made: 

(i) field current reduced to give half flux; 
(ii) armature supply-voltage halved; 
(iii) armature voltage and field flux both halved. 

Consider loads (a), (b) and (c) in turn and neglect all machine losses. 

The required equations for current and speed are: / a = re//c^ and wm = V'/k4 and all 
calculations are in per unit. 

Mechanical load (a) ωιΙ̂ Γτη const. Tm const. Tm a speed 
characteristic i.e. Tm α l/cum (b) (c) 

(i) ^ = 0.5; V=\. 
2 2 2 

0.5 1 2 
1 2 4 

(ii) V = 0.5; = 1. 
0.5 0.5 0.5 

Tm 2 1 0.5 
Κ 2 1 0.5 

(iii) 1/= 0.5;/^ = 0.5 
1 1 1 

Tm 1 1 1 
Κ 2 2 2 

Again, this example shows, in a simple manner, what is, and what is not 
a feasible strategy in the control of d.c. machines and how the nature of 
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the mechanical load determines this; one armature-current overload is as 
high as four times the rated value. 

Example 3.11 

A d.c. motor has a per-unit resistance of 0.05. Determine the two values of current and of 
flux at which rated torque can be developed at rated speed when supplied from rated 
voltage. 

/ = 
V+y/V

2
-4RcomTt 1 + y/l

2
 - 4 χ 0.05 χ (1 -0.05) χ 1 

2R 2 χ 0.05 

1 +x/0.81 

0.1 
- = 1 per unit or 19 per unit 

1±N/0.81 1 
The numerator is the same for κώ = = 1 per unit or — per unit φ

 2 χ (1-0.05) — 19 ^ 

Clearly, the only practical solution is the first one with fc^ = / a = 1 per 
unit, even though the same torque of 1 per unit is given by the second 
solution. This is a relatively low-resistance machine. The next example 
shows the effect of an increased armature-circuit resistance, when, as on 
some small servo motors and with "constant" current supplies, speed 
increase is obtained by increasing the field current, working on the rising 
part of the speed/flux characteristic; see Reference 1. 

Example 3.12 

For a separately excited d.c. motor which at rated voltage, flux and armature current 
delivers rated torque at rated speed (1 — Äa ) per unit, show that the maximum speed which 
can be obtained by held weakening is: 

(a) V
2
/4R per-unit for a constant-torque load equal to rated torque and: 

(b) V χ -ÄJ /4Ä per-unit if rated torque is the same, but is proportional to speed and 
the circuit resistance is R which is not necessarily equal to Ra. 

(c) Calculate for resistances of Äa = 0.05 and for R = 0.5, the values of comax in per unit and 
the values of armature current and flux at this speed, for the constant-torque load. 
Repeat the calculation, but this time for the case of load torque proportional to speed. 
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(d) For the same motor determine the required circuit resistance to permit continuous 
speed increase by field increase up to rated flux with rated voltage applied. Consider 
both mechanical load-characteristics as before. 

V R 
(a) For the constant-torque load, Tm = 1 and the equation is ω ιη = — k k

 2 

dcom V R 
™ — 1-2 χ 

d/c, V V 

and for maximum speed, this must be zero; i.e. V = IRjkç or &φ = 2R/ V. 
Substituting in the speed equation: 

_V
2
 V

2
 _ V

2 

Ümas =
 2R~4R

=
JR 

(b) For the case of torque proportional to speed, by considering the identical ratios of 
torque and speed to their rated values: 

; so Γ = 
1 w mR

 m
 1 -Ra 

and substituting in the speed equation: 

V Λ χ [ ω . / ( 1 - Λ , ) ] 
α> = -

and by rearrangement: 

differentiating: 

... 

" • ( ν + ϊ ^ ) - ^ · » . ) 

d/ĉ  (denominator)
2 

and this zero when k\ — R/(\ — Ra) and this is the condition for maximum speed. 
Substituting in the re-formed speed expression for this load; 

R R 
1 - Ä 1 - Ä 

V 4 Λ 
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Before dealing with the numerical part of this question, it is worth 
noting that the point of maximum speed is the changeover between the 
rising and falling parts of the speed/flux characteristic. If this changeover 
is required to occur at rated flux, so that speed increase by increasing flux 
can be obtained, the expressions derived for /c 0 to give œmax will also yield 
the required resistance to meet this condition; by substituting k<t> = 1. 
For the constant-torque load, required R = V/2 and for Tm α <om, R = 
1 — Ra. This information is relevant to the final part (d) of the question 
but generally, it will be found that at com a x, Ε = ^ ω Ι Τ 1 3Χ = V/2; i.e., for 
maximum speed the apparent "load" resistance, £ / / a , is equal to the 
source (series), resistance (V/2)/Ia, cf. maximum power-transfer 
theorem. 

(c) Numerical solution 

Tm constant Tm oc ω ιη 

R = 0.05 R = 0.5 R = 0.05 R = 0.5 

Speed at rated 
torque = (1 — R) 0.95 0.5 0.95 0.5 

0) 
max 

V
2 

4R~ 
5 0.5 

y hr- = 2.18 0.689 

Tm at (omax 1 1 
CO 

max 

1 - Ä . 
2.29 0.725 

Power = com ax Tm 5 0.5 5 0.5 

Y/l-4Rx Power 0 0 0 0 

2R 
10 1 10 1 

k
* ~ 2<üm„ 

0.1 1 0.229 0.725 

τ. = *./. = /·„ 1 1 2.29 0.725 
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The above results are shown in outline on the accompanying 
speed/torque and speed/flux curves. It can be seen that the high-
resistance circuit keeps the current and speed within rated limits though 
the power and the speed and/or torque cannot reach rated values. The 
zero for the square-root term confirms that the maximum conditions 
have been reached, with only one solution for J a and Ιίφ. 

In the solution <}{ the final part of the question, maximum speed ω π 1 8Χ 

will be reached at maximum flux by suitable adjustment of the resistance. 
The solution is also shown on the accompanying diagram. 

Speed 

•/? = 0.5, /L, = 0.725 

/?=0 .05 
! \ * φ =0.1 

l ^ C ii 
. = 2.18 ' Λ χ ' · ' V * 

/?=0.05, I I " 
Αφ =0.229 Ι·0Η 

Speed 

• % / ? = 0 . 0 5 , Tm constant 

= 2.18 

0.5 

Tm constant 

FIG. E.3.12. 

(d) For constant-torque load, required resistance for continuous increase of speed with 
flux is V/2 = 0.5 per unit for rated voltage. The solution has already been covered on 
p. 63 and the curves are on the figures. 

For the case of Tm α ωιτ ι, the required resistance is 1 — Ra = 1 — 0.05 = 0.95 per unit, 
see table on p. 65 and the appropriate curves on Fig. E.3.12. 
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yJ{\-005)l{4xQ.9S) = 0.5 

Tm at this speed = c a m a x/ ( l - Ä a) = 0.5/(0.95) = 0.526 

Power = û ) m HT m = 0.526x0.5 = 0.263 

y/l-4Rx Power = 1 -4x0 .95x0 .526 = 0 

·'· /a = 1/2R = 1/1.9 = 0.526 

Κ =
 1

/2ω ι η 3χ = 1/(2x0.5) = 1 

T
c - VA.

 = 7
m 1 χ 0.526 = 0.526 

3.4 S E R I E S M O T O R S 

The special characteristics of the series motor make it suitable for 
many applications requiring high overload-torque per ampere as in 
traction, together with its falling speed/torque curve limiting the power 
demand, this being suitable also for crane and fan drives with simple 
resistance control of the characteristic. The motor can also be designed to 
run on a.c. (the universal motor), but there is a deterioration of 
performance due to the loss of voltage in the machine reactance which 
reduces the machine e.m.f. and speed, for a given flux and supply voltage. 
The field iron must be laminated to reduce eddy-current effects which 
otherwise would not only increase the iron losses but also, in delaying the 
flux response, would prevent the flux from being in phase with the 
excitation m.m.f. If these are in phase, the torque is still given by k<t> · ia and 
neglecting saturation this is k{ · i

2
 instantaneously, which is unidirec-

tional and for a sinusoidal r.m.s. current / a, oscillates at twice supply 
frequency, from zero to kf (^/ΪΓΛ)

2. The mean torque is thus kf I
 2

 as for a 
d.c. current / a, but this assumes that kf does not saturate as it peaks to yjl 
times the value corresponding to J a. Quite apart from saturation effects 
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which occur even on d.c. operation at the higher currents, it can be seen 
that on ax., the high peak current necessarily causes further flux reduction. 
However, the good starting torque and the variable-speed facility results 
in this single-phase series motor tending to dominate the mains-supplied 
domestic appliance and portable machine-tool fields of application. High 
speeds up to and beyond 10,000 rev/min give a good power/weight ratio 
and reasonable efficiencies. Applications beyond the small-power range, 
> 1 kW, are no longer common. Commutation difficulties required 
design refinements and compensating windings to oppose the armature 
m.m.f. and thus reduce the reactive voltage loss, when these motors were 
used for traction, usually at 25 or 16§ Hz. 

The first three examples to follow, neglect saturation, one of them 
illustrating a.c. operation. Further examples calculate d.c. machine 
speed/torque curves allowing for the non-linearities due to armature 
reaction, saturation and the mechanical load. 

Example 3.13 

A 220-V d.c. series motor runs at 700 rev/min when operating at its full-load current of 
20 A. The motor resistance is 0.5 Ω and the magnetic circuit may be assumed unsaturated. 
What will be the speed if : 

(a) the load torque is increased by 44 %? 
(b) the motor current is 10 A? 

Speed is given by E/k4 = ( V — K/J/fc^ and for the series machine, neglecting saturation 
/ĉ  α / a since / , = Hence, 7"e = / c 0/ a α / a

2
. 

If the torque is increased to 1.44, this will be achieved by an increase of current by a factor 
of ^1.44 = 1.2. The same increase of flux will occur. 

T h us g ^ g l i e , 220 -0 .5x20 xU = u l2 

com2 E2 k^ 220 -0 .5 χ (20 χ 1.2) 1 

•'· new speed = 700/1.212 = 578 rev/min 

ω . 220 -0 .5x20 10 
For a current of 10 A: — = χ — = 0.488 

com2 220-0 .5x 10 20 

'new speed = 700/0.488 = 1433 rev/min 
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Example 3.14 

The series motor of the previous example is to be supplied from a 220-V, 50-Hz, a.c. 
supply and it can be assumed that the field iron is correctly laminated. If the inductance 
between terminals is 15 mH, at what speed will the machine run when producing the same 
average torque as in part (a) of Example 3.13? Assuming the torque loss is 7.5 Nm, compare 
the efficiencies for d.c. and a.c. operation at this load condition. 

On a.c. the rotational e.m.f. (from Blv) is in phase with the flux density pulsation, which, 
with correct lamination will be in phase with the exciting m.m.f. The phasor diagram can be 
drawn in terms of the r.m.s. values of the various components. The voltage drops are: 

Ä / a = 0 . 5 x 2 4 = 12 V 

Χ 1Λ = In χ 50 χ 0.015 χ 24 = 113.1 V 

V ( 2 2 0 ) / ^ 
Ί * Ι β( Ι Ι 3 . Ι ) 

V ( 2 2 0 ) / ^ 
Ί * Ι β( Ι Ι 3 . Ι ) 

Ε 1.(24) φ 

- A 
RU (12) 

FIG. E.3.14. 

From the phasor diagram Ε = y/220
2
 -113 .1

2
 - 1 2 = 176.7 V 

The value of k+ can be obtained from operation on d.c. 
220 -0 .5x20 

At 20 A and 700 rev/min, kA = = 2.865. 
φ
 2π χ 700/60 

so at 24 A, k0 = 1.2 χ 2.8647 « 3.438 which on a.c. is an r.m.s. value and will give the 
176.7 

r.m.s. e.m.f. hence: wm = = 51.4 = 491 rev/min 
m
 3.438 - -

The power factor is cos φ = 188.7/220 = 0.858 
The output torque is kélA — TXoss = 3.438 χ 24 — 7.5 = 75 Nm 

75 χ 51.4 
Hence the efficiency = —-——— = 0.851 

220 χ 24 χ 0.858 

Λ J ^ . 75 χ 2π χ 578/60 λ_ 
On d.c. the efficiency = = 0.86 J

 220 χ 24 
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On a.c. therefore, there is a slight fall in efficiency but in practice the efficiency would be 
rather lower because of the additional field-iron losses and more pronounced saturation 
effects. 

Example 3.15 

A d.c. series motor has a per-unit resistance of 0.05 based on rated voltage, rated current 
and rated flux as reference quantities. Assuming the machine is unsaturated, i.e. kA in per 
unit = / a in per unit, calculate: 

(a) The per-unit speed and current when the torque is 0.5 p.u. 
(b) The per-unit speed and torque when the current is 0.5 p.u. 
(c) The per-unit current and torque when the speed is 0.5 p.u. 

(a) Since torque = kAla and the machine is unsaturated, torque in per unit = /a

2 

Hence / a

2
 - 0.5 so / a = 0.707 

Ε 1 -0.05x0.707 

0.707 

(b) / a = 0.5 so Tt = 0.5
2
 = 025 

Ε 1-0.05x0.5 
ω = - = = 1.95 m

 kA 0.5 
V — K V— k ω 

(c) / . ^ j - * and since * , « / . : 

1 - / x0.5 
/ = - from which / = 1.82 

0.05
 8 

Τ = IJ = 1.82
2
 = 3.3 

Series Machine Speed/Torque Curves 

To allow for non-linearities in the magnetic circuit, these curves must 
be worked out point by point. The general method is to get expressions 
for E, / a and k+ as f(/ f). Hence, for any particular value of / f , speed 
com = Ε/Ιίφ and torque Τ€ = ΙίφΊΛ. 

The magnetisation curve necessary to determine the Κφ/Ι^ relationship 
can readily be obtained—with allowance for armature reaction 
included—by loading the machine as a motor, with provision for varying 
the terminal voltage whilst the speed is held constant preferably, by 
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adjusting the mechanical load. Alternatively, if the series field can be 
separately excited and the machine is loaded as a generator, the same 
information can be obtained if the armature current is maintained at the 
same value as the field current, as this is increased. Hence £ t e st = 
ν±ΚΙΛ and fc0 at each value of If is Etest/coicst9 where œ i c st = 

(2π/60) χ test rev/min. A test on open-circuit would not of course include 
armature reaction effects but would be a good approximation to the true 
curve. In the following examples, for convenience, the magnetisation 
curve data are given at the end of the question and the fc^//f curve is 
derived at the beginning of the solution. 

Example 3.16 

A 250-V d.c. series motor has an armature-circuit resistance R = 1.2 Ω. Plot its 
speed/torque and speed/power curves from the following data and determine the torque 
and mechanical power developed at 600 rev/min. Also calculate the value of additional 
series resistance to limit the starting torque at full voltage to 120 Nm. The following 
magnetisation curve was taken when running as a motor from a variable terminal voltage 
and rotating at a constant speed of 500 rev/min. 

Terminal voltage 114 164 205 237 259 278 V 

Field current 8 12 16 20 24 28 A 

Test speed cwtcst = 500 χ 2π/60 = 52.36 rad/s 

£tcst = V-l.2Ir 104.4 149.6 185.8 213 230.2 244.4 V 

k<f, = t̂estMest 2 2.86 3.55 4.07 4.4 4.67 Nm/A 

Having determined the k4 = f (If) characteristic, speed and torque will be calculated for the 
specified terminal voltage. The e.m.f. will be 250 - 1.2/f and 7a = / f. 
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Ε 240.4 235.6 230.8 226 221.2 216.4 V 

w m = E/k<p 120.2 82.4 65 55.5 50.3 46.3 rad/s 

Ν = œmx 60/2π 1148 787 621 530 480 442 rev/min 

Tc = k 4 i ( 16 34.3 56.8 81.4 105.6 130.8 Nm 

Power = ü)mTc 1.93 2.83 3.7 4.52 5.31 6.06 kW 

Speed/torque and speed/power curves are plotted from the above results. At 600 rev/min: 

Torque = 63 Nm and Power = 3.8 kW 

For the second part of the question, it will be necessary to plot the TJIA curve noting that 
any particular value of Tc occurs at a unique value of 7A. These data are available in the 
above table. From the curve at 120 Nm, 7a=26.3 A. Hence, the required series resistance to 
limit the starting current to this value at full voltage, with e.m.f. zero = 250/26.3 = 9.51 Ω, 
an extra 9.51 -1 .2 = 8.31 Ω. 

Power, kW 

6 3 

FIG. E.3.16. 
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Example 3.17 

A d.c. series motor has an armature resistance of 0.08 Ω and the field resistance is the 
same value. 

(a) Find the speed at which a torque of 475 Nm will be developed when supplied at 250 V. 

(b) The motor is driving a hoist and the load can "overhaul" the motor so that its speed can 
be reversed to operate in the positive-torque, negative-speed quadrant. How much 
external armature-circuit resistance will be necessary to hold the speed at 
- 400 rev/min when the torque is 475 Nm? Note that this will demand a current of the 
same value as in (a), but the e.m.f. is now reversed, supporting current flow; the machine 
is generating and the total resistance is absorbing V + Ε volts. Calculate and draw the 
speed/torque curve to check that the chosen resistance is correct. 

The magnetisation curve was taken by running the machine as a separately-excited 
generator, field and armature currents being adjusted together to the same value. The 
following readings were obtained at a constant test speed of 400 rev/min: 

Terminal voltage 114 179 218 244 254 V 

Field current 30 50 70 90 110 A 

cu l e sl = 400 χ 2π/60 = 41.89 rad/s. £ t e st = J/ + 0.08/ f (/a = It but field is not in series) 

^ t e s t 116.4 183 223.6 251.2 262.8 

Κ = ^test/41.89 2.79 4.37 5.34 6 6.27 Nm/A 

7 > V ' a = V f 83.7 218.5 373.8 540 689.7 Nm 

(a) 

£ = 250 - 0.16/f 245.2 242 238.8 235.6 232.4 V 

iûm = Ε/Ιιφ 87.9 55.4 44.7 39.3 37.1 Rad/s 

Ν = œm χ 60/2π 839 529 427 375 354 rev/min 

(a) Speed/torque and Γ β/ / . curves are plotted from the above table. At a torque of475 Nm, 
the speed is 390 rev/min and a current of / a = 82.5 A is taken. 

(b) When overhauling, the circuit conditions with speed and e.m.f. reversed are as shown. 
But using the motoring convention, (with the Ε arrow in the opposite sense), Ε is still 
calculated from: Ε = V — Rl& and will be negative. 
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From the k^l{ curve at 82.5 A, k4> = 5.78. 

Ε = k<pœm = 5.78 χ (-400) χ 2π/60 = -242 V 

so -242 = 250 -82.5 R, from which R = 5.96; an extra 5.8 Ω. 

For the field currents in the table on p. 71, the torque will be the same but the e.m.f. is now 
250-5.961{ and this permits the new speed points to be found: 

Ε 71.2 - 4 8 -167.2 -286.4 -405.6 V 

W
m =

 E
l
k
4> 25.5 - 1 1 -31.3 -47.7 -64.7 rad/s 

Ν 244 -105 -299 -456 -618 rev/min 
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From the plotted curve, the speed at 475 Nm is in fact - 400 rev/min. Note that the 
machine is really operating in a braking mode, the machine is generating but the circuit as a 
whole is dissipative. The mode will be met again in Examples 3.20, 4.8, 6.7 and 6.8. 

Example 3.18 

For the same machine as in Example 3.16, calculate the speed/torque curves for the 
following circuit conditions, the supply voltage being 250 V throughout: 

(a) with a 5Ω series resistor and a 10 Ω diverter resistor across the machine terminals; 
(b) with a 5 Ω series resistor and with the 10 Ω diverter across the armature terminals only; 
(c) with a single resistor of 1.8 Ω, diverting current from the field winding, 
(d) without diverters but with the series winding tapped at 75 % of the full series turns. 

Allow for the reduced circuit resistance and assume Ra = R{ = 0.6 Ω. 

These circuits are all used in practice, to change the characteristic for various control 
purposes, but the problem is also a good exercise in simple circuit theory. The various 
configurations are shown on the figure on p. 74, together with the derivations of the 
required equations relating Ε and 7a to the field current 7f, which is not always the same as 
/ a. The magnetisation data are transferred from Example 3.16. 

Field current 

*• 
(a) £ = 166.7-4.533 7f 

w m = E/kt 
Te = k,/If 

(b) 7a = 1.57 7 f - 2 5 
Ε = 2 6 5 - 6.54 7f 

7 > V a 
(c) 7 a= 1.333 7f 

£ = 250-1.47 f 

Te 

(d) k4 at 7f χ 3/4 
Ε = 2 5 0 - 1.05 7f 

8 12 
2 2,86 

130.4 112.3 
65.2 39.3 
16 34.3 

-12.5 -6 .3 
212.7 186.5 
106 65.2 

- 2 5 - 1 8 

10.7 16 
238.8 233.2 
119.4 81.5 
21.4 45.8 

2.2 
237.4 
108 
26.4 

16 20 
3.55 4.07 

94.1 76 
26.5 18.7 
56.8 81.4 

-0.04 6.2 
160.4 134.2 
45.1 33 

-0.1 25.2 

21.3 26.7 
227.6 222 

64.1 54.5 
75.6 108.7 

2.86 3.4 
233.2 229 

81.5 67.4 
45.8 68 

24 28 A 
4.4 4.67 Nm/A 

57.9 39.7 V 
13.2 8.5 rad/s 

105.6 130.8 Nm 

12.4 18.7 A 
108 81.9 V 
24.6 17.5 rad/s 
54.6 87.3 Nm 

32 37.3 A 
216.4 210.8 V 
49.1 45.1 rad/s 

140.8 174.2 Nm 

3.85 4.15 Nm/A 
224.8 220.6 V 

58.4 53.2 rad/s 
92.4 116.2 Nm 

The four characteristics are plotted on the graph, together with the natural characteristic 
from Example 3.16. Curve (d) lies on top of curve (c) since in each case, the series m.m.f. is 
reduced to 3/4 of the normal value and the resistance drop across the field terminals is the 
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(a) Machine diverter (b) Armature diverter (c) Field diverter (d) Field tapping 
1 Γ

« fo If 

0 50 100 150 

FIG. E.3.18. 

same. For a given armature current, the speed is higher and the torque is lower than with 
the natural characteristic. Curves (a) and (b) give a lower speed for a given torque and for 
the armature diverter, there is a finite no-load speed as it crosses into the regenerative 
region, / a becoming negative. Rapid braking from the natural characteristic to curve (b) is 
therefore possible. 

Example 3.19 

A 500-V d.c. series motor has an armature circuit resistance of 0.8 Ω. The motor drives a 
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fan, the total mechanical torque being given by the expression: 

(rev/min)
2 

Γ = 1 0 + lbfft. 
2250 

Plot the speed/torque curves and hence find the steady-state speed and torque under the 
following conditions: 

(a) when an external starting resistance, used to limit the starting current to 60 A at full 
voltage, is left in circuit; 

(b) when all the external resistance is cut out; 
(c) when only 2/3 of the series winding turns are used, a field tapping being provided at this 

point in the winding. The armature-circuit resistance may be considered unchanged at 
0.8 Ω. 

The magnetisation curve at 550 rev/min is as follows: 

Field current 20 30 45 55 60 67.5 A 

Generated e.m.f. 309 406 489 521 534 545 V 

Test speed œtest = 550 χ 2π/60 = 57.6 rad/s. 
Required starting resistance for 60 A = 500/60 = 8.33 Ω; i.e. 8.33 -0 .8 = 7.53 Ω extra. 

k+ = gen. e.m.f./57.6 5.36 7.05 8.49 9.05 9.27 9.46 Nm/A 

For case (a) / a = If and Ε = 500 - 8.33 If 
For cases (b) and (c) / a = I{ and Ε = 500 -0 .8 If 
But for (c), the value of \ φ must be reduced to that corresponding to 2/3/ f. 

Hence, for the various operating conditions: 

(a) £ = 500-8 .33 / f 333.4 250.0 125.1 41.85 0.2 -62.3 V 

Q>m = E/k4 62.2 35.47 13.82 4.62 0.02 -6.58 rad/s 

Ν = a>mx 60/2π 594 339 141 44 0.2 - 6 3 rev/min 

Te for (a) and (b) 107 212 382 498 556 639 Nm 
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(b) Ε = 500 - 0.8/ f 484 476 464 456 452 446 V 

90.3 67.5 54.7 50.4 48.8 47.1 rad/s 

Ν 862 645 522 481 466 450 rev/min 

(c) fc,at2/3/f 5.36 7.05 8.49 Nm/A 

161 317 573 Nm 

œm = £(b)//c0 88.8 65.8 52.5 rad/s 

Ν 848 628 502 rev/min 

1000 

6 1 5 -

\ ) ρ — 
* 280 

2 

Ύ Field turns 

4 7 5 — - ^ 
/ 

/ \ 

Λ " 
'm 

8 

2 40
 Natural 

charact eristic 

Ή , 

Ο 2 0 0 4 0 0 ^ 6 0 0 , 

Torque, Ν m 

FIG. Ε.3.19. 

The mechanical load characteristic is given in lbf ft and the conversion factor to Nm is 
746/550. It is a straightforward matter now to plot Tm in Nm for the converted expression: 
Tm = 13.6 + (rev/min)

2
/1659 Nm and this has been done along with the speed/!Te curves 

from the above table. The intersections of the Tm and Tt curves give the steady-state points 
as: 

(a) 475 rev/min , 148 Nm ; (b) 615 rev/min, 240 Nm; (c) 665 rev/min , 280 Nm. 
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3.5 B R A K I N G C I R C U I T S 

If when motoring, the circuit conditions are so changed that current / a 

(or flux fc0) reverses polarity, the torque Te will reverse. Being then in the 
same sense as Tm, which opposes rotation, the speed will fall, Tm being 
assisted by this electrical braking action. Depending on the circuit and the 
nature of Tm, the rotation may reverse after falling to zero, to run up 
again as a motor in this changed direction. Reversal of flux is sometimes 
employed with certain power-electronic drives but the time constant for 
φ is relatively long by comparison with the armature-current time-
constant. Further, since / a would increase excessively as fc0 was reduced 
for ultimate reversal, armature current must first be zeroed for the 
reversal period, usually less than a second, and during this "dead time", 
motor control is lost. Consider the expression for / a: 

= V-E=V-kéœm 

R R 

Reversal of / a and Tt can be achieved by four different methods: 

(1) Increase of ^ ω ι η, the motor becoming a generator pumping power 
back into the source. This regeneration would only be momentary if 
fc0 was increased, being limited by saturation and the fall of speed. If 
Tm is an active load, e.g. a vehicle drive, then gravity could cause speed 
to increase, and be controlled by controlling the regenerated power 
through flux adjustment. 

(2) Reversal of V. This would have to include a limiting resistor to 
control the maximum current. Such reverse-current braking (plug-
ging) is very effective but consumes approximately three times the 
stored kinetic energy of the system in reducing the speed to zero, and 
would run up as a motor in reverse rotation unless prevented. See 
Tutorial Example T.6.6. 

(3) Short circuiting the machine, making V = 0, would also require a 
limiting resistor. Again the machine is generating in what is called a 
dynamic (or rheostatic) braking mode and this time, the resistor and 
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the machine losses only dissipate 1 χ the stored kinetic energy. 
Braking is slower, especially if Tm is small. 

(4) Far superior to any of the above methods is to provide the relatively 
expensive facility of controlling V, using a separate generator or 
power-electronic circuit in what is called the Ward-Leonard system, 
after its inventor. Rapid control of current, torque and speed in any of 
the four quadrants is made available. The next example illustrates all 
the methods above, showing them on the 4-quadrant diagram. 

Example 3.20 

A 250 V, 500 rev/min d.c. separately-excited motor has an armature resistance of 0.13 Ω 
and takes an armature current of 60 A when delivering rated torque at rated flux. If flux is 
maintained constant throughout, calculate the speed at which a braking torque equal in 
magnitude to the full-load torque, is developed when: 

(a) regeneratively braking at normal terminal voltage; 

(b) plugging, with extra resistance to limit the peak torque on changeover to 3 per unit; 

(c) dynamically braking, with resistance to limit the current to 2 per unit; 

(d) regeneratively braking at half rated terminal voltage. 

(e) What terminal voltage would be required to run the motor in reverse rotation at rated 
torque and half rated speed? 

It is first necessary to calculate rated flux and thereafter the speed is given by: 

V-RI V RT 

with appropriate values of Ä, V and / , or Tt. Both 7a and Tt will be negative 

250 - 0.13 x 60 _ 242.2 

2π χ 500/60 ~ 52.36 
*«,...<> - - 7^2 « <·626 Nm/A or V/rad/s 

Substituting this value of k4 will give all the answers from the general expression for the 
speed/torque curve. 

250-0.13Î-60) 
(a) / = - 6 0 A. a)m = - = 55.73 rad/s = 532 rev/min 

4.626 
(b) / a must be limited to 3( — 60) A, and V — — 250 V. Assuming that speed does not change 

V-E -250-242 .2 
in the short time of current reversal: /„ = so R — = 2.734 Ω, the 

R 3(-60) 
e.m.f. kéa)m being unchanged momentarily. 
This is the total circuit resistance which means an external resistor of 2.6 Ω is required. 
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-250 -2 .734( -60 ) 
Speed for full-load torque = = -18.6 rad/s = -177 rev/min 

4.626 

0-242.2 
(c) 7a limited to 2(-60) A and V = 0 so: R = 2( . 6q )

 = 2 0 18 = e x t ra 1 8 9Ω 

0-2 .018(-60) 
Speed for full-load torque = = 26.18 rad/s = 250 rev/min . 

(d) / a = - 6 0 A; V = 125 V, com = 

-52.36 

4.626 

125-0.13(-60) 

4626 
= 28.7 rad/s = 274 rev/min . 

(e) / a= -60A; wm =-

= -128.9 V. 

V = k4)a)m + RIa = 4.626 χ ( -26.18) + 0.13( -60) 

Rated speed 

Regenerative braking ( a ) 

6001 
+ve Speed 

rev/min 

r — a — 
No-load Forward 
speed motoring 

Torque 

Rated torque 
(negative) 

FIG. E.3.20. 

- v e Speed 

Note that the motoring equation has been used throughout, even though 
most modes are generating. This simplifies the concepts but requires the 
insertion of a negative sign for current, torque or power if these are 
specified. Alternatively, if the correct signs of speed, voltage and flux are 
inserted the signs of / a, Te and Ρ will come out naturally in the 
calculations. 

The speed/torque curves for each setting are shown on the attached 4-
quadrant diagram (Fig. E.3.20) and the above answers at one particular 
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torque ( - 1 per unit) are indicated. The dynamic changeover between 
quadrants and curves will be illustrated by examples in Chapter 6. 

Example 3.21 

A d.c. series motor drives a hoist. When lowering a load, the machine acts as a series 
generator, a resistor being connected directly across the terminals—dynamic braking mode. 
Determine: 

(a) the range of resistance required so that when lowering maximum load (450 lbf ft) the 
speed can be restrained to 400 rev/min, and for light load (150 lbf ft), the speed can be 
allowed to rise to 600 rev/min. 

(b) What resistance would be required if the light-load speed was maintained instead at 
400 rev/min and what would then be the saving in external resistance loss at this load? 
What total mechanical power is gravity providing under this condition? Neglect the 
mechanical losses. Armature-circuit resistance 0.1 Ω. 

Before giving the magnetisation data, it should be pointed out that the machine is going 
to be operating as a self-excited series generator and a step-by-step calculation will be 
required. A braking condition with a series motor driving a hoist has already been 
encountered in Example 3.17. The mode here was "plugging"; also with forward torque and 
reverse speed, but a different circuit connection. 

The following magnetisation curve was taken at a speed of 400 rev/min; i.e. (omitest) 
= 41.89. 

8 0 

Field current 
Generated e.m.f. 
k4 = £/41.89 
Torque Te = *,/f 

30 50 70 90 110 A 
114 179 218 244 254 V 

2.72 4.27 5.2 5.83 6.06 Nm/A 
81.6 213.5 364 524.7 666.6 Nm 

Flux and torque are plotted against current on Fig. E.3.21. The question specifies torques 
so the curves will be used to read /ĉ  and / a (= / f) at the Te values. 

746 
For 450 lbf ft = 450 χ — = 610.4 Nm; / a = 102 A and ^ = 6 Nm/A 

For 150 lbf ft = 203.4 Nm; / a = 49 A and k* = 4.2 Nm/A 

0 — kéo) —k0co 
For dynamic braking: / a = — - so required resistance is R - — -

R
 h 

2π 
- 6 x — x ( - 4 0 0 ) 

(a) For - 4 0 0 rev/min and 450 lbf ft; R = — = 2.464 Ω; extra 2.364 Ω 
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For -600 rev/min and 150 lbf ft; R = '- = 5.386 Ω; extra 5.286 Ω 
49 

_ 4 2 χ {— 40π/3) 
(b) For -400 rev/min and 150 lbf ft; R = — = 3.59 Ω; extra 3.49 Ω 

49 
Difference in power loss = (5.286-3.49) χ 49

2
 = 4.31 kW 

Total mechanical power is that dissipated; i.e. 3.59 χ 49
2
 = 8.62 kW = £ · / , 

The various features of interest are shown on the speed/torque curves which, as an exercise, 
could be plotted from the above data following a few additional calculations of speed 

ω„ = -RTJkJ. 

As a practical point, the reversal of e.m.f. with rotation maintains the direction of If, thus 
permitting self excitation on changeover from motoring. Changeover to + ve speed and — ve 
torque would require an armature-connection reversal to give / , = - 7 f . 

3.6 P E R M A N E N T - M A G N E T M A C H I N E S 

These can be treated as if the flux was constant, since modern PM 
machines use magnetic materials which are very stable and designed to 
withstand, without demagnetisation, the normal demagnetising forces 
occurring in service. A brief review of permanent-magnet theory follows. 
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FIG. 3.1. Permanent magnet with pole pieces and air gap. 

The figure shows in a schematic way, the features of a magnetic circuit 
incorporating the permanent magnet and the air gap which together, 
absorb virtually all the m.m.f. If the magnet was "short circuited" by a 
soft-iron keeper, its flux density would be at the residual value B r es but 
because of the air gap and leakage paths, it falls down the demagnetisation 
curve to Bm at a corresponding negative value of Hm. The required 
magnet length can be obtained by applying Ampere's circuital law, 
equating the current enclosed to zero, i.e. 0 = Hmlm + H9lg from which: 

The required area of magnet is obtained by equating the magnet flux to 
the sum of air-gap and leakage fluxes, i.e. leakage factor (LF) χ BgAg 

= BmAm from which the magnet area Am = LF-^LAg 

Hence the magnet volume required, using the modulus of Hm is: 

• ο m m « ο m m 

The product BmHm has the dimensions of energy density per unit volume 
and can exceed 250 kJ/m

3
 for some of the newer materials. It is clearly 

desirable to operate near the maximum BH product which occurs at a 
point a little higher than BTCJ2. 
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The magnetic equivalent circuit for Fig. 3.1 is shown on Fig. 3.2b and 
can be derived as indicated on Fig. 3.2a. The magnet is stabilised by 
minor-loop excursions about the "recoil" line of average slope AQ, 
between the stabilised limit and the "short-circuit" flux φτ = ΒτΑηχ. 
Along this line, the magnet behaves as if it were a source of m.m.f. FQ 

The presence of the air gap reduces the flux below φΤ since it absorbs an 
m.m.f. ^ g< / > g , the remainder of FQ being absorbed by the magnet. Certain 
of the newer materials do in fact have a straight-line operating region 
down to zero flux but on Fig. 3.2a, FQ is a mathematical abstraction 
defining the intersection of the "recoil" line with zero flux. On the 
equivalent circuit, represents the reluctance of the leakage path and F d 

the demagnetising effect of any external m.m.f. e.g. due to armature 
reaction. It may be noticed that Fig. 3.2b is topologically the same as Fig. 
E.2.11 for two paralleled transformers, so the same mathematical 
equations apply, but with different variables. For example, the leakage 
flux is analagous to the load current / and the flux through the air gap in 
the opposite sense to Fd will be indicated by a negative value of φΛ. 
Making φϊη analagous to / A its value will be: 

= H 0 / m , behind a reluctance @Q (= 1/AJ = 
m.m.f. HJr 

flux ~ ~B^A] 

F0®t + (F0-Fa)®x (3.12) 

Magnet flux BxAm 

(a ) F lux/mmf relationship (b ) Fig 3.1 equ iva len t - leakage included 

FIG. 3.2. Equivalent circuit development. 
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</>g will have the same denominator but all the suffices in the numerator 
apart from Ά\ will be interchanged. The combination of these two fluxes 
will give the leakage, again with the same denominator so: 

Example 3.22 

A PM machine uses a material with a straight-line demagnetisation characteristic cutting 
the axes at BT = 0.95 Τ and H0 = - 720 χ 10

3
 At/m. The cross-sectional area of the magnet 

is to be the same as that of the air gap in which a flux density of 0.6 Τ is required. Take the 
leakage factor as 1.2. Calculate the required length of magnet if the air-gap length is 2 mm. 

To allow for design errors, calculate how much the air-gap flux will fall: 

(a) if the leakage factor is in fact 1.4; 
(b) if in addition, there is an armature demagnetising m.m.f. of 500 At/pole? 

What would be the required magnet length if operating at the optimum point on the curve 
and what would then be the air-gap flux density if the leakage factor is 1.2? 

^ „ ß«
2
 , Air-gap volume (LA) . 

From eqn (3.11), the magnet volume lmAm = —— LF —— and since 

Am = Ag, Bm will have to be 1.2 J5g to sustain a leakage factor of 1.2, so Bm = 1.2 χ 0.6 
= 0.72 T. The corresponding value of Hm follows from Fig. E3.22: 

( F 0 # g + F df f 0) 

denominator 

m 

0.72 7 2 0 - H, m 

0.95 720 
from which \HJ = 174.3 kAt/m 

£ γ = 0 . 9 5 

/ / 0 = - 7 2 0 H k A t / m 

FIG. E.3.22. 

Substituting in eqn (3.11) 

so the magnet length must be 2.74 χ 2 = 5.48 mm , since Am = Ag. 
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The equivalent circuit can be used for parts (a) and (b) for which the components are: 

/ HI 720000x2.74/ μα 
®Λ = — ® 0 = = *- x — = 2.61 

* μ0Α,'
 0

 B,Am 0.95 χ Λ . μΰ 

Now φ, = 0.2 φΛ from LF = 1.2, so 9tx must be 5 times # g and for LF = 1.4 &x = 2.5 # g . 
F 0 = 720000 χ 2.74 χ 2 χ 10"

3
 = 3945.6 At and Fd = 0 or 500 At. The denominator of eqn 

(3.12) for the two cases, = 5 £?g and = 2.5 # g: 

Denom = ( # 0 + # g) + # 0 # g = 5 # g (2.61 + 1) ®% + 2.61 # g

2
 = 20.66 # g

2 

or for (a) and (b): = 2.5 #g(3.61 # g) + 2.61 # g

2
 = 11.635 # g

2 

— F &. -3945.6 χ 5 &B - 954.88 μ0ΑΒ Hence, with L F = 1.2 0 g = J °
 1

 = .
 g

 = , 1 A. ?
 g

 = -0.5999 A% β
 denom. 20.66 # g

2
 2 χ 10

 3 8 

which checks with the specified air-gap density. Note — ve sign, following Fig. 3.2b. 

- 3945.6 χ 2.5 m - 847.8 μ A 
(a) φα = — * = ^ V

1
 = -0.533 Aa '

 Ψ%
 11.635 # g

2
 2 x l 0 ~

3
 *-

3945.6 χ # 0 + 3945.6 χ 2.5 St' 
ώ = - * = 0.745 Aa Ψ χη

 11.635 # g

2 

and the leakage flux </>, = φιη + φΛ = 0.212 At which checks as 0.4 χ φ%. The air-gap flux has 
fallen by more than 10 % but the magnet flux has increased slightly to accommodate the new 
leakage. Eqn (3.11) could be solved for Bg with this new value of Bm to give 0.533 Τ as above. 

/ ux ^ 500 χ 2.61 # g + (500-3945.6) χ 2.5 # g -62Ζ.2μ0ΑΛ a 
(b) φ = = — = — U.jyj An y } Ψ

* 11.635 # g

2
 2 x 1 0 "

3
 s-

^ 3945.6 χ # g + (3945.6 - 500) χ 2.5 M% 

φ — s = U.o /o A0 
Ψ π}

 11.635 #
g 2 

0.678 
the leakage flux is now (0.678 - 0.395) A% = 0.283 At so LF is = 1.72. 
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The effect of the demagnetising m.m.f. is quite considerable and drives more flux into the 
leakage paths reducing the air-gap flux appreciably. 

For the final part of the question, the optimum point of the straight-line demagnetisation 
characteristic is at B m = BJ2 = 0.475 T, with Hm = - 360 χ 10

3
 At/m. The air-gap flux 

density will be 0.475/1.2 = 0.396. Substituting in eqn (3.11): 

Thus the magnet is much smaller than the previous figure of 2.74 χ , since the maximum 
BmHm point has been used. However, for the same condition, the flux density is only about 
2/3 so there would have to be a 50 % increase in machine size to give the same total air-gap 
flux as before. This situation has highlighted the overall problem of design optimisation. 



CHAPTER 4 

I N D U C T I O N M A C H I N E S 

FOR drives, the important characteristic is that relating speed and torque. 
Using the same axes as for the d.c. machine, with com = i(Te) as the 
dependent variable, the basic speed/torque curve on a 4-quadrant 
diagram is shown on Fig. 4.1a. It can be compared with that shown for 
the d.c. machine in Example 3.20. Basic operation as a motor is at speeds 
near to synchronous, ns = f/p rev/sec, with small values of slip s = (ns 

— ri)/ns. There are other significant operational modes however, e.g. 
starting, generating and braking. Adopting a motoring convention, for 
which P e l ec and P m e ch are both positive, the various modes are shown, 
covering slip variations from small negative values (generating) to larger 
values s -• 2, where braking occurs. Changing the ABC supply sequence 
to the primary—usually the stator winding—will reverse the rotation of 
the magnetic field and give a mirror-image characteristic as indicated. 
Note also the typical mechanical characteristic; Tm = f(com), its intersec-
tion with the œm = f(Te) characteristic which determines the steady-state 
speed, and its reversal, as a passive load, if rotation reverses. Although the 
natural induction-machine characteristic as shown is quite typical, it is 
possible to change it by various means, for example to cause change of 
speed or improve the starting torque. The later questions in this chapter 
are much concerned with such changes. 

4.1 REVISION O F EQUATIONS 

Figure 4.1b shows a power-flow diagram for the induction machine. 
Reference back to Section 1.3, Figs. 1.9(b) and (e) leads directly to Fig. 
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Ρ, 

- v e 

Reversed 
f ie ld \ 
rotat ion y 

— ve 
Speed 

-ve Speed 

- ω 5, Synchronous speed 

- Max torque 

MOTOR 
0 < s < l 
um7"e + ve + ve 

+ ve Torque 

BRAKE s> 1 

w m7 " e- v e - v e 

( a ) Operational modes 

STATOR 

AIR GAP 3 ( l - s ) P g = 3 P m 

ROTOR ROTOR ROTOR 
c o u p l i n g 

( c ) Equivalent c i rcui t per phase 

FIG. 4.1. 3-phase induction machine. 
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4.1c, the "exact" (Tee) equivalent circuit, per phase, the approximate 
circuit being indicated by the transfer of the magnetising branch to the 
terminals. These are not the only ways of presenting the equivalent 
circuit but they have the advantage of preserving the identity of 
important physical features like the magnetising current / m, and the 
winding impedances. zl = Rt + )xi and Z'2 = R'2/s + jx'2. The magnetis-
ing branch admittance Y m is l/Rm + l/'}Xm. The approximate circuit 
makes calculations very easy and is justified if a general idea of 
performance is required, having an accuracy within about 10%. The 
worked examples in this chapter apart from those in Section 4.4, refer to 
3-phase machines under balanced conditions, but the phase calculations 
would apply to any polyphase machine, see Example 4.20 and; Tutorial 
Example 4.21. 

Referring to Fig. 4.1c, the power-balance equation yields the import-
ant relationships: 

Electrical terminal power per phase 

= Pc = Vl Ιγ cos ψι = Ex Γ2 cos φ2 + Stator loss 

Air-gap power per phase 

= Pg = ΕιΓ2οο$φ2 = I?R'2/s (4.1) 

Hence: rotor-circuit power per phase 

= I'2
2
R2 = I2

2
R2 = sPg (4.2) 

and: mechanical power per phase 

= P m = ( l - s ) P g = ^ ^ / 2

2
K 2 (4.3) 

from which: electromagnetic torque 

_ 7 . _ 3 F . _ 3 F . ( l - » ) _ 3 F _ 3 / A » H A 

' <°m ω5(1 - s ) ω 8

 g
 ω 8 s 
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From the expressions for P e, P g and P m it can be seen that P e and Pm are 
both positive (motoring) when 0 < s < 1. When s is negative, P g, Pt and 
Pm are negative (generating), and when s > 1, P g and P e are positive but 
P m is negative, i.e. power flow inwards at both sets of "terminals", which 
is a braking condition. 

The mechanical "coupling" power is: 

^ c o u p l i n g
 =

 3 / 2

2
^ 2 ~

 œ
m^\oss 

Note that the rotor-circuit power-loss can be expressed either as 3 / 2

2
P 2 

or 3 / 2

2
P 2, and the rotor is assumed to carry the secondary winding, the 

usual arrangement. If the approximate circuit is used, eqn (4.4) becomes: 

3 Vl

 2
 R'2 Tc = ï^fiï *(Rl + R'2/sf + (x, + x'2f * s

 Nm (45) 

W h e r e: Γ
' - ( * ι + Ι ^ ^

 ( 4 6) 

1 ο =
 κ ~ -

}
~ ^ - L e i ! - .

 ( 4 7) 

m m 

and I, = Γ2 + Ι 0 = [(Äen/) + / p ] -j[(/ma^.) + / m] = / l Co s V l 

sin φ v Note that and sin^i are taken as — ve for lagging p.f. For a 
generator with 5 negative, the expression for Γ2 is of the form: 

V — A —\B 1
 χ ;— which becomes of the form: Vx( — a —)b), 

-A+)B -A-]B 

the real part of the current being negative. The machine is not a 
"positive" motor as the motoring-convention equations have assumed, 
but a "negative" motor indicating reverse power flow. If we reverse the 
convention, changing the signs, the real part becomes positive, and also 
the imaginary part, showing that as a generator, the induction machine 
operates at leading power factor. 

For calculations using the "exact" circuit, the following arrangement 
preserves the connection with the equivalent circuit as a useful reference: 
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^ i n p u t
 = Z

l + ^ a b 

= * i + j * i + - j j — j (4.8) 

Ii = = h cos + j / , sin Ψι 

^ i n p u t V^in. ^ i n . / 

E , = V T χ and I 0 = | l (4.9), (4.10) 
^ i n p u t

 A
m

 A
m 

( 4 1 1) 

From these equations, the majority of the Chapter 4 examples are solved, 
but other special equations are developed later as required. For example, 
an important quantity is the maximum torque. This can be obtained 
from the approximate expression eqn (4.5), either by differentiating or 
considering the condition for maximum power transfer, taking the load 
as the power consumed (/'2

2
 R'2/s) in the apparent rotor resistance. From 

these considerations, R2/s must be equal to: 

= W + i X i + x i )
2
, (4.12) 

giving a maximum torque on substitution of the corresponding slip s as: 

Max Γ = — χ = (4.13) 
ω
* 2 [ ± v / ( V + (x 1+x ' 2)

2
) + K 1] 

which is seen to be independent of the value of R'2. It will also be noticed, 
from the equations, that if all parameters are fixed apart from speed, a 
particular value of R'2/s gives a particular current and torque. If R2 is 
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controllable, the speed for any particular torque can be obtained from 
the corresponding value of R2'/

s
-

4.2 SOLUTION O F EQUATIONS 

As for the d.c. machine, the flow diagram on p. 91 has been prepared to 
act as a guide to the kind of problems which might be posed, and to 
indicate in a general way the approach to solutions. The reader must also 
be prepared to refer back to the equations just developed and to Sections 
1.3, 1.4 and Chapter 2 if necessary, when trying to understand the 
solutions in the following examples. N.B. A hand calculator has been 
used and the subsection and final answers rounded off. 

Example 4.1 

The equivalent circuit of a 440-V, 3-phase, 8-pole, 50-Hz star-connected induction motor 
is given on the figure. The short-circuit test is conducted with a locked rotor and a line 
current of 80 A. The "open-circuit" test is conducted by supplying the primary winding at 
rated voltage and at the same time driving the rotor in the same direction as the rotating 
field, at synchronous speed; s = 0. Determine: 

(a) the line voltage and power factor on the short-circuit test; 
(b) the line current and power factor on the "open-circuit" test; 
(c) the equivalent circuit per-phase if these tests were analysed on an approximate basis; i.e. 

neglecting the magnetising branch when analysing the s.c. test and neglecting the series 
leakage impedances for analysis of the o.e. test. 

0.1 j O . 5 jO.5 O. l /s 

b 
o 

FIG. E.4.1. 
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[4.2] INDUCTION MACHINES 

(a) Input impedance Z in = τ, + Z a b( l /Y a b) 

= 0.1 + jO.5 4-
 1 

1 1 1 

Î00
 +
 j20

 +
 0.1+j0.5 

1 

0.395-j 1.973 

= 0.1+j0.5 + 0.097 +J0.487 

= 0.197 + jO.987 = 1.006/78^7 Ω per phase 

Input voltage on s.c. = ^ 3 χ 1.006 χ 80 = 140 Line V at 0.1957 power factor 

(b) Input impedance (R2/s = oo) = 0.1 + J0.5 + Q Q1 _̂ (1/Ym) 

= 0.1+J0.5 +3.85+j 19.23 

= 3.95-f J19.73 = 20.1/78?7 Ω per phase 

440/ /3 
Input current / 0 = ^ = 12.64 A at 0.1963 p.f. 

(c) Z sc =
 1 4 0 /

y
3
 /cos"

1
 0.1957 = 1.006(0.196 + jO.98) = 0.197+J0.987 Ω 

ou 
Dividing this equally between stator and rotor: z t = z'2 = 0.0985 + jO.494 Ω 

V 440/ Λ 
From "o.e. test": Rm = = ^ = 102.4Ω m

 / o c o s ^ 12.64x0.1963 

V 440/v/3 
Xm = = ^ = 20.5 Ω m

 / o s i n ^ 12.64x0.98 

The largest errors with this approximation are in the magnetising-circuit 
parameters, about 2.5 %, and are less than this for the series-impedance 
elements, which are more decisive on overall performance. The errors 
depend on the relative magnitudes of the parameters and are not always 
so small, unlike the transformer case where Xm is relatively high. Note 
that test information would usually be given in terms of line voltage and 
current and total power. The power factor would have to be calculated 
from: Total power 

cos φ = 
V

/ 3X
 ^ l ine* J line 
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In this example, the o.e. and s.c. power factors are about the same, 
but this is not usually so. An "exact" analysis of the o.e. and s.c. tests to 
derive the Tee-equivalent circuit, is described in Reference 4. Note also 
that it is not always possible to drive the machine for the "o.e. test". 
Running on no load, where the slip is very small, is a close approxima-
tion and allowance can be made for the error if assuming z 2 = o o , as 
described in Reference 1. 

Example 4.2 

For the machine and equivalent circuit given in Example 4.1, calculate, at a slip of 3 %, 
the input stator-current and power factor; the rotor current referred to the stator; the 
electromagnetic torque; the mechanical output power and the efficiency. Also calculate the 
starting torque. Take the mechanical loss as 1 kW. Consider: 

(a) the equivalent circuit neglecting stator impedance altogether; 

(b) the approximate circuit; 

(c) the "exact" circuit. 

(d) Repeat (c) working in per-unit and taking the calculated output, rated voltage 
and synchronous speed as base quantities. 

Synchronous speed ω, = 2π χ f/p = 2π χ 50/4 = 78.54 rad/s. <om = ω,(1 -0.03) = 
76.18 rad/s. 

(a) Stator impedance neglected (b) Approximate equivalent circuit 

Io 

Ii 

254 

0.1/0.03 +J0.5 

254 J254 

— - 74.5-hjll.15 
254 

(0.1+ 0.1/0.03)+jl 
- = 68.2-jl9.9 

100 20 
= 2.54-J12.7 

Γ2 + 1 0 = 77.04 -J23.85 

SO^Aatcos»! =0.955 

= 2 . 5 4 - j 12.7 

70.74-J32.6 

77.9 A at cos φ ! =0.908 

Jl4.5
2
 + lU5

2
 = 75.3 A j€*2

2
 + 19.9

2
 = 71 A 

Te = — L χ 75.32
2
 x ^ = 721.9 Nm 

78.54 0.03 

3 , 0.1 
χ 71

2
 χ = 641.8 Nm 

78.54 0.03 
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(a) Stator impedance neglected (b) Approximate equivalent circuit 

^ m e c h = 76.18 x 722.2 -1000 = 54 kW 76.18 χ 641.8 -1000 =47.9 kW 

P.iec = Ν / 3 Χ 440 χ 77.04 = 58.7 kW ^ 3 χ 440 χ 70.74 = 53.9 kW 

Effy. η = 54/58.7 = 92%^ 47.9/53.9 = 88.8% 

3 254
2
 0.1 

r c t„. = χ — ; - χ — = 947.8 Nm s t a rt
 78.54 0.1

2
 + 0.5

2
 1 

3 254
2
 0.1 _ Λ ΧΤ χ — ; χ — = 236.9 Nm 

78.54 0.2
2
 + l

2
 1 

It can be seen that neglecting stator impedance gives appreciable 
differences in the answers and at starting they are utterly erroneous. 
From the next, exact-circuit calculation, it will be found that the 
approximate circuit gives answers well within 10% of these correct 
results. 

(c) Impedance across points "ab" = Z ab = -
1 1 1 

+ —- + -100 j20 0.1 

Ö Ö 3
+ J

° -
5 

1
 = 3.01 +jO.934 = 3.15/17?2 

0.01 - jO.05 -I- 0.293 - jO.044 

Adding stator impedance z t: Z l n = 3.11 +J1.434 = 3.42/24?7 

254 
I, = = 74.3 A at 0.908 power-factor lagging 

3.42/24?7 
|Z a b| 3.15 234 

E, = i - ^ χ Vx = — χ 254 = 234 V. · · l2 = . = 69.4 A 
3.42 y/3.33

2
+0.5

2 

I 0 = EJRm -iEJXm = 2 .34- j l 1.7 A 

3 
Torque Τ = —— χ 69.4

2
 χ 3.33 = 612.4 Nm 

78.54 

m̂cch = 76.18 x 612.4 - 1000 = 45.66 kW 
p
cuc = Λ / 3 Χ 440 χ 74.3 χ 0.908 = 51.4 kW 

Efficiency η = 45.66/51.4 = 88.8 % 
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For starting torque, s = 1, some data are already available from Example 4.1: 
Z ab = ^/Ö^^TÖAST

1
 = 0.496 Ω and Z l n = 1.006 Ω 

3 /0.496 Y 1 0.1 
Hence Tslart = χ χ 254 χ χ — = 230.4 Nm s , an

 78.54 V1 006 / 0.5
2
 + 0.1

2
 1 

(d) For the per-unit notation, we must first establish the base quantities: 

Rated output = 45.66 kW = P b a se (total) or 15.22 kW (phase value) 
Rated voltage = 440 V = K b a se (line) or 254 V (phase value) 
Synchronous speed = In χ f/p = 78.54 rad/s = Speed û> m ( b a s e) = ω 5. 

These are the usual base quantities chosen for induction motors and the 
rest follow as below: 

9 6 

I b - ( ^ r p h a " ) = ^ ^ ( = 5 9 - 9 A ) -

I».«d = I T (=
 7 4

· 3 A) 

Iraicd
 i n

 P
er u n it

 = = ( = 1 . 2 4 per unit) 

base " r a t e d 

"Xnted) = <°,(l
 "

S
r . .ed); S° d i r n d l Per U n it

 =
 1

 -
S
r . . . d 

Torque b a se = and Torque r a t ed = p" '^
d /

/" '
n <

" '«
d,
 = — | — 

ω
Γη(035β)

 r
 r a t e d / ^ m i b a s e )

 1 5
r a t e d 

in per unit. 

z = ^base (pe
r
 phase) = = o h ms 

s c /
b a s e (Per P h a s e) ^ b a s e ( l* r phase)/ 

^ b a s e ^ b a s e 

(440/ χ/3)
2 

Applying these relationships to the question: Z^se = ^660/3
 = 

Hence RY = K'2 = 0.1/4.24 = 0.02358 per unit 

xx = χ'2 = 0.5/4.24 = 0.11792 per unit 

Rm = 100/4.24 = 23.58 per unit 

Xm = 20/4.24 = 4.717 per unit 

Mechanical loss = 1000/45660 = 0.0219 per unit 
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Calculations now proceed as in part (c) but V = 1; ω8 = 1 and all other quantities are in per 
unit. 

1 

1 1 1 
+ +-

All the per-unit values check with part (c). The final calculations are 
somewhat neater and the method has advantages when many repetitive 
calculations are required, comparisons are being made or large systems 
are being studied. For computer simulations, especially for transient 
analyses, the scaling problem is eased considerably. 

Example 4.3 

A 3-phase, 440-V, delta-connected, 4-pole 50-Hz induction motor runs at a speed of 
1447 rev/min when operating at its rated load. The equivalent circuit has the following per-
phase parameters: 

R, =0.2Ω, R'2 = 0.4 Ω; χ, = x'2 = 2Ω; Rm = 200 Ω; Xm = 40 Ω 

97 

l 
~ 0.0424 -jO.212 -I-1.2443 -jO.18677 

= 0.7091 + jO.2197 = 0.74235 (modulus) 

add z, 0.02358 +j0.11792 z
i n = 0.7327-fjO.3376 = 0.80674 (modulus) 

tfence lx = — \—~ = 1.24 per unit at cos φι = 0.7327/0.80674 = 0.908 lagging 
0.80674 

0.74235 
El = χ 1 = 0.92 1

 0.80674 

0.92 
Γ2 = =1.157 (Check from actual values 69.4/59.9 = 1.158) 

v/0.786
2
 + 0.1179

2 

0.92 jO.92 

P e . e c ^ x / x c o s « ^ ) = 1 χ 1.24x0.908 = 1.126 per unit so η = 1/1.126 = 0.888 

Coupling torque 0.0219 (mech. loss) = 1.03 [ = 1/(1 -0.03)] 
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(a) Using the approximate circuit, determine, for rated load, the values of line current and 
power factor, torque, output power and efficiency. The mechanical loss is 1000 watts. 

(b) Determine the same quantities, if the machine is run as a generator with the same 
numerical value of slip. 

FIG. E.4.3. 

60 x///?-1447 1500-1447 
(a) Full-load slip = = = 0.0353 

60 χ 50/2 1500 

440 
= 34.05-jl 1.8 

(0.2 -I- 0.4/0.0353) +j(2 + 2) 

440 440 
I 0= — + — = 2.2 —jll 

200 j40 

Ii = ll = 36.25 -J22.8 

Line current = 0 x (36.25
2
 + 22.8

2
) = 74.2 A at 36.25/42.8 = 0.847 p.f. 

3 0.4 3 
Τ = x (34.05

2
 + 11.8

2
) χ = χ 36.04

2
 χ 11.33 = 281 Nm 

2πχ 50/2 0.0353 157.1 

P m e ch = (1 -0.0353) χ 157.1 χ 281 -1000 (mech. loss) = 41.59 kW = 55.75 h.p. 

P c l ec = 3 χ 440 χ 36.25 = 47.85 kW. Efficiency = 41.59/47.85 = 86.9% 
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(b) As a generator, slip = —0.0353; hence: 

440 440 
Γ2 = = = - 3 5 -J12.6 

(0.2 - 0.4/0.0353) + j4 -11.13 -I- j4 

Iq= 2 . 2 - j l l 

ll = -32 .8 -J216 

Line current = ^ 3 χ (32.8
2
 -I- 23.6

2
) « 70 A at -32.8/40.4 = 0.81 p.f. ( -144°) 

Note, that since a motoring equation has been used, the real part 
of Ii is negative. If the convention is reversed it will be positive and can 
be seen that lx is at leading power factor. Phasor diagrams are helpful 
here and are shown alongside. The current locus is circular and circle 
diagrams can be used for rapid solutions. They are less important 
nowadays but the technique, with numerical illustration, is dealt with 
in Reference 1. 

Tt = — χ (35
2
 + 12.6

2
) χ ( -11.33) = -299.4 Nm 

^mech = (1 +0.0353) χ 157.1 χ ( -299.4) -1000 = -49 .7kW 
P e l ec = 3 χ 440 χ ( -32.8) = -43.3 kW. Efficiency = 43.3/49.7 = 87.1% 

NOTE AGAIN THAT THE MOTORING CONVENTION RESULTS IN NEGATIVE 
SIGNS IN THE ANSWERS. 

Example 4.4 

In a certain 3-phase induction motor, the leakage reactance is five times the resistance for 
both primary and secondary windings. The primary impedance is identical with the referred 
secondary impedance. The slip at full load is 3 %. It is desired to limit the starting current to 
three times the full-load current. By how much must: 

(a) Rx be increased? 
(b) R2be increased? 
(c) x, be increased? 

How would the maximum torque be affected if the extra impedance was left in circuit? 

This question gives minimum information but can be solved most conveniently by taking 
ratios and thus cancelling the common constants. Let the new impedances be expressed as 
k*Ri, khR'2 and kcxl respectively, and jRj = R'2 = R\ xx — x'2 — SR. 
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v v/R 
Full-load current = 

Starting current = 

J{R + K/0.03)
2
 + (5R + 5R)

2
 ^1278.8 

V/R V/R 

J(k> + kh)
2
 + 25(k<: + \)

2

 v/(fca + *b)
2
-H25(/cc+l)

2 

. / s _ / 1278.8 

h~ V(*a + *b)
2
 + 25 (* c+l )

2 
Current ratio — = / ζ T;-required to be 3. 

Using this ratio and for (a) and (b), if /cc = 1 and either ka or kb = 1: 

1278.8 = 9 x [ ( * + l )
2
 + 100] 

so/c ( = /c aor*b) = 549 (5.49/?, or 5.49/?2) 

(c) If * a = * b= l : 1278.8 = 9 χ [2
2
 + 25(/cc + 1)

2
] from which * c = JL35 (1.35x,) 

3Γ ,
2
 R 

Expression for full-load torque = ——^ χ —— 4
 ω 5χ [ ( / ? + /?/0.03)

2
 + (10/?)

2
] 0.03 

[eqn (4.5)] 

__3V,
2
 1 

~ to&R 38.36 

Expression for starting torque = 

[eqn (4.5), 5 = 1] 

Expression for maximum torque 

IV^xR 

ω5 χ [ ( M + M )
2
 + 25(M* + Κ)

2
] 

3J/,
2
 1 

χ 
o>sR (*a + * b)

2
 + 25(* c+l )

2 

3 * V 

[eqn (4.13)] ω5 χ 2 [ ^ a / ? )
2
 + 25(kcR + /?)

2
 -f M ] 

3 ^ ,
2
 1 

χ -ω

$ * 2[v /* a

2
 + 25 (* c+l )

2
 + * a] 

Λ . Starting torque Ts 38.36 
Ratio 

Ratio 

Full-load torque Tü (kA + * b)
2
 + 25(A:C -I-1)

2 

Maximum torque 7 ^ 38.36 

Full-load torque T fl 2[ ^ / c a

2
 + 25(/cc + l )

2
 + /ca] 

100 
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Results kc = 1.35; *b = 5.49; k& = 5.49; /ca — k\y — kc 
ka = kb= \ /ca — kç — 1 kb = kc=l = 1 

xl increased R2 increased /?! increased No change 

0.27 0.27 0.27 0.369 
1.5 1.735 1.135 1.735 

hlh 3 3 3 3.507 

The table shows that there is no loss of maximum torque if the starting 
current is limited by rotor resistance. Based on considerations of 
maximum-torque loss alone, xl is a preferable alternative to as a 
limiting impedance, but it must be remembered that this question is 
meant to illustrate the use of the equations rather than draw profound 
conclusions from a much restricted investigation into starting methods. 

Example 4.5 

A 3-phase, 200-hp, 3300-V, star-connected induction motor has the following equivalent-
circuit parameters per-phase: 

Rl = R'2 = 0.8Ω = x'2 = 3.5Ω 

Calculate the slip at full load if the friction and windage loss is 3 kW. How much extra rotor 
resistance would be necessary to increase the slip to three times this value with the full-load 
torque maintained? How much extra stator resistance would be necessary to achieve the 
same object and what loss of peak torque would result? 

Mechanical power = 3Pg(l — s) — mechanical loss 

3 χ V
 2
 R' 

200 χ 746 =
 1

 χ — (1 - s ) -3000 (mech. loss) 
(/*! + / * ' 2/ s )

2
 + ( * l +X'2)

2
 S 

3 x(3300/V3)
2
 0.8(1 - 5 ) 

146 200 = χ 
(0.8 + 0.8/s)

2
 + 7

2
 s 

( 1.28 0.64 \ 1 
0.01747 0.64 + -I- + 49 J = - - 1 

V s s
2
 / s 

87.445 1 
167.26 H— = 0 

s s
2 
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1 87.445 ± v/87.445
2
 - 4 χ 167.26 

solving the quadratic: - = 
s 2 

1 
from which the lower value of s comes from - = 85.5; s = 0.0117 

s 

From the torque equation (4.5), it can be seen that torque will be a fixed value, with all other 
parameters constant, if the quantity R'2/s is unchanged; i.e. if R'2 changes in proportion to 
any slip change, the torque will be unaltered. In this case, the slip is to be 3 χ , so the extra 
rotor resistance, referred to the primary, will be 2 χ 0.8 = 1.6 Ω. Maximum torque is 
unaffected by change of R'2, as shown in Example 4.4. 

3 R'2 V
2
 R'2 

For increase of stator resistance, — χ 1'2
 2
 χ — to be unchanged; i.e. — - χ — must be 

cos s Ζ s 
the same so, since V\ and R'2 are unchanged then: 1/(Z

2
 x s) must be the same for the same 

torque. Equating: 

1 1 

{[/?!+ 0.8/(3 χ 0.01117)]
2
 + 49} χ (3 χ 0.0117) {(0.8 + 0.8/0.0117)

2
 + 49} χ 0.0117 

519.5 + 45.584/?! + Rx

2
 +49 4675.2 + 49 

from which: Rx

2
 +45.584/?! + 1043 = 0 and the lowest value of Rx = 16.6Ω. 

Extra stator resistance required is therefore 15.8 Ω 

Now maximum torque = = = = = = 
[eqn (4.13)] 2 ω 5[ Ν/ Α 1

2
 + (χ, +x' 2)

2
 + /?J 

1 
proportional to: 

v / / ? ,
2
 + ( X i + x ' 2)

2
+ / ? i 

v

/
0 . 8

2
 + 7

2
 +0.8 7.845 

so torque ratio = = —— = 0.227 = 77.3 % reduction 

Vl6.62 + 7
2
 + 16.6 34.6 

Example 4.6 

A 3-phase, 4-pole, 3300-V, 50-Hz, star-connected induction motor has identical primary 
and referred secondary impedances of value 3 + j9 Ω per phase. The turns-ratio per-phase is 
3/1 (stator/rotor), and the rotor winding is connected in delta and brought out to slip rings. 
Calculate: 

(a) the full-load torque at rated slip of 5%; 
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(b) the maximum torque at normal voltage and frequency; 
(c) the supply voltage reduction which can be withstood without the motor stalling; 
(d) the maximum torque if the supply voltage and frequency both fall to half normal value; 
(e) the increase in rotor-circuit resistance which, at normal voltage and frequency will 

permit maximum torque to be developed at starting. Express this: (i) as a fraction of 
normal R2 and (ii) as (3) ohmic values to be placed in series with each of the slip-ring 
terminals and star connected. 

The approximate circuit may be used and the magnetising branch neglected. 

3 χ (3300/ Jl)
2
 1 3 

(a) Full-load torque = — ^ - χ - r χ — - = 969 Nm 
' 2π χ 50/2 3 + 3/0.05)

2
 + 1 8

2
 0.05 

(b) Maximum torque, eqn (4.13) = 69328 x
 1

 = 1631 Nm 
2 x ( , / 3

2
 + 18

2
 + 3) 

(c) With voltage reduced, the torque must not fall below 969 Nm, and since Tc oc V
2 

[eqn (4.5)] 

969 /Reduced V\
2
 /~969~ _ n / j . 

= so: Reduced V = / = 0.77 per unit = 23 % reduction 
1631 V Normal V J V1631

 F
 —— 

(d) This situation could arise if the supply-generator speed was to fall without change of its 
excitation; both voltage and frequency would fall together. Correcting all affected 
parameters in the appropriate equations: 

— 0.316; eqn (4.12), allowing for the reduced frequency. 
v/3

2
 + ( 1 8 x i )

2 

Substituting in the first equation: 

3 x (i χ 3300/v/3)
2
 1 3 

Max. Tc = —: ^ — - χ = =- χ = 1388 Nm c
 2πχ(^χ50)/2 (3 -I- 3/0.316) + (18/2)

2
 0.316 

The answer could have been obtained directly by substituting the reduced parameters 
into the second equation used, (4.13), in part (b). 

(e) Normally, maximum torque occurs at a slip of s = —ι = 0.1644 
V

/
3

2
Tl8

2 

The required value of R2 could be obtained by substituting s - 1 in eqn (4.12), or 
alternatively, since R2/s is a constant for any given torque: 

Μ ™ 1 New R2 1 
Hence

 2
 = ——- = 6.082 

1 0.1644 OldÄi 0.1644 

Hence, additional R2 required = 5.082 times original R2. Since the turns ratio is 3/1, 
the actual additional resistance per rotor phase must be 5.082x3 Ω/3

2
 = 1.694 Ω. 
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However, this would carry the phase current and either by considering the delta/star 
transformation or the fact that the line current of a star-connected load across the slip 
rings would carry times the phase current, three external line resistors of value 
1.694/3 = 0.565 Ω would dissipate the same power and avoid the necessity of bringing 
out expensive additional connections and slip rings, if inserting resistance in each 
phase. 

Example 4.7 

It is required to specify external rotor resistors for a 3-phase induction motor used for 
laboratory demonstration purposes. Examine the possible requirements and derive suitable 
criteria for making approximate estimates which neglect the machine impedance. Compare 
results using a 4-pole, delta-connected, 50-Hz machine with R\ = R2 — 2 Ω and x\ — 
x2 = 5Ω. Rated speed is 1455 rev/min. The rotor o.e. voltage is 240 V per phase. 

Consider an induction motor with a normal o.e. rotor voltage of E2 per phase, a rated 
rotor current of / R per phase and a rated torque of 7R with rated slip s R. A rotor external 
resistor can be used: 

(a) to limit the starting current, with full voltage and frequency applied; 
(b) to give speed control down to speed (1 — s) per unit at a particular torque; 
(c) to get maximum torque at starting when it normally occurs at slip s; 
(d) to get a particular starting torque. 

The resistor rating must allow for short-term overload at starting and its continuous 
rating should reasonably be expected to correspond with / R. 

In answering this question, certain basic equations, which can be checked in Section 4.1, 
should be noted. At normal voltage and frequency: 

A particular torque corresponds to a particular value of R2/s and I2. 

Maximum torque occurs when R2/s = yjR'? + {x\ + x 2)
2 so

 »° * *
s
 known, R follows. 

Starting currents may be 4-7 per unit without external limiting impedance. 

The various points can now be dealt with, working in per-phase values. 
Allowance for delta-connected rotor would proceed as in Example 4.6. 

(a) Suppose the starting current is to be limited to k/R (k per unit) then required 
K = £ 2/ k / R. e.g. ifk = 2,K = i £ 2 / / R 

(b) For any known torque Tx, with corresponding current Ix and a requirement for speed 
control down to sÄ, then required R = sxE2/Ix. 

R R 
(c) At starting, — = so required total R follows. Starting currents with this external 

1 s 
resistance would still be greater than / R since R2/s<R2/sR. k would be E2/RIr. 
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(d) For the known current corresponding to the specified torque, 7", say /', R = E2/I'. 

Certain machine features will be calculated first, for reference purposes. 

240 
Rated rotor current—all quantities are referred to the rotor = 

3 , 2 
Rated torque = χ 3.46

2
 χ = 15.23 Nm M

 In χ 50/2 0.03 

V(2 + 2/0.03)
2
-f 10

2 

/ R = 3.46 A 

Slip for maximum torque s = 2 / ( >/ 2
2
 + 10

2
) = 0.196 

240 
Current at maximum torque = — = 15.2 A = 4.4 per unit 

v/(2 + 2/0.196)
2
 + 10

2 

240 
Normal starting current = — = = = = = — 22.3 A = 6.44 per unit 

Λ/ ( 2 + 2 )
2
 + ιο

2 

For (a), the required values of R will be approximated using the equations given at three 
different values of k; 1, 2 and 3 per unit. 
For (b), rated torque will be considered and hence sx = R/R/£ 2 = 1/k so the speed range for 
the values of R calculated in (a) will be given by 1 — s x = 1 — 1/k. 

The approximate values in (a) and (b) above are shown in the table below and the actual 
values of starting current, together with the actual speed range are worked out with the 
machine impedance included. 

240 
The actual starting current = — = = = = = 

v/ ( 2 + 2 + R)
2
 + 10

2 

The actual speed range follows by solving for slip 5 in the following equation: 

n J <c„
 3 2 4 02 2

 + * 

Rated torque = 15.23 = χ — χ 
2π Χ 50/2 v/ ( 2 + (2-l-/?)/s)

2
 + 10

2
 * 

k values (starting current in per unit) 1 2 3 

(a) R required, ohms. 69.4 34.7 23.1 

(b) Speed range 1 —s = 1 — 1/k (min. speed p.u.) 0 0.5 0.67 

Actual starting current {per unit) 3.24(0.94) 6(1.74) 8.3(2.4) 

Actual minimum speed at rated torque (p.u.) -0.07 0.45 0.62 

It can be seen that the estimates are the more accurate for low values of k and the 
consequent higher, dominating values of external resistance. 
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(c) R for maximum torque is R2/s = 2/0.196 = 10.2 Ω. This is the total circuit resistance so 
the extra, per phase is 8.2 Ω which is much less than for the maximum k value above. 
Actually, k will be 4.4, the per-unit current at maximum torque. 

(d) R has been worked out for three current values including rated torque and current in 
(a) above. 

Example 4.8 

Using the approximate circuit for the motor of Example 4.2, calculate the mechanical 
coupling power at speeds of 0,720,780 and - 720 rev/min; positive speed being taken as in 
the direction of the rotating field. For the last case show, on a power-flow diagram, all the 
individual power components, to prove that the total input power is absorbed in internal 
machine losses. Take the mechanical loss as constant at all speeds other than zero, where it 
too is zero. 

Synchronous speed = N
* = 60 xf/p = 60 χ 50/4 = 750 rev/min 

Series-circuit impedance = . / (O. l+O. l / s )
2
*!

2
 = Z . 

Mechanical coupling power = 3 P m 

I'2
2
R'2 - mech. loss = 3 
s 

(1 - s ) - 1 0 0 0 ~ ĉoupling 

Speed, rev/min. 0 720 780 -720 

750-Speed 
Slip = F

 750 
1 0.04 -0.04 1.96 

R'2/s = 0A/s 0.1 2.5 -2 .5 0.051 

Ζ 1.02 2.786 2.6 1.011 

440/73 
2
 Ζ 

249 91.2 97.7 251.2 

3/>m = kW 0 59.86 -74.45 -9.268 

ĉoupling ~ Pmech 0 58.86 -75.45 -10.268 

e
 In χ 50/4 s 

236.8 790.8 -911.5 122.9 
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These four sets of readings correspond to four significant points on tne 
speed/torque curve; starting, motoring at full load, generating at the 
same, but negative slip, and reverse-current braking (plugging) see Figs 
4.1 (a) and E.4.17. In this last case, the values are those which would occur 
momentarily if the motor, running at full speed in the reverse sense, 
suddenly had its phase sequence and rotating field reversed. The values of 
currents, powers and torques should be studied to gain better under-
standing of induction machine operation. 

For -720 rev/min, cos φ = {R^R'Js^Z = 0.1493 and sin φ = -0.9888. 

·'• I 2 = 251.2/-84?3 = 37.5 -J248.4 

4 4 0 ^ _ j 4 4 0 ^ 3 
0
 100 20 

Ij = 40.04-J261.1 

P e l ec = y/3 χ 440 χ 40.04 = 30.51 kW 

Stator Cu loss = Rotor Cu loss = 3 χ 251.2
2
 χ 0.1 = 18.93 

Stator Fe loss = 3 χ (254)
2
/100 = L94 

Total stator loss = 20.87 

Mechanical loss = 1 kW; with rotor Cu loss (18.93 kW) = 19.93 

Total machine loss = 40.8 kW 

Total machine input = P e l ec + P m e ch = 30.51 + 10.27 = 40.78 kW 

Figures in kW. Actual directions shown 

FIG. E.4.8. 
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The slight differences, e.g. between the input and the loss, are due to rounding-off errors. 
The figure shows the power distribution for this braking condition. 

Example 4.9 

A 3-phase, 6-pole, 50-Hz induction motor has a peak torque of 6 Nm and a starting 
torque of 3 Nm when operating at full voltage. Maximum torque occurs at a slip of 25 %. 
When started at 1/3 of normal voltage the current is 2 A. 

(a) What is the mechanical power, at peak torque when operating at normal voltage? 
(b) What maximum torque would the machine produce at 1/3 of normal voltage? 
(c) What starting current would the machine take when supplied with normal voltage? 
(d) What extra rotor-circuit resistance, as a percentage, would be required to give 

maximum torque at starting and what would then be the current, in terms of that at 
peak torque without external resistance? 

This is basically a simple problem, to bring out certain elementary relationships. The curves 
sketched on Fig. E.4.9 indicate the main points for the solution. No additional equations 
from the ones used previously are involved. 

50 
(a) Power at maximum torque = <omTc = In χ — χ (1 -0.25) χ 6 = 0.471 kW 

(b) Torque α V
2
 hence, reduced maximum torque = (1/3)

2
 χ 6 = 2/3 Nm 

(c) Current α V, hence J i t a r, = 3 χ 2 = 6A 

3 N m 6 N m 

FIG. E.4.9. 
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(d) A given torque requires a particular value of R~/s. Since s changes from 0.25 to 1, then
the total rotor circuit resistance must change in the same ratio; i.e. by 4 times. Hence
extra rotor resistance = 300 %R 2.

Since R1./s is constant and since this is the only equivalent-circuit impedance which
could vary with speed, the total impedance presented to the terminals is unchanged and
so the current is the same as at s = 0.25.

Example 4.10

An induction motor has the following speed/torque characteristic:

Speed
Torque

1470 1440 1410 1300 1100 900
3 6 9 13 15 13

750 350 0 rev/min
11 7 5 Nm

It drives a load requiring a torque, including loss, of 4 Nm at starting and which increases
linearly with speed to be 8 Nm at 1500 rev/min.
(a) Determine the range ofspeed control obtainable, without stalling, by providing supply-

voltage reduction.

1500 ~=---------~----r--------.---.~~-------,

c: 1000

~
-0
~en

500

o
Torque,

FIG. E.4.10.
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(b) If the rotor was replaced by one having the same leakage reactance but with a doubled
resistance, what would then be the possible range of speed variation with voltage
control?

For each case, give the range of voltage variation required.

This is a "drives" problem and must be solved graphically from the data given. The
solution depends on the simple relationships that Tea. V 2, and for any given torque R~/s is
constant, if all other parameters are constant; eqn (4.5).
(a) Plotting the speed = f(Te) and Tm ~ f(wm ) characteristics from the data gives the

normal steady-state speed at their intersection. The Te characteristic is reduced
proportionally until maximum Te intersects the Tm characteristic. This occurs at a
torque of 6.9 i~m and speed of 1100 rev/min. Hence voltage reduction is J 15/6.9
= 1.47/1 or 100% to 68 % volts, giving a speed reduction from 1420 to 1100
rev/min.

(b) At various values ofTe, the slip, which is proportional to the speed difference from the
synchronous value, is noted and a new speed plotted for this sameTe but with this speed
difference doubled, since R 2 is doubled. Again, from the intersections of the Tm
characteristic with the two new curves, the speed range is seen to be 1350 to 700 rev/min.
The torque value on the reduced curve for 2R 2 is 5.9, so the ratio of peak torques gives
the appropriate voltage reduction as JI5/5.9 = 1.59/1 or 100% to 63 % volts. This
greater speed range, for a similar voltage reduction, is obtained at the penalty of
additional rotor-circuit losses, but nevertheless such schemes are sometimes economi-
cally suitable because of their simplicity, for certain types of load where torque falls off
appreciably with speed.

The curves also show the speed range obtainable with resistance control; in this case,
doubling the rotor resistance reduces the speed from 1420 to 1350 rev/min.

Example 4.11

A 44O-V, 3-phase, 6-pole, 50-Hz, delta-connected induction motor has the following
equivalent-circuit parameters at normal frequency:

R 1 = 0.2 Q; R~ = 0.18 Q; Xl = X~ = 0.58 Q-all per phase values.

(a) The machine is subjected in service to an occasional fall of 40 %in both voltage and
frequency. What total mechanical load torque is it safe to drive so that the machine just
does not stall under these conditions?

(b) When operating at normal voltage and frequency, calculate the speed when delivering
this torque and the power developed. Calculate also the speed at which maximum
torque occurs.

(c) If V and f were both halved, what would be the increase in starting torque from the
normal direct-on-line start at rated voltage and frequency?
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(d) If now the machine is run up to speed from a variable-voltage, variable-frequency
supply, calculate the required terminal voltage and frequency to give the "safe" torque
calculated above: (i) at starting and (ii) at 500 rev/min.

(e) Repeat (d) for the machine to develop a torque equal to the maximum value occurring at
rated voltage and frequency. In both (d) and (e), the criteria is that the air-gap flux per
pole is maintained constant for any particular torque.

(a) The question asks effectively for the maximum torque with voltage and frequency
reduced to 0.6 of rated values. Substituting in the maximum-torque eqn. (4.13) with
appropriate correction of parameters:

3 (0.6 X 440)2
Max. Te = x = 1800Nm

21t x 0.6 x 50/3 2[)0.22 + (0.6 X 1.16)2 + 0.2]

(b) From the general torque expression eqn. (4.5), with normal supply, the required slip to
produce this torque is obtained by equating:

3 4402 0.18
1800= x x-

2n x 50/3 (0.2 + 0.18/S)2 + 1.162
S

(
0.072 0.0324 ) 1

giving: 1.803 0.04 +-- + --2- + 1.3456 =-
s s s

1 214.9
from which: 2 - -- + 42.77

s s
=0

and the smaller value of s on solution is 0.0907 corresponding to a speed of:

1000(1 - s) = 909 rev/min.

2n
Power developed = - x 909 x 1800 = 171.3 kW = 230 hp60 --

A 0.18
Speed for maximum torque from eqn. (4.12) s = = 0.1529 so

JO.2 2 + 1.162

speed = 847 rev/min .
3 V2 R~

(c) The expression for starting torque is: -2I' x R' 2 ')2 x-
nxJ!p (R 1 + 2) +(X 1 +X2 1

Using the ratios to cancel the constants in the expression:

Starting torque at 1V and / 1 [ (V/2)/ V] 2---------- =-- X --------:-----:---~
Normal starting torque (i/2)// (0.38 2 + (1.16/2)2)/(0.38 2 + 1.162

)

0.25 .
= 2 x = 1.55 tImes normal.

0.1478/1.497
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(d) and (e) As will be shown in the next example, if the flux per pole (EIII) is maintained
constant by adjustment of voltage and frequency, any particular torque occurs at a
unique value of slip frequency 12 and rotor current I~.
Further, since: ns = n +sns

12pns = pn+p X-,- x ns
Jsupply

/sUPPlY = pn + 12 since pns is the supply frequency.

The questions ask for the supply frequency and voltage to produce the maximum torque,
and a torque of 1800 Nm, at two different speeds, SOO revImin and zero. The required values
of/2 and 12 can be deduced from those occurring at normal voltage and frequency for these
particular torques. The supply voltage required will be I~ Z where the reactive elements in
the impedance will be corrected forfsuppl)' as calculated. Parts (d) and (e) are worked out in
the following table.

Starting n = 0 Speed n = 500/60 revIs

1800Nm Max. torque 1800Nm Max. torque

Slip at 50Hz 0.0907 0.1529 0.0907 0.1529

Slip frequency 12 = s x 50 4.535 7.645 4.535 7.645

Supply frequency = pn +/2 4.535 7.645 29.535 32.645

440
244.4 177.9 244.4I~ = 177.9

J(0.2+0.18Is)2 + 1.162

s at new frequency =12//suppl)' 0.1536 0.234

R~/s (new slip) 0.18 0.18 1.172 0.7692

X = 1.16 XhuPPly/50 0.1052 0.177 0.6852 0.757

Z = J(0.2+R~/s)2 +X2 0.3943 0.4192 1.534 1.23

VSUPPI)' = I~Z 70.1 102.5 272.8 300.6
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E.4.11. 

The various speed/torque curves are sketched on the figure, for the criteria of constant flux 
per pole. It can be seen that they are very suitable for-speed-controlled applications, with 

maximum torque being available over the whole range. 

4.3 C O N S T A N T - ( P R I M A R Y ) C U R R E N T O P E R A T I O N : 

I M P R O V E D S T A R T I N G P E R F O R M A N C E 

This is a very interesting mode, though in practice, operation is 
confined to starting, with variable-frequency supplies, and rheostatic 
braking where the constant current is usually of zero frequency. The 
value of primary impedance is only required for the calculation of supply 
voltage and does not influence the electromechanical performance. 
Consequently, for such calculations, the equivalent circuit can omit the 
primary impedance. The magnetising resistance will also be omitted, 
without significant loss of accuracy. It must be emphasised that the 
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induction machine equivalent circuit can be used at any frequency over a 
wide range (including approximate allowance for the time harmonics by 
superposition), providing all frequency-sensitive parameters are given 
their appropriate values. However, it is sometimes useful to define, and, 
after modification, work with the parameters specified at a particular 
frequency which will usually be the rated value. 

Example 4.12 

The values of E x , X m and x ' 2 for a particular induction motor are 
known at a frequency /BASE-

(a) Develop the expressions which show that the rotor current and 
torque are independent of the supply frequency but depend on the 
slip frequency, f2; providing that the flux (El/f) is constant. 

(b) Show also, independently of the above, that for any given primary 
current lx, the rotor current Γ2 is governed by f2 and explain how this 
is related to the constant-flux condition. 

(c) Finally, derive the expression for the slip s =f2/f at which maximum 
torque occurs for a constant-current drive and hence show that the 
maximum torque capability is independent of both supply and slip 
frequencies. 

(a) At any frequency / , and slip /2/f, then sx'2 becomes: (f2/f) 
x
/ / / b a s e )

 = x
2

 x
f i / A a s e - With constant flux per pole, the referred 

secondary e.m.f. E 1 at standstill is proportional to the supply 
frequency / so sEl becomes: {f2lf)ißi x / / / b a Se ) =

 E
i xfilf**-

Hence rotor current: 

i; = El Χ Λ / Z b a s e 

* i + J ( X Î X / 2 / / b . J 

/ 2 / / b a 

(4.14) 

+ j * 2 
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7 2

2
= / ,

2
x 

* 2 \{x'9 + Xm)
2 

ΑΛ 

*2 /?2 

at any supply frequency / 

Current- fed induction motor 

FIG. E.4.12. 

Eqn (4.4) was derived without reference to a particular frequency so 
at any frequency /, the general torque expression is: 

2 v

 R
2 v ( / b a s e ) 

2 π χ / / ρ
Χ /

^
 X

/ 2 / /
X
( / b a s e) 

By incorporating / b a se in a unity multiplier, cancelling / and 
rearranging: 

I i 
2**f»*/P "fl//base 

= , _ χ / 2
2

χ ^ - (415) 

showing that since 7 2 is independent of/, eqn. (4.14), then so is Te-for 
the constant-flux condition, 

(b) From the rules for parallel circuits and correcting reactance 
parameters for frequency, the equivalent circuit of Fig. E.4.12 
follows from: 

, _ , x j * m( / / / ba s e ) l
2 — M

 x 

Dividing throughout by f/fbase and squaring: 

I? = Λ
2
 x / „, xf

1
"

2
 (4.16) 

U / A a s J 
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A similar expression, with Xm in the numerator replaced by 

IT') + x i ' 
ίλ/base J 

/ · - 2 v will give 7n

 2 

J2/Jbz 

The expression for 1'2 suggests that its value depends o n / 2, not on 
supply frequency, whether or not the flux is constant. However, at a 
particular slip frequency f2, eqn (4.16) modified to give 7

2
 shows that 

/ m has a unique value related to Ix and hence corresponds to a 
particular flux. Hence, for a given Ix and f2, there is a unique value of 
Γ2 and of Im, flux φ and torque Tc from eqns. (4.15) and (4.16). 
Alternatively if voltage and frequency are controlled to give constant 
flux (Ex lf\ any particular f2 will define the currents and the torque. 
This gives an easy method of deriving the variable-frequency com/Te 

characteristic from that at a particular frequency (see Ref. 1). 
(c) Inserting the expression for Γ2 into the torque expression, Te will be 

found to have a form similar to eqn. (4.5) for the approximate circuit, 
with 7j Xm as the coefficient replacing Vl. By comparing expressions 
or by differentiating, the maximum value of Tc occurs when 
R2 Kfi/Aase) =

 X
2 + * m

 so f or
 maximum torque: 

Λ = R'i 
/ b a s e

 X
2 + 

hence, the slip for maximum torque 

sJ-λ x
f
f^=

 R
'
2
 x ^ î (4.17) 

J A a s e
 X

2 + J 

Substituting the value of/ 2/ / b a se in the torque eqution (4.15) gives: 

3 V X j
2 

2 " / b a s e/ p
X
 (x'2 + XJ

2
 + (x'2 + XJ

2 Maximum T, = χ f„ , , v , 2 Λ,,, , v . 2 χ (x'2 + XJ 

3/
 2

 X
 2 

1
 x ^ i r V ^ (4.18) 2 ^ x / b a s e/ p 2(x2 + X J 
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which is independent of bo th /and f2. However, f2 must have the 
value given above, J2, to achieve this inherent capability and it does 
depend on the value of / j

2
, which itself has a maximum limit. 

Note that in the relevant expressions derived, the variable f2/fhaSc 

replaces s =f2/f used in the previous constant-frequency expressions. 
This quantity will be given the symbol S and is particularly useful when 
the constant primary-current is d.c. The machine is then operating as a 
synchronous generator at a rotor frequency f2 = pn. It is convenient to 
take base synchronous speed as a reference, i.e. ns = n s ( b a s e) and therefore: 

S = Pw// b a se = pn/pn s ( b a s e) = n/ns = n s(l -s)/w s = 1 - s . 

In this dynamic braking mode, the current / x is the equivalent r.m.s. 
primary current giving the same m.m.f. as / d c. For star connection, 
usually arranged with just two line terminals taken to the d.c. supply, the 
equivalent lx = yj(2/3)ldc = 0.816/ d c. The speed/torque curves for 
dynamic braking are only in the 2nd and 4th quadrants with negative 
speed χ torque product, and a shape similarity with the motoring curves, 
see Ref. 1 and Example 4.17. A torque maximum occurs at a value of S 
= R2/(x'2 + ^ m ) usually at a very low speed because S = 1 — s and 

xm>R'2. 

Example 4.13 

A 3-phase, 8-pole, 50-Hz, star-connected, 500-V induction motor has the equivalent-
circuit per phase shown. Calculate the torques produced at slips of0.005,0.025,0.05,1 and 
the maximum torque, for the following two conditions: 

(a) Constant (r.m.s.)-voltage drive at 500 line V ; 
(b) Constant (r.m.s.)-current drive at the same primary current occurring for slip = 

0.05 in (a). 

The role of Xm in the calculations becomes important at very low slips 
where R2/s is large and becomes a dominant parameter. For the 
constant-voltage mode the approximate circuit will be used, because 
maximum torque occurs at much higher slips than for the constant-
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0 ( 0 0 0 2 0 0 0 3 0 0 0 4 0 0 0 

Torque, Nm 

FIG. E.4.13. 

current mode. Low-slip values need not be calculated in the first case, for 
this general comparison of the two modes. 

/?; 0.13 

For const. V s=
 2

 = = 0.1077 

> / * i
2
 + (*i+*i)

2
 v ^ l

3 2
 + 1 2 2 

For const. / . = s = — — — = °
 13

 = 0.00631 
x'2 + Xm 0.6 + 20 

3 , R'2 Γ2

2
 R'2 

'
β
~ 2 π χ 5 0 / 4

 12
 s " 26.2 s 

The two speed/torque curves are sketched from the tabulated results. 
They have the same torque approximately at s = 0.05, since the primary 
currents are the same. The difference is due to the approximations in the 
constant voltage case. The higher maximum torque for the constant-
current case and the smaller speed-regulation look attractive, but the 
voltage required greatly exceeds the rated value as will be shown in the 
next question. 

Example 4.14 

For the motor of the last question, and for the constant current of 103.4 A calculate, using 
the available results where appropriate: 
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(a) the values of Im and I 2 for maximum torque; 
(b) the required supply voltage to sustain this primary current at s = 0.05; 

(c) the required supply voltage to sustain this primary current at s = 0.00631. 

The approximate circuit may be used to estimate the supply voltage. 

(a) I J - I . x ^ = 1 0 3 . 4 x ^ 0 ^ ^ = 50.2^50.2 

Im = I, - I i = 103.4+jO-50.2-J50.2 = 53.2-J50.2 = 73.1 A 

(b) V = ^3χΖχΓ2 = ^ 3 χ 2.98 χ v/9920 = 514V 

(c) V= χ y20 .6
2
 + 1.2* x Jsm = 2553 V 

Clearly, the maximum-torque, low-slip condition is not a practicable possibility. 
Furthermore, with a magnetising current of 73.1 A, instead of the normal 14.4 A, saturation 
would be considerable and Xm would fall. Example 4.16 makes some allowance for this. The 
next example (4.15) shows that this maximum torque can be obtained at lower frequencies 
since then, the slip f2/f is higher and the component of voltage drop I2R'2/s required is 
lower. 

Example 4.15 

(a) Derive an expression for the required frequency to give maximum torque with a 
constant-current supply. 

(b) Using the same motor data as for Example 4.13, calculate the required supply frequency 
and voltage to give this maximum torque with constant-current drive (i) at starting; 
(ii) at 20% of normal synchronous speed. 

(c) For the same motor data, but with constant flux maintained instead, at the value 
corresponding to normal operation, determine the required voltage and frequency to 
give maximum torque at starting. 

(a) From Example 4.12 s = , *
2
 [eqn. (4.17)] X

2 + ^ m / 

and, since 5 = — = ——— = ——-, cancelling/ after equating 
ns f/P f 

R' χ f 
these two expressions gives / = — γ — + pn X

2 
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(b)(i) (b)(ii) 

/ = 
0.13x50 
- — — - = 0.3155 Hz 
0.6-1-20 

0.13 x50 50 
-1-4 χ 

20.6 4 x 5 = 10.3155 

7 , κ , . , f Ζ
2= — +)*2Ί— = ö

 ./base 

0.3155 
0 . 1 3 + j0 . 6 x 50 

0.13 10.3155 
-+-10.6 χ 

0.3155/10.3155
 J

 50 

1 
^ i n p u t ~

 Z
l + j " 

0.1913+j0.0687 = 0.2033 Ω 2.132-fj 2.247 = 3.097 Ω 

y 
supply 

= v /3x 103.4 x Z i n p ut 

36.4 Vat 0.3155 Hz 555 Vat 10.3155 Hz 

All the detailed calculations are not shown and note that Ym = \/')Xm must also be 
corrected for the frequency change from 50 Hz values. The exact circuit must be used 
because of the high value of Im = 73.1 A, from Example 4.14. Note that normal supply 
voltage of 500 V limits constant-current operation at 103.4 A to rather less than 20 % of 
normal synchronous speed, 

(c) From Example 4.12, any particular torque, at constant flux, is obtained at a unique slip 
frequency. In this case we require maximum torque, which from Example 4.13 occurs at 
s = 0.1077 and therefore f2 = 0.1077 χ 50 = 5.385 Hz. 

Because this is a constant, rated-flux condition, Im is relatively small and the 
approximate circuit may be used to calculate the supply voltage from -^3 x Z x / J 
using the results of Example 4.13. From Example 4.13 part (a), the rotor current will be 
the same [I2 = 160.6 A) and the maximum torque too will be unchanged at 1188 Nm. 

Hence, Z i n p ut = 0.13 + j (0.6 + 0.6) χ -I- 0.13 = 0.26 + jO. 1292 = 0.29 Ω 
5.385 

~5Ö 

^ s u p p . y = v
/ 3x 0 29 x 1 6 06

 = 80.8 Vat 5.385 Hz 
80.8/^3 

Im = ———— = 21.6 A (difference from 14.4 A is due to 
20x5.385/50 ap p r o x i m a, i o „ S) 

It will be noticed that the maximum torque is very much less than 
obtained with the constant-current drive. Even with the lower (constant) 
primary current of 103.4 A the torque is 3965 Nm, as against 1188Nm. 
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This is because the frequency is very much lower at 0.3155 Hz and more 
of the current lx is therefore passed through the reduced Xm. This 
improvement is offset partly, since the value of Xm collapses due to 
saturation at the high magnetising current. The next example illustrates 
this point. 

Example 4.16 

Once again, using the motor data of the previous examples, calculate, for a constant-
current drive of 103.4 A, the maximum starting torque (i) neglecting saturation and 
(ii) assuming the value of Xm is reduced to 1/3 of its normal value due to saturation. Make 
an approximate comparison of the flux levels for (i) and (ii) compared with normal 
operation at slip = 0.05. 

In Example 4.12 it was shown that the maximum torque under constant-current drive 
conditions is: 

Wbajp 2(x'2 + XJ 

This expression is independent of all frequencies, though x'2 and Xm must correspond to 
/ b a s c. It is sufficient for the purpose of answering this question. By correcting the second 
term for the specified saturated change of Xm, the effect of saturation on maximum torque is 
found simply. It is a useful exercise to check this, however, by working out the value of s for 
the saturated condition and hence the values of f2, Z2, Zit 
follows—using the exact circuit for solutions: 

They are as 

s Λ z2 ^ i n p u t l'i L Τ 1
 e(max) 

xm 

Unsaturated 1 0.3155 0.061 + jO.065 0.203 71 73.1 3965 20 

Saturated 1 0.8944 0.055 +J0.065 0.199 67.1 73.4 1250 6.667 

The unsaturated values have been worked out in previous examples. For the saturated 
value: 

Xm reduced to: 20 χ 1/3 = 6.667 Ω 

7 R2 „ 0.13x50 

x'2 + XT 

./base 

Maximum Τ = 
3 χ 103.4

2 

0.6 + 6.667 

6.667
: 

= 0.8944 Hz 

2πχ50/4 2(0.6 + 6.667) 
= 1250 Nm 
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Using a lower frequency than for the constant, rated-flux condition, it can 
be seen that in spite of saturating the magnetic circuit, the maximum 
torque is still higher at Ix = 103.4 A than the 1188 Nm for Ix = 170.3 A, 
when constant voltage is the supply condition. To check that the 
saturation allowance is reasonable, the flux will be worked out from El/f 
= ImXm/f, noting that Xm must be corrected for frequency. 

For normal rating, flux proportional to: 12.6 χ 20/50 = 5.04 

, ^ Λ 20x0.3155 / _ _ A For starting (unsat.) „ 73.1 χ — / 0.3155 = 29.4 

6.67x0.8944 / 
For starting (sat.) „ 73.4 χ — / 0.8944 = 9.79 

The flux ratio allowing for saturation is 9.79/5.04 = 1.94 
The / m ratio is: 73.4/12.6 = 18. 
By the empirical formula used in Example 3.6, this flux ratio should give 
an I ratio of : 

0.6x1.94 
1-0.4 χ 1.94 

which is close to 5.8 above and suggests that the saturation allowance is 
reasonable. For an exact calculation, the magnetisation characteristic 
</>/Jm would have to be available and an iterative program devised to 
approach the exact solution, since the value of ^ in the maximum torque 
expression is not known until the value of Xm is known. A similar method 
to that used for the d.c. series motor can be adopted. Here, the 
nonlinearity of the magnetisation curve was dealt with at the beginning 
by taking various values of J f and 1ϊφ. In the present case, a series of / m 

values would define a series of corresponding Xm values. Referring to the 
various expressions developed in Example 4.12, each Xm will define s , / 2, 
Ei( = ImXm ), Γ2 (from El /Z'2 ) and lx from the parallel-circuit relation-
ships. The maximum torque follows for the various values of Ix 

calculated. 

The last five examples have shown, through the circuit equations, the 
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special characteristics of the induction motor when under controlled 
frequency and voltage. A simple way of summarising the behaviour is 
through study of the m.m.f. diagram represented by the l l 9 1'2 and I M 

triangle. As will be shown later in Section 5.5, which compares induction 
and synchronous machines, the torque is proportional to the product of 
any two currents and the sine of the angle between them. Now consider 
the two phasor diagrams of Fig. 4.2. The first one is for the maximum-
torque condition deduced from the constant-supply-voltage equations in 
Examples 4.12 and 4.13. / j and /' 2 are relatively high but / m remains at the 
level corresponding to rated flux. The voltage diagram is drawn for the 
approximate-circuit calculation. If this maximum-torque is required over 
a range of frequencies down to zero speed, the m.m.f. diagram would be 
unchanged, with the constant-rated flux represented by Im. This occurs, 
from Example 4.15, at a constant slip-frequency of 5.385 Hz. \'2Ai and I M 

would be constant as frequency varied. Refer also to Example 4.11. 
Figure 4.2b shows the condition for maximum torque deduced from 

the constant supply-current equations, for the rated current of Ix = 
103.4 A. Again this condition can be sustained over a range of frequen-

Roted voltages shown Voltages for starting conditions 

FIG. 4.2. Maximum torque with different supply conditions. 
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cies, by suitable adjustment of Vx and fx. It will be noticed that Im is very 
much higher, Example 4.14a, and the diagram has been constructed 
allowing for saturation as in Example 4.16. The voltage diagram has to be 
drawn this time from the exact circuit because / m is so large. It is shown 
for the starting condition. Vx was not calculated allowing for saturation 
but it was 36.4 line volts with saturation changes neglected in 
Example 4.15. The starting frequency f2 ( = / i ) was there calculated as 
0.3155 Hz but in fact, allowing for saturation, f2 should be 0.8944 Hz— 
Example 4.16. Even so this value is still much less than for Fig. 4.2a and 
therefore / m is much higher. So is the maximum torque itself, though the 
supply current is only 103.4 A instead of 170.3 A in Fig. 4.2a. This is due 
to the currents being at a better displacement angle; I'2 and I M are nearly 
in quadrature. Again, if it is desired to sustain the maximum torque of 
Fig. 4.2b up to the speed where the voltage reaches its maximum—about 
fY = 10 Hz, Example 4.15—-f2i and therefore all the currents, must be 
maintained constant. Thus for either constant-voltage or constant-
current supplies, the condition for maximum torque is a particular 
constant flux, which is different for the two cases. Further discussion of 
this mode will be deferred till Sections 5.5 and 7.4. 

Example 4.17 

Using the data and the "exact" circuit calculations for the motor of Example 4.2, 
investigate the following features of the performance when the machine is changed over 
from motoring at a slip of 3 % to dynamic braking. D.C. excitation is applied to the stator, 
using the 2-lead connection; i.e. equivalent r.m.s. a.c. current It equal to y/ï/3Idc. For all 
cases the speed may be assumed unchanged until the switch changeover is completed. 
Further, the circuit is so adjusted as to retain initially the same value of rotor current as 
when motoring at 3 % slip. 

(a) Rotor-circuit resistance unchanged. Calculate the d.c. excitation voltage and current 
and find the initial braking torque on changeover and also the maximum torque 
produced during the run-down to zero speed. The d.c. excitation is maintained. 

(b) Repeat the calculation for the condition where instead, the excitation is so adjusted that 
the air-gap flux (Ei If) is maintained at the 3 % slip value. Extra rotor-circuit resistance 
will now be required to keep the rotor current at the 3 % value. 
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(c) Compare the initial braking torques and currents if instead of (a) or (b), two stator 
leads are reversed to cause reverse-current braking (plugging). 

For (a) and (b), the magnetising resistance does not apply because the stator excitation is d.c. 
For part (c), the approximate circuit may be used. 

(a) The equivalent circuit is shown on the figure but unlike Examples 4.13 to 4.16 the 
constant current is now d.c. and the relative motion is changed from n 5- n t o n = Sns 
where S = f2/fbise- The rotor frequency is now proportional to speed since the machine 
is operating as a variable-speed generator and S = n/ns = 1 - s . 

h - 2 0 0 

FIG. E.4.17. 

Before, and immediately after changeover: 

Ν = (1 -s)Ns = (1 -0.03) χ 60 χ 50/4 = 727.5 rev/min 

S = 727.5/750 = 0.97 

20
2 

From the parallel - circuit relationships 7'2
2
 = / ,

2
 —— = , 

^ (0.1/0.97)
2
 + (20 + 0.5)

2 

and since 7'2, from Example (4.2) = 69.4 A, lx = 71.1 A. 
The d.c. current to give this equivalent lx is 71.1 x y/(3/2) = 87.1 A 

and since two stator phases are in series, the required d.c. voltage is 2 χ 0.1 χ 87.1 
= 17.4 V 
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The initial torque on changeover, using the general torque expression eqn. (4.15) 
developed in Example 4.12, is equal to: 

* , 0.1 
χ 69.4

2
 χ - — = 19 Nm 

In χ 50/4 0.97 

From the expression for maximum torque eqn. (4.18): 

Τ = - χ 71.1
2
 χ — = 1884Nm 

e
 2πχ50/4 2(20 + 0.5) 

and this occurs at a value of S = 0.1/(20 + 0.5) = 0.0049, i.e. at speed 3.9 rev/min. The 
torque values should be compared with that for 3% slip motoring, i.e. 613.6 Nm. 
Calculate also that 7m is now 50.3 A—increased from 11.7 A. 

(b) For the alternative strategy of maintaining the flux constant instead of Ily it is more 
convenient to use the alternative equation for 1'2 since Ex is now known—234 V, from 
Example 4.2. 

SE 
Rotor current = -— = 69.4 A when S = 0.97 

R'2 + Sx'2 

M A2 (0.97 X234)
2 

hence: 69.4^ = -
(Ä + 0.1)

2
 + (0.97x0.5)

2 

from which the extra resistance R = «^10.46 -0.1 = 3.134Ω (ref. to stator). 
Reverting to the parallel-circuit relationship for the calculation of the initial stator 

current: 
20

2 

69 4
2
 = /

 2
 χ — 1

 (3.234/0.97)
2
 + (20.5)

2 

giving lx = 72.1 A; 7dc = 72.1 χ 1.225 = 88.3 A and d.c. voltage = 88.3 χ 0.2 = 17.7 V. 
The initial torque on changeover 

ι 3 234 
x69.4

2
 x - = 613.4 Nm 

In χ 50/4 0.97 

which is virtually the same as the motoring torque before changeover. The flux and the 
current are the same, but the rotor power-factor, which is related to the induction 
machine load angle/

υ
 is slightly different. The power factor is nearly unity as distinct 

from part (a) where the power factor and torque are very low, though flux and rotor 
current are nearly the same. 

For maximum torque, since 

_ 3 χ Ε
2

 χ R' 
e
 " In χ 50/4

 X
 (R'/S)

2
 +X

2
*J 

and Εγ is fixed, then S occurs when R'/S = X. Hence S = 3.234/0.5 = 6.47. 
This means that the speed for maximum torque is unpractically high above 
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synchronous speed and therefore 613.4 Nm is the highest torque encountered in 
running down to zero speed. 

The value of the maximum torque is: 

λ 234
2
 3.234 

Χ ^ Γ - Τ ^ Τ x = 2091 Nm 2πχ 50/4 0.5
2
+0.5

2
 6.47 

(c) The changeover now corresponds to a reversal of ns and slip becomes: 

n^-n -750-727 .5 
= 1.97 ns -750 

Using the torque equation for constant voltage, since the only change from motoring is 
the phase sequence and slip: 

Τ 3 χ (440/V3)
2

 χ 0.1 
e
 In χ 50/4

 X
 (0.1 +0.1/1.97)

2
 -I-1

2 X
 1.97 

= —ί— χ 251.2
2
 χ 0.05076 = 122.3 Nm 

26.18 

Note that although the current is nearly four times that for dynamic 
braking, the torque is very much less, because of the poor rotor-circuit 
power factor, the frequency being nearly 100 Hz initially. The various 
speed/torque curves are sketched on Fig. E.4.17. 

Example 4.18 

A 3-phase, double-cage-rotor, 6-pole, 50-Hz, star-connected induction motor has the 
following equivalent-circuit parameters per phase: 

Zl = 0.1 + J0.4Q; z'2 = 0.3 + J0.4Q; z'3 = 0.1 + jl.2Q—all at standstill. 

Find, in terms of the line voltage Vt, the torque at 980 rev/min: 
(a) including the outer-cage impedance; 
(b) neglecting the outer-cage impedance. 
What is the starting torque? 

The equivalent circuit is shown on the figure, the magnetising branch 
being neglected. The circuit assumes that both rotor windings embrace 
the same flux and that they only have leakage with respect to the primary 
winding. The calculation of torque is then virtually the same as for the 
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FIG. F A I S . 

single-cage rotor except that the two cages combine to an equivalent 
impedance jReff + jA

r

e f f. This impedance includes the effect of slip and is a 
function of slip. The high-resistance cage is nearer to the surface and 
therefore has the lower leakage reactance. It is responsible for most of the 
starting torque because of its lower impedance z'2 at standstill. z'3 

represents the inner cage in which most of the working torque at low slip 
is produced, because of its lower resistance, reactances being very low at 
normal slip frequencies. 

(a) Zr( 

For a 6-pole, 50-Hz machine, Ns = 1000 rev/min so s = (1000 -980)/1000 = 0.02. 

1 

1 1 

0.1/0.02 +j 1.2 0.3/0.02 +J0.4 

1 

0.1891 -jO.04539-I-0.06661 -jO.00178 

K e f f + J * e f f =3.78+j0.698 

Adding τχ: 0.1 +J0.4 

gives Z in = 3.88 +j 1.098 = 4.032 Ω 

Hence: 

T = 
In χ 50/3 4.032

2 χ 3.78 = 0.00222 V,
2 
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(b) Neglecting Z'2 and adding zl + Z'3 = 5.1 + jl.6 = 5.3451 Ω 
then: 

e
 2πχ 50/3 5.3451

2
 0.02 — 

which shows that the outer cage does contribute about 25 % of the rated torque. 

For starting torque, 5 = 1 

1 
z,_ = - 1 1 

O.l+jl.2 ' 0.3+J0.4 

* , f f+ j * e ff = 0.169+J0.324 

Adding z,: 0.1 +J0.4 

gives Z in = 0.269 +J0.724 = 0.772 Ω 

Hence: 

3 ÎV7 / 3 )
2 

τ = —— χ
 /v

 ; χ 0.169 = 0.00271 V\
2 

e
 2πχ 50/3 0.772

2
 — 

The starting torque is a little higher than the full-load torque, indicating 
the desired effect of the double-cage construction in improving the 
normally-low, single-cage starting torque; see figure. 

4.4 U N B A L A N C E D A N D S I N G L E - P H A S E O P E R A T I O N 

When the three phase-currents are unequal and/or the mutual time-
phase displacement between them is not 120°, this unbalanced system can 
be solved by the use of symmetrical components, see Section 2.2. 
Deliberate unbalancing of the supply voltages is sometimes used to 
change the speed/torque curve and give another means of induction-
motor speed-control. There is a deterioration of performance in other 
ways, e.g. the variation occurs partly, due to a backwards torque 
component produced by negative-sequence currents. Positive- and 
negative-sequence circuits can be calculated independently, the former 
producing the forward torque with an apparent rotor resistance R2/s. 
The negative sequence gives a reverse rotating field for which the 
impedance is different, since the apparent rotor resistance is R2/(2—s). 
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Example 4.19 

The motor for which the equivalent circuit was given in Example E.4.1, is supplied with 
full line voltage across terminals AB, but terminal C is reduced in potential so that both V BC 
and VQK are 330 V in accordance with the phasor diagram. Calculate the electromagnetic 
torque developed at a slip of 3 % and compare with Example E.4.2 (b), neglecting the 
magnetising impedance. 

FIG. E.4.19. 

, 330
2
+440

2
 - 3 3 0

2
 ,440 

Displacement 0 C = 180° - cos"
1
 = 180° - cos"

1
 — 

2x330x440 660 

= 180-41?19 = 138?81 

0 B = 36O°-138?81 = 221:19 

Hence, V BC = 330/221^19, V CA = 330/138?81 . V AB = 440/01 and eqn (2.3) is used for the 
transformation to symmetrical components. The zero sequence is of no practical interest 
because such currents cannot flow in a star-connected circuit without neutral wire and even 
in a closed delta, where they could circulate, they could only produce a pulsating torque. 

Ά(-

' A(o) 

110 

1 /120
ϋ 

/240 440/0° 

110 

4 + 3/341°19 + 3/378°.81 

1 /240
G 

/120
c 

330/221°. 19 
110 

4 + 3/461°19 + 3/258°81 

330/138?81 

110 

4 + 3(0.947 - J0.322) + 3(0.947 + J0.322) 

4 + 3( -0.194 -f J0.981) + 3( -0.194 - jO.981) 

355 V 

104 V 

These are line voltages so the positive- and negative-sequence phase-voltages are 
355/yß = 205 V and 1 0 4 / 0 " = 60 V respectively. 

The positive-sequence torque at full voltage has already been calculated in Example E.4.2 
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as 641.8 Nm at full voltage. At 355 line volts, it will be reduced to: 

355
2 

641.8 χ =• = 417.8 Nm 
440

2 

For the negative sequence, the slip is 2-0 .03 = 1.97 and R2/(2 -s) = 0.0508. The 
negative-sequence torque is calculated in the same way as the positive sequence with the 
appropriate change to apparent rotor resistance and the applied voltage. Its value is thus, 
using eqn (4.5): 

3 60
2 

· = =• · 0.0508 = 6.8 Nm 
50 0.1508

2
 -h l

2 

2π χ — 
4 

This is a torque in the reverse sense so the total machine torque is reduced from 641.8 to: 

417.8-6.8 = 411 Nm 

A reduction in torque would occur over the whole slip range and the 
effect is similar to normal voltage reduction - Examples 4.9 and 4.10. The 
contribution of the negative sequence is small but there are simple 
circuits

( 3 )
, which vary the unbalance over such a range that positive and 

negative speeds are both covered. As for balanced-voltage control, high-
resistance rotors improve the characteristic though the torque capability 
is still reduced due to the lowered sequence voltages and the two sequence 
components opposing one another. The method of calculation used 
above is of general application, e.g. to determine the effect of unbalance as 
a possible operational hazard, see Tutorial example T4.19. 

Single-phase Operation 

The most common form of unbalanced operation occurs with motors 
energised from single-phase supplies, representing in fact the majority of 
motor types and almost entirely in the small-power (< lkW) range. 
Many special designs of very small machines have been developed for 
which the theory and calculating methods will not be discussed here. 
Single-phase commutator and permanent-magnet machines have been 
reviewed briefly in Sections 3.4 and 3.6, the latter being sometimes 
energised from rectified single-phase supplies. For an induction motor, 
single-phase excitation produces only a pulsating field and zero starting 
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torque since positive- and negative-sequence components are equal. 
Using phase-splitting or static-phase-converter circuits will give an 
approximation to a 2-phase supply, which together with a machine 
having two windings in space quadrature, can be analysed using 2-phase 
symmetrical components. One of the windings may just be used for 
starting and then cut out, or, by adjustment of its external-circuit 
components, approximate to balanced 2-phase operation. However, even 
a single winding will produce a net forward torque once motion is 
initiated. 

A 3-phase induction motor can be started and run up from a single-
phase supply with a suitable capacitor connected. Reference 5 suggests 
external-circuit connections for both star and delta arrangements, for 
each of which, two machine line terminals are connected to the single-
phase supply and the remaining machine terminal is taken through a 
static phase-converter to one supply terminal. The analysis shows that for 
maximum starting torque, the admittance of the capacitor required for a 
star-connected machine is: 

2 10
6 

2nfC = ^*-γμ? where Ζ ^ V/ ( Ä 1 +R'2)
2
 + (xx +x^)

2 

Applying this formula to the machine of Example 4.2 gives the capacitor 
value as: 

1 2 10
6 

C = χ - x — = = = 20Sl μ¥ 
2π χ 50 3 ^ 0 . 2

2
 + 1

2 

This is a very high value but the machine is large, about 50 kW and 
therefore has a low per-unit impedance. For a more typical power rating 
where such starting methods might be used, viz.}- about l-2kW, the 
impedance might be 10-50 times higher, depending on the rating, with 
corresponding reduction in capacitor size. 

Example 4.20 

To gain some idea of the change of capacitance required between starting and running, 
assume that the same machine has two phase-windings in space quadrature, each with the 
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same equivalent circuit as for Example 4.2. Neglect the magnetising impedance and 
determine the external components in series with one phase so that (a) at starting and 
(b) when operating at 3 % slip, the currents in the two phases are in time quadrature and of 
equal magnitude when the supply available is single phase. The torque can also be 
calculated from the rotor copper loss as for the 3-phase machine. 

(a) For the phase connected directly to the supply, Ζ = 0.2+jl Ω = 1.02/78.69 
For the other phase, the impedance presented to 

the supply to give 90° shift and same magnitude: = 1 -j0.2 Ω = 1.02/ — 11^31 

Hence required external impedance must be: 0.8 — j 1.2 Ω 

10
6 

The capacitative component of this would be = 2626 uF 
In χ 50 χ 1.2 

which is of similar order to the previous value obtained. 
The starting torque would be 2/3 of the value obtained from part (b) of Example 4.2, 

since the impedance per phase is the same but there are only two phases. This applies to the 
running condition also, so the torques are 158 Nm and 428 Nm respectively. 

(b) For a slip of 3%, Ζ = 0.1+0.1/0.03+jl = 3.433 +j l Ω 

For the second phase to give 90° shift, impedance = 1 — J3.433 Ω 
Hence required external impedance must be: -2.433 -J4.433 Ω 

10
6 

The capacitative component of this would be: = 718 uF 
In χ 50 χ 4.433 

This last answer indicates the big difference between starting and 
running requirements. It also indicates that perfect balance would 
require a negative resistance of 2.433 Ω! so some unbalance has to be 
tolerated with such simple phase-conversion arrangements. As for the 
previous illustration, the capacitor values are very high because the 
machine in the example is untypically large. 

An understanding of single-phase operation with one winding alone 
can be approached through consideration of the 3-phase motor having 
one supply lead opened. The motor would then be subjected to single-
phase excitation and with star connection say, / A = 0 and / B = — / c . The 
1-phase pulsating m.m.f. F can be resolved into equal synchronously-
rotating forward and reverse m.m.f.s of half magnitude F/2, as will be 
understood if two oppositely rotating space-phasors are combined

( 1 )
. 

Each component m.m.f. is considered to act separately on the rotor with 
the appropriate slip. At standstill, positive- and negative-sequence impe-
dances, connected in series, are each equal to half of the short-circuit 
impedance between two terminals, i.e. approximately the same as the 
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/r-,/2 *,/2 

0A_ 

0.1 
2 -5 

s 

/?,/2 xJZ 

(a ) Exact equivalent c i rcu i t (b ) Approximation, Example 4 .21 

FIG. 4.3. Single-phase induction motor. 

per-phase equivalent circuit in the 3-phase mode, for each sequence, Fig. 
4.3. The magnetising reactance will be much smaller however due to 
interference with the flux by the backwards rotating field component. 
When the machine is stationary, the two equal and opposite torque 
components cancel so there is no starting torque. But with rotation, the 
impedances change due to the different slip values and though / f, the 
forward-sequence current is only a little greater than / b, the voltages 
across the two sections are very different. The positive-sequence torque 
IfR2'/2swsJ is much larger than the negative-sequence torque, 

The next example uses the approximate circuit for simplicity. 
Neglecting the magnetising impedance is a more drastic step than for the 
balanced polyphase machine but a comparison will be made through 
Tutorial Example T4.20 which calls for an exact solution and shows all 
the various components and their interactions. On Fig. 4.3, the 
magnetising resistance is omitted, the iron loss being treated separately 
since superposition is not a satisfactory method of allowing for this. 

Example 4.21 

The 3-phase machine having the equivalent circuit used in Examples 4.1 and 4.2 is 
operating on no load when a fuse in one line blows to give a single-phasing condition. 
Determine the torque when the machine is now loaded and the speed falls to give the rated 

lb

2
R2'/2(2-syos. 
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slip of 3 %. The approximate equivalent circuit can be used. In order to make a general 
comparison of single-phase and 3-phase performance, even though this machine is of much 
higher rating than the maximum for single phase, not usually greater than 1 kW, calculate 
also the maximum torque as a 3-phase machine and for single-phase operation calculate the 
torque at slips of 7% and 10% which will cover the maximum torque in this mode. 

If the approximate circuit is used, Z m need not be included in calculations of torque. For 
the 3-phase machine, the impedance required to calculate performance is: 

0.1 + jO.5 + jO.5 + 0.1/s = (0.1 + 0.1/s)+ jl Ω per phase. 

For the single-phase machine the impedance required is: 

0.1 0.1 / 0.1 0.1 \ 
0 . 2 + j l + j l + — + - = 0 . 2 + — + +J2Q s 2 — s \ s 2 — s / 

For the 3-phase machine 

/' 440/^3 

N/(0.1+0.1/s)
2
 + l 

For the 1-phase machine 

/ = / -
 4 40 

i
r —

 J
b — 

0.0995 

y/[0.2 + 0.1 /s + 0.1 /(2 - s ) ]
2
 + 2

2 

For the maximum torque on the 3-phase machine, 

R'2 _ 0.2 

W + ^ + x i )
2
 v/0.01 +1 

Hence 

Τ 3 χ (440/^3)
2
 ^ 0.1 

m ax
 78.54

 X
 (0.1 +0.1/0.0995)

2
 + l

2 X
 0.0995 ~ 

Te at s = 0.03 from Example 4.2 = 642 Nm 

For the single-phase machine: 

Slip 0.03 0.07 0.1 

0.1/s 3.3333 1.4285 1 

0 . 1 / ( 2 - s ) 0.0508 0.0518 0.0526 
R = 0.2 + rotor resis. = 3.584 1.68 1.253 
Z = v

/
/ ?

2
 + 2

2 
4.104 2.612 2.36 

h = K 107.2 168.5 186.4 

7
f — - , — 37 722 39088 32 883 

\ s 2-sJ 
Tc — divide by cos = 480 498 419 

The maximum torque will be just over 500 Nm which is less than rated 
torque as a 3-phase machine for which the full-load current is less than 

136 



[4.5] INDUCTION MACHINES 

80 A, from Example 4.2. The deterioration for 1-phase operation is thus 
considerable, the maximum torque being rather less than 50 % and the 
currents being much higher, when compared with the 3-phase motor. 
There is also a double-frequency torque pulsation with consequent 
vibration and noise. "Exact"-circuit calculations required in Tutorial 
Examples T4.20 and T7.7 will further illustrate the above points. 

The equivalent-circuit parameters can be obtained from o.e. (no-load), 
and s.c. tests, though approximations are usually necessary, e.g. the 
transfer of the magnetising reactance to the terminals and noting that at 
low slips, the lower Xm/2 branch is almost short circuited by the 
R2/2(2-s) term in series with [Kj + j ( x i +x ' 2)] /2 so that Z n , =̂  Xm/2. 

4.5 SPEED C O N T R O L BY SLIP-POWER RECOVERY 

This method of speed control involves the application to the 
secondary terminals, of a voltage V3 from an active source, which may 
provide (or accept) power, increasing, (or decreasing) the speed. It must 
automatically adjust itself to slip frequency and this can be done with 
commutator machines or by power-electronic switching circuits. An 
external resistor, carrying the slip-frequency current, though only a 
passive load, does give slip frequency automatically since V3 = R3I2. 
For an active source, the slip power, P3 = V3I2 cos φ3, can be fed back to 
the supply so that power changes with speed giving approximate 
constant-torque characteristics. If the slip-power is fed to a suitable 
machine on the main shaft, a "constanf-power drive is formed. 
Independently of the method, the speed variation can be calculated by 
applying V'3/s to the rotor terminals on the equivalent circuit, V 3 having 
been transformed for turns ratio and for frequency, as for all the other 
rotor-circuit parameters. 

The rotor current becomes: 

Γ2= ,
 | V

' -
V

'
3 / 5

' (4.19) 
J(R1+R'2/s)

2
 + (xl+x'2) 
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and the rotor-circuit power per phase: 

sPg = sEJ'2 cos φ2 = ^ 2
2
^ 2 + ^ 3 

The torque 

Τ 
= 3 P g ^ 3 χ (l'j R'2+V3r2 cos <p3) (4.20) 

K 3 can be used to change the slip and/or the power factor. 

Example 4.22 

A 3-phase, 440-V, star-connected shunt commutator-motor has the following 
equivalent-circuit parameters per phase: 

The magnetising branch may be neglected and the stator/rotor turns ratio is 2:1. With the 
commutator brushes short circuited, the motor develops full load torque at 3 % slip. 

(a) Determine the voltage, in phase with supply, which applied to the commutator brushes 
will cause the motor to develop full-load torque at 25 % slip. 

(b) What voltage in lagging quadrature with the supply is required to give unity power-
factor at the full-load slip? What effect will this have on the torque? 

The shunt-commutator machine is an induction motor with a built-in frequency changer 
formed by commutator and brushes, to which variable supply-frequency-voltages are 
applied and automatically transformed to slip frequency for the rotor (commutator) 
winding/

1 ]
 The approximate equivalent circuit is shown on the figure. The rotor impedance 

has been referred to the stator winding; i.e. R'2 = 2
2
 χ 0.06 = 0.24 Ω; x'2 = 4 χ 0.25 = 1 Ω. 

(a) With brushes short circuited: 

0.2 j 0 . 8 j 1.0 0 .24 / s 

1; I/, = 4 4 0 / 7 3 

FIG. E.4.22. 
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2 ( 4 4 0 / V 3 )
2 

2
 (0.2 + 0.24/0.03)

2
 + (0.8 + l )

2 

With applied voltage V3 at 25 % slip: 

R 2 _ (440 /v /3 -^ /0 .25)
2 

2
 (0.2 + 0.24/0.25)

2
 + 1.8

2 

= (118.63 -1.868 ^ )
2 

The equivalent-circuit impedance is ^ / l . l o
2
 Η-1.8

2
 = 2.1414Ω 

1.16 
and since V 3 is in phase with V l f power factor cos<p2 = 2414 ~

 c o s <
^ 3 * 

These last expressions for l2 and for cos φ3 are now substituted in the torque equation 
(4.20) and equated to the full-load torque for short-circuited brushes. 

With V3 applied: I'2
2
R2 = (14073 -443.2 V3 + 3.489 V'l) χ 0.24 

and V3 Γ2 cos φ3 = ^118.63 -1.868 χ 1.16/2.1414 

Total rotor-circuit power 

Ô25 

fication. 

This is equated to: 

Normal rotor-circuit power 915.6 χ 0.24 

s
 =

 ÖÖ3 
Again, after some simplification, this yields the expression V'l + 241.4 V3 — 8861.3 = 0 
and the quadratic solution gives, as the only positive value, V'3 = 32.4 V. 

Allowing for the 2/1 turns ratio: V3 — 16.2 V, in phase with V\ will reduce speed to 
0.75 Ns while delivering full-load torque. 

(b) With \ ' 3 lagging \ l by 90° and at full-load slip of 3%: 

440/v/3 - ( - j V'3/0.03) 254 + J33.3 V3 

= - 0 . 6 9 8 r 3- 1 6 8 . 5 ^ 3 - + 13 510 after some simpli-

= 7324.8 watts/phase 

1; = 
(0.2 + 0.24/0.03) + j 1.8 8.2 + j 1.8 

For unity power factor, this expression must be "real". This in turn means that the "real" 
and "imaginary" parts of numerator and denominator must be in the same ratio. 

Hence: 
254 8.2 

= — from which V' = 1.673 V and V3 = 0.836 V 33.3 W3 1.8 

Although this voltage is very low, it must be remembered that the rotor e.m.f. at this 
small slip is also low. 

Substituting the value of V3: 

2 S 4 + j3 3 . 3 x . . 6 7 3 = 33 

8.2+jl.8 ' 
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and since V3 is lagging V„ the total angle of lead <p3 = 1 l°J5 + 90° = 101°35 
The power P3 is therefore V'3l2 cos<p3 = 1.673 χ 33.1 χ cos 101?35 = -21.8 
watts/phase 

3P„ 3 (33.1
2
x 0.24-21.8) 3 

Hence: Τ = —- — — χ
 ;

 = — χ 8038 Nm 
ω. ω. 0.03 ωβ 

This compares with the full-load torque of (3/ω,) χ 7324.8 Nm so there would be a 
tendency for speed to rise with the additional torque and V3 would have to be modified 
slightly to give a speed-reducing component. This tendency can also be understood 
from the sign of P3 which is negative, indicating a power input to the rotor, increasing 
the speed. The phase angle of \'2 with respect to V3 is greater than 90°. The exact 
calculations of V3 for a given speed and power factor are more complex than the 
above.

( 1) 

Example 4.23 

The induced voltage across one pole pitch of a 50-Hz, 6-pole Schräge motor commutator 
is 36 V r.m.s. The stator (secondary) winding can be arranged either in parallel or series to 
give an induced voltage (E2) at standstill of 30 V or 60 V. Find in each case the speed range 
on no load. For the paralleled stator winding find also the angular separation of the 
brushgear to give speeds of 1800, 400, and -100 rev/min. 

The Schräge motor is also a self-contained, variable speed induction motor, generating its 
own voltage V3 by commutator action/

l)
 The primary winding is on the rotor this time, 

with the commutator, but unlike the shunt commutator-motor, a power-electronic 
replacement for the frequency-changing action would not be worth considering. Two sets 
of contra-rotating brushes pick up the voltage V3 at variable angular separation of θ 
electrical degrees to give V3 = V3 sin 0/2 as the injected voltage per phase. V3 is the 
maximum voltage available with angular separation of 180° (elec.). For the no-load 
condition, the secondary impedance drop is zero and so V3 must be in balance with the 
induced secondary e.m.f. sE2. Hence: 

V3 5 0 x 6 0 / νΛ ( 
s = — and speed = Ns(l - 5 ) = 1 1 I = 10001 1 

E2 3 \ E2J \ 

with maximum brush separation 180°: 

speed range = 1000^1 ± ^ = 2200/-220 rev/min 

or lOOofl ± — ) = 1600/400 rev/min 

36 sin 0/2 
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For the various speeds specified: since Rev/min = 10001 

« λ . . . . 0 2 . ^(l-Crev/minyiOOO) 
then vm in mechanical degrees = - = — sin

 1 

ρ 6/2 36/30 

By substitution: for 1800 rev/min 0 m = -27?8 mechanical 
for 400 rev/min 0 m = +20° mechanical 

for 1100 rev/min 0 m = +44?3 mechanical 

Note that for 1800 rev/min, the speed is supersynchronous and V3 must 
be negative; the positive sign in the equations developed assumed that P3 

was a power sink. For supersynchronous speeds, the power level in the 
secondary must have a tendency to rise, due to the action of P3 as a power 
source. 

Example 4.24 

A 6-pole, 50-Hz, wound-rotor induction motor drives a load requiring a torque of 
2000 Nm at synchronous speed. It is required to have speed variation down to 50 % of 
synchronous speed by slip-power control. Determine the maximum kW rating of the 
injected power source, (a) assuming Tmaa)m

2
, and (b) assuming Tmacom. Neglect all the 

machine losses. 

In this case, a standard induction motor is provided with an external slip-power source, 
which could be a commutator machine, or more usually nowadays, a power-electronic 
circuit to give frequency conversion from supply frequency to slip frequency/

υ 

Since rotor copper loss is being neglected, the question is asking for the maximum rotor-
circuit power 3sPg = 3P3, as speed is reduced by slip-power control down to half 
synchronous-speed. The mechanical output 3(1 -sJP,, see Fig. 4.1b, also varies with speed 
and the nature of this variation governs the magnitude of P3. 

At synchronous speed, the mechanical power 3Pm = 2000 χ In χ 50/3 = 209.4 kW 

At any other speed wm = cos(l — s); i.e. the per-unit speed is (1 — s) so: 

Since mechanical power is coj
1
^ the index 'x' is either 3 for (a) or 2 for (b). 

Equating expressions for power 3(1 - s ) Pg = 3Pm( l —s)
x 

from which: Pg = P m ( 1 - s )
u
 "

1
 > 

and p 3 = 5P g = s P m( l - s )
u l) 

differentiating: ^ = P m[ ( l - s )
u
~

 υ
 + ( — 1) x s χ (χ —1)(1 - s )

u _ 2 )
] 
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FIG. E.4.24. 

Pm-

This is zero when: ( 1 - s)
(x
 "

1
 > = s(x - 1 )( 1 - s)

(x _ 2) 

i.e. when s = 1 /x 

1 Γ χ - 1 
Substituting this value of 5 gives P 3 = - χ Ρ χ 

χ L χ 

2
2 

Hence for Γ α ω
2
 χ = 3 and 3P3 = 209.4 χ — = 31 kW 

m m
 1

 -> ^3 

l
1 

and for Tm<xa)m, χ = 2 and 3P3 = 209.4 χ —- = 52.4 kW 

The variations of P 3 with speed, for different values of x, see Fig. E.4.24, 
show that the above figures are maximum values occurring over the speed 
range. It can be seen too, that the higher the value of x, the more attractive 
is this method of speed control because the P3 rating is reduced. Hence 
this slip-power, (Scherbius or Kramer) system, finds use in fan and pump 
drives, where Tm falls considerably as speed reduces. 

This chapter has surveyed the more usual methods of controlling 
induction motors. But there are other ways of doing this for which 
Reference 3 could be consulted. Discussion of power-electronic control 
will be deferred till Chapter 7. 
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CHAPTER 5 

S Y N C H R O N O U S M A C H I N E S 

E l e c t r i c a l power is generated a lmost entirely by synchronous ma-

chines, o f individual ratings up to and beyond a mil l ion kW (1 GW). 

Consequent ly , problems o f power-system generation, transmission, 

distribution, fault calculations and protection, figure very largely in 

synchronous-machine studies and these receive more attention for 

example in Reference 6. The purpose o f this present text is to place more 

emphasis o n electrical drives, though s o m e generator problems are given, 

e.g. determination o f equivalent circuit from generating tests, calculation 

o f excitation, simple mult i -machine circuits and operating charts. 

Synchronous-motor drives are the fewest in actual numbers but they are 

used up to the highest ratings. The facility for power-factor control is an 

important decisive element, if constant speed is suitable and in addition, 

synchronous machines have the highest efficiencies. With the advent of 

static variable-frequency supplies, variable-speed synchronous motors 

are gaining wider application, having a set speed as accurate as the 

frequency control. For steady-state operat ion, the equivalent circuit is 

simpler than for the induction machine and there is the additional, 

straightforward control facil ity—the excitation. Since the dominat ing 

magnetis ing reactance carries the total armature current, its variation 

with different air-gap flux and saturation levels should be al lowed for. 

Al though most synchronous motors are o f salient-pole construction for 

which the equat ions are less s imple than for the round-rotor equivalent 

circuit o f Fig. 1.9c, this latter circuit still gives a fairly accurate answer 

to the general operating principles for steady state. A few examples 

with salient-pole equat ions are worked out at the end of this 

chapter. 
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5.1 SUMMARY O F EQUATIONS 

Figure 1.9c shows all the parameters on the equivalent circuit. Ra is 
usually much less than the synchronous reactance Xs = x a, + Xm and is 
often neglected in circuit calculations. It becomes important in efficiency 
calculations of course and also when operating at fairly low frequencies 
when reactances have fallen appreciably. The earlier problems in this 
chapter will include the resistance, the equations being quoted directly 
from Reference 1 when they are not developed in the text. The equivalent 
circuit is normally derived from tests at very low power-factor and this is 
not difficult to achieve, except for very small machines where Ka becomes 
relatively high

( 4 )
. For such tests, the reactance voltage drops are virtually 

in phase with all the other voltages and can be combined therewith 
algebraically, to derive and separate the leakage and magnetising 
components of the synchronous reactance. Examples 5.1-5.3 will help in 
understanding the following terms and equations which relate to both 
the time-phasors for voltages and the interconnection with the space-
phasors of m.m.f. The conversion is made through the magnetising-curve 
sensitivity in volts, per unit of m.m.f. Note that the m.m.f.s. are all 
expressed in terms of field turns through which they are measured. The 
average sensitivity varies from the unsaturated value on the air gap line 
(kf volts/At) to Jcf s, that of the mean slope through the operating point 
determined by the air-gap e.m.f. E. The equations use motor conventions 
but can be used as they stand for a generator if this is considered as a 
"negative" motor, the I a phasor being at an angle greater than 90° from 
the reference terminal voltage V, (Fig. 5.1). 

Circuit equations: Ε = V - R a I a - j x a lI a (5.1) 

E f = E - j X m I a 

M.M.F. equation: F r = F f + F a 

multiplied by k(s volts/At: <cf sFr = /c f sF f 4- fcfsFa 

gives voltage components: Ε = E f +}XmJ. 

(5.2) 

(5.3) 

(5.4) 

(5.5) 
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corresponding to flux component equation: 

*™ = ΦΓ + Φ 3 (5-6) 

Mag. curve gives general relationship: 

£ = f(F) (5.7) 

At zero power factor, eqns (5.1)—(5.6) become algebraic. For zero 
leading as a motor, or zero lagging as a generator; K, / a , F f l , F{2 and kf 

having been measured: 

Short-circuit test Zero p.f. test 
(V = 0) (νψΟ; /a = /asc) 

Circuit equations are: Ei = Χ Ϊ (5-la) £ 2 = - v+xJ> (5.1b) 
M.M.F. equations are: = Fa + Frl (5.3a) = F> + Ft2 (5.3b) 
Magnetisation curve gives: £, (5.7a) E2- - HF*) (5.7b) 

From these two tests and the six equations, a solution for one 
unknown will yield all the other five. It is only really necessary to solve 
for x a l though sometimes the armature m.m.f. F a is required if the 
complete phasor diagram is to be drawn. Eliminating all unknowns apart 
from E2 and F r 2 leaves eqn (5.7b) and: 

E2=V-kf(F(2-Fn) + kfFr2 (5.8) 
The intersection of the straight line (5.8) with the curve (5.7b) yields E2 

and F r 2 ; hence x a l from (5.1b) and F a from (5.3b); see Example 5.1. 
The short-circuit test and the o.e. curve (5.7) also yield the unsaturated 

synchronous reactance; 

since on o.e.; / a = 0 '· V = Ε = Ef ; 

and on s.c; V = 0 .'. Ε = x a l/ a and Ef = (x a l + * m u) / a = XJa. 

The unsaturated value of the synchronous reactance Xsil and of 
magnetising reactance Xmu are thus derived from the air-gap line, x a l 

having been found previously. 
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In using this equivalent-circuit information to determine the exci-
tation for any specified terminal voltage, current and power factor, the 
air-gap e.m.f. Ε is first found from eqn (5.1). This gives the operating 
point and the appropriate value of fcfs. Hence the correct saturated value 
of magnetising reactance is Xmukfs/k{ and completing the eqn (5.2) gives 
the value of E{, the e.m.f. behind synchronous reactance. The required 
excitation is Er/kh: see Examples 5.1-5.3 and Reference 4. 

Electromechanical Equations 

Considerable insight is gained into the essential aspects of 
synchronous-machine control and behaviour if the machine losses are 
neglected. The approximate circuit and the phasor diagram for this 
condition are shown on Fig. 5.1. We have the equation: 

y v o E /S 
V/0 = Et[δ + j * s/ a/ ! 2 _ (5-9) and /a/çg_ = — φ - (5.9a) 

FIG. 5.1. Approximate equivalent circuit per phase and phasor diagram (motor 
conventions). 
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Equat ion (5.9) shows the terminal voltage with its two components . 

Equat ion (5.9a) which is a rearrangement o f eqn (5.9) s h o w s the terminal 

current as the sum o f t w o c o m p o n e n t s , each lagging 90° behind its 

corresponding voltage. Both equat ions are s h o w n o n the phasor diagram 

and power (which is the same for input and output since losses are being 

neglected) can be obtained from either equat ion, I A being resolved a long 

V directly, or in its two component s . N o t e that V / j X s resolves to zero. 

Hence , for a 3-phase machine: 

Power = 3 Videos φ (5.10) 

or = -3V-^s'mô (5.10a) 

The negative sign is explained by the choice o f m o t o r convent ions . The 

load angle δ is negative (rotor falling back) when motoring, and power 

will then be positive. For a generator, as indicated, the sign o f δ reverses 

and the I A phasor falls in the lower part o f the diagram, the real part o f IA 

being negative. Should generator convent ions be desired, then it is only 

necessary to reverse the IA phasor which will then clearly indicate 

whether the power-factor angle is leading or lagging o n V. N o t e that at 

constant frequency, synchronous speed is constant , and torque is 

obtained o n dividing either power express ion by co s; 

Te = P o w e r / ω , (5.10b) 

The phasor diagram shows t w o particular condi t ions o f interest. If 

power is maintained constant, then 7a cos φ is constant and the I A phasor 

must fo l low a horizontal locus. This s h o w s the variation o f power factor 

and load angle as excitation is varied. A high value o f Ef means that a 

motor receives power with current at a leading power-factor and a 

generator delivers power with current at a lagging power-factor; δ is 

small and there is a large overload capacity before sin δ reaches unity. A 

low excitation leads to the oppos i te behaviour. If instead the power is 

al lowed to vary but the excitation is constant , then I A must fol low a 

circular locus determined by the end o f the Ef/jXs phasor. N o w , power, 

power-factor, load angle and function can change. There is another 
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important condition where the current phasor follows a horizontal locus 
along the zero power axis; i.e. on no load as a "motor", I A is completely 
leading V (at high values of E( ) or completely lagging V (at low values of 
excitation). This is operation as a synchronous compensator: similar to a 
capacitor when overexcited and to a lagging reactor when underexcited. 
Example 5.4 illustrates all these modes. 

Generated-e.m.f. Equation 

This is little different from the average voltage for the d.c. machine 
eqn (3.1), except that it is the r.m.s. value which is required so must be 
multiplied by 1.11. Further, the number of conductors in series z s must 
refer to one phase of the winding. The distribution of the coils round the 
machine periphery is carried out in many different ways and there is 
inevitably a loss of total phase e.m.f. because the individual conductor 
voltages are slightly out of phase with one another. So the whole 
equation must be multiplied by a winding factor, typically about 0.9 for 
the fundamental voltage. It is different for the harmonic voltages and the 
winding is deliberately designed to suppress these. The overall effect is 
that the expression for the fundamental r.m.s. voltage per phase is almost 
the same as for the average voltage given by eqn (3.1). Alternatively, the 
transformer e.m.f. equation can be used for a.c. machines; i.e. induced 
r.m.s. e.m.f. = 4.44 χ φ xf x N s χ /cw, where φ is the maximum funda-
mental flux per pole, Ns the turns in series per phase and kw the winding 
factor. No worked examples will be provided to illustrate this since a 
more detailed study of windings is really required, see Reference 1. It is 
sufficient to note that in the machine equations, the e.m.f. is proportional 
to the speed (or the frequency), and the flux component being 
considered. 

5.2 SOLUTION O F EQUATIONS 

A general plan for guidance on synchronous-machine problems is now 
given. 
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Example 5.1 

The test results on a 5 MVA, 6.6 kV, 3-phase, star-connected synchronous generator are 
as follows: 

Open-circuit test 
Generated (line) e.m.f. 3 5 6 7 7.5 7.9 8.4 8.6 8.8 kV 
Field current 25 42 57 78 94 117 145 162 181 A 

Short-circuit test, at rated armature current, required 62 field amperes. 
Zero power-factor lagging test, at 6.6 kV and rated current, required 210 field amperes. 

If the field resistance is 1.2 Ω cold, 1.47 Ω hot, calculate for normal machine voltage, the 
range of exciter voltage and current required to provide the excitation from no load up to 
full load at 0.8 p.f. lagging. The armature resistance is 0.25 Ω per phase. 

5000 
Rated armature current 7 aR = —-j= = 437.4 A 

^ 3 χ 6.6 
The o.e. magnetisation curve is plotted on Fig. E.5.1 and the z.p.f. data (F fl = 62 A and 

Ff2 = 210 A)permit the line E2 = V-kf {Ft2-Ffl) + /c fF r 2,eqn (5.8) to be plotted. kf, the 
unsaturated slope of the magnetisation curve, is 6000/50 = 120 line V/A. Hence: 

E2 = 6.6-0.12(210-62) + 0.12Fr2 = -11.16 + 0.12F t2 kV (line) 

Note, although the equivalent circuit parameters are per-phase values, it is merely a 
matter of convenience to use the given k V line voltages, but the scaling factor involved must 
be allowed for as below. Phase volts could of course be used to avoid the faintest possibility 
of error. 

The intersection of the above line with the Ε = f (F ) curve gives simultaneous solution of 
the two equations at E2 = 8.6 kV. F r2 is not usually required. Hence 

y/3xjm = E2-V (line) = 8.6 -6 .6 = 2kV Λ xa, = j ^ 3 74 = 2.64Ω. 

For total (unsaturated) synchronous reactance consider point on o.e. and s.c. at F = 62 A 

* s ü = ^ g ^ = 9.78n giving 

Xmu = 9.78-2.64 = 7.14 Ω = unsaturated magnetising reactance 

The equivalent circuit per phase is also shown on the figure. 
The construction carried out is virtually the same as the Potier construction also 

described in Reference 1, but put into a more direct mathematical form. The armature 
m.m.f. F a at rated current from the Potier triangle is equivalent to 210 -164 = 46 A times 
field turns. 
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FIG. E.5.I. 

Excitation Calculations 

On no load, when the machine is cold, and the terminal voltage is the same as the air-gap 
e.m.f., the required field current from the o.e. curve is 69 A , requiring 69 χ 1.2 = 83 V from 
the exciter. 

On load, with Ia = 437.4 (0.8-j0.6) = 350 -j262 A 

the air-gap e.m.f. from the generator equation Ε = V + zl is: 

6600 
Ε (phase) = + (0.25 + j2.64)(350 -j262) 

= 3810.5-I-779-I-j 858.5 

= 4589.5 +J858.5 = 8.087kV (line) 

From the o.e. curve this gives a saturated volts/field A of : 

8087 
k{s = - j - ^ - = 65.2 compared with kt = 120 line V/field A 

Hence saturated magnetising reactance = 7.14 χ 65.2/120 = 3.88 Ω and 

Ef = E + j X m sI a = 4589.5+ J858.5+ j 3.88(350-J262) 

= 5606+J2217 = 10.44 kV (line) 

Ef 10440 

kfs 65.2 

This will be for the "hot" condition so required exciter voltage is: 

160 χ 1.47 = 235V 
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Example 5.2 

A 3 phase, 500 kVA, 3.3 kV, star-connected synchronous generator has a resistance per 
phase of 0.3 Ω and a leakage reactance per phase of 2.5 Ω. When running at full load, 0.8 p.f. 
lagging, the field excitation is 72 A. The o.e. curve at normal speed is: 

Line voltage 2080 3100 3730 4090 4310 V 
Field current 25 40 55 70 90 A 

Estimate the value of the full-load armature ampere-turns per pole in terms of the field 
turns and hence calculate the range of field current required if the machine has to operate as 
a synchronous motor at full kVA from 0.2 leading to 0.8 lagging p.f. 

In this example, as an alternative to the previous circuit approach, the phasor diagrams 
will be drawn for both time-phasors and m.m.f. space-phasors. On full load, Ff is given and 
by constructing V + jR.I, + jxa, I, to get the gap e.m.f. £, the value of FT can be read from the 
o.e. curve. It is shown as a space-phasor lagging Ε by 90°. The phasor Fa is known in 
direction, being in antiphase with I, for a generator*

1
 \ and must intersect with an arc drawn 

for F{ = 72 A as shown. Hence its length is determined and the angle between F F and F R, 
which is also the angle between Ε and Ef, is available if it is desired to draw in the Ef phasor 
and the closing jX m, I . phasor. An analytical solution based on the voltage equations is left 
as an exercise; it leads to a quadratic in Xmt for which the value on load is 12.3 Ω. The 
unsaturated value on allowance for kf and kfi is 14.3 Ω. 
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Rated armature current = —— = 87.47 A 
^ 3 x 3 . 3 

3300 
Ε phasor constructed from V, / ? a/ a, x a l/ = , 0.3 χ 87.47, 2.5 χ 87.47 

= 1905, 26, 219 

The problem will now be solved entirely by the use of phasor diagrams. Accuracy will not 
of course be as good as by analysis. The first phasor diagram is for the loaded, generating 
condition giving first the value of Ε as 2060 volts/phase from which a resultant m.m.f. 
Fr = 51.5 A is read off from the o.e. curve. The m.m.f. diagram follows as explained above 
and F a by measurement is 26.5 A. The E f phasor is sketched in lightly at right angles to F f 

and the closing vector is j X m sI a. 
The procedure for finding the motoring excitation for the two specified power factors is 

not very different. The armature current and m.m.f. are the same throughout, but unless 
treated as a "negative" generator, the motor equation must be used. This gives Ε lagging 
instead of leading V as in the generator case. F a is now drawn in phase with Ia for the 
motor

( 1)
 and Ff is therefore found in each case from F f = F r - F a. The values for the two 

different power factors are, by measurement: 

Ε = 1780 V/phase (0.8 p.f.) Ε = 2120 V/phase (0.2 p.f.) 

Fr from o.e. curve = 40 A (0.8 p.f.) F r = 54 A (0.2 p.f.) 

Ff = 35 A (0.8 p.f.) F f = 80.5 A (0.2 p.f.) 

The final answers could also be obtained by the same analytical method as in Example 5.1. 

Example 5.3 

A 3-phase, 5kVA, 1000V, star-connected synchronous machine has Ra = 4Ω and 
x al = 12 Ω per phase. The o.e. curve is as follows: 

Field current 4 6 8 10 12 14 16 A 
Armature line voltage 490 735 900 990 1070 1115 1160 V at rated speed. 

On a short-circuit test, 7 A was required in the field to circulate rated armature current. 
Determine the field current and voltage required for operation at constant terminal 

voltage of 1000 V and (a) no load current; (b) rated current as a generator at 0.8 p.f. lagging; 
(c) rated current as a motor at unity power factor. 

(d) The machine is going to be considered for operation as a synchronous capacitor. 
Plot a curve of reactive V Ar in this mode against the required field current, up to about 
rated current, and hence determine the permissible rating of the machine, if the field current 
can be increased up to the generating value of part (c) above. Resistance may be neglected 
for this part (d). 

' 5000 
Rated armature current / a R = = 2.89 A. 

^ 3 χ 1000 
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From o.e. curve at / f = 7 A: 

e.m.f. on air-gap line 870/ ^ 3 
X.„ = . = . „Z = 174Ω per phase 

/SC(2-89A) 2.89 
Hence 

174 - 1 2 = 162 Ω per phase 

870/7 = 124.3 line V/fld A 

Mode (a) No load (b) Generating (c) Motoring 

0 2.89(0.8 - jO.6) 
2.31 — jl.73 

2.89(1 + jO) 
2.89+j0 

E = V ± z l a 

E r.m.s. line V 

1000/^3 
577.4 
1000 

577.4 + (4+j 12)(2.31 — j 1.73) 
607.3+J20.8 

1052.5 

577.4-(4+jl2)(2.89) 
565.7 -J34.7 

981.7 

kfs line V/fld A 99 1052.5/11.5 = 91.5 981.7/9.7 = 101.2 

Xms=\62x^ 119.25 131.9 

206.3 +J275.5 J381.1 

Ef = E ± j X m sI a 

E( line V 
577.4 
1000 

813.6-hj296.27 
1500 

565.7-J415.8 
1216 

F, = £,/*„ 10.1 16.4 12 

FIG. E.5.3. 
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(d) Calculations for excitation are similar, but for various currents, all of them leading 
voltage by 90°, up to j3 A and with RB neglected, jx a II a = — 12/a. 

I. 0 j i J2 J3 

E = V - j x a lI a 
Ε r.m.s. üne V 

577.4 
1000 

577.4+12 
1021 

577.4 + 24 
1042 

577.4 + 36 
1062 

99 96.2 92.6 89.6 

125.4 120.7 116.8 

jx-i. -125.4 -241.4 -350.4 

E f = E - j X m sI a 
Et line V 

577.4 
1000 

589.4+125.4 
1239 

601.4 + 241.4 
1460 

614.4 + 350.4 
1669 

F f « £ , / * , . 10.1 12.88 15.8 18.6 

kVAr = ^ 3 x 1 x / a 0 1.73 3.46 5.2 

The curve of kVAr against field current is plotted and although saturation has been 
allowed for, it is virtually a straight line. When the Ef equation is divided by fcf„ since 
Xm = kfsXmJkf, the last term is unaffected by saturation, so the major change of F{ due to 
armature current is a proportional one. At the generating field current of 16.4 A, the kV Ar 
is 3.8, which is therefore the permissible rating as a synchronous capacitor. As a 
synchronous reactor, with negative j / a, the required excitation falls and the permissible 
rating is then limited from stability considerations. 

5.3 PER-UNIT N O T A T I O N 

For synchronous machines this notation is very commonly used and is 
perhaps the most straightforward in application, especially for the 
normal, constant-voltage and constant-frequency arrangement. Rated 
voltage, current and therefore rated kVA are taken as base quantities, 
plus the constant, synchronous speed. Rated electrical terminal power 
will therefore be cos <pR in per unit. 1 per-unit impedance will be rated-
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voltage-per-phase/rated-current-per-phase and the synchronous react-
ance is typically of this order, approaching 2 per unit for large turbo 
generators and rather less than 1 per unit for motors with large overload 
capacity. The next example uses per-unit notation for convenience and is 
meant to illustrate in a simple manner, the essential aspects of 
synchronous machine behaviour; conventions, load angle, motoring, 
generating and synchronous-compensator operation. This will be 
achieved by calculating the current from specified voltage, e.m.f., load 
angle and reactance. A motor convention will be used and the 
synchronous reactance Xs assumed to be 1 per unit. 

From eqn (5.9): 

V = E f+ } X sl a neglecting resistance; 

at rated voltage: 1 = EJÔ + \ΙΛ/φ 

from which: Ja/<2_ = - p — = — j(l —Ε{/δ_) per unit. 

The solution for I A will yield the mode; real-part positive means 
motoring, real-part negative means generating and real-part zero means 
operation as a synchronous compensator. The real part also represents 
the per-unit power and the per-unit torque, since losses are being 
neglected. The solution also gives the power factor, though for a 
generator this is best detected for lagging or leading by reversing the 
current phasor, as shown on the phasor diagrams in the next example. 

Example 5.4 

A synchronous machine has Xs = 1 per unit and operates at rated voltage V = 1 per unit. 
Determine the per-unit values of current, power, torque, and the power factor and state the 
machine function when the e.m.f. due to field current (£ f in per unit) and the load angle δ 
have the following values: (a) 0.5/XT ; (b) 1/(T ; (c) 1.5/0^; (d) 0.5/-30° ; (e) l / -30° ; 
(f) 1.5/-30° ; (g) 0.5/ + 30° ; (h) l /+30° ; (i) 1.5/+ 30° . 

The expression for calculating Ia has just been developed as: — j(l — E{[δ_) and it is only a 
matter of substituting the values above as in the table on p. 157. 
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The above example is a very simple application of the per-unit system 
but if it still causes a difficulty, take V as say, 1000 V per phase and Ef will 
then be 500, 1000, 1500 V. If Xs is taken as 10 Ω for 1 per unit, then 7 a R 

must be 100 A. All the currents in the above table, which are in per unit, 
will be multiplied by 100. 

5.4 ELECTROMECHANICAL PROBLEMS 

In the circuit of Fig. 1.9c, it will be assumed that the synchronous 
impedance Ra+'}XS is given, though Ka may be neglected as for Fig. 
5.1. The excitation will be left in terms of £ f , knowing that the calculation 
of field current will require the techniques used in Examples 5.1-5.3. 
Apart from frequency and the related synchronous speed, there are six 
quantities of special interest; V, /a, φ, E(, δ, and total power Ρ (or torque). 
The circuit equation, using motor conventions is: 

F+jO = £f(cos<5+ j sin(5) + (Ra+]XS) x 7a χ (cos<p+j sin<p) 

V = E f + (K a+jX s) χ IA; omitting the specification of V as reference. 
Since there are real and imaginary parts, the equation will solve for two 
unknowns. The power equations, either P e l ec = 3 VIa cos φ or Mech. 
power = œsTc, will solve for only one unknown. Both of these powers 
can be expressed in terms of the load angle δ, which is advanced (positive 
for a generator) or retarded (negative for a motor). They are ( 1 ): 

or: 

Pe (per phase) = VIa cos φ = — — - sin (δ + α) + 
V2Ra 

(5.11) 
's ζ .

2 

and: Pt (per phase) = Pm for synchronous machine 

(5.12) 

where α = sin 1 Ra/Zs. 
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If the electrical loss is neglected, both of these equations reduce to: 

-VEf p = p = p = — sin<5 

as also deduced from the phasor diagram of Fig. 5.1 as eqn (5.10a). With 
resistance neglected, the approximate-circuit equations become as (5.9) 
and (5.9a): 

V = E f+ j X sI a and I a = ]| - - A . . 

There is enough information in the equations above to solve for any 
three of the six quantities, given the other three. Although V is commonly 
constant, the equations are not restricted to this condition. There are 
other possibilities which are briefly touched on in some of the later 
examples and Section 5.5 discusses constant-current operation. Typical 
problem types are outlined below. 

(A) Given V9 P, E( 

(B) Given V, φ, Ρ 
(or J.) 

(C) Given K, / a R, 
Pull-out torque 

(D) Given V, /a, 
φ (or P) 

(E) Given / a, Ρ, φ 

(F) Given / a, Ρ, δ 

Vary P, with constant E{ to find 7 a, φ, δ 
variation up to pull-out torque at (δ— α) = 
+ 1 . Or vary E{ with constant P, to find the 
same quantities. 
Power-factor control. Excitation required for 
specified power factor and for a given power 
(or current). Compensator. 
Pull-out torque (or power) is really specifying 
the rated load angle <5R, to permit this overload 
at maximum angle. Solution yields required 
excitation, power at full load and power 
factor. 
Find required excitation and power developed 
(or power factor), load angle and hence over-
load capacity. 
Find V required [P / ( / a cos φ)~\ and excitation. 
Constant-current drive. 
Find V required and excitation. Constant 
current with δ control. 
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(G) Given V, Ρ, φ Fixed power factor (by excitation control) 
changes Power/<5 characteristic. Data for re-
quired excitation-control yielded. 

Items (E), (F) and (G) would require special power-electronic control, 
possibly with microprocessor supervision. They are included here to 
show that the fundamental performance is still governed by the normal 
machine equations. Examples will be given later and there will be a brief 
discussion on power-electronic control in Chapter 7. 

In the examples illustrating this section, to help understanding, the 
label from the nearest problem-type is quoted from the list just 
described; see below. 

Example 5.5 

A 3-phase, 8-pole, 50 Hz, 6600 V, star-connected synchronous motor has a synchronous 
impedance of 0.66 + j6.6 Ω per phase. When excited to give a generated e.m.f. of4500 V per 
phase, it takes an input of 2500 kW. 

(a) Calculate the electromagnetic torque, the input current, power factor and load angle. 
(b) If the motor were to be operating at an input current of 180 A at unity power-factor, 

what would then be the value of £ f? Under these conditions, calculate also the 
mechanical output and efficiency if mechanical, excitation and iron losses total 50 kW. 

Z8 = y/0.66
2
 + 6.6

2
 = 6.63 Ω and α = sin "

1
0.66/6.63 = 5?1 

(a) Type (A). Substituting values in eqn (5.11) for electrical input: 

2500000 (6600 /0x4500) 6600
2
 0.66 

= sin (δ+ 5.1) + — χ 

3 6.63 ( 0 ) 2 6.63
2 

From which sin {δ + 5.7) = -0.238, so (δ + 5.7) = -13°.76; δ = -19°.46 . 
Substituting in eqn (5.12) for mechanical output per phase: 

(6600 /0x4500) , 0.66 
Pm = sin ( -19.46 - 5.7) - 4500

2
 χ 

6.63 6.63
2 

1099.6 kW - 304 kW = 795.6 kW 
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- 6 6 0 0 / ^ 3 x 3878 
Output = 3P m -"fixed" loss = 31 sin ( -17?8 -5°7) 

6.63 

(0.66Ί 
\2 J" 

3878
2
 x < 

; 50000 
6.63

2 

= 2666.2 - 677.4 - 50kW 

= 1938.7 kW 
1938.7 

Efficiency = —= = 94.2% 
y/3 x 6.6 x 180 

As an exercise, the above figures, apart from efficiency, can be checked using the 
approximate circuit. It will be found that the load angles are within 1° accuracy, with 
similar small errors for the other quantities; see Tutorial Example T5.2. 

Example 5.6 

A 3300 V, 3-phase, 50 Hz, star-connected synchronous motor has a synchronous 
impedance of 2 -I- j 15 Ω per phase. Operating with an line e.m.f. of2500 V, it just falls out of 
step at full load. To what open-circuit e.m.f. will it have to be excited so that it will just 
remain in synchronism at 50 % above rated torque. With this e.m.f., what will then be the 
input power, current and power factor at full load? 

Z . - ^ + lS
2
 = 15.1 Ω α = sin"

1
 2/15.1 = 7?6 

Type (C) problem, with pull-out torque equal to rated value; sin(<5 - a) = - 1 . 

161 

Total air-gap power = 3 Pm = 3 χ 795.6 kW = 2387 kW. 

2387 χ 1000 
Hence electromagnetic torque = Τe = 3 PJco. = = 30390 Nm 

In χ 50/4 

V - E f 6600/^3 - 4500 (cos -19.46 -I-j sin -19.46) -432.4 + j 1499 

"~ Z s " 0.66+J6.6 ~ 0.66+J6.6 

= 218.7+J87.3 = 235.5/21°.8A cosy = 0.93 leading 

Check input = ^ 3 χ 6600 χ 218.7 = 2500 kW 

(b) Type (B) 
6600 

Ef = V - Z sI a = -η- - (0.66 -hj6.6) (180-hj0) 
V 3 

= 3691.7 -/1188 = 3878/-17°.8 = 6.717kV (line) 
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Hence, rated air-gap power = 3 Pm -

Γ -3300x2500 2500
2
 2 Ί 

\\ —p ρ x ( - l ) t ^ X x 10
3
 kW 

' 1 - ^ x ^ x 1 5 . 1 φ
2
 15.1-J 

= 546.4 - 54.8 

= 491.6 kW 
Since electromagnetic torque is proportional to this power, the new requirement is that 
pull-out should occur at 1.5 times this value; i.e. at 737.4 kW. Substituting again in eqn 
(5.12), but this time with Ef as the unknown: 

3300 xEf (line) 2 
737400 = Ef

2
 χ 

15.1 15.1
2 

from which Ef

2
 -24915£ f -I- 84067287 = 0 

24915 ± 0 4 9 1 5
2
 - 4 x 84067287 

. · ·£, * -2 

= 20890 V or 4024 V; the lower value being feasible. 

Substituting again in the output equation, this time set to full load: 

-3300x4024 2 
491 600 = sin (δ -7.6) -4024

2
 χ 

15.1 15.1
2 

gives s i n — 7.6) = -0.7205 = -46:1. Hence δ = -38°.5 

V - E f 3300/ y/3 - 4024/ 0 (cos - 38.5 + j sin - 38.5) 
a =

 Z8 2+J15 

(87+j l446)x(2- j l5 ) 
= = 95.5+J6.9A = 95.7/+3.°7 

2
2
 + 15

2 

. . input power = 0 χ 3300 χ 95.5 χ ΙΟ"
3
 = 545.8 kW at cos <p = 0.998 leading 

If the above figures are checked using the approximate circuit, they will again be well within 
10%, apart from the output power, since I

2
R losses are neglected in the approximation. 

Example 5.7 

A 3-phase, 4-pole, 400 V, 200 hp, star-connected synchronous motor has a synchronous 
reactance of 0.5 Ω per phase. Calculate the load angle in mechanical degrees and the input 
current and power factor when the machine is working at full load with the e.m.f. adjusted 
to 1 per unit. Neglect Rt but take the mechanical loss as 10 kW. 
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Type (A) problem. From eqn (5.10a) with e.m.f. the same as the terminal voltage: 

- 3 / 4 0 0 V 
Power = 200 χ 746+10000 = x( — sin<5 

0.5 \J3J 

from which sin<5 = -0.4975, δ = -29°.8 (elec.), and since ρ = 2, 

V - E f 1 f400 - 400(cos-29.8+j s in-29.8)1 
Rated current LR = = —r-

)Xt J3L J0.5 J 

= 229.8 - j61 = 237.8/-14°.9 = 0.966 p.f. lagging 

Note: It is a pure coincidence that φ = <5m e c h. 

Example 5.8 

A 6-pole, 3-phase, star-connected synchronous motor has an unsaturated synchronous 
reactance of 12.5 Ω per phase, 20 % of this being due to leakage flux. The motor is supplied 
from 11 kV at 50 Hz and drives a total mechanical torque of 50 χ 10

3
 Nm. The field current 

is so adjusted that the e.m.f. Ef read off the air-gap line is equal to the rated terminal voltage. 
Calculate the load angle, input current and power factor and also the maximum output 
power with this excitation, before pulling out of step. Neglect resistance throughout and 
assume that E{ is unchanged when the power increases to the maximum. The calculations 
are to be conducted (a) assuming saturation can be neglected and (b) assuming that all 
components which would be affected would be reduced by a factor of 1/3 due to saturation. 

With the current calculated as above, to what value would the excitation have to be 
adjusted, in terms of Ef, so that the power factor would be unity? What would then be the 
output? 

Finally, to what value would E{ have to be adjusted so that the machine could operate as 
a synchronous capacitor at the same armature current? 

This again is related to problem types (A) and (B) but the effect of allowing for and of 
neglecting saturation is included. 10 Ω of the total synchronous reactance is due to mutual 
flux and therefore will be reduced if saturation is allowed for. Further, the e.m.f. will have to 
be reduced by the same amount. 

The calculations are shown in the table on p. 164. It can be seen that the most 
pronounced effects of allowing for saturation follow from the change of power-factor-
angle <p, which is much increased because £ f is no longer equal to but is less than the 
terminal voltage. If the field current had been adjusted to correct for this, then the 
discrepancies would have appeared in the other quantities, like load angle and maximum 
power. 
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[5.4] SYNCHRONOUS MACHINES 

Example 5 .9 

A 3-phase, 6-pole, 50 Hz, star-connected synchronous motor is rated at 500 kVA, 6600 V 
at unity power-factor. It has a synchronous impedance of j80 Ω per phase. Determine the 
mechanical torque for this rating neglecting all machine losses. If this torque can be 
assumed constant, what departure from rated armature current and excitation (in terms of 
Ef[ô) are necessary for operation at (a) 0.9 p.f. lag and (b) 0.9 pf lead? How will the 
maximum torque be affected in both cases? 

Problem type (D) 
Power 500000 

Torque = = = 4775 Nm 
speed In χ 50/3 

„ , . 500000 
Power component of current for this torque = = 43.74 A 

^ 3 χ 6600 

43.74 
At 0.9 p.f., (sin φ = 0.436), Ia = (0.9 ± jO.436) = 43.74 ±j21.2 

Power factor u.p.f. 0.9 lag 0.9 lead 

J * A = j80x (43.74 +j0) 
J3499.2 

j80 χ (43.74 -J21.2) j80 χ (43.74 + j21,2) 
1696 + J3499.2 -1696+J3499.2 

3810.5-J3499.2 

5173/-42?6 

2114.5 -J3499.2 

4088/-58?9 

5506.5 - J3499.2 

6524/32?4 

sin — 90°/sin^ 
Maxre = 4775 

sin - 9 0 
χ = 

sin<5 

1.477 

7053 Nm 

1.168 

5577 Nm 

1.866 

8910 Nm 

The last figures show that the higher excitations give higher overload 
capacities as well as the movement towards leading power factor. This is 
also indicated by the torque/load-angle and phasor diagrams on p. 166, 
which show the reduction of δ with increase of E{. 
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FIG. E.5.9. 

Example 5.10 

A 1000 kVA, 6.6 kV, 50 Hz, 3-phase, 6-pole, star-connected synchronous machine is 
connected to an infinite system. The synchronous impedance per-phase can be taken as 
constant at 0+j50 Ω. The machine is operating as a motor at rated current and in such a 
manner, by excitation adjustment, that a 50 % overload is possible before it pulls out of 
synchronism. What will be the necessary voltage Ef behind synchronous impedance to 
permit this overload margin? At what power and power factor will it be operating when the 
current is at the rated value? Neglect all machine power-losses. 

If, with the same mechanical load, £ f was reduced by 30 %, what would be the new status 
of the motor? 

1000 
Type (C) Rated current = — = 87.48 A 

J 3 χ 6.6 
In order to permit a load increase of 1.5 times, the value of sin δ at full load must be 2/3 so 

that a 50 % increase will bring sin δ to unity. 
The easiest way to solve this problem is to draw the phasor diagram as shown. Two sides 

of the current triangle are known, / a and V/X%, and the load angle <5R is specified as 
sin"

1
 —2/3 = — 4Γ.8. Either from the sine rule or resolving the two current components 

along £ f, the triangle can be solved. By the second method: 

V 
Ia cos (φ + <5R) = — sin <5R - using positive <5R for simplicity in this particular case, 

6600/^3 2/3 
so: cos (φ + < 5 R) = χ = 0.5808 
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FIG. E.5.10. 

giving: {φ + δκ) = 5C49 and hence φ = 54.49 -41.8 = 12.69 

cos φ = 0.976 

Power = 0 x 6600 χ 87.48 χ 0.976 = 1000 kVA χ 0.976 = 976 kW 

E{ follows from eqn (5.10a): 

/6600 ΕΛ f-2\ 
976000 =

 X
 50 /

 X
 \~y)

 m W h i ch Ef = 6 4 03 V
/ P

h a sc 

If Ef is reduced to 70% of 6403 V = 4482 V 

/6600 4482\ . 
976000= - 3 χ sin ο 

ν y 3 50 ; 

from which sin δ = 0.952 and δ = Ί2°.3 . cos δ = 0.306 

sin 90 
Maximum overload is now = 1.05 i.e. 5% overload 

sin 72.3 
The armature current at full load is 

V - E F _ 6 6 0 0 / 0 -4482(0.306 -jO.952) 

j * s J5Ö 

= 85.33 - J48.8 

= 98.3/29"8 cos φ = 0.868 lagging 
The power component of the current, 85.33 A is the same as before (87.48 χ 0.976), since the 
load is unchanged. But the total current is greater at 98.3/87.48 = 1.12 per unit, the power 
factor is now 30° lagging and the load angle is greatly increased to 72°.3 which leaves the 
overload margin very small at 5 % before pull-out; see diagrams. 
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Example 5.11 

A 3-phase, 6600 V, 6-pole, 50 Hz, star connected synchronous motor has a synchronous 
impedance of 0 + j30Q per phase. At rated load the armature current is 100 A at 0.9 p.f. 
leading. Neglecting losses: 

(a) Determine the e.m.f. £ f, the load angle in mechanical degrees and the rated torque. 
(b) What increase of excitation will be required to sustain a torque overload of 25 000 Nm 

without falling out of step? 
(c) With this new excitation, what would be the values of current, power factor and load 

angle at rated torque? 
(d) With this new excitation, what reduction of terminal voltage would be permissible so 

that the machine would just stay in synchronism at rated torque? 
(e) With this new excitation, and rated terminal voltage, what would be the value of current 

if the load was removed altogether? 

This is a Type (D) problem with further variations. 

6600 

(a) Ef = V -)XX = - j30 x 100(0.9 + jO.436) 

5118.5 -J2700 = 5787/27.8 

The load angle in mechanical degrees is δ/ρ = -27.8/3 = - 9:3 

0 χ 6600 χ 100 χ 0.9 
Rated torque = ^ = 9827 Nm 

2n χ 50/3 
6600 £ f 1 

(b) For maximum torque of 25000 Nm = — 3 χ 1 — χ χ sin —90 0 30 In χ 50/3 

E{ = 6870 V 

, ^ , , , ™ _ . T , 6600 6870 sin<5 
(c) For new load angle: 9827 Nm = — 3 χ χ χ 

168 

from which 

For new current: 

(d) For rated torque at reduced voltage: 

from which: 

V 6870 sin 90° 
9827 Nm = 3 χ - y - χ χ 

30 2π χ 50/3 

V = 2594 V = 0.393 per unit; 60.7 % reduction 

sin<5 = -0.393; δ = -23?1 elec. 

_ 6600/^3 -6870(0.92 -jO.393) 
a
~ J3Ö 

J83.7 = 122.9/42?9 cosy = 0.732 lead 
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(e) For zero load, δ = 0, sin δ = 0 and cos δ = 1 

V - Ef ( 1 + j0) 6600/^3 - 6870 
I . 

J30 
= jl02 A. Zero leading p.f. 

Example 5.12 

If the excitation of a synchronous motor is so controlled that the power factor is always 
unity, show that the power is proportional to the tangent of the load angle. Neglect all 
machine losses. 

Type (G) problem. Referring to the phasor diagram and taking V as reference, then 

Ia will always be / a+ j 0 . 

From Ef = V -}X sl a it can be seen that the load angle is: 

^ t a n "
1

^ ^ 

(reference) 

FIG. E.5.12. FIG. E.5.13. 

Example 5.13 

If for a synchronous motor the r.m.s. armature current is maintained constant by varying 
the terminal voltage V, develop the relationships comparable to those for constant voltage, 
which will yield solutions for three unknowns given three values out of V, Ia,(p, Et, δ, and Ρ 
(or Te). Neglect machine losses. 
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Type (E) problem, again solved more easily by referring to the phasor diagram, this time 
with Ia as the reference phasor instead of V. 

P c = Pg = P m — IAV cos φ = / a £ f cos {φ + δ) per phase 

and: 
V - E f + j * A 

V(cos φ + j sin φ) = Er [cos (φ + δ) + j sin (<p + <5)] + jX sIa 

Ρ 
Hence for example, given / . , Ρ and φ V = 

/ , cos φ 

and Ef = ^(cos φ+) sin φ) -jA"8I, = Ef /(δ + φ, hence δ 

or, for a Type (F) problem, given / a, Ρ and δ find required voltage and excitation. Using the 
cosine rule on the phasor diagram: 

VE 
{XS1J

2
 = V

2
 + E{

2
 -2VE( cos<5, and substituting for £ f from Ρ = — - sin δ: 

X% 

y / 2| P
2
X

2
 2PXa 

V
2
sin

2
ô ton δ 

P
2
X

 2 

2\2_\ ""»,v2/l |l/2 r A« 
0 = (V

2
)

2
 ^T + X,

2
Ia

2
 \ v

2
 + 

tand J 

sin
2
^ 

This equation can be solved for V. Ef follows and using the sine rule yields γ and hence 

Further discussion of the constant-current mode follows in Section 5.5. 

Effect of Supply Voltage/Frequency Changes 

The circuit, power and torque expressions derived may be applied at 
any frequency and voltage providing appropriate changes are made to 
the frequency-sensitive terms. For example, synchronous speed, react-
ance, induced e.m.f. (with constant excitation), are all proportional to 
frequency so must be changed from their normal values by the frequency 
ratio k, say. The approximate circuit becomes more inaccurate as 
frequency falls, due to the increasing significance of the RIa voltage. 

Example 5.14 

If the supply frequency and voltage applied to a synchronous motor are both reduced, to 
fractions kf and kV, what will be the effect on the values of maximum torque and on 
maximum power? Take V,f, E{, ω5 and Xs as the normal, rated parameter values. 
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If / becomes kf then the synchronous speed becomes kcos and therefore the induced 
e.m.f. E{ will become k£ f if the flux is maintained constant. The reactance too is 
proportional to frequency so Xs becomes kXs. Substituting in the power equation (5.10a) 

k VxkE 3VE 
Maximum power =— 3 χ ———- χ sin ( — 90

ü
) =

 f
 sin 90 χ k 

power 3 VE, sin 90 χ k 3 VEf Maximum Te = = — 
speed kcosXs cosXs 

The maximum torque is unchanged from the normal condition as 
might be expected since the flux and load angle are unchanged. Further, 
the voltages and the impedance are affected equally, by the terms of the 
question, so the current would be unchanged. The maximum power will 
be reduced by k from the normal value since although the torque is 
constant, the speed has been reduced by this k factor. 

All the above reasoning neglects the effect of resistance. The equations 
are different if this is allowed for. Only the induced voltage terms are 
affected by the reduction in frequency (apart from the small resistance 
skin-effects), so the resistance assumes a more important role and at very 
low frequencies will dominate the current calculation. Expanding eqn 
(5.12) the electromagnetic torque is: 

2 ρ 3 Γ VE Ε
 2
 R ~1 

Τ = — = — - (sin δ cos α —cos δ sin α) f- ^ ± 

ω 8 ω,Ι Z s Ζ , 2 J 
Substituting sin α = K a/Z s and cos α = Xs/Zs, from the definition of a: 
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(5.13) 

At any reduced frequency kf; £f, ws and Xs are reduced in the same 
proportion and Z s

2 becomes Ra

2 + (kXs)
2
. Under these conditions, the 

load angle for maximum torque can be deduced by differentiating the 
modified expression with respect to δ and leads to the statement that 
kXs cos δ + Ka sin δ = 0 from which: 

tan δ = -kXJR^. 

This shows that at very low frequencies, the load angle for maximum 

— 3£ 
Tc = ( VXS sin δ - VR9 cos δ + Ef Ka). 
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torque approaches zero. Also, since tana = K/kX s, the value of 
sin (δ — α) in eqn (5.12) at maximum torque will be sin ( — 90°), as might 
be expected, the tangents of the two angles showing that they are 
complementary. With this value of (δ— α) inserted in eqn (5.12) an 
expression for maximum torque at any frequency k / can be deduced: 

JA\ y
 k £

f * - Ί (514) 

which, with resistance neglected and with the applied voltage too 
reduced by the same fraction k, will give the same value of maximum 
torque as deduced from eqn (5.10b), as in Example 5.14, with sin δ at its 
maximum. See also Example 5.15. 

Eqn (5.14) becomes the general torque equation if the first term is 
multiplied by —sin(δ— α). As frequency falls till the reactance 
kXs < Ka, the equation becomes: 

- 3 E f [ V . k £ f l 3 £ f / a f
-\ —sin < 5 - α - — I = — L J L 

since δ is very small and α approaches 90°. The power factor approaches 
unity. 

5.5 C O N S T A N T - C U R R E N T O P E R A T I O N 

This mode was discussed in Section 4.3 for the induction motor. For 
the synchronous motor also, it is associated with variable frequency and 
special applications. Indeed, when the induction machine is in the 
dynamic-braking mode with a d.c. current-source for one winding, it is 
really operating as a synchronous generator, of variable frequency if the 
speed is changing. The power factor is always lagging, however, since it 
has a passive R. L. load. 

Traditional approaches to electrical-machine theory have tended to 
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assume nominally constant-voltage sources in deriving the various 
equations since this is the normal steady-state running condition. If, 
instead, currents are specified and controlled, with the voltages adjusted 
automatically to suit this condition, a different performance results. This 
is especially important when considering maximum-torque capability. 
The equivalent-circuit parameters are unchanged—apart from the 
greater likelihood of parameter changes due to saturation effects—but 
the viewpoint is different. For example, not until the performance is 
deduced from the specified currents does the primary impedance come 
into the calculation - for the required supply voltage. Variable 
frequency and changes of speed are the normal situation. 

It is helpful as an introduction to return to the induction-motor 
phasor diagram which is shown on Fig. 5.2a. The emphasis will be on the 
current time-phasors, which can also represent the m.m.f. space phasors 
to which they are proportional, being expressed in terms of the stator 
winding turns. li is for the stator (primary); I 2 is for the rotor (secondary) 
and I M , the magnetising current, represents the resultant m.m.f. The 
general expression for torque, eqn (4.4): 

^ 3 r2

2R2 

Τ = — χ can be rearranged as: 
œs s 

3 χ χ χ Εί χ Εί χ R'2/s 
ω/pole pairs m Xm Z2 Z2 

R' 
where Z2 = —+}x ' 2 s 

= 3x pole pairs x M' χ / m χ Γ2 χ cos φ2 

and, since φτη = 90°: 

= 3 χ pole pairs χ Μ' χ Im χ Γ2 χ sin (φπχ — φ2) (5.15) 

where the angles have been measured from E x for convenience. Basically 
this equation has been obtained by dividing the air-gap power by the 
synchronous speed, 3Ρ 8/ω 5, but it now expresses the torque as a product 
of the referred mutual-inductance, the r.m.s. currents referred to the 
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same side of the air gap and the sine of the angle between the rotor and 
resultant m.m.f.s represented by l2 and I M. For a.c. machines, this angle 
between the air-gap flux and the rotor m.m.f., is closest to the 
conventional load angle, which for synchronous machines is the angle δ 
between time-phasors V and E f. 

From the geometry of the triangle, using the sine rule, it is readily 
shown that the same torque will be given by using the currents / x and 1'2 

or lx and / m , with the appropriate correction for angular difference 
substituted; e.g. 

Γ£ = 3χ pole pairs χ ΜΊγΙ^ sin (φι —φ2) (5.16) 

as proved by an alternative approach in Reference 1. The angle here is the 
torque angle, between the stator and rotor m.m.f.s, as on the d.c. 
machine, between field and brush axes. 

Turning now to the synchronous machine, the corresponding m.m.f. 
diagram (Fig. 5.2b) is obtained on dividing the E, E f, }Xmla voltage 
triangle by ]Xm which gives currents referred to the armature turns. 
E/Xm, in phase with the mutual air-gap flux φηϊ is really the equivalent 
magnetising current / m , like the induction motor and producing the air-
gap e.m.f. E. The current Ef/Xm is really the equivalent field current Γ{ in 
armature winding terms, producing E{ and is readily converted back to I{ 

if the coefficient relating E{ to If is known from the magnetising 
characteristic, i.e. kn for unsaturated conditions; see Section 5.1. The 
torque is given by: 

Air-gap power _ 3 EIa cos (φ + y) 

ω8 " œs 

Χ Ε 
= 3χ , , m . χ — χ / a χ sin [ 9 0 - ( φ + y)] 

ω/pole pairs Xm 

= 3 χ pole pairs, x M' x / m x / a x sin<pma (5.17) 

which really corresponds to the third equation which could be derived 
from Fig. 5.2a, using I X and I M. The angle (pma is that between I M and I A, 
but any of the three angles, with the corresponding currents, could be 
used. 
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( α ) Induction mode ( b) Synchronous mode 

FIG. 5.2. Torque from phasor diagrams. 

For constant-voltage constant-frequency drives, the air-gap flux is 
approximately constant since V/f(*E/f) is constant, therefore one 
value of M' is usually adequate for calculations. For current-fed drives, 
as already discovered with Examples 4.14-4.17, the flux may vary 
considerably and saturation changes which affect Xm have to be allowed 
for. Given the magnetising curve, which relates Im (or I'm) to E, at a 
particular frequency, this can be included since Xm = E/Im. An iterative 
procedure may be necessary to match calculated values with the correct 
value of Xm and Λί'. 

It is now appropriate and instructive to compare the induction 
machine and the synchronous machine in terms of their m.m.f. diagrams. 
Note that positive Γ2, the rotor m.m.f., is conventionally taken to be 
magnetising in the opposite sense to positive lx, unlike the rotor m.m.f. l'f 
(Ff), which is taken to be magnetising in the same sense as J a (Fa) when 
both are positive. Reversing the phasor Γ2 as shown, brings Fig. 5.2a into 
the same convention as Fig. 5.2b. The important thing to realise is that 
the torque is a function of the m.m.f.s. and angles, for either synchronous 
or induction machines and regardless of the speed, (though the condition 
must be steady state, with the m.m.f.s in synchronism). Synchronous and 
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induction machines can thus have a common basis when considering the 
torque produced and its control. If the three current magnitudes are 
predetermined, then the geometry of the triangle constrains the angles to 
certain values in accordance with the cosine rule. Alternatively, if two of 
the current magnitudes are specified and the angle of one current with 
respect to another, then again the geometry determines the remaining 
current and angles. 

This last statement is important when considering the maximum-
torque conditions. Clearly, from the equations derived, for a fixed M and 
for any two specified currents, maximum torque occurs when the angle 
between them is 90°. For the induction motor, Fig. 5.2a, this cannot 
occur with an uncontrolled (cage) rotor, since I 2 must always lag behind 
Ej . The torque can only be obtained with an angle (<pm — φ2) less than 
90°; or considering the angle between I M and — 1 2, an angle greater than 
90° which in fact has the same sine. This is a consequence of the induction 
mode, with the rotor current dependent on induction from the stator 
currents. For the d.c. machine, a torque angle of 90° is the normal 
condition, with field and armature m.m.f.s maintained in quadrature by 
the angular-position switching action of brushes and commutator. 

For the synchronous machine, the angles are functions of load, 
voltage, field current and frequency. But supposing a shaft-position 
detector was incorporated, so that specified stator and rotor m.m.f.s 
could be held at a fixed relative angle, this could be made 90° and again 
the maximum torque could be obtained (Fig. 5.3a). In practice, however, 
this would mean that the flux would have to adapt as the dependent 
variable, and saturation effects on the value of M' would have to be 
allowed for. Maximum torque then occurs at a torque angle greater than 
90° as will be seen. The normal, voltage-fed machine, with flux per pole 
approximately constant (φοιΕ/f^V/f), and with a particular field 
m.m.f., will have maximum torque when the load angle δ between V and 
E f is virtually 90°, δ being the same as the angle between I M and 1̂  
neglecting leakage impedance; see Fig. 5.3b. With this as the constraint, 
/ a is the dependent variable and will be higher in terms of its m.m.f. than 
either / m or l'{. The third possibility is to specify the flux level (/m) and the 
armature current / a , with an angle of 90° between them for maximum 
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(α) vpf a,(=torque angle S f Q)=90° ( b ) v p m f= 9 0 ° 

ν 

(c) Current-source equivalent (d) Constant θ 
circui t 

FIG. 5.3. Maximum-torque conditions for synchronous machine. 

torque. I A would then be vertical on Fig. 5.3b and lf would have to be the 
highest in terms of its m.m.f. This might be the most appropriate option 
since the field power is very much less than the armature power and 
would therefore be cheaper to control. 

The current-source equivalent circuit for the synchronous machine is 
shown on Fig. 5.3c. It follows from Fig. 5.2b, though the current source 
due to the field could also be obtained from standard circuit techniques 
which would convert a voltage source Ef behind an impedance j Xm to a 
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current source I f , (Ef/)Xm\ at an angle which is known only with respect 
to V as (δ — 90°). But V itself is not specified if J a is to be predetermined 
and controlled. V awaits the solution of performance from the current 
diagram. The angles of the other currents are also unknown, though it is 
usually convenient to take I a as the reference phasor, Example (5.13), and 
I m is known to lag E, ( X m/ J , by 90°. 

If current-controlled sources are to be used, it has already been found 
when discussing the induction motor, Section 4.3, that saturation effects 
become very important. Consider Fig. 5.3d. This shows a particular I m 

and flux, which may or may not result in pronounced saturation effects, 
and the two currents If and I a with an angle 0 which is actually equal to 
(180 — the torque angle <5fa), Fig. 5.2b. A few simple drawings will quickly 
demonstrate that maximum torque occurs when l\ and 7a are equal

( 7 )
. 

Actually this follows from eqn (5.17) which has the same form as the 
area-of-a-triangle formula, \axb sin C, and maximum area occurs for 
the condition stated. A comparison of control strategies could as a first 
approximation consider the criterion of torque per ampere of total 
current, which based on eqn (5.17) re-formed in terms of I'f and / a would 
be: 

3 xpole p a i r s x M 7 a/ fs i n 0 M 7
2
s i n 0 M7s in0 

TJA — α 21
 ( 5 1 8) 

if 7a = /; = /. For optimum torque angle <5fa( = 180 - 0 ) = 90°, then 
0 = 90° and the maximum torque per ampere would be directly 
proportional to /. However, this assumes that M' is unaffected by the 
value of /, which is only a reasonable assumption for a low-flux, 
unsaturated state. But if / was the rated value and 0 = 90°, Im would be 
y/ll and M' would therefore be appreciably lower than its unsaturated 
value. Suppose now that 0 is reduced from 90°; 7 m will be less and so M' 
will increase. If this increase is greater than the decrease of sin 0, the 
torque will actually rise. What this means is that in the saturated state the 
maximum torque occurs at a torque angle greater than 90

o ( 7 )
, though the 

effect is not very marked until the magnetising current is approaching 1.5 
per unit or more, and costs of excessive currents must be taken into 
account. 
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In the next example, a simplification will be made by expressing all the 
relevant equations in per-unit, with rated kVA, rated voltage and the 
synchronous speed at rated frequency, as base values. The equations are 
unchanged apart from the omission of constants like "3", co s ( b a s e) and 
pole pairs. The conversion is simple; for example, base torque is: (rated 
kVA χ 10

3
)/co s ( b a s e) and on dividing the torque expressions by this, the 

voltages V and E{ by K b a se and remembering that Z b a se 

= ( Kb a s. e)
2
/Powerb a se (see Example 4.2d), the following equations result, 

Ef and Xs being the values at base frequency: 
For the voltage equation at any frequency k χ / b a s e: 

V = kE f + K a I a + j k * s I a (5.19) 
For eqn (5.12): 

the first term of eqn (5.20) below must be multiplied by - sin (δ-a). 

now re-formed in terms of I'f, 7a and the torque angle <5fa. Note that since 
Xm is in per unit — co b a se M'/( VbiiSC/Ihase), it is proportional to the mutual 
inductance and k does not appear in the equation, nor in eqn (5.17). 

Example 5.15 

A polyphase, cylindrical-rotor synchronous machine has a per-unit synchronous 
impedance Zs = 1. The resistance when allowed for can be taken as 0.05. The leakage 
impedance can be taken as zero (Xs = Xm). Determine: 

(a) the per-unit Ef for operation as a motor at unity power-factor and rated armature 
current, voltage and frequency, 
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(5.20) 

For eqn (5.14): 

Max. Tc = 

From eqn (5.17): 
Tc = XJ'(Iasmô(i 
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(b) the per-unit torque at this rated condition calculated from (i) VIa cos φ — Il Ra, (ii) eqn 
(5.12) and (iii) eqn (5.21); 

(c) the maximum torque with rated voltage and the same value of £ f; 
(d) the armature current at condition (c); 
(e) the air-gap e.m.f. Ε at condition (c); 
(f ) / m and /; at condition (c); 

(g) the phasor diagram for condition (c), checking all the angles of the m.m.f. triangle by 
the cosine rule on the current magnitudes; 

(h) the voltage and frequency required to sustain condition (c) at a speed of 0.1 per unit; 

(i) the answers to (a)-(h) if resistance is neglected; 
(j) the values of torque and torque per ampere in per unit, for the following conditions 

when supplied from current sources giving Ia = I'{ = 2. (i) Im = 1; (ii) / m = 2; (iii) / m 

= 3. Neglect the armature resistance and use the approximation to the magnetisation 
curve employed in Example (4.16) for determining the reduction in per-unit mutual 
inductance -Xm = 1 at Im = 1. (M' per unit = cohaseM'IbaJ Vhase = XJZbasc.) 

If Ra = 0.05, then Xs = y ^ - O . O S
2
 = 0.9987 and α = tan"

1
RJX S = 2°87 

(a) E f = V -\a(Ra+)Xs) = 1 - ( 1 +j0)(0.05+j0.9987) = 1.3784/-46?43 

(b) (i) Te = 1 χ 1 χ 1 - 1
2
 χ 0.05 = 095 

- 1 x 1.3784 1.3784
2
 x0.05 

(ii) Te = - sin ( - 46.43 - 2.87) - 2 = 095 

Ef 1.3784/-46.43 
(ι ι) I; = — = ' = 1.38/-136.43 1
 '

 f
 jXm 0.9987/90

 1 

so Te = X m/ ; / as i n ^ a = 0.9987 χ 1.38 χ 1 χ sin 136?43 = 095 
(c) r e ( m a x ), from eqn (5.12) with (δ - α ) = - 9 0

e 

- 1 χ 1.3784 1.3784
2
 χ0.05 

χ ( - 1 ) r = 1.283 1
 ν

 ' I
2 

V - ^ ^ 1 9 0 ^ = 1 -1.3784(0.05 -J0.9987) ι Μ 2 /_ 3 m 

ZJ90-QL 0.05-J0.9987
 1 

(e) Ε = V - I a R a = 1 - 1.662/-31.2 χ 0.05 = 0.93/2?65 
EJ- 90 + 2.87 

(f) r =
 f/

 = 1.38/-177.13 1 ; f
 0.9987/90

 / 

Ε 0.93/2.65 

jXm 0.9987/90 
: 0.931/-87.35 

The angle between If and Im(<pmf), is thus — 177.13 — ( — 87.35) = 89^78 which is very 
nearly at the optimum value of 90°, even though it is the result of a maximum-torque 
condition deduced from the voltage-source equations. These equations allow for 
impedance drop and maximise the air-gap power rather than considering the optimum 
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angle as for the current-source approach. In fact, if the leakage reactance had been allowed 
for, this angle would have progressively reduced from 90° as a larger share of Xs was 
ascribed to leakage reactance. The maximum torque would have been unchanged since the 
value depends on the total synchronous impedance. This will be verified if the calculations 
are repeated with x al typically 0.1 per unit, leaving Xm as 0.8987 per unit. 

(g) The phasor diagram has been constructed from the above information and is shown on 
the first figure. The check on the angles from the calculated current magnitudes is left as an 
exercise to familiarise the calculation procedure when the currents are specified, as indeed 
they are in the next question and part ( j). 

Max. t o r q u e. S p e e d = 1 0 Max. t o r q u e. S p e ed = 0 . 1 Max t o r q ue S p e ed = 1 . 0 Ra= 0 

FIG. E.5.15. 

(h) The condition here is a speed and frequency of 0.1 per unit which means that k in the 
variable-frequency expressions of eqns (5.19) and (5.20) is 0.1. The m.m.f. diagram is to be 
the same, to give the same torque — which is not quite the maximum for this particular flux 
(/m) and iield current, since the angle between them is slightly less than 90 . It is convenient 
to take Ia as a reference phasor; it will be 1.662 + jO. Hence, from eqn (5.19): and the phasor 
diagram from which the angles can be deduced, e.g. 

ôfu = 89.78 + (90 -31.2 -2.65) = 145.93: 

V = kEf + Ru Ia + jk Xs Ia = jki; Xm + Ä, I. + jk Xs Ia 

= jO.l χ 1.38/-145^93 x 0.9987 + 0.05 χ 1.662 -I- jO.l χ 0.9987 χ 1.662 

= 0.1378/-55?93 4-0.0831 +J0.166 

= 0.16+J0.052 = 0.168/ +18 
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Note that in the above calculations, cartesian and polar forms have been used as convenient 
but care must be taken in combining them finally. The second figure shows the phasor 
diagram, the current Ia being at a slightly lagging power-factor of 0.95. The load angle δ 
between V and Ef is - [18 - ( - 55.93)] = - 73"93 which is <̂  90 even though torque is 
maximum, δ falls further if k is reduced further. 

The calculations neglecting resistance are much simpler and will now be outlined in the 
same sequence as previously. 

(a) Ε, = 1 - 1 xjl = 1 —jl = 1.414/-45 

(b) (i) Tc = 1 χ 1 χ 1 = 1 
- 1 χ 1.414 x s i n ( - 4 5 ) 

( i i ) 7 > j - = 1 

1.414 

(iii) Te = 1 χ —— χ 1 χ sin 45 = 1 
- 1 χ 1.414 

(c) T t t m) = j ( - 1 ) = U 1 4 . 

1 -1 .414/-90° 

(d) Ia = r p = = 1.414-jl = 1.732/-35.3 

(e) Ε = V'= 1 

1.414/-90° 1 
(0 Ii = T = = " L I U . Im = TV = -J l 

Jl Jl -

(g) The phasor diagram is shown on the 3rd figure and should be compared with the one 
including resistance. The differences are about 5 % but note that the angle is now 
exactly 90 . 

(h) With Ia as the reference phasor, i; is 1.414/-180°-(-35°3)= 1,414/- 144.7 
So V = j k I fX m + jkX sI a 

=j0.1 χ 1 χ 1.414/— 144"7 +j0.1 χ 1 χ 1.732 

= 0.1414(0.578 —jO.816) + jO.1732 

= 0.082-r-jO.058 = 0.1/-1-35:3 

This result, which shows that V is proportional to k when resistance is neglected, has 
already been illustrated in Example 5.14, but is now confirmed. With Ra included, a much 
higher voltage is required to provide for the increasingly dominating effect of resistance at 
low frequencies, as shown in the first part of this question. 

( j) Allowance for saturation of mutual inductance is now to be made and current sources 
/a = \\ = 2 are to be supplied at different phase angles to permit / m to vary from rated 
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value of 1, to 3 per unit. The empirical expression relating flux and magnetising current 
is, from Example 4.16: 

O.60m / 
I = from which om = 

l - 0 .4 ( /> m

 m
 0.6 + 0 . 4 / m 

The average slope of the flux//m curve is proportional to the mutual inductance. When 
/ m = l, $ m = l and the slope is proportional to l. For / m = 2, <f>m = 2/1.4 and for Im = 3, 
φπχ = 3/1.8. The average slopes for the last two are 1/1.4 and 1/1.8 respectively. These are 
the coefficients by which M' must be reduced. The angle 0 between / a and /; used on 
Fig. 5.3d is obtained from the cosine rule as: 

cos
 1

 θ ·-
2 / ; / , 

and the torque expression of eqn. (5.21) will complete the calculation. The results are 
tabulated below: 

(i) (ii) (iii) 
M' 1 1/1.4 1/1.8 
Θ 29 60 97 

Te = 2 x 2 x J V i ' s i n 0 1.93 2.47 2.2 
Torque/amp TJ4 0.48 0.62 0.55 

A few more calculations will show that the maximum torque occurs at an angle θ rather less 
than 90 which means that the torque angle <5fa, between stator and rotor m.m.f.s is rather 
greater than the unsaturated value of 90 . The load angle between I m and l'{ is still less than 
90 . The maximum torque per ampere is somewhat less than the unsaturated value given by 
eqn. (5.18) which is 1/2, equal to 1 in this case. 

5.6 O P E R A T I N G CHARTS 

Under certain circumstances the phasor diagrams for a.c. circuits 
under variable conditions give rise to phasor loci which are circular. Such 
circle diagrams are useful visual aids and assist in rapid calculations. 
They are less important nowadays with improved calculating facilities 
which can operate directly on the equations, which are really the basis on 
which the diagrams are constructed. No examples of induction machine 
circle diagrams have been given in this book though they are dealt with in 
Reference 1. However, for synchronous machines they are still of general 
interest because they delineate the various regions of operation in a 
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manner especially useful for power-systems studies. One example will 
therefore be given here, as a simple extension of the phasor loci shown on 
Fig. 5.1. 

Example 5.16 

A 3-phase synchronous machine has a synchronous reactance Xt = 1.25 per unit and on 
full load as a generator it operates at 0.9 power-factor lagging. The machine losses may be 
neglected. 

(a) Determine the rated excitation in per unit to sustain this condition. 
(b) What excitation would be required to operate at full-load current but 0.707 p.f. 

lagging? 
(c) With this maximum excitation, what would be the maximum motoring torque in per 

unit—expressed in terms of full-load torque? 
(d) What per-unit current would be drawn for condition (c)? 
(e) What power can be developed as a motor when running at 0.8 power-factor leading, 

without exceeding rated excitation? 
(f) With the maximum excitation of condition (c) what will be the kVAr rating as a 

synchronous capacitor? 
(g) What will be the maximum kVAr rating as a synchronous reactor with the excitation 

reduced to a minimum of 1/3 of the rated value? 

The problem can be solved using the approximate circuit as in the previous examples. With 
the circle diagrams, the solution is much quicker though less accurate. 

(a) The two current phasors; V/jXs = l/jl.25, lagging 90° behind V, and Ia = 1 per unit at 
cos φ = 0.9 lagging as a generator, are first drawn. With a motor convention, the Ia 
phasor is reversed at angle 2518 lagging — V. The closing phasor of the triangle is the 
rated excitation divided by }XS, which by measurement is 1.52 per unit. Hence rated 
£ f = 1.52 χ 1.25 = 1.9 per unit. 

(b) More excitation will be required to operate at rated current and a lower power-factor. 
Drawing an arc from the origin at / a = 1 per unit to angle 45° for 0.707 power factor 
identifies the end of the E f/jX s phasor which by measurement is 1.64 per unit. Hence 
E{ = 1.64 χ 1.25 = 2.05 per unit. 

(c) An arc drawn at this new Ef /j Xa radius into the motoring region until Ef/j Xs makes an 
angle δ = 90° with the V/jA, phasor, defines the point of maximum torque. The rated 
torque corresponds to rated / a cos φ — 0.9 per unit and so the maximum torque is 
1.64/0.9 = 1.82 per unit. 

(d) A current phasor drawn from the origin to the point of maximum torque has a value of 
1.85 per unit, at angle φ = 25.°8 lagging; cos φ = 0.9. 
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(e) A motoring-current phasor drawn at φ = cos"
1
 0.8 leading = 36.9 intersects the rated 

excitation circle at / a = 0.9 per unit, and 7a cos φ = 0.72 per unit is the power and 
torque for this condition. 

(f ) For a "motor" at zero p.f. leading, the maximum excitation circle intersects the zero-
power axis at Ia = jO.83 per unit, so kVAr as a synchronous capacitor is 0.83 per unit. 

(g) For zero power-factor lagging, the excitation circle drawn at 1/3 of the rated Ef/'}XS 

= 1/3 χ 1.52 = 0.507 intersects the zero-power axis at — j0.3, so kVAr as a synchron-
ous reactor would be 0.3 per unit. This rating is always less than as a capacitor because 
of stability considerations at low excitation. 

Boundaries are shown on Fig. E.5.16 indicating the operating limits 
for the various modes. Per-unit notation is especially useful for the 
portrayal of so many operating modes and conditions. Resistance can be 
incorporated quite simply by drawing the excitation circles from a V/Z s 

phasor, which will be at an angle less than 90 behind V, and the radii will 
then be |E f/Z s| . 

FIG. E.5.16. 
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This area o f study for synchronous machines is very important for 

power systems. Only a few simple examples will be given here to illustrate 

parallel operation of generators and the use o f synchronous motors to 

improve an industrial-system power factor. Examples up to n o w have 

assumed that the supply-system has zero impedance, giving constant 

terminal voltage V ; and infinite inertia, giving constant frequency. These 

are the characteristics o f the so-called "infinite" busbar system. For two 

paralleled generators, the interaction o f the individual machine impe-

dances and e.m.f.s on the sharing o f kW and kVAr is instructive as an 

introduction to the power-flow problem. 

Example 5.17 

Two 3-phase, 3.3 kV, star-connected alternators are connected in parallel to supply a 
load of 800 kW at 0.8 power factor lagging. The prime movers are so set that one machine 
delivers twice as much power as the other. The more heavily loaded machine has a 
synchronous reactance of 10 Ω per phase and its excitation is so adjusted that it operates at 
0.75 p.f. lagging. The synchronous reactance of the other machine is 16 Ω per phase. 

Calculate the current, e.m.f., power factor and load angle of each machine. The internal 
resistances may be neglected. 

800 
Total kVA = — = 1000 kVA. 

0.8 

1000 
Total current = — χ (0.8 - j0.6) = I = 140 - j 105 A. / 3 x 3 . 3 

For the heavier loaded machine (Machine A say) 

2 
/Acos</>A = - x 140 = 93.3 A 

and / A sin φΑ = / A cos </>A χ tan <pA = 93.3 χ 0.882 

= 82.3 A. 

·'· I A = 93.3 -J82.3. 

··· 1 B = 1 - U = 46.7 -J22.7. 
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.'· I A = 124.4 A at cos<pA = 0.75. 

I B = 51.9A at cos φΒ = 09. 

3300 
E A = V -f j * AI A = — - + j 10(93.3 -J82.3) = 2728 + j933 = 2888/18°.Q. per phase 

3300 
E B = V + }XBlB = 16(46.7 -J22.7) = 2268 + J747 = 2388/18.2. " 

Example 5.18 

Two star-connected, non salient-pole, synchronous generators of identical rating 
operate in parallel to deliver 25 000 kW, 0.9 power-factor lagging-current at 11 kV. The line 
induced e.m.f. of Machine A is 15kV and the machine delivers 10 MW, the remaining 
power being supplied by Machine B. Determine for each machine: 

(a) the load angle in electrical degrees 
(b) the current and power factor 
(c) the kVA 

Find also the induced e.m.f. of Machine B. Take the synchronous reactance for each 
machine as 4.8 Ω per phase and neglect all machine losses. 

25000 
Total kVA = = 27 777 kVA. 

0.9 

Total current = (°-
9
 -J0.436) = 1312 -J635.7. 

3 x l l k V x l 5 k V 
Load angle <5A from 10 MW = sin<5A 

4.8 χ J3 χ y/3 

from which: sin<5A = 0.291; <5A = 16?9 ; cos<5A = 0.957. 

E f - V 1000 15(0.957+J0.291)-11 
Hence I A = = —— χ — = 525 - J403.5. 

Hence I B = I — I A = 7 8 7 - j 232.2. 

E B = V + j X SI B = 11000+ y/3 χ j4.8(787-j232.2) = 12.93 +j6.54 Line kV 

14.49/26?8. 

From above: 

(a) δΑ = 16°9. <5B = 26?8^ 
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(b) 7r = 662 A at cos <pA = 0.793. 7R = 820.5 A at cos φ* = 0.959. 

(c) kVAA = ^ 3 χ 11 χ 662 = 12600. kVAB = ^ 3 χ 11 χ 820.5 = 15630. 

Induced e.m.f. for Machine Β = 14.49 Line kV. 

Example 5.19 

A 6.6 kV industrial plant has the following two induction motor drives and a main 
transformer for the other plant 

Ind. Mtr A Int. Mtr Β Transformer 
Rated output (kW) 100 200 300 
Full-load efficiency 94% 95% 99% 
Full-load power factor 0.91 0.93 0.98 lagging 

A star-connected synchronous machine rated at 250 kVA is to be installed and so 
controlled that when all the equipment is working at full rating, the overall power-factor 
will be unity. At the same time, the synchronous machine is to draw rated current and 
deliver as much mechanical power as possible within its current rating. If its efficiency can 
be taken as 96 % and its synchronous impedance 0 + j 100 Ω, calculate the required e.m.f. 
behind synchronous impedance to sustain this condition. 

As an alternative strategy, consider what rating of synchronous machine, operating the 
same motoring load, would be required to bring the overall works power-factor to 0.95 
leading. 

First, the total works load can be calculated by summing 

_ Power 

ι = Σ -, ( c o s Ψ +Jsin Ψ ) 
η χ ^ 3 χ V χ p.f. 

Ind. Mtr Α. I A = — (0.91 -jO.4146) = 9.306 -J4.24 
0.94 x v/3 χ 6.6 χ 0.91 

200 
Ind. Mtr B. I B = (0.93 -jO.3676) = 18.42 -J7.28 

0.95 x y/3 χ 6.6 χ 0.93 
300 

Transformer. I T = (0.98 -jO.199) = 26.51 — J5.38 0.99 x y/3 χ 6.6 χ 0.98 

Total current = 7P - j 7Q = 54.24-j 16.9 

250 
Rated synchronous machine current = — = 21.87 A 

J3 x 6.6 

Reactive component of current must be j 16.9 to bring p.f. to unity. 

·'. active component of current =

 yJlXAl

2
 - 16 .9

2
 = 13.88 A. 
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So synchronous motor output power = ^ 3 χ 6.6 χ 13.88 χ 0.96 = 152.3 kW = 
204 hp. 

6600 
E f = V -}XX = j 100(13.88 + j 16.9) = 5500.5 - j 1388 = 5673 V = 1.49p.u. 

>/3 

For a power factor of 0.95 leading and with the same power component of synchronous-
motor current, the phasor diagram shows that the following relationship holds: 

' q s - ' q / q s - 1 6 - 9 
tan φ = — = — — — — — , 

/ps + /p 13.88 + 54.24 

and since tan φ = tan (cos"
1
 0.95) = 0.3286 = ( / QS -16 .9) /68 .12 , 

/ Q S = 39.29A. 

Hence required synchronous machine rating = ^ 3 χ 6 .6^(39 .29
2
 + 13.88

2
) = 

476 kVA , requiring a machine of nearly twice the previous size. 

5.8 S A L I E N T - P O L E A N D R E L U C T A N C E - T Y P E 

M A C H I N E S , S Y N C H R O N I S I N G P O W E R 

All the examples so far posed have been solved using round-rotor or 
cylindrical-rotor theory; viz. assuming that synchronous machines are 
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built like induction machines with uniform air gap such that a sinusoidal 
m.m.f. distribution will produce a sinusoidal flux distribution. The 
majority of synchronous machines do not have such a symmetrical 
magnetic geometry though the high-power turbo-generators are close to 
this. Most synchronous-motor drives have salient-pole rotors, giving 
two axes of symmetry per pole pair; the direct axis, along the main field 
winding, and the axis in quadrature, between the poles. Consequently, 
the magnetic permeance and the synchronous reactances as measured on 
the two axes, Xd and X q, are very different. In spite of this, the steady-
state behaviour is not vastly different from that calculated by assuming 
Xs = Xd, as in round-rotor theory. This is not true for transient 
behaviour however, when considering the likelihood of instability, 
oscillatory behaviour or loss of synchronism, since the power/load-angle 
characteristic is much more helpful in these circumstances. In addition, 
the salient-pole synchronous motor will operate without excitation, due 
to the reluctance effect of the non-uniform air gap. 

Transient stability studies are largely outside the scope of this book 
but the oscillatory frequency can be approximated by ignoring damping. 
From the general expression in dynamics: 

Natural, undamped frequency = ^(stiffness/inertia) rad/s. 

The effect of damping terms is discussed in Section 6.1, to which 
reference might usefully be made. For a synchronous machine, the 
stiffness is the rate of change of torque per mechanical radian, obtained 
by differentiating the torque/ load-angle curve at the operating point. 
Sometimes the term "synchronising power" is used to define the power 
ΔΡ, brought into play on a change of angle Δδ, and this in turn is 
obtained by differentiating the power/load-angle curve to get άΡ/άδ. 

Example 5.20 

A 3-phase, 5000 kVA, llkV, 50 Hz, 1000 rev/min, star-connected synchronous motor 
operates at full load, 0.8 p.f. leading. The synchronous reactance is 0.6 per unit and the 
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resistance may be neglected. Calculate for these conditions, the synchronising torque per 
mechanical degree of angular displacement. The air gap may be assumed to be uniform 
around the periphery. 

Working in per unit; Ef= 1 -)Xsla = 1 - j 0 . 6 χ 1(0.8 -h j0.6) 

= 1 .36- j0 .48 = 1,44/19. 44. 

VE 1 χ 1.44 . 
Power/angle equation Ρ = sin δ = sin δ = 2.4 sin δ. 

Hence, synchronising power from άΡ/άδ — 2.4 cos<5 = 2.4 cos 19.44 = 2.263 p.u./radian 

5000000 
1 per-unit torque = = 47746 Nm. M

 2π χ 1000/60 

• 2.263 per unit = 2.263 χ 47746 χ χ 3 = 5657 Nm/mechanical degree 

since there must be 6 poles, if the synchronous speed is 1000 rev/min at 50 Hz. 

Example 5.21 

A salient-pole synchronous motor has Χά = 0.9 and X q = 0.6 per unit and is supplied 
from rated voltage and frequency. Calculate the current, power factor and power for a load 
angle of —30 (motoring) and for excitation e.m.f.s [Ef ) of 1.5, 1.0, 0.5 and 0 per unit, the 
latter case being the reluctance motor (zero excitation). What would be the new values if, as 
a reluctance motor, the rotor was redesigned to give Xd = 0.75 and Xq = 0.25? What would 
then be the maximum torque? Armature resistance may be neglected throughout. 

The phasor diagram of Fig. 5.4a is s h o w n for the overexcited 

condit ion as a motor. The equat ion is similar to that for the round-rotor 

machine but the resolution o f the armature m.m.f. F A into direct-axis 

( F A D) and quadrature axis ( F A Q) c o m p o n e n t s is reflected in the two 

c o m p o n e n t currents I d and I q o f the armature current I a. The equat ion is: 

V = E f + j X q I q + j X d I d (see Reference 1). 

Remembering that δ is negative for a motor , the angle by which I q, 

(which is in phase with E f), leads I a, must be defined as: 

φ = δ — φ and is negative o n Fig. 5.4a. 

From the geometry o f the diagram and deliberately arranging the equa-

tions so that positive Id will be magnetising a long the d axis (as for F f): 
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4q axis 
I 

j * q l , l 

I d d axis j>TqIq 

( a ) Overexcited ( b ) Reluctance 
Motor Motor 

s ' Reversed I a 

(c ) Overexcited Generator 

(Motor conventions) 

FIG. 5.4. Salient-pole synchronous machines. 

— V sin δ 
XQIQ= -νήηδ (5.22) 

XdId = Fcos<5-£ f 

V cos δ —Ef 

· · / „ = 7? [ (5.23) 

Id is negative on Fig. 5.4a corresponding to the demagnetising action for 
this condition. Id = 7a cos φ and / q = 7a sin φ but for generating 
operation this must be made negative if using motoring conventions. 

tan^ = Id/IQ and the total armature current 7a = y / l d

2
 + 

Power = (torque in per unit) 

= VIa cos φ = V(IQ cos δ + / d sin δ) and both J d and δ are negat-
ive in Fig. 5.4a. 

^-Ksin<5 c (Fcos<5-£ f) . c - cos δ Η — sin δ = V -

- J l [ £ f s in«+ s in2ί ] (5.24) 
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For the reluctance motor, terms in Ef become zero and J d becomes 
positive as shown on Fig. 5.4b. Its maximum torque, by differentiation, 
will occur at δ = —45°. For a generator, the same equations apply (as a 
negative motor), but δ becomes positive, and for the overexcited 
condition as shown on Fig. 5.4c, φ is positive and φ is negative. Reversing 
the current phasor brings back the generator convention and enables the 
power-factor angle to be seen as less than 90°. 

The table of results on p. 193, gives a very comprehensive comparison of 
performance. With the excited salient-pole machine of course, the power 
factor can be controlled from lagging to leading. As excitation is reduced 
step by step to zero, the power factor falls drastically as does the power 
and torque. The output as a reluctance motor is very small. However, 
with a higher Xd/XQ ratio, the performance is much improved, at the 
expense of higher currents. This is due to the fact that the magnetising 
current must now come from the a.c. supply as for an induction machine. 
The table also shows the value and simplicity of the per-unit system in 
making these kinds of comparisons. As an exercise, the maximum torque 
for the excited machine could be worked out for further comparisons. 
The next example provides the maximum torque expression. 

Example 5.22 

A 6.6 kV, 5 MVA, 6-pole, 50 Hz, star-connected synchronous generator has Xd = 8.7 Ω 
per phase and XQ = 4.35 Ω per phase. Resistance may be neglected. If the excitation is so 
adjusted that £ f = 11 kV (line), and the load angle is 30

ü
 (elec.), determine: 

(a) the power factor, output current and power in per unit; 
(b) the load angle at maximum torque; 
(c) the ratio between maximum torque and that occurring with δ = 30°; 
(d) the stiffness in newton metres per mechanical radian for a load angle of 30°; 
(e) the frequency of small undamped oscillations if the total coupled inertia is 8200 kg m

2
, 

the mean load angle being 30°; 

(f ) the stored-energy constant. 

5,000 
Rated armature current / a = = 437.4 A = 1 per unit current. 

y/3 x 6.6 
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unit. Κ = v / V + V = ν
7 4 3 8 2

- » "
3 5 0

·
72

 = 361.1 A = 1.283 per 
-350.7 

tan ψ = so φ = 38.7 = <5-<p = 30-<pso<p = - 8?7, cos φ = 0.988 lagging 
—438 

Power = W.cos<p = 1 χ 1.283 χ 0.988 = 1.268 pgr unit. 

(b) Torque = — χ — χ E{sind + ζ( — -1 J sin20 , 

^ = 0when £fcos<5 = - - 1 ^ cos2<5 = - - l ) (2cos
2
<5 - 1). 

Forming the quadratic: 2 cos
2
 δ + ^ ( *

q
 J cos <5 - 1 = 0 . 

From which: cos<5 = —
f
 ( *« ) ± / f ^ Y f

 X
« ) \ l 

4V \xd-xqJ *yJW) \xd-xj 2" 
. . c - 1 1 / 4 . 3 5 \ / 121 

Substituting: cos<5 = — — 7 — ± /^TTT +0.5 
4 χ 6.6 V 4.35/ V26.42 

= -0.4135 ±0.8207 

= 0.4072 = cos 66°; sin δ = 0.914; sin 26 = 0.743. 

(c) The ratio of torques is obtained by substituting the appropriate values of sin δ and 
sin 2δ for δ = 30° and δ = 66° in the torque expression. Some constants cancel. 

6.6 
11 X 0 . 9 1 4 + -— ( 2 - 1 ) χ 0.743 

7
"

M
" = 1.496. 

11 χ 0 .5-I-y (2 - 1 ) χ 0.866 

- 3 6600 Γ11000 . c 6600 1 

(d) Torque at angled = - —— χ —- χ — — sin<5 + x (2-l)sm2<5 

2πχ50/3 0 x 8 . 7 L 0 2 x 0 J 
άΤ 3 6600 
—- = χ χ (11000 cos 30°+ 6600 χ 1 χ cos 60°) 
άδ ΙΟΟπ 8.7 

= 92917 Nm per electrical radian 

= 92917 χ 6/2 = 2.79 χ 10
s
 Nm/mechanical radian. 
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-^sin<5 -6m/J3xsin30° 
( A) / = = '-V = -438A. 
W Q

 XQ 4.35 
Vcosô-Ef 6600 cos 30°-11000 

/ = = — —350.7 A. 
X* ^ 3 x 8 . 7 
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(e) Undamped natural frequency = 
stiffness 2.78 x 10

5 

inertia 8200 
= 5.83 rad/s 

(f ) The stored-energy constant is defined as: 
. , „ Stored energy at rated speed 
is defined as: 

Rated Voltamperes 

' / 2 / ω 5

2 

MVA χ 10
6 

Κ)χ(100π/3)
2 

———— = 9 seconds. 
000000 

Stepper and Switched Reluctance (SR) Motors^. 
These motors do not offer much possibility for numerical examples 

within the scope of this text, since they would involve the complexities of 
electromagnetic design, stability analysis or the special disciplines of 
power-electronic control. However, they are important in certain 
Electrical Drive applications and a brief enunciation of the operating 
principle can be made with reference to Fig 5.5. Sequential switching of 
the "phases", not necessarily three, brings the rotor in steps to the various 
stable positions of minimum reluctance—only 12 per revolution in the 
simplified case shown. Clearly, the convenience of digital control and the 
precision of angle offer advantages for certain drives, e.g. machine tools 
and computer printers. The addition of a rotor-position detector to 
govern the frequency of switching produces, in the SR motor, a rugged, 
variable-speed drive with controllable characteristics matching d.c. or 
other rotor-switched machines. 

Phase Δ excited Phase Β excited Phase C excited 

FIG. 5.5. Stepper motor. 
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CHAPTER 6 

TRANSIENT BEHAVIOUR 

So far, nearly all the examples have been concerned with steady-state 
behaviour. It is important however to introduce the ideas underlying the 
equally significant behaviour which occurs during the approach to, or 
the retreat from a particular steady state. The transient state is a very 
interesting field for mathematical and computer experts, but it is still 
possible to study many practical aspects of machine transients without 
going much beyond the theory of the first-order differential equation. 
Thermal, electrical and mechanical transients are all partly covered by 
such simple equations, though clearly these will have to become more 
complex as more elements and control circuits are included in the system 
of which the machine may be only the main power unit. Usually the 
machine has a much larger time-constant than the control and power-
electronic time-constants, so has a dominant effect and will be the area of 
study in this chapter as a simple introduction to the topic. Even for the 
machine itself, the mechanical time-constant is usually much greater 
than the electrical time-constants and so the electrical and mechanical 
responses can often be studied separately. The meaning of this is that the 
electrical-system changes take place at virtually constant speed and the 
mechanical changes take place after the electrical system has virtually 
reached its steady state. This particular problem will be discussed in 
illustrative examples but of course in the space available, the coverage of 
the transient state can only be limited and selective. 
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6.1 TRANSIENT EQUATIONS 

First-order Equation 

If a system has a variable 0, and an equation which can be expressed in 
the form: 

where τ is a constant and 0 f the value of 0 when the steady state is reached 
(d0/di = 0), the solution to a suddenly applied, or step function (to which 
0f is related) is most conveniently expressed as

( 1 )
: 

This is illustrated on Fig. 6.1a for the initial value 0O positive. For 0f 

either positive and negative, the same equation holds. If the response was 
linear at the same rate as the initial slope of the curve, then 0f would be 
reached in a time τ (in time units). Actually, the response is exponential 
and 0 reaches only 0.632 of the change (0f — 0O). After another time τ, a 
further 0.632 of the remaining change is accomplished, to 0.864 (0f — 0O). 
For 3τ the figure is 0.95 and for 4τ the figure is 0.98, which is often taken 
as the effective response time. The coefficient τ is called the time-
constant. 

Non-linear Response 

The solution just described refers to a linear first-order equation, with 
τ constant and also, the driving function 0f is constant. There are many 
practical situations where these conditions do not hold but a solution 
can still be organised fairly simply using numerical or graphical 
techniques. As will be seen in the following examples it is possible to 
express άθ/dt as a function of 0. So for various values of 0, and for a small 
change Δ0 about these points we can write: 

f > (6.1) 

0 = 0 o + ( 0 f - 0 o ) ( l - e (6.2) 

(6.3) 
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Hence the time required to change by ΔΘ is equal to: 

Δ0 ΔΘ 
At = 

άθ/dt f(0)' 

The method could be applied to the linear equation but of course there is 
no point in doing this since an analytical solution is available here. 

Second-order Equation 

The next stage of complexity to be described is the situation where 
there are two energy stores in the system. For the first-order equation 
there is only one, like the electromagnetic energy in an inductor or the 
electrostatic energy in a capacitor. If both these elements are in circuit, or 
any other two such stores, then the second differential coefficient comes 
into the system equation. Depending on the system parameters, the 
response can have rather similar characteristics (if heavily damped), or 
can be quite different in that the response can be oscillatory. The second 

— (per unit) 

\ τ 2 r 3 r 4 r 

^Same equation, but 

"*-^^f negative 

£=U.b \ 

/ 1 G 
fr ι r\ \ 

/ V 2 . C ) 

cu0t 

( a ) Is t -order equation ( b ) 2nd -order equation 

FIG. 6.1. Transient response. 

2 4 6 8 10 

Time (normalised) 
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case is of more general interest and occurs when the two roots of the 
quadratic, characteristic equation are imaginary. The general form of the 
system equation in this case is expressed in terms of the undamped 
natural frequency of oscillation ω 0, and the damping ratio ζ: 

, ά
2
Θ , άθ 

ω ο
2
^ + 2ζω0-

1
 ^ r + 0 = 0f. (6.4) 

Again considering a suddenly applied driving function 6f, the solution is: 

1 - ^ — - ^ sin {ω0 V ( l - C
2

) · t - φ} J (6.5) 

and is shown graphically on Fig. 6.1b for different damping ratios. When 
ζ, the damping ratio, is unity, the system is just not oscillatory. It is 
critically damped, and at a time t — 2 χ 1/ω0, equal to the coefficient of 
the first-order differential term, the variable θ reaches nearly 60 % of the 
final value #f, which is close to the first-order equation solution at t = z. 
θ0 could be included as for this solution, but is left here as zero. As the 
damping ratio falls below unity, the oscillatory condition exists, but the 
time response is speeded up. In practice, a ratio of about ζ = 0.6 might be 
acceptable to gain this advantage without too much overshoot. More 
complex systems with third-order and higher-order terms can sometimes 
be approximated by this quadratic form to give a general idea of system 
performance. The overshoot can be controlled by appropriate 
external techniques to get fast response without instability or 
excessive oscillation. The natural frequency of oscillation in the damped 

state is given by: ωη = ω θ Ν/ (1 — ς
2
 and the angle φ is t a n

- 1 

[y/(l — C
2

) ] / ( — C). Should the damping be zero, we have ω η = ω 0 and 
the equation would be that of simple harmonic-motion with a zero first-
order term and an oscillation between 0 and 20 f. 

Transfer Functions 

In studying complex systems, it is convenient to represent each 
element in the system by a relationship which relates its output to its 
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input in both steady and transient states. The relationship is called the 
transfer function, defined as: 

_ _ Output 
T.F. = 

Input 

and hence: Output = T.F. χ Input. 
It is a simple matter to interconnect the various elements by 

combining their transfer functions to give a mathematical expression for 
the overall system equation. For example, if two elements having transfer 
functions A and Β are in cascade (series connected), then the overall 
transfer function is Α χ Β. If the two elements are in parallel, with Β as the 
transfer function of the negative feedback loop around A, then the 
overall transfer function is

( 1 )
-

Example 6.15 will apply these relationships but it must be appreciated 
that it represents only a simplified use of basic concepts in control theory. 

As an illustration of the transfer function consider eqn (6.1). Suppose 
that it refers to a series L.R. circuit having a time constant L/R. The 
equation would be: 

Input V/R \ 1 + τρ / 

So the differential equation for this element can be formed from the 
transfer function (by cross-multiplication) and this applies also when all 
system elements are combined in the overall transfer function. 

Frequency Response 

The emphasis so far has been on the response to a suddenly applied 

I t ( A X B ) 

( 1 + τ ρ ) ι = V/R 

and: 
Output 

which is the transfer function. 
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d.c. driving function, but the transfer function and related equation are 
quite general. In control theory, for example, the response of the system 
to sinusoidal stimuli, at particular frequencies, is very important to the 
prediction of behaviour under all conditions. The transfer function can 
be used for this purpose. Suppose that the L.R. circuit is the field winding 
of a d.c. generator. The output will be if and the input voltage vf, the field-
circuit resistance being R(. The equation will be: 

( l + i f p ) i f = v(/R{. 

If the generated voltage at a particular speed can be expressed as vout 

= k{ if where k{ has the units of volts per field amp, then the transfer 
function of the generator will be: 

vout kfi{ k(/R( Steady-state voltage gain 

vf ~ (1+ T fp)i fK f ~ ( l + i f p ) ~ (1+τ Γρ) 

Now let v{ be an a.c. voltage of angular frequency ω. The equations 
become, with r.m.s. values of voltages and currents: 

r̂ = (Kf+Jû>L f)/ f or ( l + j c o T f ) / f K f 

and: 

K , u , = M r 
assuming that the d.c. generator gives a linear response to field current 
variations. Hence: 

Κηη = M r = M * r 
Vf (l+jcüT f)/ fÄ f ( l + j û * , ) ' 

which is the same expression as before but with ρ replaced by jco, in the 
transfer function. 

This frequency response has both a magnitude ratio and a phase angle 
and these are easily shown by simple a.c. theory to be: 

j kf/Rf o)Lf Magnitude ratio = = and phase angle = — tan 1 

y/l+(D
2
TÎ

 R
f 

= —tan" 1 ωτ{. 
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Mechanical System 

On the front cover of the book is shown a schematic diagram of a 
motor driving a mechanical load through a coupling shaft. The torque is 
transmitted because the shaft tends to twist and carry the load round in 
the same direction. The angle of twist at the motor end 0 ml on steady 
state will be greater than the angle of twist 0 m2 at the load end, because of 
the shaft flexibility, or resilience. Within the elastic limit, the torque 
transmitted is proportional to the difference ( 0 ml — 0 m 2) , the resulting 
angle of shaft twist. In the transient state, there is another (viscous) 
damping force exerted by the shaft due to rate of change of shaft twist-
angle, p ( 0 ml — 0 m 2) . The inertia of the motor, ^ k g m

2
 opposes the 

acceleration dœm/dt = p
2
0 m l. The electromagnetic torque Te is there-

fore opposed by the loss torque, the inertia torque and the shaft torques 
giving the following equation, where Κ is the shaft stiffness, (Nm/radian) 
and C is in Nm per rad/s: 

Tt = Tloss + JlP

2
0ml +Cp(eml-em2) + K(eml -6m2). (6.6) 

At the load end, the shaft torques tending to turn the load in the same 
direction as the motor are opposed by the load inertia-torque and the 
load torque itself. Hence: 

These two second-order simultaneous equations can be solved for the 
two variables 0 ml and 0 m2 and the possibility of oscillation is present, 
depending on the parameter values. After some rearrangement, eqn (6.6) 
is multiplied by the coefficient of terms in eqn (6.7) involving 0 m 2, i.e. 
( J 2p

2
 + Cp + K) and eqn (6.7) is multiplied by the coefficient of 0 m2 in 

eqn (6.6), i.e. (Cp + K), to give, (Te and Tm assumed constant): 

Q>(0ml - 0 m 2) + K ( 0 m l - * m 2) = J2P2em2+Th load* (6.7) 

K(Tc-Tloss) (Jip
2
 + Cp + K)(J2p

2
 + Cp + K)8l 

-(Cp + K)(J2p
2
+Cp + K)0m2 

(Cp + K){Cp + K)-eml 

-(Cp + K)(J2p
2
+Cp + K)0m2 

m 

(6.8) 

(6.9) 
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Taking eqn (6.9) from (6.8) and dividing throughout by p
2
 after 

multiplying out gives: 

ψ (T. -Tloss ~TltmA) = [ J, J2P
2
 + ( - A + J2)CP + ( J1 + J2)Κ] β βι -

0 m2 has been eliminated and we can concentrate on the characteristic 
equation on the right-hand side, reducing it to standard form on dividing 
by (JX+J2)K9 i.e.: 

J1 J 2 2 ^ 1 

X ( 7 7 + 7 27
p + k p + 

and comparing coefficients with eqn (6.4) the oscillatory solution is 
governed by an undamped natural frequency deduced from: 

2 K(JX+J2) Κ Κ 
The damping ratio is deduced from: 

ω 0 k
s o

 Ji 

and the damped oscillation frequency is 

ω„ = ω0 = ω0 Ji - g ( 1 + 1 ) rad/s. 

Clearly, this must have a value well away from any torque-pulsation 
frequency arising either in the load, e.g. if it is a compressor, or from the 
motor, if it is supplied through certain types of power-electronic circuit. 
These factors are of concern for the drives specialist. For present 
purposes, it will be assumed that the shaft is stiff enough to transmit the 
torque without twisting. This means that the combined inertia of the 
whole drive-system can be referred through to the motor shaft as say 
J kg m

2
, by summing the total stored energy in the moving parts, 

^(Jnol + M^^X where the speeds of the elements ω η and t;m 
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correspond to a particular speed com at the motor shaft (as determined by 
the gear ratios), and dividing this energy by 2

ω
™ - ^ n a similar way by 

equating the power transmitted through the various forces and torques 
at their appropriate speeds, these can be referred to a motor torque 
giving the same power at the motor shaft running at speed com. Allowing 
for the transmission efficiency will increase these referred values. 

For the stiff shaft, the last two terms of eqn (6.6) can be replaced by the 
right-hand-side of eqn (6.7) with JX and J2 combined as J to give: 

dco_ J da) 
T9=Tt„ + J ^ + TM=Tm + - ^ (6.10) 

since p0m{=œm and 0m2 = emV On steady state when the speed has 
settled down, Te is balanced by the total mechanical torque Tm = 
r i o ad + r i o s s. The electromagnetic torque Te is a function of the motor 
currents or may be expressed as a function of speed through the 
speed/torque curve. If the Tm(œm) characteristic is of simple form, 
eqn (6.10) is of first order and easily solved. In any case: 

r dœm ^ ^ dct)m Γ„ —Tm j = τ - Τ so 
di e m di J 

If the torques are some known function of a>m, the last expression is the 
f(#), (where θ here is a > m ) , required for the solution of eqn (6.3). 

Example of Electromechanical System in Transient State 

Because the d.c. machine equations are relatively simple, this machine 
provides an easy introduction to the application of the mechanical 
equations just described. For the present, the armature inductance will 
be neglected so that the armature current at any instantaneous speed com, 
and e.m.f. e, with supply voltage V, will be given by ( V — e)/R and e itself 
will be /^com. Hence, during a speed transient, the electromagnetic 
torque Te will be: 

* • « . - * • R - R R 

205 



ELECTRICAL MACHINES AND DRIVES [6.1] 

This must be balanced against Tm + Jda>m/dt from eqn (6.10) giving: 

R R "
 m + J

 dt ' 

To get this into the standard form of eqn (6.1), the coefficient of the 
variable must be brought to unity which means dividing throughout by 
^

2
/R and rearranging: 

JR dcom V RTm 

+ ^ = Γ - Τ Τ ( = ^ (6.11) 

The solution given by eqn (6.2) can now be applied for sudden, step 
changes of V, RorTm. Step changes of flux are not practicable because of 
the relatively-slow field time-constant. It is assumed that Tm is not a 
function of a>m; i.e. is constant. Under these circumstances, the speed 
time-constant is JR/k^,2. Since this is a function of mechanical, electrical 
and magnetic parameters it is sometimes referred to as i m, the 
electromechanical time-constant. If Tm was a function of speed, say Tm 

= k2 œm, then the value of xm would be JR/(^2 + k2 R), the proof of this 
being left as an exercise, i.e. by redeveloping eqn (6.11). Note that this 
equation covers all modes of operation with V taking various values, 
positive, negative and zero, see Section 3.5. It has only one more term 
than the general speed/torque equation for a d.c. machine. When steady-
state speed has been reached, dcom/di = 0 and the equation is then 
identical with eqn (3.8). 

Invoking the solution given by eqn (6.2), we can write: 

<tfm = como + ( c D mf - co m o) (1 -e"
1
-) 

and Fig. 6.2 shows three transients: 

(a) Acceleration on no load, V change from 0 to V. 
(b) Sudden application of load Tm after reaching no-load speed. 
(c) Reversal of V, usually with extra limiting resistance. Note that 

beyond zero speed, Tm, if a passive load, would also become negative 
as well as V and the speed response would become slower. xm governs 
all response times, with the appropriate value of resistance inserted. 
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ω, 'm Load application 
constant 7"m 

Reversal. Put V negative. 
(Current will be too high 
without extra R or 
control of V) 

Tm becomes t 
negative 

FIG. 6.2. Electromechanical transient on d.c. machine. 

Duty Cycles and Ratings 

Many drives are required to supply a varying load, following a cycle 
which is repeated continually. Correctly chosen equipment would only 
need to have a steady (continuous) rating somewhat less than the 
maximum power. However, if this is relatively high as on a "peaky" load, 
it might be the major factor in determining the appropriate machine 
rating if the overload (maximum/continuous rating) is beyond about 2. 
For the continuous rating, it is the r.m.s. value of the machine current 
which must be withstood without excessive temperature rise, not the 
lesser "average" value corresponding to the mean power and actual 
energy consumption. Consider the straightforward case of a d.c. machine 
operating at constant flux. The torque is proportional to current, so if the 
time-varying torque is multiplied by the maximum speed to convert to 
power, an r.m.s. rating could be obtained from the power/time curve. It 
would be equivalent to r.m.s. torque, (proportional to r.m.s. current), 
times maximum speed. This procedure is not strictly correct if the motor 
speed is varying, which in turn results in a different machine-loss pattern 
and inferior cooling capacity at low speeds. The situation is even less 
precise if considering the determination of r.m.s. power for a.c. machine 
drives with the additional complication of power factor and less simple 
current/torque relationships. Various examples to follow will illustrate 
some of these points and the general philosophy of estimating machine 
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ratings. But in practice, each type of drive requires specialist treatment 
for greater accuracy. Reference 3 discusses the issues in more detail. 

If the approximation of using the power/time curve for r.m.s. power is 
employed, the power variation is often further simplified to a series of 
straight-line segments and the squared areas under these as summed to 
give the r.m.s. power as: 

l\p
2
tat 

V Σί 

where Σί must include any times during the cycle when the process is 
stopped. Consider a section of such a power/time curve which in general 
will have a trapezoidal shape, Fig. 6.3. The area under the squared curve 
will be: 

£ [ p . + (P b - P J i J dr = j^P.* + 2 ( P a P b - P a

2 ) 1 

+ ( P b

2 - 2 P a P b + P a

2 ) £ ] d t 

which integrates finally to: 

T-(pi + PSh + PJ). (6.12) 

The overall power/time cycle can be divided into a series of such 
generalised trapezia, e.g. P a = P b for a rectangle and P a or Ph = 0 for a 
triangle. 

208 

FIG. 6.3. Area under squared curve. 



[6.1] TRANSIENT BEHAVIOUR 

FIG. 6.4. Hoist duty cycle. 

As an example of a duty cycle consider a mine hoist for which speed is 
accelerated from zero to a constant value for a period and is then 
decelerated back to zero, with a rest period before the next cycle. An 
overload torque is required for acceleration, which if constant as shown, 
requires a constant-torque component. During deceleration a similar, 
reverse torque is required and will give some regeneration. Figure 6.4 
shows such a cycle for a winder in which the static rope-torque is not 
balanced out, though this is more usual. The changing, unbalanced 
weight of the rope causes the slope in the torque curve. The power curve 
is approximated by straight lines as shown, though this is only strictly 
correct during the constant-speed region. The r.m.s. power can now be 
calculated by summing the three squared areas, using eqn (6.12) on each. 
Although the power starts from zero, the torque is often multiplied by 
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the constant speed throughout—which is the torque/time curve to 
another scale—to allow for the inferior cooling at low speeds. The mean 
power is obtained from the area under the power curve as shown, part of 
which is negative. The peak power is P2» but the machine must be capable 
of delivering the peak torque 7\ at the beginning of the cycle. Tutorial 
Example T6.11 refers to this figure, which is typical of the pattern for lift 
drives generally, though regeneration is not usually an economical 
proposition for lifts in low buildings. 

Example 6.1 

The temperature rise of a certain motor can be assumed to follow an exponential law of 
time-constant τ = 2 hours. The machine operates on a duty cycle in which it is clutched to 
its load for 20 minutes and then declutched to run on no-load for 30 minutes. This cycle is 
repeated continually. The steady temperature rise when running on no-load continuously 
is 10

Ü
C and when operating the above duty cycle, the maximum temperature rise at the end 

of an ON period is 50
Ü
C. In the event of a timing failure, a thermostat is set at 60°C and 

shuts down the drive. Calculate: 

(a) the minimum temperature rise above ambient when operating the above duty cycle; 

(b) the maximum temperature rise if both the timing mechanism—which sets the ON 
period—and the thermostat fail to protect the system. 

This example assumes that the thermal response is governed by a first-order equation so 
that the solution of eqn (6.2) can be invoked for the two different sections of the cycle. The 
figure shows the variation of temperature rise, which, with a repetitive duty-cycle will 
eventually settle down to a regular pattern between Θχ and 0 2. 

θ2 has been given as 50 C. 0 m in has been given as 10
U
C above ambient. 

(a) asks for θχ and (b) asks for 0 m a x, the "runaway" temperature rise. 

Considering the ON and OFF periods separately, 0 m ax is 0f for the ON period and 0 m in is 0 f, 
the final steady temperature rise for the OFF period. From eqn (6.2), 

for the ON period: θ2 = θ, + (0m„ - 0 i ) ( l - e
- i

°
N / T

) ; 

substituting: 50 = 0! + (0 m ax - 0 j ) ( l - e "
1 / 6

) ( i 0 N = 1/3 hour); 

for the OFF period: Θ, = 0 2 + (0 m in - 0 2 ) (1 - e- ' o F F / t ) ; 

substituting: 0! = 50+(10-50) ( l - e
1 / 4

) ( r 0F F = 1/2 hour). 

(a) Solving the last equation: βγ = 50-40(1 -0.7788) = 41.15
Ü
C. 

(b) Substituting in the ON equation: 50 = 41.15 + (0 m ax -41.15) (1 -0.8465) 

= 41.15-6.32+ 0.1535 0 m a x, 

from which: 0 m ax = 98.8
Ü
C . 
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This is a simple example of a pulsing load. The motor does not have to 
be rated for the full load continuously, since there is an OFF period. Thus 
the motor can be smaller than if it was rated for the full load. However, 
the specified duration of this load must not be exceeded or else the 
temperature too will be excessive as in (b). If we assume as an 
approximation that the temperature rise is proportional to the load, then 
the continuous rating of this motor would be about one-half of the 20-
minute-ON, 30-minute-OFF, duty-cycle rating, in order not to exceed 
the normal 50°C maximum. 

2 Ä 

<?2--50°C 

ON 

(20mins) 
O F F " 

( 3 0 mins) 

# n i n = I O ° C 

on no load 

Time 

FIG. E.6.I. 

Example 6.2 

The d.c. generator for which data were given in Example 3.2 has a shunt-held inductance 
of 23 henries (unsaturated). Derive the voltage transfer-function when run as a generator at 
1000 rev/min on open circuit, and operating up to the limit of the linear part of the 
magnetising curve—represented by the first point on the curve. 

If the field were to be excited instead from a sinusoidal voltage, at what frequency would 
the phase angle between output armature-voltage and input field-voltage be -45? What 
would then be the voltage gain? 

Referring back to Example 3.2, the lowest point on the o.e. curve, which is being taken as 
the limit of the linear range, is 71 volts generated at a field current of 0.25 A when running at 
500 rev/min. 

·'• at 1000 rev/min, generated volts = 142 and kf = 142/0.25 = 568 V/A. 
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The field-circuit resistance required to give a current of 0.25 A from a supply voltage of 
220 V is: 

220/0.25 = 880 Ω. 

Hence, T.F. as a generator is: 

kf/Rf _ 568/880 _ 0.645 

1 + t f ρ ~ 1 +p23/880 ~ ϊ+0.0261ρ ' 

For - t a n "
1
 ωτ, to be -45°, ωτ( = 1. Hence: 

/ = —1— = Î = 61 Hz . 
rf x In 0.0261 χ In 

0.645 
Voltage gain = . = 0.456 . 

x/l + 1 

Example 6 .3 

The same machine as in the last question and Examples 3.2 and 3.3 is to be started from a 
220 V supply which is first connected directly across the field winding. The series winding is 
not in circuit. An external armature resistor is used to limit the maximum starting current to 
80 A and is left in circuit while the motor runs against a torque Tm corresponding to this field 
flux and rated armature current. Calculate the expression for electromagnetic torque Te as 
speed changes. 

Develop the differential equation for speed when the total coupled inertia is 13.5 kg m
2
. 

What is the electromechanical time-constant and the final steady-state speed in rev/min? 

Referring back to the data of Examples 3.2 and 3.3, with 220 V across the field alone the 
current would be 220/110 = 2 A and from the curve this gives k<t> = 4.43. 

Required total armature-circuit resistance to limit current to 80 A = 220/80 = 2.75 Ω. At 
any speed during run up; 

. - / ^ = 2 2 0 - 4 . 4 3 ω ^ 8 0 

R 2.75 

Instantaneous torque Te = /c^ia = 4.43(80- 1.61 œm) = 354.4-7.13wmNm. 

Mechanical torque corresponds to /c^/aR = 4.43 χ 40 = 177.2Nm. 

From eqn (6.10) Te=Tm + J dwm/at; 

substituting: 354.4-7.13ωπι = 177.2 + 13.5 dcom/df; 

rearranging: 1.89dcom/df + q)m = 177.2/7.13 = 24.8 = wmf . 

From eqn (6.2): com = wmo + (comf — a>m 0)(l — e"
i / T

) is the solution for a>m; 
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substituting: com = 0-1- (24.8 -0)(1 - e ~ '
/ 1 8 9

) . 

So the final balancing speed is 24.8 χ 60/2π = 236.8 rev/min and the electromechanical 
time-constant is 1.89 seconds. 

The first part of Fig. 6.2 is relevant to this question. Eqn (6.11) could have been used 
directly. 

Example 6.4 

A flywheel is added on to the shaft of the motor for which particulars were given in 
Example 6.3. The same field current and external armature resistance are set and full voltage 
is then applied, the same constant torque being coupled. The speed reaches 200 rev/min in 
10 seconds. Estimate the additional inertia contributed by the flywheel. 

Since the flux, torque and circuit resistance are unchanged, the motor will reach the same 
steady state speed of 236.8 rev/min. The equation of motion will be the same apart from the 
different electromechanical time constant t m. Substituting in the standard solution of 
eqn (6.2): 

200 χ2π/60 = 24.8(1 - e "
1 0

^ ) 

from which: e
1 0

/
T
m = î = 6.42 

1 -20.94/24.8 

taking logs: 10/tm = 1.86 giving xm = 5.4 = JR/k/ 

Hence total J = 5.38 χ 4.43
2
/2.75 = 38.4 kgm

2 

The flywheel inertia is therefore 38.4 - 13.5 = 24.9 kgm
2 

Retardation Tests 

The above example represents one method of measuring the inertia by a 
transient test. An alternative would be to take a speed/time curve as the 
machine slows down under the action of a known torque, e.g. the 
mechanical loss. From eqn (6.10) J = — rm/(dcüm/di) since Te would be 
zero. This could be checked at various speeds during retardation, 
allowing for non linearity if present in both numerator and denominator. 
This retardation test is sometimes used, with known inertia, to determine 
the (unknown) losses. 

213 



ELECTRICAL MACHINES AND DRIVES [6.1] 

Example 6.5 

A 500 V d.c. series motor drives a fan, the total mechanical load torque being given by the 
expression: Tm — 10-1- {œJ4.2)

2
 Nm. An external 7.5 Ω resistor is added at starting to limit 

the current when full voltage is applied, and the motor is allowed to run up to the balancing 
speed corresponding to this circuit condition. The resistor is then cut out and again the 
speed is allowed to rise to the new balance condition in this single-step starting procedure. 

(a) Calculate the starting current. 
(b) Calculate the two balancing speeds, noting that the machine resistance itself is 0.8 Ω. 
(c) Estimate the currents at the two balancing speeds, and on changeover. 
(d) Estimate the time to accelerate from 0 to 100 rev/min if total inertia is 14.5 kgm

2
. 

A magnetisation curve at 550 rev/min gave the following information: 

Field current I{ 20 30 40 50 60 70 A 
Generated e.m.f. (£ t e s t) 309 406 468 509 534 560 V 

Calculation of a>m/Te curves proceeds in a similar manner to Examples 3.16 and 3.17. 

Κ =
 £

. c s t / (550 χ 2π/60) 5.36 7.05 8.12 8.84 9.27 9.72 Nm/A 
re = /c 0/ a = ^ / f 107.2 211.5 324.8 442 556.2 680.4 Nm 
For high resis. £ = 500-(0.8 + 7.5)/f 334 251 168 85 2 -81 V 

<»m =
 E

l
k
4> 62.3 35.6 20.7 9.6 0.2 -8.3 rad/s 

For low resis. £ = 500 - 0.8/f 484 476 468 460 452 444 V 
œm = E/k4> 90.3 67.5 57.6 52 48.8 45.6 rad/s 

FIG. E.6.5. 
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(a) Starting current, (a)m = 0) = 500/(0.8 + 7.5) = 60.2A. 
(b) From the above tabular calculations the two com/Tc curves and the œm/Tm curve are 

plotted on the figure. The two balancing speeds at the intersections are 50 and 64.5 
rad/s = 477 and 616 rev/min. 

(c) The corresponding torques are 150 and 240 Nm. Since Te = k+I{ there is a unique 
relationship between torque and lf and one can interpolate between the torque//f 
points in the table, to estimate the corresponding currents at 25̂  and 33 A. At 
changeover, the torque rises to 510 Nm and the current will be approximately 56 A , a 
little less than at the first step of starting. 

(d) Between 0 and 100rev/min (10.47 rad/s), the mean accelerating torque Te—Tm, by 
measurement from the curve, is 470 Nm and since from eqns (6.10) and (6.3): 

Example 6.6 

A d.c. shunt motor has its supply voltage so controlled that it produces a speed/torque 
characteristic following the law: 

where Tc is in Nm. The total mechanical load, including machine loss-torque, has the 
following components; Coulomb friction 30 Nm; Viscous friction (a speed) 30 Nm at 
1000 rev/min; and fan-load torque [a(speed)

2
], 30 Nm at 1000 rev/min. The total coupled 

Δί = 
14.5 χ 10.47 

470 
= 0.323 sec. 

Rev/min = 1000^1 -(0.01 Te)
2 

N, rev/min 

1 0 0 0 

0 2 0 4 0 6 0 8 0 100 

Torque 
Nm 

FIG. E.6.6. 
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inertia is 4 kg m
2
. Determine the balancing speed and also calculate the time to reach 98 % 

of this speed, starting from rest. 

From the given laws of the speed/torque relationships, the curves are calculated below 
and plotted on the figure. 

Te 20 40 60 70 80 90 100 Nm 

Ν = lOOO /̂l + iO.Oire)
2
 980 917 800 714 600 436 0 rev/min 

Ν 200 400 500 600 700 800 900 1000 rev/min 

7 m = 3 o [ l + ( ^ V ( - ^ > ) 1 37.2 46.8 52.5 58.8 65.7 73.2 81.3 90 Nm 
L Viooo/ Viooo/ J 

For speed/time calculations, we require the accelerating torque Tt-Tm = J (A(om/At), 
over a series of intervals from zero to the top speed. Accuracy falls off when Tt —Tm 

becomes small because At is inversely proportional to this. Extra intervals are taken 
therefore near the final speed. 

From the intersection of the curves, the balancing speed is 740 rev/min and 98 % of this 
is 725 rev/min. The following table is completed with the aid of readings from the graph. 

Ν 
τ = Τ -Τ 
* acc ' t * m 

0 
70 
0 

100 
66 
10.5 

200 
60 
20.9 

300 
53 
31.4 

400 
44.5 
41.9 

500 
34 
52.4 

600 
22 
62.8 

650 
14.5 
68.1 

690 
8 

72.3 

725 
3 

75.9 

Mean r a cc 

Ar«
 4 Δ ω

-
mean r a cc 

68 
10.5 

0.62 

63 
10.5 

0.66 

56.5 
10.5 

0.74 

48.8 
10.5 

0.86 

39.3 
10.5 

1.07 

28 
10.5 

1.5 

18.3 
5.3 

1.14 

11.3 
4.2 

1.48 

5.5 
3.6 

2.67 

t = Σ At 0 0.62 1.28 2.02 2.88 3.95 5.45 6.59 8.07 10.74 

Speed/time coordinates can now be read from the above table and a curve plotted if 
desired. The time to 98 % of the balancing speed is 10.74 seconds. Note that the longest 
times apply to the final build-up intervals and accuracy here is relatively poor. 

Example 6.7 

The induction motor of Example 4.10 is to be braked to standstill by reversing the phase 
sequence of the supply to the stator. The mechanical load remains coupled and the total 
drive inertia is 0.05 kg m

2
. An additional speed torque coordinate will be required to 
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construct the reverse sequence characteristic and this may be taken as (+1500 rev/min; 
± 3 Nm). Make an approximate estimate of the time to zero speed. 

The reverse-sequence characteristic is a mirror image of the forward sequence 
characteristic but only the portion in the top left-hand quadrant is required. The figure 
shows the two com/Te curves over the required range and the load characteristic has 
determined the normal speed as 1420 rev/min. It is also seen to be approximately parallel to 
the "tail end" of the reverse characteristic and a mean value of the decelerating torque down 
to zero speed is measured as 9.5 Nm. 

Aiüm, taking just one interval, is: 1420 χ 2π/60 = 149.75 rad/s. 

JA(om 0.05x 149.75 
Hence Ar = — = = 0.79 sec. 

Te -Tm 9.5 

Note: if the supply is not switched off at zero speed, the machine will run up in the reverse 
direction. This problem has illustrated plugging braking. 

Example 6.8 

A 500-V, 60-hp, 600-rev/min, d.c. shunt motor has a full-load efficiency of 90 % The field-
circuit resistance is 200 Ω and the armature resistance is 0.2 Ω. Calculate the rated armature 
current and hence find the speed under each of the following conditions at which the 
machine will develop rated electromagnetic torque. 
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(a) Regenerative braking; no limiting resistance; 
(b) Plugging (reverse current) braking—external limiting resistor of 5.5 Ω inserted; 
(c) Dynamic braking—external limiting resistor of 2.6 Ω inserted. 

Rated field-current is maintained and armature reaction and brush drop may be neglected. 
The machine is to be braked from full-load motoring using the circuit configurations of 

(b) and (c). What time would it take in each case to bring the machine to rest? The inertia of 
the machine and coupled load is 4.6 kg m

2
 and the load, which is coulomb friction, is 

maintained. 

Using the same equation as in Example 3.6 but noting the absence of external field 
resistance: 

60 x 746 90 r 
wR = = — , from which / aR = 97 A. 
'

R
 5 0 0 x / aR + (500)

2
/200 100 

500 —0.2 χ 97 
Rated flux k0* = '- = 7.65 Nm/A, which is maintained constant. φ

 600 χ2π/60 

The braking-circuit calculations are similar to those for Example 3.20 and the basic 
equation is: 

V RTt 
(
°

m =
 k~~~k

T
' 

The value of rated torque is ki^il^ = 7.65 χ 97 = 742 Nm. 

500 _0.2(-7< 

T65 T65
1 

500 0.2(-742) 
(a) For regeneration, Te — - 742. ωΠ1 = -— = 67.9 = 648 rev/min. 

(b) For plugging, Te = - 742, 

-500 5.7(-742) 
V = -500 and R = 5.5 + 0.2. wm = —— * _ = 6.91 = 66 rev/min. 

7.65 7.65 

(c) For dynamic braking Tc = - 742, 

2.8(-742) 
V = 0 and R = 2.6 + 0.2. ω ιη = 0 rl = 35.5 = 339 rev/min. 

7.65
2 L 

To solve the final part of the question, eqn (6.11) could be used directly but instead will be 
built up from the data given. The electromagnetic torque Te = kφiΛ has to be balanced 
against Tm + J da>m/df = 742 + 4.6 dûJm/di and: 

{V-k0a)J ( - 500 - 7.65 ω ) 
for (b): Te at any speed wm = = 7.65^ 5̂ Q 2

 m
' 

= -671 -10.27com, 

for (c): Tc at any speed wm = kφ 1 = 7.65 26 + Q2 = ~ 2 0 . 9 W m, 
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1 ^648 Speed, rev/min 1 

6 0 0 "1 
\ S , . /Dynamic braking 1 

, dû/m • I τ J
 at 1

 / 
/ 

3 0 0 ] 

Plugging \ 

Torque per unit 

FIG. E.6.8. 

where the appropriate values of V and R have been inserted. In both cases, the initial speed 
starts off from the full-load value which is 600 χ 2π/60 = 62.8 rad/s = a>m o, in the solution 
given by eqn (6.2), viz. ωΠ1 = œmo + (œmi -a> m o) ( l - e ~ '

/ T m
) . 

For (b) the differential equation is therefore: —671 — 10.27ωιη = 742 + 4.6dcüm/dr, 

which can be rearranged in standard form as: 0.448 dû>m/df+ û;m = —137.6, 

and the standard solution is: com = 62.8 -I- ( - 137.6 -62.8)(1 _ e "
i / 0 4 4 8

) . 

The question asks for the stopping time; i.e. when wm = 0. Substituting and rearranging: 

-62.8 

-200.4 

^f/0.448 . 

= 1 - e - r /0 .488 

1 
1.456. 

1 -62.8/200.4 

from which t the time to stop is 0.448 χ 0.376 = 0.168 sec. 

For (c) the differential equation is: — 20.9 ω ιη = 742 -1-4.6dcjm/dr, 

which can be rearranged in standard form as: 0.22dcjm/dr + ω ιη = —35.5 

and the standard solution is: œm = 62.8 + ( -35.5 -62.8)(1 - e ~
, / 0 2 2

) 

For the stopping time, putting a>m = 0: 

-62.8 

-98.3 

ρ ί/0.22 _ . 

• = 1 - e -r/0.22 

1 

1 -62.8/98.3 

from which the time t to stop is 0.22 χ 1.018 = 0.224 sec. 

= 2.769, 
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Dynamic braking gives a slower stopping time, even though the peak 
armature current is about the same in (b) and (c) (as could be checked); 
and the load torque, which in this case is a major braking force, is the 
same. A study of the figure will show why this is so. For plugging, (b), the 
machine will run up in reverse rotation after stopping unless it is 
switched off. 

Example 6.9 

A 250 V d.c. shunt motor has an armature resistance of 0.15 Ω. It is permanently coupled to 
a constant-torque load of such magnitude that the motor takes an armature current of 
120 A when running at rated speed of600 rev/min. For emergency, provision must be made 
to stop the motor from this speed in a time not greater than 0.5 second. The peak braking 
current must be limited to twice the rated value and dynamic braking is to be employed 
with the field excited to give rated flux. Determine the maximum permissible inertia of the 
motor and its coupled load, which will allow braking to standstill in the specified time. 
Calculate also the number of revolutions made by the motor from the initiation of braking, 
down to standstill. 

If after designing the drive as above, it was found that the stopping time was too long and 
had to be reduced to 0.4 second, determine the reduced value of resistance necessary to 
achieve this, and calculate the increased value of peak current. 

At the rated condition, e.m.f. Ε = 250 -0.15 χ 120 = 232 V. So: 

The limiting resistance must keep the current to 2 χ 120 = 240 A and since on dynamic 
braking the current is E/R in magnitude = 232/i? on changeover; R = 232/240 = 0.967 Ω, 
an extra 0.967 - 0.15 = 0.817 Ω. 

(-fc ω ) -3 .69
2 

As in the previous question, Tc = ^
 m

 = — œm = - 14.1 ωπ 1. 
R 0.967 

Forming the mechanical balance equation: Tc=Tm + J dœm/dt 

232 
*0R = 600 χ 2π/60 62.8 

= — - = 3.69 Nm/A and 7 ^ = 3.69 χ 120 = 443 Nm. 

-14.1 ω, m 443 + Jdû>m/di, 

and rearranging: 

-31.4. 
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Standard solution is. com = como + [wmi -ω π 1 ο) (1 - e
 i / T m

) 

= 62.8 + ( -31.4 -62.8)(1 - e " °
5 x 1 4 1 1 J

) 

For zero speed: 0 = - 31.4 + 94.2 e "
7 0 5/

 \ 

from which: e
105/J

 = \-—and J = 6.42 kgm
2
. 

31.4/94.2 - -

Substituting this value of J gives the general expression for speed under these conditions: 

<on = 62.8 + (-31.4-62.8)(1 _ e

_
'

x , 4 J / 6
-

4 2
) 

= -31.4 + 9 4 . 2 e -
2 1 9 6

' . 
To find the number of revolutions turned through we require to integrate 

fd0 Γ — d r = < J d r J 

Γ Γ 94.. 
Hence 0 = a)mdt = -31.4r + —— 

dö. 

J 
2 „ - 2 1 9 6 f 
196

 e 

= [ - 15.7 -42.9(0.3335 - 1)] = 12.9 radians. 

·'· Number of revolutions to stop = 12.9/2π = 2.05. 

If the stopping time is to be changed to 0.4 second and R is unknown, 

-3 .69
2 

Γ = c o . 
R 

The mechanical balance equation is now: 

-13.63 

R 
•• 443 + 6.42 dcom/dr. 

d c u Rearranging:
 0.471R + wm = - 32.5 R. 

The solution is: a)m = 62.8 + ( -32.5/? -62.8)0 - e -
i / 0 4 7 I / ?

) . 

With t = 0.4 second: = -32.5R + (32.5Ä + 62.8)e"
0 8 4 9

/
Ä
, 

.849/R 

An explicit solution for R is not possible, but by trying a few values of R somewhat below 
the previous value of 0.967 Ω a solution close to the correct answer is quickly found. For 
R = 0.6 Ω the R.H.S. of the equation is 1.02 so the additional series resistor must be reduced 
to about 0.6 -0.15 = 0.45Ω. 

The peak current on changeover would be 232/0.6 = 387 A = 
3.22 per unit which is a considerable increase on the previous value of 2 
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per unit for 0.5 second stopping time. The machine designer would have 
to be consulted to approve this increase. 

Example 6.10 

A small permanent-magnet, 100-V d.c. motor drives a constant-torque load at 
1000 rev/min and requires an input of 250 watts. The armature resistance is 10 Ω. The 
motor is to be reversed by a solid-state contactor which can be assumed to apply full 
reverse-voltage instantaneously. The inertia of the motor and drive is 0.05 kg m

2
. Calculate 

the time: 

(a) to reach zero speed 
(b) to reach within 2 % of the final reverse speed. 

The armature inductance can be neglected, but assuming it is 1 henry, make an estimate 
of the actual peak current during reversal. 

/a = p/y = 250/100 = 2.5 A, 

Ε 100-10x2.5 
kA = — = = 0.7162 Nm/A. 

φ
 <wm 1000 χ2π/60

 1 

Rated torque = = 0.7162 χ 2.5 = 1.79 Nm. 

(a) During the transient: 

Te =Tm^JaœJdt and V = - 100 

100-0.7162a) 0.7162^- = 1.79 + 0.05 da>m/di. 
10 

Rearranging: 0.9748 da>m/dr + a>m = -174.5. 

Solution is: wm = œmo + (com{-a)mo)(l - e ~ '
/ T m

) . 

Substituting com = 0: 0 = 104.7 + ( -174.5 -104.7)(1 - e -</°
9 7 4 8

) 

= -174.5 + 279.2e-
i
/°-

9 7 4 8
. 

from which: time to stop, t = 0.458 sec. 

Acceleration in the reverse direction will also be exponential of time-constant i m, and 
to 98 % of final speed, time will be 4t m = 3.9 seconds. Total time = 4.36 seconds. 

- 1 0 0 - 7 5 
(b) If L is neglected, peak current on changeover = — = —17.5 A, 

-100 
current at zero speed = = — 10 A, 

10 
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h- 0 . 4 5 8 secs H 

Neglecting L 

FIG. E.6.10. 

giving a current waveform as shown on Fig. E.6.10 over the period 0.458 second. 

Electrical time-constant τε = L/R = 1/10 = 0.1 second which is approximately 1/4 of 
stopping time. Dividing this part of the current wave into four intervals, an estimate of 
the current actually reached can be based on the exponential response of Fig. 6.1. 

After 1st interval, current will be approximately 0.632 χ 15.7 = 9.9 A. 

After 2nd interval, current will be approximately 0.864 χ 13.7 = 11.8 A. 

After 3rd interval, current will be approximately 0.95 χ 11.9 = 11.3 A. 

So the actual current peak will be about 12 A, not the 17.5 A calculated with inductance 
neglected. See Example 6.14 for equations including effect of inductance. 

Example 6.11 

An 8-pole, 50-Hz induction motor coupled to a flywheel drives a load which requires a 
torque T0 = 110 Nm when running light. For an intermittent period of 8 seconds, a pulse 
load rising instantaneously to 550 Nm is to be supplied. What must be the combined inertia 
of the system to ensure that the peak motor torque does not exceed 400 Nm? The motor 
characteristic may be taken as linear and giving a torque of 350 Nm at a slip of 5 %. 

If the coupled inertia was to be changed to 200 kgm
2
, what would then be the peak 

motor torque with the same duty? 

Intermittent loads of this kind are not an uncommon requirement. To 
rate the motor for the full peak would be wasteful. Instead, the stored 
energy in the inertia, \Jœm

2, supplemented by a flywheel if necessary, is 
partly extracted during the pulse, by designing the motor with a steep 
enough speed-regulation to release the required amount. Figure E.6.11 
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Time 

FIG. E.6 .11. 

shows the duty pulse and the motor characteristic from the given data. 
The law of the motor characteristic is linearised as 

Te = k
(œ
*-

œJ
=ks. 

Substituting the point given: 350 = k χ 0.05 so k = 7000. 

It is not essential of course that the motor should be of the induction type 
and the characteristic is being simplified here by assuming it is a straight 
line. 

From the mechanical balance equation: Te = Tm + J dœm/dt 

substituting for œm: =Tm + J dœs( 1 -s) /df , 

= Tm-Jœsds/dt, 

Ja> ds Tm 

rearranging: —— — + s = —, 
κ dt κ 

which again is in standard form and the standard solution of eqn (6.2) 
can be invoked. 

p̂ = 5 0 + ( ^ - 5 0 ) ( l - e - V W X 

multiply by k: ks = Tc= T0 + (Tm-T0)(\ - e - V H ) . 
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There are five variables and the equation can be solved for any one of 
them, with all the others specified; i.e. minimum inertia (as in this 
question), maximum torque pulse, maximum pulse time rp, steepness of 
speed regulation k and motor peak torque Tp (as in the second part of this 
question). Notice that the speed time-constant i m = Jœs/k is a different 
expression from those met in earlier examples in this chapter. 

„ , . . , Jx2nx50/4ds 550 
Substituting values: h s = 

7000 df 7000 
J ds 

- + s = 0.07857. 89.13 df 

In the solution at time fp, motor torque = Tp = 400 = 110 + (550-110) (1 -e~
8 / T

™) 

from which: rm = 7.434 = J/89.13 so J = 663 kgm
2
. 

With J = 200: Tp = 110 + (550 -110)(1 - e ~
( 8 x 8 9 Λ 3

^
2 0 0

) = 538 Nm , 

which is almost the same as the pulse torque because the inertia is too small. 

Example 6.12 

A high-power d.c. magnet of resistance 0.1 Ω is pulsed occasionally with 2000 A 
maintained constant for a period of 8 seconds. A 6-pole 50-Hz induction motor drives the 
supply generator, the speed regulation being set to give a speed of 800 rev/min at the end of 
the load pulse. The induction-motor torque at 800 rev/min is 1500 Nm. For the purposes of 
estimating the required flywheel effect, make the following assumptions: 

(a) negligible light-load torque; 
(b) d.c. generator efficiency 92%; 
(c) induction-motor torque proportional to slip; 
(d) the pulse is of rectangular shape having a magnitude corresponding to the generator 

coupling torque which occurs at the mean speed (900 rev/min). 

Calculate this torque and the required flywheel effect of the motor-generator set. 
Estimate how frequently the pulse could be applied while maintaining its magnitude and 

duration. 

Generator input power = Magnet power/efficiency 

2000
2
 x0.1 

= I
2
R η = /

 ' 0.92 
Coupling torque at mean speed 

Ρ 2000
2
 x0.1 

= 4613 Nm wm 0.92 χ 900 χ 2π/60 
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For the motor characteristic; at 800 rev/min, slip = (1000 - 800)/1000 = 0.2 
The peak value, Tp( = Tc) = 1500 = ks = kx0.2 from which k = 7500. 

Setting up the mechanical equation: 7500s = 4613 -I- J aœm/dt = 4613 — Ja>sds/di. 
Rearranging and substituting ω5 = 2π χ 50/3 = 104.7 rad/s: 

J χ 104.7 as _ 4613 

7500 di
 + 5 =

 7500 

J as 
+ s = 0.615 = s( 

71.63 dr
 f 

The solution is: Tc = T0 + (Tm -T0){\ -e-'A.) 

Substituting at the end of the pulse: 1500 = 0 + (4613 -0)(1 - e "
8
/

1
- ) 

from which: 

e
8
/^ = -

 1 

1-1500/4613 

and: xm = 20.34 = J/71.63 

hence required inertia = 1457kgm
2 

After the pulse has been removed, the motor speed will rise and recharge the inertia. The 
only change in the basic mechanical equation is that the load pulse will be replaced by the 
light-load torque which in this case is taken to be zero. The factors affecting the time-
constant are not changed. Consequently, the slip will have returned to within 2 % of its no-
load value in a time equal to four time-constants. 

Hence rest time must be at least 4 t m = 4 χ 20.34 = 81 seconds. 

The frequency of pulse application should not therefore exceed one every 1̂  minutes. If 
the frequency must be greater than this, then the analysis will have to be different since the 
minimum torque will no longer be T0. The method used in Example 6.1 is applicable. 

Example 6.13 

A d.c. rolling-mill motor operates on a speed-reversing duty cycle. For a particular duty, 
the field current is maintained constant and the speed is reversed linearly from + 100 to 
—100 rev/min in a time of 3 seconds. During the constant-speed period, the first pass 
requires a steady rolling torque of 30000 lbf ft for 6 seconds and the second, reverse pass 
requires 25 000 lbf ft for 8 seconds. At the beginning and end of each pass there is a 1 second 
period of no-load running at full speed. If the total inertia J referred to the motor shaft is 
12500kgm

2
, find the r.m.s. torque, r.m.s. power and peak motor power. 

This example, as an introduction to the effect of duty cycles on motor ratings, is 
somewhat simplified, but sufficiently realistic to illustrate the general method used when 
the duty cycle is not an intermittent pulse as in the previous two examples. 
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+100 rev/min 

FIG. E.6 .13 . 

The figures are drawn from the data and should help to interpret these data. The torques 
are converted to Nm on multiplication by 746/550. During reversal, the inertia torque is far 
greater than any no-load torque, which has been neglected, giving: 

dojm _ Γ100-( -100) ]χ2π/60 
Reversing torque = J-^ = 12 500- — 

= 87000Nm. 

Since the motor is on fixed field current, the torque is proportional to armature current. 
Therefore if the r.m.s. value of the torque duty-cycle is obtained, it will be proportional to 
the r.m.s. current of the motor, which determines the motor rating. Since the torque/time 
curves are all simple rectangles, the r.m.s. value is: 

7 _ = 10
4 

Hence the motor power-rating = 

'4.069
2
 χ 6 + (8.7

2
 χ 3) χ 2 + 3.391

2
 χ 8 

24 
= 51860 Nm. 

2πχ 100 
o j J r mt = χ 51860 = 543 kW . 60 

The motor must also be designed to withstand the peak torque and current 
corresponding to 87 000 Nm. The peak power is 

2πχ 100 

W 
χ 87000 = 911 kW. 
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Example 6.14 

The motor coach on a 4-car suburban train weighs 50 tonnes (1 tonne = 1000 kg) and 
the remaining coaches with passengers weigh a further 100 tonnes. All four axles are driven 
by d.c. series motors supplied through a.c./d.c. rectifiers. If the maximum coefficient of 
friction before wheel-slip is 0.2, calculate the maximum possible acceleration on level track 
and also up a gradient of 1 in 120. Allow an extra 10 % on the weight for the stored energy of 
the machinery in rotary motion. 

For a particular duty, the train is on level track and travels under the following 
conditions: 

Mean starting current per motor 400 A, maintained by tap changing on the rectifier 
transformer to increase the voltage uniformly to 750 V on each motor. Acceleration up to 
50 km/hour, whereupon the power is shut off and coasting commences. 

Braking is imposed at the rate of 3 km/hour/sec. 
Resistance to motion is 4.5 kgf/tonne normally but is 6.5 kgf/tonne when coasting. 

Calculate: 

(a) distance travelled in 2 minutes; 
(b) average speed; 
(c) energy consumption in watt hours; 
(d) specific energy consumption in watt hours/tonne/km. 

The characteristics of each series motor are as follows, in terms of motor current, torque 
converted to kilogram force at the motor-coach couplings, and linear speed in km/hour. 

Current 400 320 240 160 120 80 A 
Force per motor 2500 1860 1270 650 390 180 kgf 
Speed 29 31.5 36.9 44.6 53 72.4 km/h 

In the case of linear motion, the force equation is F = M dv/dt newtons, where M is the 
mass in kg and velocity ν is in metres/sec. If acceleration α is in the usual units of km/h per 
second and the effective mass for both translational and rotational stored-energy is Me 
tonnes: 

1000\ 
F = (Me χ 1000) χ χ j newtons 

in kgf: F = — χ — χ Μ α = 28.3 Μ α kgf . (6.13) ë
 9.81 3600

 e
 -—— ' 

In the example: Me = (50+ 100) χ 1.1 = 165 tonnes. 

Maximum force before slipping at the driving axles = (50 χ 0.2) χ 1000 = 10000 kgf. 

Train resistance = (50+ 100) χ 4.5 = 675 kgf. 
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(50+100) 
Downwards force due to gravity on a gradient of 1 in 120 = χ 1000 

120 
= 1250 kgf. The motor-torque-pulsations due to the rectifier supply will be neglected. 

10000-675 
From equation (6.13), on level track: α = = 2 km/h/sec (1.25 mph/sec); 

28.3 χ 165 

10000 - 675-1250 t„ t on gradient: α = = 1.73 km/h/sec . 
28.3 χ 165 

Calculation of the speed/time curve will also use eqn (6.13) in the form: 

Δι> . . . 28.3 Mf χ Δι; 
Accelerating force = 28.3 M c — from which Δί = :

 Δί Accel, force 

The method is similar to Example 6.6 for rotary motion. 
The motor characteristics are repeated here in terms of the total force. 

Current 
Total force 
Speed ν 
Accel, force ( — 675) 

400 
10000 

29 
9325 

320 
7440 

31.5 
6765 

240 
5080 

36.9 
4405 

160 
2600 

44.6 
1925 

120 
1560 

53 
885 

80 
720 
72.4 
45 

A 
kgf 

km/h 
kgf 

Mean acc. force 
Δι; 

28.3 MAf 
Δί = - 5 — 

mean force 

9325 
29 

14.5 

8045 
2.5 

1.45 

5385 
5.4 

4.5 

3165 
7.7 

11.36 

1405 
8.4 

27.9 

465 
19.4 

194.8 

kgf 
km/h 

sec 

Time t from start 14.5 15.95 20.45 31.8 69.7 264.5 sec 

(a) From these results, the speed/time and current/time curves can be plotted as on the 
figure. At 50 km/h, power is shut off and coasting commences at a decelerating rate of: 

Resistance force 6.5 χ 150 

28.3M. - 2 Ö 7 T 6 5 = ° ™ 

From a time of 2 minutes, the braking line can be drawn in at the specified rate of 
3 km/h/sec to complete the speed/time curve. The distance travelled is now the area 
under this curve from ν = dx/dt so χ = J υ dt. By counting squares, or any other 
method, this area is 4700 km/h χ seconds and dividing by 60

2
 gives distance as 

1.306 km (0.81 mile). 

1.306 
(b) Mean speed = = 39.2 km/h (24.3 mph). 

120/3600 
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(c) Energy in first accelerating period is (mean voltage) χ 400 Α χ Δί = 
750 
— χ 400 χ 14.5 

and in the second period is: 750 V χ (mean current) χ Δί = 750 χ 183 χ (50 -14.5). 

For the four motors, in watt hours: 

4 
energy consumed = (375 χ 400 χ 14.5 -I- 750 χ 183 χ 35.5) = 7830 watt hours 

3600 
the mean current during the second period being obtained from the area under the 
current/time curve. 

7830 
(d) This performance figure is = 40 watt hours/tonne km (63.4 wh/ton mile). 

150x 1.306 - -

Example 6.15 

Consider a d.c. separately excited motor and include the effect of armature-circuit 
inductance. 

(a) Show how the response of current is affected by the electrical and electromechanical 
time constants and how, for a constant mechanical load Tm, the system itself exhibits a 
capacitance effect of J jk^ farads. 

(b) Derive the transfer function œm/v for the motor, by considering it as a feedback system 
(the e.m.f. being fed in negatively with respect to v), and interlinking the various 
equations in terms of their individual "transfer functions". Consider first a pure inertia 

2 3 0 

FIG. E.6.14. 
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load, but by the same technique, examine the effect of load torque Tm, by superposition. 
Show that the speed response will be oscillatory if the electrical time constant xt > i m/ 4 
and derive the frequency in terms of these time constants. 

(c) If the motor is supplied from an electronic amplifier of linear gain Κ with a closed-loop 
speed control, show in general terms, the effect of this on the speed response and speed 
regulation. Use the same techniques as in (b). 

(a) The motor circuit equation is: ν = Ri! + Lpi + kt̂ wm, 
and since Te = k<fti: d

< a m = TC-Tm = k4>i-Tm 

at J J 

Integrating this expression gives 

^ m =
 k
o I -j

 =
 T J

 ss 

( a ) 

FIG. E.6.15(a). 

Substituting in the voltage equation and dividing throughout by R: 

ν Γ L d Ί I f 

This is in the same form as the circuit equation for an LCR circuit, with C having a value 
of J/kf

2
. The electrical time constant is re = L/R and rm = 'C'Ä = JR/k,^ is the 

electromechanical time constant. / s s is the steady-state current TJkf. 

(b) The block diagram on the first figure shows how the net voltage ν — e = ν —kφωm is 
applied to the armature-circuit impedance, R + Lp to produce the armature current ia 

which in turn produces Te when acted upon by the torque "transfer function" k4>. At the 
next mixing point, the mechanical torque is fed in negatively, opposing^, though this 
will first be neglected and superimposed afterwards. From the equation J da>m/dr = 
T e - T m , the "transfer function" relating torque to speed is formed as: 

Tc-Tm Jp 
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The output now is wm and on multiplying this by the speed/e.m.f. "transfer function" 
k0, the e.m.f. can be fed back negatively at the υ-e mixing point. We can now combine all 
these individual "transfer functions" to form the overall œjv transfer function using 
the techniques explained under this heading in Section 6.1. First of all the forward 
elements are combined by simple multiplication to form 

A - *+ 
(K + Lp)Jp 

and feedback transfer function Β = k0. A and Β are now combined as explained in 
Section 6.1 with Β in "parallel" with A. 

β » , ^ A = 1 1 _ fc, 
ν 1+AB 1 JLp

2
 + JRp JLp

2
 + JRp + k*' 

λ
+ Β

 " Π ζ — + *• 

Multiplying the first term of the denominator by R/R and by some rearrangement: 

<om l/fc# l/kt 

ν JRL JR t mT cp
2
 + T mp + l 

v «
p +

v
p + 1 

If we now consider the effect of load Tm alone, its forward transfer function to œm 

is 1/Jp and its parallel "feedback" loop is the product of the remaining elements, 
ks

2
/(R + Lp). Again applying the parallel combination formula: 

1 {l/k0

2
)(R + Lp) 

Τ k
2
 JRL , JR 

JP+
RTTp v «

p 2 +
 V

P + 1 

The denominator is the same as for the wm/v transfer function so the two equations for 
a>m can be superimposed to give T.F.! χ ν — T.F.2 x Tm 

i.e. 
1 Γ RTm L 1 

The final bracketed term consists of the voltage applied, the steady-state RI drop since 
Tm/k0 = / s s, and a zero term since dTm/dt = 0. Hence for application of V: 

V
~

R I
s s 

, = ( T mt ep
2
 + Tmp +l)wm = Cl (s.S. speed) Κ

Φ 

and considering the quadratic in this differential equation, the solution will be 
imaginary (and oscillatory) if xm

2
 < 4tmT e or t m/ 4 < r e . 

The oscillatory solution can be obtained by comparing coefficients with the standard 
form of eqn (6.4); i.e. 

Q(s.s. speed) = ( ω 0"
2
ρ

2
 + 2ζω 0"

1
ρ+ l)com. 
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The standard solution from eqn (6.5) for a step change to a final value Qm, from 
whatever cause is: 

ω ιη = ω π ιο + (Ω ι η-ω ι η ο)^1 - - ^ = 

Comparing coefficients: 

-C&>0f 

• > / ( l - C
2
) i - * } · 

Undamped oscillation frequency = ωα — 

Damping ratio ζ 

Damping factor 

= ^ m = J Am 
2 2yJ% 

r
 1 R 

2TC 2L 

Actual oscillation frequency = ω ο ν/ ΐ — ζ
2
 = /—— ( 1 — J 

ψ = tan"
1
 ( ^ 1 - ζ

2
) / ( - 0 = tan"

1
 - 1 . 

FIG. E.6.15(b). 

In practice, the response o f a single m o t o r to the sudden application of 

supply voltage does not normally give rise to oscillation. The small 

permanent-magnet d.c. m o t o r o f Example 6.10 has TM = 0.9748 and 

IE = 0 . 1 which is well clear o f the oscil latory condi t ion that ΤΕ > Tm/4. 

However , o n high-performance drives, for example multi-stand, metal-
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strip rolling mills, this phenomenon could occur and would cause non-
uniform metal- thicknesses and breakages unless properly damped. 

(c) Taking the motor transfer function as just developed, it is now inserted in the forward 
loop of the block diagram in the second figure. It is preceded by the linear amplifier of 
gain Κ and the feedback loop is closed at the mixing point of the reference speed coref 
and the actual speed com. These are both converted to some convenient control voltage 
and the difference, proportional to coref - c o m is the error and the control signal for the 
amplifier. A speed disturbance w q , due to the natural load regulation is inserted at the 
output to examine the effect of the speed-control loop on this quantity. By combining 
the transfer functions A and Β as before: 

oim 1 

noting that Β is unity. 

Κ 

ωΠ2 1 

a>D 1 Κ 
noting that A is now unity. 

1 M * m T e p
2
 + T mp + l ) 

From these two equations, the two contributions to œm—from the 
control signal and from the load—can be obtained. It can be seen that the 
response to œTC( will be speeded up due to the feedback action since the 
gain K, which will be greater than unity, reduces the magnitude of the 
time-constants governing the response. The normal steady-state regu-
lation, coD, will also be reduced, by a factor of 1 + Κ/Ι<,φ, the ρ terms 
becoming zero when the speed has settled down. Overall, then, the effect 
of feedback is beneficial in two clear ways. There is a price to pay in terms 
of the additional gain required and the likelihood of instability. But this 
is no problem with modern control methods which can readily introduce 
stabilising circuits into the amplifier. 

Note that this example is merely a simple introduction to the general 
effects of closed-loop feedback control on performance. By this means, 
the present-day electrical drive can be designed to overcome the natural 
limitations imposed by inherent speed regulation, sluggishness of the 
electromechanical system and the inaccuracies of speed, position or any 
other output quantity. 
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CHAPTER 7 

POWER-ELECTRONIC/ELECTRICAL 
M A C H I N E DRIVES 

ELECTRICAL machines have been controlled through power-electronic 
circuits since the early days of mercury-arc-type rectifiers. The develop-
ment of compact power semiconductors has increased such applications 
enormously. Only a limited amount of power can be dissipated by such a 
small device and so it must be operated as a switch, either open—rated at 
maximum circuit voltage and virtually zero current; or closed—rated at 
maximum circuit current and the relatively small forward-voltage-drop. 
Power-electronic circuits therefore involve ON/OFF switching and 
waveforms which are neither pure d.c. nor pure sinusoidal a.c, but the 
average d.c. voltage or the average a.c. voltage and fundamental 
frequency can be controlled as desired. It is no longer possible to 
calculate the complete performance so simply as for the ideal waveforms, 
because of the harmonics introduced, but even if these are neglected the 
errors in the general electromechanical performance-calculations are not 
usually serious. Methods of dealing with more detailed calculations are 
introduced in the next chapter after some discussion and illustration of 
approximate solutions in the present chapter. 

Apart from the low-power applications, there are three main types of 
semiconductor controlled rectifier which can be used in these circuits: 
The THYRISTOR can be switched ON by a low-current gate pulse but 
can only be switched OFF if its current is brought to zero through the 
action of the reversing a.c. voltages in its circuit, (natural commutation), 
or by forcing its current to zero, on releasing stored energy in auxiliary 
circuits connected across its terminals, (forced commutation). 
The GATE-TURN-OFF THYRISTOR (GTO) can be switched OFF as 
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well as ON, by appropriate high-current pulses applied to the gate. 
Higher switching frequencies are possible. 

BIPOLAR or FET POWER TRANSISTORS can be controlled like 
an ordinary transistor, through a continuous signal applied to the base 
(gate). Like the GTO, they require no auxiliary commutating circuits and 
can switch at even faster speeds though with lower ratings. Whatever 
improvements are yet to come in evolving the "ideal" power switch, it is 
unlikely that the basic circuits referred to in this chapter will be 
substantially changed, other than in accommodating the tendency to 
higher-frequency switching. 

7.1 CHOPPER-CONTROLLED D.C. MACHINE 

This is one of the simplest power-electronic/machine circuits and with 
a battery supply, it is currently the most common electric road-vehicle 
drive. The power is switched ON and OFF through a controlled rectifier 
as indicated on Fig. 7. la, for the motoring condition. Across the motor is 
a free-wheel diode through which the machine inductance discharges in 
the OFF period, avoiding the switch-off transient and keeping the motor 
current flowing. The firing-control circuitry is not shown. For a fixed 
field-current, the speed is nearly proportional to the duty-cycle ratio δ of 
ON-time to (ON + OFF)-time, since the average voltage is determined 
by this. At low ratios, the current would fall to zero in the OFF period so 
that the current pulses would be discontinuous. The terminal voltage 
would then rise to the value of the e.m.f. during this short part of the 
cycle, see Fig. 8.11b. 

The electrical-circuit transients are much faster than those of the 
mechanical system so there is no detectable change of speed due to the 
current and torque pulsations which are typically at 100 + Hz. For 
constant flux, the e.m.f. may be assumed constant during the cycle. If the 
motor is series excited, then the e.m.f. does vary and can be expressed as 
kfsia where kfs is the mean slope of the magnetisation curve in volts per 
amp at the appropriate speed, and over the small current-pulsation range 
from ii to i2. 
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(α) MOTORING (Motoring conventions) 

FIG. 7 .1. Chopper-fed d.c. machine. 
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( c ) Acceleration between l imits 

( b ) GENERATING (Generating conventions) 
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The volt drops of the semi-conductors can be included as constant 
voltages of say 1 V and the battery resistance RB is in circuit during the 
ON period. The equations are: 

ON OFF 

Rearranging: 

Solutions: 
[Eqn (6.2)] 

£ B = £ + (Ka + K B) i a+ L p / a+ l 

L £ B - £ - l
 ( ? l a) 

' 2 = ^1 +(/max-'l)d - e - ' O N / T ) 

0 = £ + A,ia + Lpi,+ l (7.1b) 

L -E-\ 

* a

P ,a + , a=
 Ra

 = L in 

' • l = ^ 2 + ( / m in - i ' 2 ) ( l - e -
f
O F F / ^ 

Note in the above that EB is the battery e.m.f., R = (Ra + RB) and the 
two time constants are different because in the OFF condition the 
resistance is just Ra. 

For the series motor, the e.m.f. = k(Ja so the equations become: 

Rearranging: 

E B = *f,'. + Äi. + Lpi,+ l (
7
-2a) 

R + k ( s

P l
°

{ la
 R + k{s 

0 = fcf,i. + A.i. + ^P«.+ l (7.2b) 
L - 1 

Ä. + * r ,
P I

'
, , e

~ Ä . + *r. 

The equations are still of first order but the values are different and the 
response faster as shown by the reduced time-constant. Increase of 
current causes increase of flux. 

From the viewpoint of energy conservation, it is important to consider 
regenerative braking where possible and the chopper circuit lends itself 
simply to this. One possible circuit is shown in Fig. 7.1b for the 
regenerative condition, the positions of thyristor and diode being 
interchanged. The thyristor is effectively short-circuiting the machine 
and the current builds up rapidly to charge the inductance during the 
thyristor ON period. When switched OFF, the fall of current causes the 
inductive e.m.f. to supplement the machine e.m.f. and force current into 
the battery, thus recovering the energy (minus losses) given up by the 
mechanical system as the speed falls. The equations are: 
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Thyristor ON Thyristor OFF 

Rearranging: 

Solutions: 

0 = £ - R . i . - ^ P i . - l (7.3a) 

L E-\ 

Î 3 = U - T - ( / ma x - U ) ( l - e -
i
O N ^ ) 

EB = E-(Ra + RB)ia-LpiSi-\ 
(7.3b) 

L . . E-EB-\ 
ÄP « . + « . - Ä « / . , . 

ù = Î 3 + ( / m, „ - Î 3 ) ( l - e -
W T

) 

AU the equations are first order and the current waveforms will therefore 
be exponential in form. For the series machine when regenerating, the 
exponential of the transient term is positive. This could be expected, 
since the self-excited generator is basically unstable and only restrained 
by the onset of saturation and demagnetising effects of armature m.m.f. 

Acceleration and Deceleration between Current Limits 

With a suitable current detector and control scheme, acceleration and 
deceleration can be conducted at some constant "mean" current varying 
between two specified limits J A and / B say. The ON period stops when IA 

is reached and starts again when the current falls to IB. The chopping 
frequency is not fixed but is determined by the system response to this 
control and is typically in the range 50-500 Hz, for a vehicle drive. So 
long as there is scope for further adjustment of the duty-cycle ratio, the 
current will continue to pulsate between these limits so that the mean 
torque is then "constant" and the rate of change of speed will be constant. 
Thereafter the current will fall until steady-state speed is reached. 
Figure 7.1c shows the initial part of such a current/time, speed/time 
schedule. 

Example 7.1 

An electrically-driven automobile is powered by a d.c. series motor rated at 72 V, 200 A. 
The motor resistance and inductance are respectively 0.04 Ω and 6 milli-henrys. Power is 
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supplied via an O N / O F F controller having a fixed frequency of 100 Hz. When the machine 
is running at 2500 rev/min the generated-e.m.f. per field-ampere, k f s, is 0.32 V which may be 
taken as a mean "constant" value over the operating range of current. Determine the 
maximum and minimum currents, the mean torque and the mean power produced by the 
motor, when operating at this particular speed and with a duty-cycle ratio δ of 3/5. 
Mechanical, battery and semi-conductor losses may be neglected when considering the 
relevant diagrams of Fig. 7.1a. 

Chopping period = 1/100 = 10 msec and for δ = 3/5; O N + OFF = 6 + 4 msec. 

The equations are: 

for O N period: V = kfsi + Ri + Lpi—from eqn (7.2a). 

Substituting: 72 = 0.32/ + 0.04i + 0.006 ai/at. 
For OFF period: 0 = 0.32i + 0.04i + 0.006 ai I at—from eqn (7.2b). 

Rearranging: 

O N 0.0167 di/di + i: = 200 = / m a x, 

OFF 0.0167 di/di + i = 0 = / m l n. 

Current oscillates between a "low" of it and a "high" of i2, with τ = 0.0167 second 

O N i2 = i1 + ( 2 0 0 - i 1) ( l - e " °
 0 0 6 /0 0 1 6 7

) , 

i2 = 200 - (200 - ii ) e "
0 36

 = 60.46 + 0.698^. 

OFF il = i 2 + ( 0 - i 2) ( l - e - ° -
0 0 4 / 0

-
0 1 6 7

) 

Mean power = o; m7 e = — χ 2500 χ 17.8 = 4.66 kW = 6.25 hp. 

Example 7.2 

The chopper-controlled motor of the last question is to be separately excited at a flux 
corresponding to its full rating. During acceleration, the current pulsation is to be 
maintained as long as possible between 170 and 220 A. During deceleration the figures are 
to be 150 and 200 A. The total mechanical load referred to the motor shaft corresponds to 
an armature current of 100 A and rated flux. The total inertia referred to the motor shaft is 

k i k 
Torque = kJ = — χ i = -~i

2
. 

In 
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from which i2 = 134.1 A and ii = 105.6 A. 

Mean torque = 



[7.1] POWER-ELECTRONIC/ELECTRICAL MACHINE DRIVES 

1.2 kgm
2
. The battery resistance is 0.06 Ω and the semiconductor losses may be neglected. 

Determine the ON and OFF periods for both motoring and regenerating conditions and 
hence the chopping frequency when the speed is 1000 rev/min. 

Calculate the accelerating and decelerating rates in rev/min per second and assuming 
these rates are maintained, determine the time to accelerate from zero to 1000 rev/min and 
to decelerate to zero from 1000 rev/min. Reference to all the diagrams of Fig. 7.1 will be 
helpful. 

Rated flux at rated speed of 2500 rev/min corresponds to an e.m.f.: 

Ε = V-RIa = 72 - 0.04 x 200 = 64 V 

At a speed of 1000 rev/min therefore, full flux corresponds to 64 χ 1000/2500 = 25.6 V 

Acceleration Total resistance = Ra + RB = 0.04 + 0.06 = 0.1 Ω 

For ON period £ B = Ε + Ria + Lpia, 

72 = 25.6 + 0.1 ia + 0.006pia. 

Rearranging: 0.06 dia/df -I- ia = 464 = / m a x. 

Solution is: i2 = i1 + ( /m ax - / ^ ( l -e"'ONA) 

and since il and i2 are known: 220 = 170 + (464 -170)(1 - e- ' o N / 0 0 6 ) 

220-170 , / f_ 

= 0.01118. 

464-170 

from which: 

For OFF period 0 = 25.6 + 0.04ia + 0.006pia (note resis. = Ka). 

Rearranging: 0.15d/a/dt + ia = -640 = / m l n. 

Solution is: il = i2 + ( / m ln - i 2) ( l — e
_Î
OFFA). 

Substituting i{ and i2: 170 = 220 + ( - 6 4 0 - 2 2 0 ) ( 1 - β - ' ο ι τ / ο . ^ 

170-220 

from which: 

Duty cycle 
49.58 Hz. 

Deceleration 

Thyristor ON 

Substituting: 

Rearranging: 

Solution is: 

Substituting: 

from which: 

-640 - 220 

t o F F = 0.008985 

1 _ e- ' o F F / o . i 5 5 

i o N + * o f f = 0.02017 second. 
δ = 0.01118/0.02017 = 0.554. Chopping frequency = 1/0.02017 = 

0 = £ - A a / a- L p i a . 

= 25.6-0.04i a-0.006p/ a. 

0.15dia/di + i a= 6 4 0 = / m a x. 

'3 = ù + ( / m a A- ù ) ( l - e -
i
o N A ) . 

200= 150 + ( 6 4 0 - 1 5 0 ) ( l - e - ' o N / o i s ^ 

200-150 , / n i. 

= ι - e - i o N / o i ^ 

= 0.01614. 

640-150 
f
O N 
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Thyristor OFF EB = E-Rim-Lpi., 

72 = 25.6 -0 .1 i, -0.006 Lpia. 

Rearranging: 0.06dia/df + i, = - 4 6 4 = / m l n. 

Solution is: i 4 = i3 + (7 m in - i 3) ( l - e -'οιτΛ). 

Substituting: 150 = 200 -I- ( - 4 6 4 - 200)(1 - e - « o f f / w » ) , 

1 5
° -

2 Q
° = 1- e - ^ / Q Q 6 

-464 - 200 

from which: fOFF = 0.004697 t ON + t O FF = 0.02084 second. 

Duty cycle δ = 0.01614/0.02084 = 0.774. Chopping frequency = 1/0.02084 = 
47.98 Hz. 

Accelerating time 

Ε 64 
Load torque = kéI = —I = χ 100 = 24.45 Nm. 

* <om

 a
 2500 χ 2π/60 

During acceleration: 
64 220+170 

M m e a n = x 1 = 0.2445 χ 195 = 47.67 Nm. 
2500 χ 2π/60 

Τ,-Τ* 47.67-24.45 
Constant dœm/dt = ^ = — =19.35 rad/s per second 

60 
— 19.35 χ — = 184.8 rev/min per sec. 

2n 

1000 
Accelerating time to 1000 rev/min = = 5.41 seconds. 6 1

 184.8 

Decelerating time 

During deceleration: / c , / m e an = 0.2445(-200 -150)/2 = -42.8Nm. 

Note that this electromagnetic torque is now in the same sense as Tm, opposing rotation. 

The mechanical equation is: Tt =Tm + J d(üm/df, 

-42.8 = 24.45 + 1.2 dcom/df. 

from which: 

da)m -67.25 
dr 1.2 

= — 56.04 rad/s per second = -535.1 rev/min per second. 

Time to stop from 1000 rev/min with this torque maintained = 1000/535.1 = 
1.87 seconds. 
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7.2 T H Y R I S T O R C O N V E R T E R / D C . M A C H I N E D R I V E 

This is a most common variable-speed drive for general use. The 
circuit diagram for the 3-phase bridge configuration and the terminal-
voltage waveforms are shown on Fig. 7.2. The average "Thevenin" e.m.f. 
behind the bridge circuit can be expressed as Edo cos a. Edo is the mean 
value of the bridge output voltage on zero current. Firing of the 
thyristors can be delayed by angle α from the point in the a.c. cycle where 
the circuit conditions are first suitable for the thyristor to conduct. From 
α between 0° and 180°, switching over of the thyristors is simply 
accomplished by natural commutation, since circuit voltages arise 
naturally, in the correct direction to switch off the conducting thyristor 
at the right time. With this range of firing-angle control, the voltage on 
no-load would vary between + Edo and — £ d o, though in practice the 
reverse voltage cannot be as high as this from considerations of 
commutation failure at large values of a. It is possible to linearise the 
transfer characteristic by suitable control in the firing circuits. The effect 
of supply and transformer-leakage inductance on the delay of current 
transfer, (commutation), from thyristor to thyristor is to cause a voltage 
drop which is proportional to current, so that the d.c. terminal voltage 
can be expressed finally as V — £ d ocosa — kl. See Appendix A for 
detailed explanation of these voltage relationships. 

The same terminal voltage appears across the machine, for which it 
can be expressed as V=Em + RI. Both of these expressions average out 
the harmonics, assume that the d.c. circuit inductance is high and that 
the current is continuous. They enable the steady-state behaviour to 
be calculated and can be represented graphically by straight lines on 
the two right-hand quadrants of a VII, 4-quadrant diagram

( 1 )
, see 

Fig. 7.3. 
The current in the circuit is unilateral, but the voltage polarity of either 

element can be reversed and hence cause reverse power flow. For the 
power-electronic circuit this means making α greater than 90 , when the 
rectifying action is changed to inverting action, from d.c. to a.c. For the 
machine, the polarity can be reversed by changeover of armature 
connections; by reversal of field current, which is rather slower, or by 
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reversing rotation which is of course much slower and not usually a 
practicable proposition. The operational modes can be determined from 
the power expressions: 

Machine motoring: Em / a + ve; ( £ do cos a) / a + ve; 
P.E. circuit rectifying. 

Machine generating: £ m/ a — ve; ( £ do cos a) / a — ve; 
P.E. circuit inverting. 

Machine plugging: Em 7a - ve; ( £ do cos a) Ia + ve; 
P.E. circuit rectifying. 

To cover the usual four quadrants of machine operation without a 
switching changeover, duplication of power-electronic equipment is 
used, with one bridge for one direction of motor current and the other 
bridge in inverse parallel for the opposite direction of current. The bridge 
controls are interlocked so that they cannot operate as short circuits on 
one another. Full "Ward-Leonard" control now becomes available. The 
circuit is shown on Fig. 7.3 together with an indication of how a speed 
reversal takes place. Converter 1 has its firing signals removed; ix falls to 
zero and after a few milliseconds delay (dead time), Converter 2 is fired. 
Typically, reversal is carried out with the control maintaining constant 
"mean" current, to give uniform deceleration and acceleration, see 
Fig. 8.13. 

On the circuit, positive voltages are shown by the arrowheads, though 
in the equations, these voltages may have negative values. The equations 
are: 
Converter 1 operating: 

r ^ E ^ c o s a , + (7.4) 

Converter 2 operating: 

V2 = - ( £ d oc o s a 2 - k l 2 ) = Em-RI2 (7.5) 

These equations are shown as straight lines on the figure, the 
intersection of the machine and converter characteristics giving the 
operating points. 
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RI\\RI2 

Ar/,, 

Kl 

k i Α Α Γ"
1
--; For Converter I opera t ing: 

I ! T
J
 Κ =^do c o s a l - A / , = £ m+ / 

£ " do cos Oh 
Ί ί 2 ! U

- - | - -
J 

t do COS 0 ( 2 ' 

For Converter 2 opera t ing : 

^ 2
 =
 - ( £ ~ d o cos a 2 -kI2)^Em-RI2 

- ( £ " d0 cos α 2- * / 2) 

fo> for -J^ 
J Forward Generating 

12 ( + ve) i /Reversal at constant 
; current 

V2 for Reverse Motoring ι 

fuo cos a 2 

( a 2> 9 0 ° ) 

- ( £ ~ d0 cos OL2-kI2) 

( a 2< 9 0 ° ) 

t t 
Converter 2 operat ing 

£m ( ~ v e ) 

-V 

l / | for 
Forward Motoring 

/ i ( + ve ) 

t t 
Converter I operat ing 

FIG. 7.3. Dual converter. 

Example 7 .3 

Determine, for the following conditions, the appropriate firing angles and d.c. machine 
e.m.f.s for a d.c. machine/thyristor-bridge system for which £ do = 300 V, the bridge circuits 
absorb 15 V at rated motor current and the machine has a per-unit resistance of 0.05 based 
on its rated voltage of 250 V. 

(a) Machine motoring at rated load current and with its terminal voltage at 250 V. 

(b) Machine generating at rated load current and with its terminal voltage at 250 V. 

(c) Machine plugging at rated load current and with its terminal voltage at 250 V. 
(d) For condition (a), what would be the torque and speed if ; 

(i) flux is at rated value? 
(ii) speed is 1.5 per unit? 

(e) If the motor load for condition (a) is such that the torque is proportional to (speed)
2
, 

what firing angle would be necessary to have the motor running at half speed with rated 
flux? 
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( α ) Motoring ( b ) Regenerating 

0 .06 1.0 

(c ) Plugging 

FIG. E.7 .3 . 

Conditions (a), (b) and (c) are shown on the figure. The question will be worked out in per 
unit for convenience, but can be worked out in actual values and checked against the 
answers. (Take rated current as 100 A say, and let this be 1 per-unit current.) The overall 
equations are: 

£ d o cos α — fc/a = V = Em + RIa = k+wm + RTJk^ (7.6) 

£ DO = 3 0 0 / 2 5 0 = 1.2 per unit k = 15 /250 = 0.06 per unit. 

1 per-unit speed = ^R/Zc^R = 1/1 say 1000 rev/min. 

'· rated speed = E R / ^ R = 0.95/1 = 950rev/min. 
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(a) V= 1 = 1.2 cosa-0.06 χ 1. ' cosa = 1.06/1.2; a = 27?96. 

(b) V = - 1 = 1.2 cosa -0.06 χ 1. ·'· cosa = -0.94/1.2; a = 141?6. 

(c) V = - 1 = 1.2 cosa -0.06 χ 1 -I-1 χ 1; .". cosa = 0.06/1.2; a = 87?1. 
Condition (c) requires a resistor to absorb 1 per-unit V, which was specified at the 
machine terminals. Plugging is not a normal steady-state mode for this circuit, but see 
Fig. 8.13. 

(d) V = 1 = Em + Rlt = / c 0aj m + O.O5 χ 1, so k+a>m = 0.95. 
(i) For rated flux (1 per unit), com = 0.95 which is rated speed and Te is also 1 p.u.. 

(ii) For 1.5 per unit speed, k+ - E/wm - 0.95/1.5 = 0.633 which is also Te. 

(e) With rated flux, current will be (J)
2
 since Tt is proportional to œm

2
 ·'· ΙΛ = 0.25. 

Substitute in equation: 1.2 cos α = (0 .06+ 0.05)0.25 +0 .95 x 0.5 from which cosa 
= 0.5025/1.2 = 0.4188 a = 65?2. 

There are other power-electronic circuits used in the control of d.c. 
machines, especially at the low-power end. However, the discussion and 
examples in Sections 7.1 and 7.2, cover a major area of this activity. 

7.3 POWER-ELECTRONIC C O N T R O L O F A.C. 
MACHINES 

The power-electronic circuit arrangements for a.c. machines are in 
general, more complex than for d.c. machines where only a 2-line supply 
to the armature is necessary. A.C. schemes in which semiconductor 
devices switch the power ON and OFF cyclically, either at double line-
frequency or at lower rates, cause a variation of mean a.c. voltage, though 
with a proliferation of harmonics. Such a simple voltage-control can be 
used on single-phase supplies and is especially suitable for the universal 
a.c./d.c. commutator motor. Good speed control is available because of 
the machine characteristics. The performance can be calculated with 
reasonable accuracy by averaging out the harmonics and assuming that 
the change of mean (r.m.s.) voltage is the only consideration. This 
method was used when discussing the similarly controlled, but rectified 
thyristor-bridge/d.c. machine circuit. Neglecting harmonics means neg-
lecting the extra machine losses, commutation problems and the devel-
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opment of torque pulsations, rather than resulting in significant errors in 
speed/mean-torque calculations. 

Consequently, many of the examples already dealt with earlier in the 
text may be considered as if the control was exerted through power-
electronic circuits. As an illustration, voltage control of a 3-phase 
induction machine was covered in Examples 4.6,4.9 and 4.10. The effects 
on the characteristics were explored without reference to the source of 
the variable voltage, which could have been a variable-ratio transformer 
or variable-voltage generator. But bilateral semiconductor power swit-
ches in the supply lines could achieve a more economic arrangement, 
though with the penalty of extra machine losses and harmonic 
generation. 

Similarly the effects of variable frequency and/or voltage were 
considered in Examples 4.6, 4.11, 4.12 and 4.15 without specifying the 
power supply which would most likely be from a static frequency-
converter. The later constant-current schemes, Examples 4.12-4.17 and 
slip-power recovery drives, Examples 4.22 and 4.24, could all use power-
electronic circuits for their implementation and microelectronics for 
their control and supervision. 

For synchronous machines, field excitation supplied through power 
semiconductors is well-established practice. Speed-control schemes, 
however, which require variable frequency, are still undergoing develop-
ments. Earlier problems have, in an introductory manner, covered both 
possibilities in the electrical-drives area. The controlled excitation 
required in Example 5.12 showed the changes brought about in load-
angle variation. Example 5.13 and Section 5.5 introduced the novelty of 
supplying constant current instead of constant voltage and 
Examples 5.14 and 5.15 showed the effect of variable frequency and 
voltage. 

Although calculation of performance neglecting harmonic effects as 
just described, is suitable for many purposes, it is not a satisfactory 
situation for the drives specialist who may need to analyse it in greater 
detail. Here, there is only limited space to indicate how the general 
problem may be approached. 

Figure 7.4 shows the most common arrangement for mains-supplied 

249 



ELECTRICAL MACHINES AND DRIVES [7.3] 

r 3 
A.C./D.C. 
Bridge 

3-phase Filler Inverter A.C. Machine Waveform (line voltage) 
Supply 

FIG. 7.4. Inverter drive (quasi-square wave). 

frequency conversion. From the supply, a d.c. output is first produced to 
give the "d.c. link"—which could of course come from a battery in 
appropriate applications. The other end of the d.c. link has a similar 3-
phase bridge which is so switched that current is routed through the 
machine in a sequence like that from a 3-phase supply, and at a variable 
switching speed to change the frequency. Transfer of current between the 
semiconductor switches may require additional "forced commutation" 
circuits, or they may be commutated naturally as for the thyristor-
bridge/d.c. machine circuit. The output waveform for one of the simplest 
schemes is as shown. The zero occurs when, as indicated, two thyristors 
conduct in parallel and bring the associated machine line-terminals to 
zero potential difference. Fourier analysis of this particular waveform 
gives the instantaneous voltage in terms of the d.c. link voltage V as: 

ν = — cos π/6 sin ωί + 
π L 

cos 5π/6 sin 5ωί ^ cos 7π/6 sin 7ωί 

sin ωί 
sin Scot sin 7ωί 

5 7 J 
On the assumption that superposition is valid, each harmonic can be 
considered as producing its own rotating field at η times the fundamental 
synchronous speed. If the voltages for the other two phases are 
considered, with the angle ωί changed to (ωί— 2π/3) and (ωί— 4π/3) 
respectively, it will be found that the phase sequence for the 5th 
harmonic is reversed from both the fundamental and the 7th harmonic. 
The induction torques of the 5th and 7th-harmonic currents therefore 
tend to cancel, with only a small resultant braking torque from the 5th-
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harmonic component. The torque due to the fundamental of the line 
voltage can be calculated from its r.m.s. value which, from the above, 
= (2^/3 V)/(ny/2) = 0.78 V, and the methods of Chapters 4 and 5 can 
be applied. 

The smoothing filter in the d.c. link is sometimes capacitative, giving a 
constant-voltage system with a flat-topped voltage wave, or inductive, 
giving a constant d.c.-link current and a flat-topped current wave. In the 
latter case, the waveform of Fig. 7.4 would be that of current. As far as 
the machine is concerned, the harmonic-current components are little 
different from the voltage-fed machine, because although the reactance is 
higher at the higher harmonic frequencies, the slip for the harmonic 
rotating field speeds is very large and so the impedance is about the "low" 
short-circuit value. These effects tend to cancel so that the nth harmonic 
current is about l/n times the fundamental value as for the current-fed 
machine. 

In spite of the above remarks which suggest that there is a tendency for 
harmonic effects to cancel, there is an important feature which cannot be 
neglected. The harmonics do produce a torque pulsation and it is 
important to be able to calculate this since it causes vibration and noise. 
The most straightforward way of analysing the overall problem is to 
transform all the variables to d-q axes

( 2 )
; the m.m.f. of the three phases 

being produced by a current i D on the direct axis (usually the A-phase 
axis or the field-winding axis in the case of a synchronous machine) and a 
current i Q on an axis in "electrical" quadrature. Similarly for the rotor 
currents, we would have id and iq on the same two axes. The voltages too 
must be transformed to d-q axes, including the harmonic components of 
interest, and the impedance matrices must be expressed in d-q terms— 
one for each harmonic if all frequency effects are included. After solving 
for d-q currents, or transforming to these for a current-fed machine, the 
instantaneous-torque expression is fairly simple and will of course give 
all the torque components. For the synchronous machine, without 
dampers and neglecting resistance it is: 

Tc = — [ i Dï Q ( ^ d ^ q i + ' Q i f ^ f o ] / ^ ; or in terms of inductances: 

= - DOM d̂ -
 Lq) +

 L
'n>]

 x
 P °

l e
 P

a i r s
'
 ( 7

·
7) 
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For the induction machine it is: 

Tc = Xm(idiQ — iQiD)/u>s; or in terms of inductances: 

see Appendix B. 
As an alternative, after working through the transformations

0
 \ the last 

equation can be written as eqn (5.16) but for present purposes, another 
derivative, eqn (5.15), is more convenient, viz.: 

We can now make an engineering estimate of the torque pulsation for 
such inverter-fed induction motors. If the machine windings are 
connected in star as shown, the phase-voltage wave-forms are quite 
different from the line voltage, as indicated on Fig. 7.5 for phases A and 
C. These are subtracted to give i>AC, which is the quasi-square line-voltage 

= M'(idiQ-iqiD) χ pole pairs; (7.8) 

T

e = 3M7 m/ ' 2s in ( ( ? m- φ 2) x pole pairs. (7.9) 

\ 

5 t h h a r m o n i c 

Κ phase v o l t a g e 

1/ 

D.C. Unk v o l t a g e = V 

FIG. 7.5. Quasi-square wave inverter 
waveforms. 
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waveform of Fig. 7.4. For all waveforms, 3rd and triplen harmonics are 
not present, but the other harmonics combine to give the usual 30° shift 
between phase and line waves. When this is allowed for, on the harmonic 
scale, the expression for the phase voltage waveform can be deduced as: 

where Vx = yjl V/n is the r.m.s. value of the fundamental component of 
the phase voltage. The 5th harmonic waveform is sketched in on Fig. 7.5 
to show why the harmonic signs have changed from the line-voltage 
expression. 

Considering each voltage harmonic separately, applied to its own 
equivalent circuit with appropriate correction for frequency-increased 
reactances, and voltages reduced to Vl/n, we could calculate the 
harmonic currents and sum them to get the primary, secondary and 
magnetising-current waveforms. Each rotor (secondary) harmonic cur-
rent will react with its own harmonic magnetising-current to produce a 
steady-component of torque. It will react with all the other harmonic 
magnetising currents to produce a component of the pulsating torque. In 
fact, only the interaction of the 5th and 7th harmonic rotor currents, Γ5 

and J 7 say, with the fundamental magnetising current 7 ml will be of great 
significance. As stated earlier, the steady-torque components produced 
by 5th and 7th harmonics tend to cancel. These approximations will be 
justified later. At this stage we will make one further approximation, viz.: 
that the fundamental harmonic magnetising current / m l is given by 
(V1/Xm)/ — 90° , from the approximate circuit, though the exact 
calculation of / m l is not very much more difficult. 

For the rotor currents, we require the slip, and if this is s for the 
fundamental, it will be 6 — s for the 5th harmonic producing a backwards 
rotating field at 5ω5, and 6 + s for the 7th harmonic producing a 
forwards rotating field at speed 7ω 5 (see Fig. 7.6a). Hence, taking V1 as 
reference: and using the approximate circuits: 

0 
sin ωί + 

sin 5ωί sin 7ωί 
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FIG. 7.6. Pulsating-torque calculations. 

= T ^ + ^ / ( 6 - ! ) + j5 ( , 1 +^ )
a nd

 * » ^
 S i n ( 5 ω ί

-
φ

>
1 

V I 
l'i = ρ , ρ, , w ·Ίί—-r~^and f

7
 =
 ν

 2 /
7 sin(7coi-(p7). 7 Κχ + R2/(6 + s)+)l(xl + χ 2) 

Consider the instant of time, œt = 0, when the fundamental and 
harmonic voltages are momentarily zero and initially are all increasing 
positively as t increases. Note this means that the 5th harmonic, of 
reverse phase-sequence, must be shown in antiphase with \ l and V 7 as 
on Fig. 7.6b, which is the phasor diagram for this instant. Now when the 
fundamental rotor-current I 2 reacts with its own magnetising current 
I m l, its phasor leads the I m l phasor if producing forwards motoring-
torque. Hence, I 7 reacting with I m l at the instant shown is producing a 
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positive torque and the angle between these phasors, taking ωί — 0 as 
reference is: 

( - φ 7 + 7 ω ί ) - ( - 9 0 + ωί) = 6ωί + ( 9 0 - φ η) . 

The angle of Γ 5 (lagging V 5 of reverse phase-sequence) leads I m l by: 

(180 + φ5 - 5ωί) - ( - 90 + ωί) = 270 + φ5 - 6ωί = 

- [ 6 ω ί + ( 9 0 - φ 5) ] · 

Thus, the total torque due to 5th and 7th harmonic rotor-currents 
reacting with the fundamental magnetising current is, from eqn (7.9): 

y 
3Αί '—— [ - Γ5 sin (6ωί -f 90 - φ5 ) + ΓΊ sin (6ωί + 90 - <p7)] 

x pole pairs. (7.10) 

The expression shows that 5th and 7th harmonies combine to give a 
pulsating torque at 6 times fundamental frequency. In Section 8.2, as an 
illustration of a.c. machine simulation, the computed results from an 
"exact" solution, including all the harmonics, show that this 6th 
harmonic pulsation is almost completely dominant (Fig. 8.4, see also 
T7.5). If the motor had been current fed, the division of 5th and 7th 
harmonic currents into magnetising and rotor currents would have had 
to invoke the standard parallel-circuit relationships, as in Section 4.3, 
Examples 4.12-4.16. 

Variable-frequency supplies can also be used to power synchronous 
machines and the various equations used in Chapter 5 have shown how 
the performance can be calculated. As for the induction machine, voltage 
and frequency must be adjusted together if the flux per pole (ap-
proximately proportional to VIf) is to be maintained constant. Some 
control of the characteristic can be exercised from the supply system but 
eqns (5.13) and (5.14) show that if the load angle δ can be controlled, the 
performance can be optimised. Load angle is related to the position of 
the shaft and if a suitable position detector is fitted, it can be used to 
trigger the power semiconductors in the inverter at a preferred instant in 
the cycle. With forced-commutated inverters, good control can be 
exerted since the switchover of current (commutation) can be presumed 
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to occur almost instantaneously. If natural commutation is used, to 
simplify the power-electronic circuits and make a more economically 
viable proposition, then there are restrictions on the firing-angle range. 
In addition the motor must always be overexcited to ensure the leading 
power-factor necessary to this naturally-commutated mode. Analysis 
becomes more complicated since the commutation time is now much 
longer and cannot be neglected. A computer simulation of the system 
becomes almost essential for reasonable calculations of performance

( 8 )
. 

Synchronous motors with position control are in fact similar in 
principle to the d.c. motor for which the armature coils are also 
switched—by the "forcing" action of the mechanical commutator and 
brushes. This ensures that under any particular polarity of the field, the 
armature conductors always carry current in the same direction to give 
maximum torque production. This occurs if the brush axis is set 
perpendicular (electrically) to the field axis so that the torque angle is 90 
electrical degrees. Commutators usually have many segments, reflecting 
the large number of coil subdivisions, so that the torque pulsations due 
to switching are negligibly small. The quasi-square wave inverter only 
has six commutations per cycle which is a relatively coarse switching rate. 
This can be improved, reducing the torque pulsation, by employing 
pulse-width modulation schemes

( 1 )
, which require higher-frequency 

switching. The maximum ratings and speeds of a.c. machines are higher 
than for d.c. machines, quite apart from their lower maintenance 
requirements and these are important factors in choosing a drive. 
Brushless d.c. machines are also made and the armature coils can now be 
on the stator since the static switching-circuits have replaced the 
mechanical commuta to r

0 , 8
! They ensure that the armature-conductor 

currents reverse in step with the rotation of the poles. Fundamentally 
there is no real difference between such motors and synchronous motors 
with position control activating the switching arrangements. In either 
case, the armature-coil frequency changes automatically to match the 
rotational speed, so operation is stable over the speed range. Control of 
d.c. link voltage and current has a similar effect to the control of d.c. 
machine armature voltage or current. 

A rather different form of variable-frequency supply is sometimes 
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used which employs the cycloconverter principle. It is similar in concept 
to Fig. 7.3 in that the positive half cycle is supplied by one bridge and the 
negative half cycle by the other bridge. It has some advantages at the 
lower end of the frequency range, being able to regenerate with natural 
commutation. The waveform is made up of selected parts of the supply-
voltage waveforms and is rich in harmonics. The output frequency is 
normally restricted to about 50 % of the line frequency but this is suitable 
for certain high-power, low-speed drives. This system, together with 
many other power-electronic schemes for speed control of a.c. machines, 
is discussed for example in References 9 and 10. 

7.4 C O M P A R I S O N O F D . C , I N D U C T I O N A N D 

S Y N C H R O N O U S M A C H I N E - D R I V E S W I T H 

P O W E R - E L E C T R O N I C C O N T R O L 

The choice of machine type for a particular electrical drive involves 
many factors which cannot be discussed here in detail. Most drives are 
satisfactory with a nominally constant speed for which induction 
machines are usually suitable. But there is a large and increasing number 
of systems requiring, or would benefit from variable-speed facilities. For 
example, overall energy consumption can be reduced by speed adjust-
ments matched to the load conditions. For many drives, rapid speed 
response is necessary, so it is appropriate to consider this one aspect, 
since modern control methods permit schemes for comparison which 
would not otherwise have been possible. 

D.C. Machines 

From a control viewpoint and for ready understanding, this is the 
simplest variable-speed machine. Because the torque angle is fixed, the 
torque is proportional to the product of flux and armature current. The 
effect of saturation is to increase the (relatively small) field power but not 
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to interfere significantly with maximum-torque capability over the 
working speed-range. This is the factor which determines the speed 
response of a drive and the most useful method of comparison is to draw 
the maximum-torque envelope over this speed range. Figure 7.7a shows 
this, and there are two well-defined, lower regions which are explained 
adequately on the figure. A typical maximum current of 2 per unit at a flux 
of 1 per unit defines the bottom constant-torque region, though values of 
/ a = 2.5 are not uncommon for large d.c. machines. When full voltage is 
reached, further speed increase demands field weakening and loss of 
maximum torque, the power being approximately constant in the middle 
region. The third, upper region is less well defined, speed increase being 
limited by commutation and stability—quite apart from mechanical 
limitations. For constant reactance voltage, the (speed χ J a) product 
should be constant, so reduction of current and its unstabilising effects 
with weak field would, with this product, be a suitable though somewhat 
approximate criterion. Actually, field-weakening ranges of more than 
4/1, at constant power are often demanded for certain d.c. metal- and 
paper-mill drives. The simplicity of field control is an attractive feature, 
even where only a modest weakening range is required, as in railway 
traction applications; until recently dominated by d.c. motors, usually, 
though not necessarily, of the series type. 

Induction Machines 

Figure 7.7b is the corresponding diagram for the induction machine. 
Its shape is based on the work done in Examples 4.12-4.16 in Section 4.3. 
To make a reasonable comparison, a maximum torque of 2 per unit is 
shown. This would require a current nearer to 170 A than the rated 103 A 
in the above examples. The bottom region, for constant torque, is very 
small and depends on the value of this current. Even with the smaller, 
rated current the speed limit for this region was less than 0.2 per unit. The 
slip frequency is maintained constant at the relatively low value of R'2 x 

/ba S e/ (^2 + ^ m ) development of eqn (4.17)] in order to maintain 
the constant value of /'2, / m and flux for this particular Ιγ setting. 
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ω * 
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( a ) D.C. machine ( b ) Induction machine (c ) Synchronous machine 

FIG. 7.7. Comparison of maximum speed/torque characteristics. 

The second, constant-power region extends to rated frequency ( / b a s e) 
at which the equivalent-circuit parameters xl9 x'2 and Xm have been 
specified. Since V is at its maximum in this range, only the frequency / i 
can be controlled, in such a manner relative to speed that lx remains 
constant. To get some idea of the control, we can use the approximate 
circuit neglecting stator resistance and look at the expression for input 
impedance which has to be constant; i.e. 

fl/Jl /base 

/base _fl/fba 
+ J ( * i + * 2 ) must be constant. 

So as / i increases, f2 must increase, to the value which, when fY = /base 

gives the maximum torque from the constant-voltage circuit; eqn (4.12), 
i.e. 

*
2
 = ( x 1+ x ' 2) - ^

1 

Mi 1 ft base 
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or: 
R'2 = Χι + x ' 2 giving: f2 = R'i (7.11) b a se * 

The flux falls in this region as the m.m.f. diagram changes shape from that 
of Fig. 4.2b to Fig. 4.2a with corresponding torque reduction (see 
Section 4.3). This constant-power region finishes where that of the d.c. 
machine starts. 

Further frequency increase, with f2 monitored at the eqn (7.11) setting 
and no longer compensating for the reactance increase, will cause Ix to 
fall in the third upper region. The maximum torque for a particular / λ will 
still be obtained but since Γ2 and / m depend directly on lx, all sides of the 
m.m.f. diagram of Fig. 4.2a will be falling so that there is a square-law 
decrease of maximum torque. Note that in the constant-voltage region, 
any particular slip will give a reducing torque as fx increases, see eqn (4.5) 
and this is reflected in a steeper speed-regulation curve as indicated by the 
broken lines. 

Synchronous Machines 

Open-loop control of a synchronous machine with variable frequency 
requires a restraint on the rate of frequency increase, to avoid the load 
angle falling too far back, beyond 90°, as the rotor attempts to accelerate 
and keep up with the rotating field. A margin would have to be provided 
to prevent stalling and therefore maximum torque over the speed range 
would not be available since this demands certain angles between the 
m.m.f. space phasors. Some closed-loop system would be necessary to 
ensure stable operation, and position-detector control has already been 
mentioned in Section 7.3. This would permit the current-controlled 
mode discussed in Section 5.5 in which particular currents at particular 
phase angles can be provided. In this case, the machine is nearer to the d.c. 
machine. Various control strategies have been explained. Referring to 
Fig. 5.2b, suppose that (pma is held at 90°, which would mean that J a would 
be at unity power factor, neglecting leakage impedance. If Im is at the 
rated value, 1 per unit, and / a is controlled at 2 per unit, the torque will 
then be 2 per unit in the lower region of Fig. 7.7c up to rated voltage, as for 
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the d.c. machine. The field m.m.f. would have to be ^ 5 per unit, to close 
the m.m.f. triangle. Beyond this speed, increase of frequency will bring 
about a reduction of / m and flux (φ oc E/f ^ V/f). If / a is maintained, 
there will be a second, constant-power region comparable with that of 
Fig. 7.7a. In fact this region could continue beyond 2 per-unit speed but 
the frequency increase of leakage-reactance voltage drop could no longer 
be ignored. The consequent reduction of air-gap e.m.f. Ε would result in a 
more severe fall of flux than that due to frequency increase alone, so the 
speed/torque envelope would be rather less than shown. In these upper 
regions too, there would have to be reductions of field current if the angle 
( p ma is to be maintained at 90 . 

A different control strategy, taking the flux into saturation as described 
in Section 5.5, could give improved performance over a limited speed 
range where the excess flux would not lead to unacceptable iron losses. 
Supposing / m was 1.5 giving a flux of about 1.25, allowing for saturation 
as in Example 5.15(j). Equal currents / a = I'{ of about 1.75 would give 2 
per-unit torque with a better torque per ampere than just described; i.e. 
2/3.5 as against 2/(2 + ^ 5 ) = 2/4.2, though not quite as good as the d.c. 
machine at 2/(2+1) = 2/3. 

In summary, it can be seen that the d.c. machine gives the best 
acceleration performance and simplest characteristic control and the 
induction machine the poorest. This reflects the physical complexity of 
the one with respect to the other. The cage-rotor motor is much cheaper 
and relatively maintenance free. Offsetting this to some extent is the 
greater complexity and expense of the power-electronic circuitry for the 
a.c. machines though the synchronous machine can match, and in some 
respects give slight improvements on the d.c. machine characteristic, with 
sufficient sophistication in the control system. Most systems require 
additional equipment to obtain full 4-quadrant operation; e.g. a dual 
converter or a cyclo-converter. This kind of drive for d.c. machines is 
well established and it still holds the field in certain applications, for best 
control and reliability per unit cost. But the commutator imposes certain 
penalties in terms of maintenance, maximum power and speed. However, 
the continued improvements to high-power GTOs have resulted in better 
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d.c . /a .c . inverters. Switching frequencies can be higher, permitting 

optimised pulse-width modulation (PWM) techniques, giving much-

reduced harmonics; therefore lighter and less-expensive filtering arrange-

ments. The newer train-propulsion and certain high-performance industrial 

applications are changing to a.c. drives as a result. The main power-

circuit arrangements are the same in principle as on Fig 7 .4 but with 

additional elements; e.g. to allow regeneration, through frequency control, 

on to the d.c. link or to a chopper-controlled braking resistor connected 

across this. Variation of the d.c. link voltage can be provided either from 

a controlled converter or a d.c. chopper. Monitoring of various significant 

quantities for diagnostic or protection purposes, is readily accomplished 

through the overall multiprocessor control. 

Vector (Field orientation) Control 

This is yet another attempt to replace high-performance d . c — b y a.c. 

drives. A main advantage of the d.c. machine is its inherent maximum 

torque/ampere due to the space-quadrature relationship between armature 

and field m.m. f . s . By appropriate control, such a relationship between 

stator and rotor m.m.f. axes could be arranged—at least during dynamic 

processes, by setting the individual phase currents correctly. A knowledge 

of the air-gap flux vector and the rotor angular-position is required to 

process the machine equations, (see Appendix B), several times through 

each fundamental-frequency cycle . This must determine the individual 

phase-current references, (set points), for the current control loops, as 

well as responding to the speed and torque demands within the main 

feedback loop. The set-points come either from calculations using design 

or test data, or from the interrogated, stored results of pre-calculations 

from nameplate data. 

Vector control can also be used on synchronous-machine drives, the 

calculations being much simpler because the field m.m.f. is fixed with 

respect to the rotor winding. It can also be regarded as load-angle control, 

this being optimised to give maximum torque as already discussed on 

p. 176. With permanent-magnet excitation, using the new high-energy-

density materials, such brushless machines offer strong competition. 
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CHAPTER 8 

MATHEMATICAL AND COMPUTER 
SIMULATION OF MACHINE 
SYSTEMS 

Machine-drive systems have become more complex in recent years, 
especially with the proliferation of power-electronic circuits and their 
consequential introduction of substantial harmonic content in the 
waveforms. Most of the text has been devoted to illustrations of 
behaviour with pure d.c. or pure sinusoidal supplies and, even with 
harmonics present, these methods still give a good idea of the overall 
electromechanical performance. However, for the keen student, the 
specialist and for post-graduate studies, it is important to indicate how a 
more accurate solution of a system may be obtained. This inevitably 
involves the use of computational aids and in this final chapter, enough 
information is given, in terms of methods and equations, for much more 
detailed solutions to be undertaken, assuming a knowledge of computer 
programming. If the machine equations are expressed in such a manner 
as to allow for switching operations and other non-linearities like 
saturation, the possibility of a general analytical solution is usually lost. 
However, iterative

( 4)
 and step-by-step numerical solutions can be used 

and as they proceed, any change in the system condition or configuration 
can be included. Although space available limits the present treatment 
somewhat, it is sufficient to cover generalised methods for machine cir-
cuits and includes examples dealing with forced- and natural-commu-
tation schemes. 
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8.1 O R G A N I S A T I O N O F S T E P - B Y - S T E P S O L U T I O N S 

Figure 8.1 shows a flow diagram for a section of a computer program 
calculating the electromechanical performance following some system 
change, e.g. acceleration from zero speed; or a transient following a load 
change or a voltage/frequency change. Following the specification of the 
data, the time limits of the calculation and the system change being 
investigated, the machine and circuits are scanned to determine the 
appropriate equations. If power semiconductors are involved, then this 
will require a logic check, at each time increment, to find the conducting 
state of every circuit branch including such switching devices. For a fairly 
simple representation: 

A diode will conduct if the forward voltage drop across it is equal to or 
greater than 1 V (say). 

For a GTO or power transistor, a firing pulse must be present for con-
duction, AND the forward voltage drop must be greater than 1 V. 

For a thyristor in a naturally-commutated system, conduction will 
continue if it was conducting in the previous time increment, with a 
current greater than the holding value—say 100 mA; OR it will 
conduct if the forward voltage drop is greater than 1 V, AND a 
firing pulse is present. 

For a thyristor in a forced-commutated system, a GTO or a power 
transistor, the switch-off time can be specified. 

If a no-conduction condition is detected, it may be necessary to 
calculate the voltage across such an element arising from the rest of the 
circuit and apply this to the element in the simulation, so that its current 
will calculate zero. It may be possible, with certain types of simulation, 
see Section 8.3, to set this semiconductor impedance to several thousand 
ohms say, and solve the circuit without mathematical instabilities. 

With the conducting paths known, the equations can now be set up, 
making allowance for the semiconductor voltage drops if these are of 
relative significance. The machine terminal-voltages and the impedance 
matrices may be affected by the nature of the conducting paths so these 
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Read machine and system data 
Set all variables to initial values 
Specify time increment 'h' 
Specify / m ax ; time ordinate for final calculations 
Set t ime t-0 and specify switching instant 

Examine circuit to determine by logic check 
the conducting state in the previous t ime 
increment, and the condi t ion of the magnetic 
geometry and satura t ion in order to select 
the appropr ia te impedance matr ix 

IMPEDANCE 
ROUTINE 

Determine the machine te rmina l vol tages VOLTAGE 
ROUTINE 

Transform voltages to d-q axes if required 

Form -Jj-K'} *o calculate cur ren ts by 

numer ica l integration 
INTEGRATION 

Calculate electromagnetic torque al lowing for 
s a t u r a t i o n as Fit) if necessary 

Determine Tm if /(speed) and perform numerical 
in tegra t ion to calculate speed 6, and shaft 
angle θ 

\θ and θ 

INTEGRATION 

Print out results and store points for graphical 
display if required 

/ = / + h 
NO YES Next system change 

" and program routine. 

FIG. 8.1. General flow diagram for digital-computer numerical solutions of elec-
tromechanical performance. 

must now be determined. If a ά-q simulation is being used, transform-
ation of these voltages to d-q axes must be performed. For a current-fed 
system, the determination of any unknown currents is usually fairly 
simple. In any case an expression for di/dt is required in terms of the 
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dr J 
and: 

— - — χ pole p a j r s ( j n electrical rad/s
2
) (8.1) 

dö 
d F = ö <

8
"

2
> 

are the two relevant first-order equations required for numerical 
solution. 

If the mechanical load is a function of speed, it can be continually 
updated throughout the solution at each incremental step. In a similar 
manner, inductances can be changed if there is a variation with position 
or with current value. 

The time increment is now added, the new circuit conduction 
condition checked and the new driving function (voltage or current) at 
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circuit parameters. From the circuit equation: 

ν = Ri1 + L n di'i/di 4- Ll2 d i 2/ d i . . . +/(speed, currents, inductances), 

the general form: 
η 

v—Ril —/(speed, currents, inductances)-£L l ndi n/d i 
1 2 

d T
= 

is obtained. Numerical integration methods predict the change of i 
during the time increment, from the initial value and the rate of change. 
This is done for all the conducting paths, using matrix techniques if there 
are several of these. The electromagnetic torque can then be calculated. 

The next step is to calculate the speed θ and the shaft angle θ if this is 
required, e.g. to allow for change of inductances with shaft orientation. Θ 
will normally be an electrical angle. Referring to the earlier equations for 
the mechanical system: 

da>m = Te-Tm 

dt J 

and hence: 
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8.2 SIMULATIONS FOR POLYPHASE A.C. MACHINES 

These simulations are usually more complex than for d.c. machines. 
For steady-state (constant-speed) calculations, equivalent-circuit 
methods can be used of course, as already demonstrated. The equivalent-
circuit model is based on a viewpoint which notes that for a uniform air-
gap machine, or along an axis fixed with respect to a salient pole, e.g along 
the field-coil (d-) axis or the interpole (q-) axis, the magnetic permeance 
does not change with flux-wave position, so inductances are not time 
dependent. The induced voltages shown on the circuit take account of the 
flux-wave movement and are usually expressed in terms of the winding 
carrying the line-frequency current. It must be remembered that 
inductance variation is the source of the motional e.m.f.s (Σί. dL/di), see 
p. 6, but these can be replaced by terms which are a function of a fixed 
inductance, a current and the rotational speed (0). 

A formal transformation to d-q axes, which must be stationary with 
respect to the flux wave for the salient-pole machine, but need not 
necessarily be so for the uniform air-gap machine, permits much greater 
flexibility in the analytical solution of both steady and transient states. 
Time dependence of inductances can be removed by the transformation. 
This can be achieved providing certain conditions are fulfilled

(2)
; e.g. 

sinusoidal distribution of d-axis and q-axis flux and any winding 
imbalance confined to one side of the air gap. Analytical transient 
solutions at a particular speed for current and torque say, are then 
possible. For an electromechanical transient, including speed as a 
variable, a numerical solution would be necessary. Even then, the d-q 
simulation permits the greatest economy in computation time because 
the equations are so concise and the inductances are constant. However, 
if the necessary conditions are not fulfilled, the transformation will not 
lead to time-independent inductances and it may then be convenient to 
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use a real-axis simulation, (A-B-C, a-b-c, for 3-phase), sometimes known 
as the method of phase coordinates. No extensive additional knowledge 
is required to follow the development and setting out of the equations. 
They are preferably in matrix form since this is the way they are 
manipulated in the computer program. The method is explained in 
sufficient detail to enable such a program to be written using standard 
inversion, multiplication and integration procedures. For reference 
purposes and for comparison, the d-q matrices are given in Appendix B. 

Development of Equations 

The circuit equations for all the phase windings of a machine can be 
expressed very simply and concisely in matrix form as: 

It will be noticed that time changes in both the currents and the 
inductances must be allowed for. For a 3-phase, wound-rotor machine 
which is going to be used to illustrate the method, the inductance matrix 
will be 6 χ 6 since there are 6 coupled windings, stator A-B-C and rotor a-
b-c. Each winding has a self inductance and 5 mutual inductance terms, 
e.g. for the A-phase winding: 

The other winding equations can be written down in the same 
straightforward fashion. 

The A-phase axis will be taken as the reference position and the rotor 
a-phase will be at some electrical angle θ to the stator A phase, Fig. 8.2. 
θ varies with rotation and time so that the stator/rotor mutual inductances 
vary through a complete cycle for every pole-pair pitch of movement. 
With a uniform air-gap machine, all the self inductances will be 
unaffected by rotor position. This applies also to the mutuals between 
stator phases and between the rotor phases. 

When parameter tests are conducted, they yield an equivalent-circuit 

v = Ri + p(Li) (8.3) 

»A = KAIA + P ( W A ) + P ( W B ) + P(£ACIC) 

+ Ρ ( ^ A a ia) + Ρ (
L
A b * b ) + P (

L
A c *c) (8.3a) 
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\ 
\ B - phase 

A -phase axis 

FIG. 8.2. Phase axes for uniform air-gap wound rotor machine. 

stator inductance L s = (x1 + Xm)/(o which is 50 % higher than the stator-
phase self-inductance LAA

( 1 )
, because the other two phases are excited 

and contribute this extra flux. So: 

The mutual inductance between stator phases is half of this because they 
are displaced by 120° and cos 120° = — A similar situation exists for 
the rotor phases which in referred terms are often taken to be the same as 
the stator inductance i.e. L aa = L^. The actual rotor parameters can be 
used in which case the voltages and currents for the rotor will be those for 
the winding itself. The mutual inductance derived from equivalent circuit 
referred to the stator, will be Xm/(a>. NstatOT/NrotOT). If this is designated 
M, then, for the same reason as in the case of self inductance, the 
maximum value between the A-phase and the a-phase when these are in 
alignment physically and additive magnetically will be Μ χ 2/3. For any 
angle Θ: 

The other stator/rotor mutual inductances vary similarly but with a 
phase displacement in accordance with the L SR matrix to be given. This 
can be checked from Fig. 8.2 by considering when a particular pair of 
stator and rotor phases are in alignment and give maximum mutual 

^AA — ^BB — L sx2/3 . 

= (2/3) M cos Θ. 
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inductance (2/3) M. It can also be verified on studying Fig. 8.2 at different 
angular positions, that L,s is the same as Lsr. This is a consequence of the 
choice of axes as shown, and recommended in Reference 2 where it is 
explained that several advantages arise in the manipulation of the 
equations and the application to different machine types. In displaying 
the matrices, it is convenient*

12)
 to delineate the stator and rotor sections, 

eqn (8.3b), so that the four quarters of the inductance matrix can be 
shown separately. If all parameters are referred to the stator, only two 
quarters need be given in detail if Lss = L'Tr (referred). In this case also, 
the value of Af in L,s = Lsr must now be the referred value, i.e. XJœ. The 
equations described can be summarised as: 

where: 

V T
 stator PK ' s ta tor 

V T
ro tor PL* Κ, + PL'rr ' rotor 

(8.3b) 

and 

2 
L
» = 3 * 

A Β C 

A Κ -LJ2 -LJ2 

Β -LJ2 - 4 / 2 

C -LJ2 -L,ß k 

= L'̂ say) 

a b c 

2 A M cos θ Λί cos (θ -2π/3) Μ cos (θ -4π/3) 
L„ = L;s = - x b M cos (θ -2π/3) Μ cos {Θ -4π/3) Μ cos θ 

c M cos {θ -4π/3) Μ cos θ Μ cos φ -2π/3) 

The assumption in the above equations is that the flux distribution is 
sinusoidal but this is not an essential condition. Any known flux 
distribution can be allowed for providing this is reflected in the 
expressions for inductance variation. Harmonic terms could be added, 
or, since the equations are to be solved numerically, a non-analytical 
relationship of inductance variation with angle could be referred to at 
every incremental step, for the appropriate inductance and its angular 
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rate o f change. If one member is salient for example, the other member 

will have self- as well as mutual- inductance variation. 

Organisation of Computed Solution 

In solving the equat ions for current, given the voltages, the impedance 

matrix has to be inverted; i = Ζ "
1
 . ν, and it would appear that for the 

system described, a 6 χ 6 inversion is necessary. However , this would 

ignore the fact that for a 3-line, 3-phase circuit, the sum of the three 

currents is zero and hence one current can be expressed in terms o f the 

other two. Indeed, an attempt to invert the 6 x 6 impedance matrix 

wou ld result in failure because there is redundant information. 

Substituting the condi t ions that: 

and using line voltages across t w o loops , will reduce the equat ions from 6 

to 4, giving much shortening o f computer time. Actually, it is much more 

convenient to reduce the equat ions to 4, by employ ing routine matrix 

techniques as will be s h o w n in main outline. The stator phase voltages: 

vA = V sin cot, vB = V sin (cot - 120 ) and vc= 9 sin(cot + 120 ), 

will c o m e out in the transformation as two line voltages. A similar 

treatment can be accorded to the rotor voltages though this winding will 

here be assumed short circuited so vr = 0. 

W e require a connect ion matrix C, relating the six old currents i A, i B, i c, 

i a, i b and i c, to the four new currents ι Α, i B, ϊΛ and ij, say. With this we 

proceed to find the corresponding transformations for voltage and 

impedance using standard techniques. Figure 8.3 shows the physical 

relationship o f the currents as chosen , for star-connected windings. 

F r o m the figure: 

ic = -OA + 'B) and l'c = - O a + ' b ) 

Ά = *Α = 'a 

«B = *B ' b = *"b 

* C = -OA + 'B) < c = -O'a + ' b ) 
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SWWF— 

FIG. 8.3. 

In matrix form: 

B' b' 

A 

Β 

'c = c 
'a a 

<b b 

' c 
c 

1 

1 

- 1 - 1 

1 

1 

- 1 - 1 

or; i = C i ' (8.4) 

This is the transformation for currents. For voltages and impedance, 

maintaining constant power through the transformation, (i t. ν = i't. ν ') 

the corresponding equat ions a r e
( 2 )

: 

ν = C t . ν and Ζ = C t . Ζ . C 

where C t is the transpose o f C. Applying these and assuming a short 

circuited rotor so that v r = v' = 0: 

ν = 

1 - 1 

1 - 1 

1 - 1 

1 - 1 

Vu-Vr 

(8.5) 
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These are the line voltages to the common line C, for which the current 
has been eliminated from the equations. The phase (and line) voltages 
could have any time variation specified in the problem. 

For the impedance, the 6 χ 6 matrix will have to be assembled in detail. 
It will be convenient to make the substitutions: 

OLX = θ, α2 = (0 — 2π/3) and α 3 = (Θ + 2π/3) = (θ - 4π/3). 

In the matrix multiplications, certain expressions will arise for which the 
following further substitutions will simplify the intermediate equations: 

X = cos a x — cos a 2; Y = cos (xl — cos a 3 and Ζ = cos a 2 — cos a 3 

and because of the 120° relationship between the angles, the com-
binations of X, Y and Ζ which arise can, by trigonometric manipulation 
be simplified as follows: 

(X + Y) = 3cosa j ; ( Z - X ) = 3cosa 2 and (Υ + Z) = - 3 cos a3. 

Hence, performing first the operation Z . C on the whole matrix 
expanded from eqn (8.3b), including the R terms: 

3 Ä s + 2 p / . s -PL* 2 p M cos (Xj 2 p M cos a2 2 p M cosa3 

- p £ . 3 R 5 + 2 p L s 2 p M cos a2 2 p M cos a3 2 p M COSÄ! 

-PL. - P i . 3 K s + 2 p L s 2 p M cos a 3 2 p M cosaj 2 p M cosa2 

2pM cos a, 2 p A i cos a2 2 ρ Λ ί cosa3 3 Ä r- r - 2 p L r -PL, - P ^ r 

2 p M cos a2 2 p M cos a 3 2 ρ Λ ί cosocj 3 R t + 2 p / . r 

2 p M cos a 3 2 p M cosocj 2 p M cos a 2 - P ^ r -PL, 3 * r + 2 p L r 

1 

1 

- 1 - 1 

1 

1 

- 1 - 1 

273 

1 
ζ c = 

3 



ELECTRICAL MACHINES AND DRIVES [8.2] 

1 - 1 

1 - 1 

1 - 1 

1 - 1 

3(Rs + pLs) 0 2pM(Y) 2pM(Z) 

0 3(Ks + pLs) 2pM(-X) 2pM(-Y) 
-3( /? s + pLs) -3( /? s + pLs) 2pM(-Z) 2pM(X) 

2pM(Y) 2pM(Z) 3(Kr + pLr) 0 
2pM(-X) 2pM(-Y) 0 3(Kr + pLr) 

2pM(-Z) 2ρΛ/(Χ) -MRT + pLT) -3(/? r + pLr) 

giving finally: 

A' 
A' Β a' b' 

A' 2(Ks + pLs) Rs + pLs — 2ρΛί cosa^ 2pM cosa2 

Ζ = Β Rs + pLs 2(Ks + pLs) 2pM cosa2 — 2pM cosa. 
a' — 2pM cosa3 2pM cosa2 2(Kr + pLr) Rt + pLT 

b' 2pM cosa2 — 2pM cosa, RT + pLT 2(Kr + pLr) 

(8.6) 

For numerical integration, an expression for di/dt is required. 
Rearranging the matrix voltage equation (8.3) in terms of the motional 
and transformer components: 

v = R . i + i .dL/dr + L.di/dr 

dL άθ 

from which: 

d[ 
di 

= R . i + i 

= L 

άθ ' at 
-fL. di/dt 

dL . 
(8.7) 

It is seen that the speed 0, in electrical radians per second, comes into the 
motional voltage term and also, the variation of inductance with angle 
must be known in order to obtain dL/d#. In the present case, 
differentiating the inductive terms of Z' is very simple because L S and LR 
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are constant and the mutual terms involving 0, vary sinusoidally with 

angular posit ion. Performing this differentiation and combin ing the R 

terms gives: 

dL . 
2KS 

2 M θ sin a3 — 2M θ sina2 
R

, 2RS - 2 M Ö sina2 2 M 0 sina! 

2 M θ sina3 -2M Ô sina2 2ÄR Kr 

— 2M Θ sina2 2M θ sina! Rr 2KR 

(8.7a) 

This expression is n o w multiplied by the transformed i' matrix, then 

subtracted from the transformed v' matrix corresponding to the 

particular instant, the whole being multiplied by the inverse o f the 

inductance matrix, i.e. Z'~
1
 omitt ing the p's and the R terms. This gives 

the d i /d i matrix from which numerical integration by any appropriate 

method , e.g. Runge Kutta or even Modif ied Euler, will yield the new 

currents Γ for the end o f the integration interval. These are n o w ready for 

the next incremental step to repeat the above procedure. The actual 

winding currents are readily obtained since for example: i A = ι'A and ic = 

- ( i " A + fB),eqn (8.4). 
The electromagnetic torque is obtained at each integration step from 

the calculated currents using the matrix expres s ion
( 2 )

: 

1 d L 
71 = - i t — i χ pole pairs or, with a less concise formulation e

 2
 1

 dö 

o f the equations: 

d 

"do 
χ pole pairs (8.8) 

The differential o f the inductance matrix is the same as eqn (8.7a) except 

that the R terms and Θ are omitted. The actual machine winding currents 

and the original 6 x 6 inductance matrix differentiated could be used to 

calculate Te without much addit ional work since no inversion is needed. 

For the mechanical system, the t w o lst -order equat ions required to 

obtain numerical solut ions for speed and angle, have already been given 
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in terms of electrical radians as: 

^ = T±zlm χ pole pairs and ^ = fl (8.1) (8.2) 
df J at 

If the machine is supplied through semiconductor switching circuits, 
these may occasion phase connections to be broken during part of the 
cycle so that during certain periods, not all phases are in circuit. The 
equations would require reformulation to cover all connection modes, 
determined by a logic check of conduction conditions during the course 
of the program, as indicated on p. 264 and illustrated for a simple case in 
Example 8.3. The program could be modified to allow for saturation in a 
similar manner to the provision made on Fig. 8.1 to read in a functional 
relationship of Tm with speed. Such refinements are part of the usefulness 
of numerical solutions, where constant monitoring of the system 
condition can be made. Figure 8.1 shows the steps in the computed 
solution. The machine terminal voltages are the line voltages of eqn (8.5), 
no assumption about the potential of the neutral connection having to be 
made. Eqn (8.7) requires the multiplication of eqn (8.7a) by the previous 
calculation of i'—or the initial value. This is deducted from eqn (8.5) and 
the whole multiplied by the inverse of eqn (8.6) omitting the p's and the R 
terms, to get di/dr. Solutions for i, Tc, θ and θ follow as indicated on the 
figure. 

Equations in Per-unit Terms 

Sections 3.3, 5.3 and Example 4.2 have dealt with the steady-state per-
unit equations. To cover the dynamic state, more information is required 
to deal with inertia, inductance and terms involving shaft angle. For the 
first quantity, the inertia torque is divided by r b a se to produce the per-unit 
V a l U e:

 2 d œm 

J.dœjàt =

 (C
°

m(base)) J'dt co m ( b a s e) _ J . (co m ( b a s e ))
2 

Power b a se co m ( b a s e) Power 
base 

ß̂ mlbase) ^(base) 
dcom (per unit) 

Power b a se 

(8.9) 
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So if œm is in per-unit, the corresponding expression for per-unit inertia is 
the first term, which is twice the stored energy at base speed, divided by 
rated VA, i.e., twice the stored-energy constant. 

For the second quantity, the inductive voltage is divided by Vbase to 
produce the per-unit value: 

^ • d / / d t / b a se ^ L d / / / b a se = L di(perunit) 

^ b a s e ^ b a s e ^ b a s e / ^ b a s e ^t Ζ base df 

Both per-unit J and L are not dimensionless but the associated torque 
and voltage terms become so, on multiplication by per-unit rate of 
change of speed and current respectively. 

Solution of eqn (8.1) using per-unit inertia and per-unit torque 
will give β as a fraction of base speed, i.e. in per unit. Base speed is 
usually taken as the synchronous value, viz. co m ( b a s e) = œs = 2nf/po\e 
pairs. Consequently to find the angle θ in electrical radians, θ in eqn (8.2) 
must be multiplied by ω = Inf when integrating, if θ is in per unit. 

For a 3-phase machine, rated voltage per phase VR is usually taken as 
Vbase and either rated VA or^ rated current may be chosen as the third 
base value from the expression: P b a se = 3. Vhase. / b a s e. For the induction 
motor, the rated output power PR is usually taken as P b a se and this gives 
^base

 =
 PR/3VR which is not equal to / R because of power factor and 

efficiency. The torque base would then follow from the above choices as: 

Ρ Pn λ V I 1
 base _ _

 J
 ·

 r
 base ·

 1
 base 

To express electromagnetic torque in per-unit, referring back to eqn (8.8): 

ι -
 d L

 . ι i . i t . — .l.pole pairs 

Τ 3 V I I 
base · base ' base base 

ω
*
 /

b a s e 

! j . ^ U - J . j ( 8 1 1) 

2 V . u . ) dö

 l
(p.u.) 3 y°-

ll
> 
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co = a)s χ pole pairs and could be regarded as converting 0, which is in 
radians, to a per-unit measure on division by ω. The number 3 arises 
because phase voltages and currents have been taken as base values. 
L ( p u) is the inductance divided by base impedance ^ b a s e/ / b a s e. Note that 
although 0 is in per unit in the relevant equations, dL (p u ,/d0 must be the 
variation of per-unit inductance with electrical angle in radians, as 
obtained by integrating d0/di = θ(ρΜ) χ ω. 

All the equations are now available to incorporate in a computer 
program, to be expressed either in actual or per-unit terms. They refer 
specifically to the 3-phase, uniform air-gap machine but can be applied to 
any polyphase machine with appropriate modifications. The only 
significant difficulty is in defining the inductance/angle function from 
which dL/d0 is deduced. This is a matter for either design calculations or 
actual measurements. The usual assumptions made when obtaining the 
d-q equations yield analytical expressions of the inductance variation

( 2 )
, 

but if further refinement is sought, some extra complication is only to be 
expected. The method is in a sense generalised, not being restricted by 
winding unbalance or asymmetry, nor by the magnetic geometry such as 
the presence of saliency on both sides of the air gap or even allowance for 
rotor and stator slots. For a simple, uniform air-gap machine one can 
compare the computer time required to achieve comparable accuracy. 
Based on the time for a d-q simulation, the real-axis simulation would 
require two to ten times this, depending on the waveform. Such a 
difference, though becoming less important as computers continue to 
improve, would not be justified. But if the situation is such that the d-q 
transformation does not yield constant inductances, then a lengthy 
computation time is endemic in the problem and a real-axis simulation 
may be the most convenient. For single-phase machines, unlike the 
model for analytical solutions, the real-axis equations are simpler than 
for 3-phase machines because there are fewer of them. 

The next two figures use the simulation just described to illustrate 
some instructive electromechanical transients. Figure 8.4 is for an 
inverter-fed induction motor, accelerated from zero speed up to the 
steady-state speed where the slip is about 6%, full-load mechanical 
torque being coupled throughout. The bottom figures show the quasi-
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Per-unit Stator - phase current /Δ χ 
y A 2 

/ ι '
ν
 r Λ \ * Λ / \ >

x 2 

/ Ί Stator phase - / \ / ( 
j y voltage 1 ^ x 1 / ^ A 1 ' 1 

^ W l f l MA 
Air-gap flux;/mx2 

\ / \ 
- Steady state -

. Torque 7J χ I Speed ajmx5 

Π 7J x3 

- Γ Γ 

_ — 7 -

- Line voltage 
'

 U
A C

X 1
 ^ -

FIG. 8.4. Acceleration and steady-state waveforms of inverter-fed induction motor. (D.C. 
link voltage set to give fundamental V\ = rated value) 

square-wave line-voltage which is applied at full value and frequency. In 
practice, such a source would be applied at reduced voltage and 
frequency, but is computed as shown to illustrate the nature of current 
and torque transients for direct-on-line start. A sine-wave supply would 
have given similar peak values but without the 6-pulse ripple. The torque 
peaks reach nearly 7 per unit and the first six torque cycles are shown. The 
computer graph plot is then stopped until the steady-state is reached and 
then the expanded waveforms for one cycle are plotted. The speed is then 
constant but the torque pulsations are considerable at about ± 0.33 per 
unit. The dominant frequency is 6th harmonic as deduced from Fig. 7.6b 
and eqn (7.10). But the waveform shows a slight even-harmonic 
asymmetry, and this will be due to the small effect of 11th and 13th rotor 
harmonic currents giving a 12th-harmonic component of torque. The 
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top diagrams show the phase-voltage waveform, deduced from the 
calculated currents and the sum of the impedance drops in accordance 
with eqn (8.3a). It is the same shape as already found in Fig. 7.5. The 
stator-phase current reaches starting peaks of over 7 per unit and on 
steady state is rich in 5th and 7th harmonic components. The peak 
currents reached on steady state are somewhat higher than those 
occurring with a sinusoidal-voltage supply which would give a current 
sine-wave running through the distorted wave shown here. The remain-
ing waveform is for the flux, neglecting saturation and deduced by 
combining the stator A-phase current with the referred and transformed 
a-phase rotor current; viz. the waveform of / m. Because of the parameters 
of this particular machine, 1 per-unit Im corresponds to about normal 
peak flux and the diagram shows that the peak flux on steady state is a few 
per cent higher than the normal value for a sine-wave supply. More 
interesting is that in spite of the violent iA fluctuations, the induced rotor-
current acts to damp these out as shown by the nearly sinusoidal flux-
waveform. The rotor current in fact has a pronounced 6th harmonic 
component superimposed on its slip-frequency sine-wave variation. This 
ripple, which is only to be expected since there are six switching changes 
per cycle, is similar to the torque pulsation. This is also to be expected 
since it is the reaction between the nearly sinusoidal flux wave and the 
rotor current which produces the torque. On observing the flux 
transient, it is seen that this dies out from a high peak in a few cycles, the 
value then being about half the normal rated value for a short time, due 
to the high voltage drop across the primary impedance during starting. It 
is also seen that the flux wave is approximately 90° lagging on the phase-
voltage wave. 

Figure 8.5 is for the same machine, this time running at rated torque as 
an induction motor from a 50-Hz sinusoidal-voltage supply. The top 
diagram shows that the phase current lags the voltage by about 45° 
initially and the rotor current can be seen oscillating at the very much 
lower slip frequency of about 3 Hz. At time 0.14 sec from the beginning 
of the plot, the rotor is supplied with a d.c. voltage, sufficient to cause it to 
pull into step as a synchronous motor. This takes about 0.5 sec, during 
which time the stator and rotor currents exceed their rated values quite 
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FIG. 8.5. 3-phase wound-rotor a.c. machine. First loaded as an induction motor, then 
synchronised, then overloaded to pull-out. 

considerably. When synchronisation is successfully achieved, at time 
0.6 sec from the beginning of the plot, the mechanical torque Tm is 
increased linearly up to 2 per unit. It is appropriate now to look at the 
bottom diagram and see the electromagnetic torque Te initially in balance 
with Tm, the speed being about 0.94 times the synchronous value. The 
electromagnetic-torque-transient is quite violent during synchronising 
and the speed dips, then overshoots and at 0.6 second, it is virtually 
synchronous, with Te again almost in balance with Tm. The mechanical 
oscillations are somewhat exaggerated because the inertia was lowered 
artificially below its true value, for the computation of Figs 8.4 and 8.5, to 
demonstrate the torque and speed changes in a short computation time. 
The increase of Tm is then slowly followed by Tc as the load angle 
increases and speed falls. However, the load angle must have increased 
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well beyond 90° and the torque commences another violent oscillation 
which is sufficient to pull the machine out of synchronism. The armature 
current and rotor current again rise to excessive values, but the 
combination of induction torque produced by the induced rotor-
currents reacting with the stator currents, and the pulsating torque 
produced by the reaction of the d.c. component of rotor current reacting 
with the stator currents, is still sufficient to hold the load torque though 
with an appreciable speed oscillation. Actually, the pull-out torque in the 
induction mode is 3.2 per-unit, see Tutorial Example T7.5, and in the 
mode shown, Tm would have to approach nearly 3 per unit to completely 
stall the machine. To restore synchronism (apart from reducing the load 
to about 1.5 per unit), it would be necessary to increase the excitation by 
about 50%. 

8.3 SIMULATIONS FOR C H O P P E R - C O N T R O L L E D D.C. 
MACHINES 

The overall performance of a chopper-controlled d.c. motor drive can 
be estimated by neglecting the peculiar waveforms and assuming that the 
machine terminal voltage is just reduced in the duty-cycle ratio to δ V, 

where δ = — ON — example goes a little further 
ON time + OFF time

 F 6 

than this and is followed by a detailed simulation. 

Example 8.1 

Show in outline how the battery-supplied, chopper-controlled, d.c. series motor could be 
simulated for a computer solution. What differences would be necessary to deal with the 
separately-excited d.c. motor with regenerative operation included? 

The equations for the chopper-controlled d.c. machine were derived in Section 7.1 and 
the expressions for di/di required for numerical solution follow as below. 
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Thyristor ON Thyristor OFF 

Series motor 
£ B- 1 -Ria-k<pœm Series motor 

L L 

Separately excited. Motoring 
£ B - 1 -Rii-k4,wm - l - * . ' a - V " m Separately excited. Motoring 

L L 

Separately excited. Regenerating 
-EB-\-RiÂ k<f>wm Separately excited. Regenerating 

L L 

This is a forced-commutated circuit and δ is controllable as required, either from speed 
demand, current limit or manually. No logic check on thyristor conduction is required, the 
circuit becomes conducting almost instantaneously in the controlled ON period and non-
conducting in the controlled OFF period. The duty cycle shown on the figure starts from 
t' = 0, t' being set to zero at the beginning of each cycle. The ON period lasts until t' is 
greater than Î 0N-

The flow diagram will be generally similar to Fig. 8.1, the appropriate value of di/dr 
being used from the above expressions. For the series motor, the fc^ = / ( i j curve would 
have to be available. For the separately-excited motor, k4> would have to be specified, but 
otherwise, the equations above cover the motoring and regenerating conditions. The 
mechanical equation is standard and after the speed is found, it only remains to check the 
time and whether t' must be set to zero before repeating the calculation with the time 
incremented. 

FIG. E.8.I . 

The above example is instructive as an introduction but it is unlikely 
that such a program would be used. The reason is that the analytical 
solutions described in Section 7.1 are usually adequate. The time-
constant of the electrical circuit is very short by comparison with the 
mechanical system and the electrical transients can therefore be solved as 
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if the speed was constant. Example 7.2 is an indication of how the 
mechanical transient could be dealt with, though once the duty cycle 
reaches unity, no further current-limit control is available and the 
chopper is usually shorted out to save energy. Subsequent speed changes 
can be brought about by field weakening and this can readily be 
incorporated in a different computer program if studies of the complete 
accelerating period are required. If studies of the chopper circuit itself are 
to be undertaken then a program recording all the events within a duty 
cycle would be necessary. The time-constants of the forced-commutated 
circuits and the protective circuits for the thyristors are now very much 
shorter than those of the main power circuit, so they are usually designed 
as if the power-circuit was in steady state, quite apart from neglecting 
speed changes. It is instructive however to work through a detailed 
simulation which makes none of the above assumptions. A nodal 
method

0 3)
 is appropriate to deal with all the parallel branches. The d.c. 

machine e.m.f. will be represented by the voltage across a capacitor 
C = J' jk^ as proved in Example 6.15, for a constant-torque load. The 
load will be assumed negligible for simplicity though its inclusion only 
requires the addition of a constant term, which as in Example 6.15 is a 
function of the steady-state current / s s. 

Solution Method 

The circuit will consist of R, L and C terms and a simple implicit 
integration technique (trapezoidal rule), will be employed to convert the 
differential equations to algebraic equations. Familiarity with elemen-
tary matrix manipulations will be assumed in what is then a straightfor-
ward solution. Consider a function Y varying with time r, which is being 
advanced by time increments H ( = <5f), as in numerical integration. The 
time integral of Y is the area under the Y(t) curve and at a time i n is equal 
to the area up to time tn _ j , plus, as an approximation: H. ( Yn + Yn _ j )/2. 
When H is very small, the errors in this approximation are correspond-
ingly small. With this information, consider now the L and C elements of 
a circuit as their currents and voltage drops change with time. 

For an inductor: υ = L.di/dt and therefore: i = — \v.dt. 
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At time i n, 

' • - i f >
d

-
area up to tn_l -Κ-

Ι 
v.dt. 

To a close approximation, see Fig. 8.6: 

/ • ' V ; " -
1

' (8.12) 
2L

 v 7 

i.e. the value of the current after time increment H, depends on the value 
of the current before the increment, plus a factor H/2L times the sum of 
the voltage drops at the beginning and at the end of the increment, so if 
these are known, in can be found. 

In a similar way, for a capacitor, since i = C. dv/dt, the value of the 
voltage drop at time tn is given on substituting C for L and interchanging 
i for ν so, again referring to Fig. 8.6: 

* . = + ^ C ^ (8-13) 

If we are solving the circuit for currents, given the voltages, then 
eqn. (8.13) must be rearranged with the current in as the unknown, i.e. 

-<'„-! + ^ · ( » . - » . - ! ) (8.13a) 

/ „ _ , /n Time /n_i / n Time 

For inductor:
 1

 ~ Τf
v
'
 d / l

- ^
or c a

P
a c i t o r: v

'Ί: f 

FIG. 8.6. v(t) and /(/) curves. 
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For the resistive element, the current at fn does not depend on the 
previous current but only on the voltage at the time, i.e. 

in = vJ
R
- (8-14) 

We can now apply the last equations to the solution of the machine 
equivalent circuit of Fig. 8.7. Three currents are injected at the three 
"nodes", or junctions, i1, i2 and i 3. Only one of these has a real value, i j 
being supplied by voltage . The other two will be equated to zero in the 
solution method. The currents through the elements can be determined 
from the voltages across them, between the appropriate nodes. vl9v2 and 
v3 are the node potentials defined with respect to the bottom line as zero 
potential. Hence, from the previous expressions: 

(*r)„ = ~ ( » i - » 2 ) „ (8-15) 

( i L) „ = ( ' L ) n - i + UP2-v3)n + (v2 - t > 3) „ - . ] (8.16) 

(<c)„ = " ( i c ) „ - l + ^ [ ( » 3 ) „ - ( » 3 ) n - l ] (817) 

From these equations, and the circuit, expressions for the "injected" 
currents i1, i2 and i3 are formed 

('l)n = («'r)„ = ^ ( » 1 ~
V
2)n 

( ' 2 ) „ = ('l)„-(«r)« = (^)η-ι+^ί(ν2-ν3)η + (ν2-ν3)η-^ 

FIG. 8.7. Nodal method applied to D.C. Machine Equivalent Circuit. 
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2C 
( ' 3 ) n = ( ' c ) „ - ( ' L ) n = ~ ( ' c )n - 1 + [ ( » 3 ) „ ~ ( » 3 ) n - 1 ] 

- (Un - 1 - t (
V
2 - t>3 )n + (

V
2 * ^ 3 )n - 1 ] 

Rearranging these and expressing in matrix form: 

Ol)n 

(h)n («Ün-l 

- ( f c ) „ - i - ( ' L ) „ - i 

1 - 1 

R R 

- 1 H 1 -H 

~R 2L
 +
 R ~2L 

-H H 2C 

~2L 2L*~H 

(»A 

(v2)n 

which is of the form: 

H 
+
TL 

-H 

H 

-H 

~2L 

H 2C 

2L ~~H 

in = >n- l+A.V„ + B . V N_ 1 

( » l ) n - i 

(»3)n-

(8.18) 

The elements of the matrix in_l are called the CORRECTOR 
CURRENTS and are particular combinations of "previous" values of 
currents through the reactive elements. 

We now take advantage of the fact that only the current il has a real 
value and partition the matrices in such a way that there will be two 
current matrices, ix = is say, which may have a value and the other 
currents (i2 and i3 ) grouped together as ip say, and ip = 0. The admittance 
and voltage matrices are partitioned correspondingly to give: 
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1 - 1 

R ~R 

- 1 H 1 - Η 
R YL

 +
 R Y L 

- H H 2C 
YL 2L

+
~H 

and: 
Η 

YL 
- Η 
YL 

- Η 
YL 

Η IC 
YL ~~H 

B SP 

Bps B pp 

The partitioned matrices thus read, for the whole system of equations: 

(
!
p )n (

!
p ) n - l 

A 
ss s p 

A A ps P P ( V p ) „ 
+ 

B sp 

Bps Bpp 

( U - l 

(
V
p)n-1 

(8.19) 
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Solving this equation, which requires only simple routines for a 

computer program, will enable the voltages across any element to be 

determined from the differences o f the appropriate "nodal" or junct ion 

voltages and the appropriate equat ion for either resistive, inductive or 

capacitative elements. In the present, s imple series case, all the element 

currents will calculate the same, apart from the very small errors inherent 

in a numerical solution. For the general case, there may be several series/ 

parallel e lements and various different currents to be calculated. N o t e 

(8.20) 

The v p matrices, like the ip matrices, consist of the lower two elements o f 

the corresponding, complete co lumn matrices. v s is the supply voltage, vx 

on Fig. 8.7. 

Multiplying out to get the matrix (ip ) n so that it can be equated to zero: 

This is rearranged to give the new values o f junct ion voltages (vp)n in 

terms o f the previous values and the admittance matrices. Hence: 

( \ )„ = - A p p-
1
 [(ip )n - ! + A p s. (vs )n + B p s. (vs )n _ 1 + B p p. (vp ) 

( > p )n = ( 'p )„ - 1 + A p s. (ve )n + A p p. (vp )n + B p s. (vs )n _ i + B p p. (vp)n _ 1 = 0 
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that by multiplying out we can get the input current (i s) n from the 
partitioned matrices: 

( ' s ) „ = ( ' s ) „ - 1 + A s s. (ν, )„ + A s p. (v„ )„ + B ss . (¥,)„_, + B s p. (v„ )„ _, 
(8.21) 

Although the above derivation has only referred to a simple R, L, C 
series circuit it follows general rules for forming the A and Β matrices by 
inspection, for any R, L, C network. Thus, from examination of the 
matrices A and B: 

1. The value of an element on the principal diagonal (Yn) is the sum of 
the admittances connected to that junction. 

2. The value of an off-diagonal element (Yjk) is the negated sum of the 
admittances connected between the corresponding junctions (j and 
k). 

3. The values of the elements in the Β matrix are the same as for the A 
matrix except that the resistive terms are zero and the capacitative 
terms are negated. 

Note also: 

The A and Β matrices are symmetrical. 
The admittance of a resistor is l/R. 
The admittance for an inductor is H/2L, where Η is the time 
increment. 
The admittance for a capacitor is 2C/H. 

Each injected-current equation has a corrector current, formed from 
the previous currents in the elements connected to the particular 
junction, in accordance with the following rules: 

(i) An inductor contributes its previous current. 
(ii) A capacitor contributes its previous current but this must be 

negated. 
(iii) A resistor makes no contribution to the corrector current. 

Figure 8.8 shows a junction with various elements connected. Positive 
directions of element currents are assigned arbitrarily as in normal 
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FIG. 8.8. Formation of Corrector Currents. 

practice. They are summed in the usual way, but to form the corrector 
current the contribution from the resistors is omitted and those from the 
capacitors are negated. Hence: 

1 =
 ^Ll

 l
L2 ~

l
R~

l
C 

so the corrector current for this junction is: 

0"Ll )„ - l - ( iL2)n- l+0c)„ - l 

The formation of eqn (8.18) could be checked against these rules for 
which it is a particular and simple case derived from first principles. It 
should now be possible to set up the equations for any R, L, C network 
and write an appropriate computer program to solve eqn. (8.20) and 
hence find all the element currents for any form of applied voltage 
ν =f (i); see Tutorial Example T8.3. 

Inversion of a large matrix takes much computer time, but in eqn (8.20) 
it is not necessary to invert A p p at every incremental step, but only when 
there is a change to the elements in the matrix. One inversion would be 
sufficient for the whole program time if the circuit was unchanged and 
the driving voltage relatively smooth. For a chopper circuit however, 
semiconductor elements are being switched ON and OFF so that their 
resistance changes from a very low to a very high value. In addition, the 
sharp changes of voltage thus occurring require that the time increment 
H is shortened for brief periods to avoid mathematical instability. Values 
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of H might have to be less than a microsecond in this case though with 
smoother changes of voltage the value could be in milliseconds, e.g. 
during the periods after the switching transients have largely died down. 

Application to Practical Circuit 

Figure 8.9 is a basic chopper circuit supplying a d.c. motor. Only the 
firing circuits have been omitted. These apply low-power current pulses 
to the gates at desired instants, to switch on the main thyristor (7\ ) and 
the commutating thyristor (T2). This is a forced-commutated system, the 
thyristors being switched off by having their currents forced to zero. The 
commutating circuit is formed by C c, L c and Dc. It is essential that the 
charge on C c is initially arranged to be + K s u p p ly on the lower plate, 
(vc + ve), before the main thyristor is gated. When a gate pulse is applied 
to 7\, a resonant current commences through L c, D c and 7\ as C c 

discharges, leaving the lower plate at potential — K>u p p l y, the charge 
having been transferred to the top plate. The negative wave of the 
resonant current cannot flow since it is blocked by the commutating 
diode D c. Supply current is now flowing through the d.c. armature. 

To switch off, T 2 is gated whereupon there is a path for armature 
current through T 2, urged on by 2 K. u p p ly approximately, since C c voltage 
is now in series with the supply voltage. The commutating capacitor 
becomes repolarised with the lower plate again positive. The time taken 
for this reversal depends not only on the time constants, but also on the 
value of armature current which was flowing and which is directed 
through Cc when T 2 is fired. Since T x is starved of current and is subject to 
a high reversed voltage from C c, it switches off. The effect of ia falling is to 
cause a voltage L adi a/di to oppose and overcome the e.m.f. E, so that i; 
falls and eventually the freewheel diode D f becomes forward biased. 
Armature current is then diverted through it, starving thyristor T 2 which 
switches off rapidly. The circuit is once again primed, ready for the main 
thyristor to switch on when gated. 

Of the remaining elements in the circuit, the CR "snubber" networks 
are for protection against fast-rising voltages, because of their low 
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impedance to such voltages which would otherwise appear at full value 
across the thyristors and diodes. The inductor Ls limits the di/dt through 
the diode D f, some of the initial flow being diverted through the 
suppressor Rs3, C S 3. The series diode D, prevents leakage of charge from 
C C during the OFF period when Ε and vc are in series aiding, but in 
opposition to Vsupply and there would otherwise be a reverse current 
through the armature. 

To assist in the formulation of the matrices, the equivalent circuit of 
Fig. 8.9 is drawn on Fig. 8.10, with the semiconductors replaced by 
resistors. The values must change as the solution progresses, from say 
10 kQ in the OFF condition to say 0.05 Ω for the ON condition. A more 
accurate representation of the ON condition could easily be in-
corporated by setting RON at (1 volt/calculated current). Positive direc-
tions of currents, chosen arbitrarily, are shown on the diagram. Note that 
each element has its own current, even though it may be in series with 

+ ο-

Ι/, supply = 2 5 0 V 

r
si 

ο -<Τ | — 

R a t e d Ι 0 = 4 0 Δ 
/ ? 0= 0 . 5 a LQ--20 m H 
/ r « £ = 2 v / r a d sec ' ι 7 = 2 kg m

2 

C?c = IO μΨ Z-c = 5 0 μΗ 

Cŝ CS2=0.\ μ.Ψ 
C S 3= 0 . 2 μ F 
Z.s = 2 0 μΗ 

'52 

FIG. 8.9. D.C. Motor/Chopper Circuit. 
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FIG. 8.10. Equivalent Circuit of Fig. 8.9. 

another element, though the calculated values should then be the same. 
The corrector-current matrix i n_!, follows from equating the injected 
current at each node, to the sum of the inductor current if present, 
flowing from the junction, plus the capacitor current if present, flowing 
to the junction as calculated at time rn_ l. 

Example 8.2 

Using the symbols on the circuits of Figs 8.9 and 8.10, prepare the corrector-current 
matrix and the A and Β matrices for this particular chopper/d.c. machine system. 

Guidance has already been given for the assembly of the corrector-current matrix and 
this is shown on Fig. E.8.2a. The A matrix is constructed by filling in first the principal 
diagonal with the sum of the connected admittances, Rule 1, and the off diagonals by the 
negated sum of any admittances connected between corresponding nodes, Rule 2. The Β 
matrix omits the R terms and negates the C terms of the A matrix, Rule 3. The A and Β 
matrices are shown on Figs E.8.2b and E.8.2c respectively. 

293 



ELECTRICAL MACHINES AND DRIVES [8.3] 

S 0 

1 ' La 

2 "'c.-'i-. 
3 

/
C S3 

4 - ' L . - ' Ci3 

5 ' L . + ' C . 

6 'c.2 

7 

8 'Cc + ' u 
9 " ' Le 

10 " ' C .2 

FIG. E.8.2a. 
Corrector-current Matrix (All currents calculated as at time tn-,) . 

Results of Computation with Actual Circuit Values 

Using the data on Fig. 8.9 the numerical values for the three matrices 
can be inserted. In the case of the semiconductor elements, their 
resistance needs to have the low setting when a logic check shows that the 
previous current was above the latching current; or forward voltage drop 
and gate firing conditions are correct for conduction to start; the high 
resistance setting applies otherwise. This procedure has been followed to 
produce the results of Fig. 8.11 for a chopping frequency of 500 Hz and a 
duty-cycle ratio δ = 0.3, (0.6 ms/2ms). The time increment Η was 5 /xs for 
most of the computation time but was reduced to 0.1 /xs to allow for the 
high-speed transients during short periods following the gating of each 
thyristor. Changes of element resistance, (or time increment) required a 
resetting of the A, (and B) matrices. Equation (8.20) calculates all the new 
nodal voltages and eqns. (8.21) for the input current and (8.15-8.17) for 
the element currents, applied to the appropriate nodes provide also the 
data for the new vn _ x voltages and corrector currents for the next step in 
the solution. Since the solution started from initial conditions other than 
zero, the appropriate nodal voltages and corrector currents had to be 
declared at the start of the program. 
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The A Matr ix 
3 4 5 6 
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 *DF 
R~a / ?0( 

- H 

-V 2<Γ„ 
2£a H 
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-_2£s3 

-2£s3 
2Csî+ 1 
^ H

 R01 
ZLs 

• -W 2 i
s 

-2<T0 

*D /?DCV 2 ^7 / ?oc 
- 2 Γ 5; 

I .2<Γ5, /?SI W 

+
 2 Î , 2 ^ 

-
2
^c *DC 

- 2 ^ 2 
H 

The θ Matr ix 
5 6 7 

H 

2i0 2L. 

2Ï7 
H 2C0 

2La H 

2£sj 
H 

2£j_ H -2C^ 
2is // 

2Z7 2is A/ 

2£sj 

-2£sj. 

* 2Cc 
2/.C -V 2ic 

2 C SZ -2<Ts; 

Fia E8.2b. 
The A matrix. 

FIG. E8.2C. 
The B matrix. 
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Figure 8.1 la is for continuous current, having a mean, equal to about 
the rated value for the armature (40 A). This was set as an initial current 
for i u and ica, which therefore demanded initial corrector currents other 
than zero for nodes 1,2 and 5. With δ — 0.3 an approximate value for the 
e.m.f. is given by δ. Ysupf,ly—RaIa = 55 V, the supply voltage being 
250 V. However, the computed terminal-voltage waveform, i;, takes an 
appreciable, finite time to fall to zero, making the effective δ somewhat 
larger than that calculated from the switch-on time of the commutating 
thyristor. Consequently an initial value of Ε = 65 V was estimated, 
giving initial node voltages of νγ = v2 = 67 V, v5 = 2 V and ν6 = 1 V, 
which allows 1 V drop for each semiconductor. An initial charge on the 
commutating capacitor corresponding to the supply voltage made vs = 
+ 250 V at the start of computation. The program was run for 5 ms to 
allow conditions to settle before plotting and the section between 6 ms 
and 8 ms is shown. 

Examining the computed graphs, the main thyristor current is 
virtually the same as the armature current during the ON period, apart 
from an initial peak during the resonant half-cycle. Spike currents of 
1.5 A flow through the T\ suppressor during its rapid current-changes, 
both due to the sudden negative changes of potential at node 6 as T, and 
then T 2 are switched on. C s l recharges at approximately constant current 
as the voltage across T! builds down from the forward drop, to full 
reverse voltage, following the ν curve, for which dv/dt is almost constant. 
Excessive voltage peaks and dv/dt applied to Ti are thus avoided, dv/dt 
measures at about 5 V//zsec. 

The suppressor Rs3 also carries two, larger current-pulses per cycle; 
when Tj is switched on, due to C s 3 discharging and when T 2 is switched 
on, due to the rapid rise to a high voltage peak; (this explains why, 
referring to Fig. 8.1 lb, T 2 current is initially higher than Tj current when 
taking over the conducting path). dv/dt is virtually constant and negative 
after T 2 is gated, so there is a constant charging current for C s 3 as for C s l . 
When ν eventually reverses, D f becomes forward biased and starts to 
conduct. Immediately a voltage arises across L s, (about —63 V), which 
limits the rise of diode current, (to about 3 A//xsec in this case). The 
additional path through Rs3, C s 3 only has a small effect on the diode 
current subsequently, this being almost indistinguishable from the Ls 
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current once it starts to conduct. Thus the protected semiconductor D f is 
never subjected to excessive voltage, di;/di or di/di. 

Operation of the commutating circuit is shown on Fig. 8.11b, but in 
addition, the components and settings have been changed to produce 
and illustrate a discontinuous-current condition. The e.m.f. Ε is set 
higher at 176 V so that the average current is much reduced. The current 
actually falls to zero and here it might be expected that the machine 
terminal voltage v, would rise to the value of the e.m.f. But in fact, 
because of the high-impedance circuit through Rs3, C s 3 and L s, which is 
oscillatory, there is a small, reverse armature current and a voltage 
overshoot. The suppressor resistors were increased to 250 Ω to damp this 
oscillation. 

When Tj is switched on, armature current builds up at an initial rate 
determined by voltage/inductance, the voltage being (2 K s u p p ly — E) in this 
case, giving about 20 A/msec until T 2 is gated. It will be noticed that the 
voltage fall after this is much slower than for Fig. 8.11a because the 
current which can be drawn by C c during its charge reversal is lower than 
before. 

Examining now the commutating circuit, vc reverses rapidly when Ύι 

is fired and ΐ α is virtually indistinguishable from i^. Further, since the 
load current now starts from zero, Tt peak current is almost the same as 
i c e . When T 2 is gated, it takes over the current from Ύι, plus additional 
currents from the suppressors, as explained earlier. The commutating-
capacitor voltage reverses, more slowly than before and reaches a larger 
value than that of the supply. This is due to the effect of L s since vu goes 
negative, ( —22 V). Therefore, node 5 potential must be at 272 V which is 
transferred, less D and T 2 voltage drops, to node 8. C c is once again 
primed ready for the next cycle initiation. The suppressor across the 
commutating diode carries sharp peak currents, in accordance with the 
state of the circuit. During T1 switch on, C s 2 discharges through D c . It 
recharges when T 2 is gated to apply the C c potential suddenly across T1 

and for a very short time, D c is subject to forward di?/di, much reduced by 
its suppressor. 

The simulation, in neglecting the resistances of L c and L s, does not 
introduce any serious error because these are relatively small and could 
be part of the series elements, e.g. RDf and Rs3. In practice, an additional 
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diode across Rsl might be necessary to brake the forward dv/dt across 7\ 
to avoid premature breakdown. To accelerate C c charge reversal on light 
load to ensure failure-free commutation, a further inductor/diode 
combination across node 5 and the negative supply terminal might be 
necessary, since this would provide an extra resonant loop. The 
simulation can readily accept these changes but the matrices would then 
have 12 elements instead of 10. Another feature which might be 
mentioned concerns the mechanical response, determined from œm = 
(v5 — v2)//c^, the value of flux having been assumed fixed, in the 
simulation. The results for one chopping cycle show virtually no change 
of e.m.f. since the mechanical time-constant is relatively very long. 
Although prolonging the computation time would yield the desired 
information, in practice the duty-cycle ratio δ would usually be changed 
during mechanical transients to maintain a controlled average current so 
that a different approach, based on this value, would be appropriate as in 
Example 7.2. 

8.4 S I M U L A T I O N S F O R T H Y R I S T O R B R I D G E / D C . 
M A C H I N E S Y S T E M S 

Calculations of thyristor bridge-circuits as in Example 7.3., have used 
expressions for average voltages and currents and though these give a 
good estimate of the electromechanical performance, they yield no 
information about the effect of harmonics. This omission is more serious 
on the single-phase bridge with its large pulsation ripple. The next 
example develops the equations for this circuit, from which relatively 
simple analogue or digital simulations can be implemented though in 
fact an analytical solution is possible, with some restrictions

( 3 )
. 

Example 8.3 

Set up the equations for the single-phase thyristor bridge/d.c. motor circuit and explain 
how the conducting conditions can be determined and a computer simulation im-
plemented. Allow for all circuit resistances and inductances. 
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The first figure shows the circuit; currents and voltages being indicated. The transformer 
is represented by its secondary e.m.f. etc behind the leakage and supply impedances referred 
to the secondary, r + /p, where ρ represents d/dr. This is a naturally-commutated circuit 
since the a.c. voltage developed across the thyristors v{, reverses every half cycle and reduces 
the thyristor current to zero naturally. There is a period of "overlap", however, when the 
incoming thyristors share the total load current until the outgoing thyristors have their 
currents eventually reduced to zero. For the single-phase bridge, this means that the d.c. 
terminals are short circuited through the thyristors so that the terminal voltage is zero 
during overlap. If the equations are set up for this case when all thyristors are conducting, it 
is merely a question of setting the appropriate terms to zero, if a current falls to zero. 

Consider a path through thyristors 1 and 3, when all thyristors are conducting: 

* . c = r(h -h) + /p(«i - i 2) + 1 V + LLpi, + KLi. + em + 1 V. 

from which: 
« „ - I Q , -Ki2-eM-2\ L 

PU = -L jPH 

where R = /? L + r; R' = RL-r; L = L L + /; L = LL-l and i, = / , + i 2 . 

For a path through thyristors 2 and 4 for the same condition: 

- eK = 1 V + LLpi, + * L; a + ^m + l V - φ Ο Ί - i2) - r(i, - i2) 

from which: 

« -eAC-Ri2-R'ix-em-2\ L . 
P
'
2 =

 L Τ
Ρ , 1

' 

pi is thus available for each current, to perform the numerical integration as required. 
To determine the conducting condition, the voltages developed by the circuit across each 

thyristor must be monitored whilst it is switched off, since when the gate firing pulse is 
applied, conduction will not start unless v{ is greater than the normal forward volt drop, 
taken to be 1 V. It is assumed that vn is the same for thyristors 1 and 3 and v{2 is the same for 
thyristors 2 and 4. 

For a path through thyristors 1 and 3 when they are not conducting: 

from which: 

Similarly: 

vf ι = - em - RLi2 - LLpi 2 - vtl + lpi2 + ri2 + eM 

2t>r2= -em-etc-R'i,-L'pix. 

The phase-delay angle α (or π -I- α for thyristors 2 and 4) and the value of flux /ĉ , must be 
specified in the data. ix and i2, cum and em, will be known from the previous time increment 
and solution and eac will be known from its time-function expression. The pattern of logical 
checks is shown, by means of which, working through the various questions, each thyristor 

300 



S I M U L A T I O N O F M A C H I N E S Y S T E M S [8.4] 

F
IG

. 
E

8.
3.

 

301 



ELECTRICAL MACHINES AND DRIVES [8.4] 

path is checked for previous conduction (i > / L, the latching or holding value) and the 
possibility of starting conduction. 

The normal condition is for il or i2 to be conducting so these questions are asked first 
since if the answer is YES the remaining questions are unnecessary. If the answer is NO, for 
either or both currents, then the phase delay of the firing pulses is checked against the 
progression of angle θ = ωί, measured from the beginning of the cycle, to see if a firing 
pulse is present. If not, then that thyristor will be non-conducting in the next increment. If 
the answer is YES, the forward voltage across that thyristor must be checked to see if it is 
greater than 1 V (say). There are four possible answers to the overall question pattern. 
Either circuit can be conducting, both can be conducting (overlap), or both currents can be 
zero (a discontinuous-current condition). With these conditions known, the appropriate 
equations can be formed and i\ and/or i2 can be determined by numerical integration. The 
solution thereafter follows the pattern of the general flow diagram of Fig. 8.1. 

Again the time-constants of the electrical system are usually very much shorter than for 
the mechanical system and it may be sufficient to study the circuit for a particular speed, 
flux and constant e.m.f. Natural commutation may take more than 1 millisecond and 
full-scale simulations may be necessary however, to check that this aspect of circuit 
operation is working correctly; it is liable to break down under certain conditions. 

3-phase Converter Bridge 

This circuit has already been discussed in Section 7.2. Beyond the 
small-power range it is the most common configuration for both rectifier 
(A.C./D.C.) and inverter (D.C./A.C.) conversion. It uses natural commu-
tation for d.c. drives and either natural or forced commutation (Fig. 7.4) 
for a.c. drives. Its importance justifies a careful examination of the 
various operating modes, through the medium of a computer simulation 
and this will be a suitable conclusion to the text. For full reversible, 
regenerative control, the dual (anti-parallel) bridge arrangement supply-
ing a d.c. machine is extensively used, see Fig. 8.12. A single bridge can be 
used to achieve the same general result but requires machine-field 
switching, which is slow, or armature-circuit switching, breaking the 
main circuit. The armature current must be zeroed during these 
operations, which causes loss of torque control during this "dead" time 
and this approaches 1 second duration for field-switching schemes. It 
should be pointed out that the circuit of Fig. 8.12 can also represent the 
arrangement of a cycloconverter, for which the output frequency at the 
terminals follows the controlled switching between bridges. 
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The nodal method described in Section 8.3 with application to the 
chopper circuit, has also been used for the dual converter bridge

0 3 )
. Here 

the "ss' partitioned matrices of eqn (8.19) would have three elements 
corresponding to the 3-phase source. There are other methods of 
simulating the system which ignore the suppressor/filter elements and 
concentrate on the main power circuits. These are based on the fact that 
as the thyristors are switched on and off, the conducting paths for 
currents change and can be defined. The number of possible circuit 
configurations which can occur during a cycle is very large, approaching 
100. However, each yields simple equations of the form: vx 

= f(Rx, L x, ix). A comprehensive method for formulating and solving the 
equations is given for example in Reference 14 but for the purposes of 
Fig. 8.13 a more restricted but simpler method has been used.

( 1 5)
 It 

covers most practical cases and is meant to illustrate the various 
machine/converter modes as an aid to understanding since, because of 
the waveforms, the operation is not too easy to explain satisfactorily to 
the keen student, without such a simulation. 

The duty cycle is somewhat contrived though it corresponds closely to 
the conditions occurring in a reversing steel-mill drive. A steel billet is 
processed through the rolls at some nominally-constant rolling torque 
and when it emerges from the rolls, the torque falls to the no-load value. 
The rolls are then reversed as quickly as possible within a permissible 
short-time overload armature current. Steel enters the rolls again after 
they have been adjusted to give the appropriate pressure on the billet for 
this reverse "pass". On the simulation, it has been assumed that this 
pressure has been wrongly adjusted to give 4 per-unit torque, which 
stops the motor and causes a flashover which short circuits the converter 
terminals. The changes of waveforms throughout these operations are 
interesting and instructive and are best explained by reference to 
significant points (0-12), along the time base. Note that the computation 
started with the machine stationary, to be accelerated with firing-delay 
angle α = 30° and with mechanical torque Tm adjusted to rated value, 1 
per unit. The graph plot starts when the current has almost reached rated 
value, 1 per unit. 

The top graph records the d.c. machine terminal voltage i;, the machine 
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FIG. 8.12. 

Dual Converter Bridge/DC. Machine System. 

e.m.f. e, which is proportional to speed since flux is set constant, and the 
armature current ia which is therefore proportional to the elec-
tromagnetic torque Tt = /c 0i a. The lower graph shows the mechanically 
applied torque with the C-phase current and terminal-voltage wavef-
orms. The notches in the phase-voltage waveform are caused by the 
"effective" short circuit of the phases during overlap. The half-wave of 
phase current is therefore a little longer than 120° and follows the d.c. 
current wave-form during most of this period. It is far removed from the 
idealised square wave assumed in approximate analysis of rectifier 
circuits; see Appendix A. 

Points—with reference to base line on Fig. 8.13 
0-1 Bridge A is conducting with aA = 30°. Tm = 1 p.u. The overlap 

angle μ is about 20°. Bridge Β is inhibited. Currents are plotted 
in per-unit terms. 

1 Tm reduced to 0.16 p.u. and Bridge A phased back to aA = 150°. 
1-2 Current falls naturally to zero, a short time after terminal 

voltage ν reverses, the delay being due to the d.c.-circuit 
inductance. 

2-3 Coasting on no load for 20 ms (dead time), to ensure Bridge A 
is "dead" and cannot short circuit Bridge Β when this is fired. 
Te = 0. The e.m.f. (and speed) rise slightly as the load is thrown 
off but fall thereafter, the terminal voltage then being the same 
as the e.m.f. since there is no current. 
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3 Bridge A inhibited and Bridge Β fired at an initial firing-delay 
angle aB = 150°. 

3-4 aB phased forward at a linear rate of Γ per 4° of cot change. 
Current eventually starts to flow as the high (reversed) bridge 
voltage falls below the machine e.m.f. Regeneration commences 
into the a.c. supply as can be seen by the phase relation between 
ic and vc which is greater than 90°. With this particular rate of aB 

change, apart from the initial single-current pulse, the machine 
current increases at a rate of approximately 160 per-unit/sec, 
which is typical of a d.c. fast-response reversing drive. 

4 Here, the mean d.c. terminal voltage is zero, so no average 
regenerated power is fed from the machine, though it is not 
consuming any power from the power-electronic system either. 

4-6 The speed is falling so the mechanical energy stored is given up 
to provide the armature losses. The fundamental of ic, though at 
low power-factor, is becoming less than 90° out of phase with vc 

fundamental, so the a.c. system is providing power, consumed in 
transformer and thyristor losses. The system as a whole is 
therefore plugging until the speed is zero, the current reach-
ing a value over 3 p.u.-approximately constant for a short 
time. 

5 By the time this point is reached, aB has become 30° and is fixed 
at this thereafter. 

6 The time scale is changed here during the last stages of reversal. 
7 Speed is now zero and the machine changes from plugging to 

motoring in reverse; note that the mechanical friction torque 
will reverse at this point also. 

8 The speed has now reached —0.84 p.u. and the torque is 
suddenly increased negatively from —0.16 to —4 p.u., which is 
sufficient to bring the speed to zero at point 9. 

10 The current scales are now doubled to anticipate the increase of 
current from about 2.4 p.u. to the short-circuit value. 

11 The machine resistance is made virtually zero in the simulation, 
corresponding to a short circuit. The d.c.-circuit inductance is 
left in circuit. 
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11-12 The final short-circuit current has a mean value of about 4.1 p.u., 
the circuit power rating being low so that per-unit impedances 
are high. It will be noticed, from the vc trace, that the overlap 
angle, increasing as the short-circuit current builds up, eventu-
ally exceeds 60

υ
 and the bridge mode changes, another thyristor 

being fired to cause four thyristors to be conducting together. 
Both a.c. and d.c. sides are therefore short circuited when this 
occurs and this is confirmed by observing that there are periods 
when a.c. terminal voltage as well as d.c. terminal voltage are 
both zero. The time scale has been increased back to its previous 
setting, from point 12 onwards. 

The simulation described is for a non-circulating current scheme with 
all thyristors controlled, logic monitoring to ensure that only one bridge 
can be fired at any one time and requiring a short "dead" time between 
bridge changeover. There are other schemes where, to avoid the "dead" 
time the bridges are fired together, but with aA + aB = 180° so that the 
average bridge voltages are the same, to prevent any d.c. current 
circulating between them. Due to the waveforms, the instantaneous 
voltages are not equal so there is an a.c. circulating current which must be 
limited by additional inductors

( 9 )
. There are simpler schemes using only 

single-phase bridges, or 3-phase bridges with only half the number of 
thyristors which give either half-wave operation with only three voltage 
pulses per cycle, or half-controlled 6-pulse waveforms if diodes are used 
on one side of a bridge in place of thyristors. The choice of schemes is 
determined from economic considerations and in some cases, to reduce 
harmonics on large-power systems, it is necessary to have twice as many 
thyristors and a 12-pulse output voltage. Further developments

( 8 , 1 0)
 in 

power semiconductors may result in changes in detail though the basic 
bridge circuits are likely to remain. 
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APPENDIX A 

VOLTAGE/CURRENT/POWER 
RELATIONSHIPS FOR BRIDGE-
RECTIFIER CIRCUITS 

The 3-phase bridge circuit is shown on Fig. A.l together with the voltage and current 
waveforms for the "ideal" assumptions of high d.c. circuit-inductance (so that / d is of 
constant magnitude) and instantaneous transfer (commutation) of currents from semi-
conductor element to element in sequence, without voltage loss. Elements A + and C_ 
conduct in period 1 and it can be checked that across all other elements, the voltage is 
negative, e.g. VBA across Β + and VCB across Β _. At the end of this period - instant 2 - VBA 
becomes positive and B+ takes over (commutating naturally) from A + across which 
appears VAB which is negative. Similar voltage changes in sequence give rise to the d.c. 
voltage waveform pulsating 6 times per fundamental cycle, at values following the 
maximum forward line-voltage. 

The secondary-current waveforms are square sections of 120° duration and 
referring to the development of eqn (6.12) give an r.m.s. value of: 

/
;
'

2 (1 + 1 + 1 + 1)
 - β , Λ = 0.816 /„ 

V l + l + l + l + l + l V3
 d d 

The primary phase current will be of the same shape - neglecting magnetising current - and 
with a delta connection, the line current will be nearer to a sine wave as shown. 

The "ideal" no-load voltage deduced from the waveform will have an average value 
designated as £ d o, being the "Thevenin" e.m.f. behind the d.c. terminals and internal 
impedance. Its value is deduced on Fig. A.2a for m = 6 pulses per cycle, the general 
expression being: 

— sin — χ Peak line voltage, (A.l) 
π m 

e.g. for a single-phase bridge with m = 2, £ do = - sin - £_ = 0.637 £_. 
π 2 

With controlled rectifiers, "firing" can be delayed, by α say, from the natural point of 
current transfer. Figure A.2b shows how this reduces £ do to £ d ocos a, eqn (A.2), if / d 
is a smooth current. 

A further reduction in voltage occurs due to the time taken to commutate the 
current-the overlap period, for an angle μ-the delay being due to the inductance on the 
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I* 

D.C. 
System 

Mean value 
of d.c. 
voltage level 
( ^ d o ) 

Current 
waveforms 
-assuming 
very high 
inductance in 
d.c. side 

+ A + \ Td (d.c. current) 

A_ 

Line-current for delta (7A -/B) 

FIG. A. 1. 3-phase bridge circuit and waveforms. 

a.c. side, mostly due to transformer leakage. If this is / per phase for a star connection, 
between terminals the commutating inductance will be 21 and the corresponding reactance 
is Xc. From the waveforms and circuit of Fig. A.2c, the voltage loss is proportional to the 
shaded area averaged out over 1 /6 of a cycle, i.e. 

—— —~d(ü)t) = ~~ - / — di 
2π/6 Jo 2 2π J0 di 

.dit, dia dib (since ea -1 — = eb -1 — and — = - — when ia + L = L is constant) 
di di di di 
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(a) Mean d.c. voltage £ d 0 (with zero current) 

1 
do =

 2π/6 . 
En. cos θ 

= £ . - sin 

since Ep = v

7
2 . £ χ v

7
3 ; £ d o = 2.34 Ε 

- 7 Γ / 6 

(b) Effect of firing-delay-angle (a) (with zero current) 

1 f i r +
 a
 / π 

Average d.c. voltage = £ cos [0 — 

In 

2π π\ ( π 
sin I ha — - s i n a — 

6 6J V 6 

6 π 
= £ p. - . s i n - .cosa — in general = £ d oc o s o 

π 6 

(A.2) 

(c) Effect of overlap angle μ during commutation 

FIG. A.2. Mean values of bridge voltages. 

For any bridge circuit of m pulses per cycle, the voltage loss due to overlap is: 

ψΐΛ (A.3) 
4π 

which is directly proportional to the d.c. current value. An alternative integration based on 
the instantaneous expressions for ea and eb gives the loss as £ d o s in

2
 μ/2, see Tutorial 

Example T.7.3. There is a further voltage loss due to the transformer resistance which can 
be referred to the d.c. side as: Transformer copper l o s s / / d. A voltage loss of 1 V for each side 
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of the bridge is a typical allowance for the approximately constant forward voltage drop of 
a semiconductor. 

From all these relationships, the output from a bridge rectifier can be represented by the 
equation for average voltage as V = £ do cos α — klà — 2, but the idealisations above should 
be compared with the computed graph of Fig. 8.13. 

On the a.c. side, the secondary VA is: 

This means that even without a phase shift of current due to firing delay or overlap, the 
power factor is 3/π = 0.955 as a maximum. Actually, the control of voltage by α variation is 
brought about by delaying the phase of the current so that on the a.c. side, the harmonic 
component, (distortion factor) of the power-factor as above, is supplemented by a phase-
shift component (displacement factor) and the a.c. kVA rating must be increased in 
accordance with the combined effect. Various methods have been devised for offsetting this 
disadvantage of phase-shift control, e.g. on some traction schemes, the d.c. voltage is 
supplied by two bridges in series, one of them uncontrolled. Only the other bridge has 
phase shift applied, thus limiting the phase control to only half the voltage. But by adding 
or subtracting this from the diode bridge producing V/2, the total voltage variation is 

, 2
i d = -

3
 d

 3 
χ d.c. power. 

still 0 - Κ 
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SUMMARY OF EQUATIONS FOR d-q 
SIMULATIONS 

The effect of the d-q transformation is to replace the angular rate of inductance variation 
dL/dö in eqns (8.3) and (8.7) by fixed inductances G, similarly associated with the angular 
speed Θ and defining the rotational voltages. Eqn (8.3) becomes: 

ν = R.i + G.ö. i + L.di/df 

and from this, the equation corresponding to (8.7) is: 

di 
— = L

1
 x [ v - ( R + G.0) . i ] 

di 

The electromagnetic torque Te = i,. G. i χ pole pairs which compares with eqn (8.8). 
The transformations for voltages and currents do not have such an obvious physical 

relationship as those of eqns (8.4) and (8.5) and they depend on the reference frame to which 
the d-q axes are fixed and along which the phase axes are resolved to produce the 
transformation; see Fig. Bl. For the uniform-air-gap machine, this is usually, though not 
necessarily, the stator, on which the line-connected winding is placed. For the salient-pole 
machine, the d-q axes must be fixed to the salient-pole member, (for the transformations to 
result in simpler equations), and this is usually the rotor for the synchronous machine. The 
transformed, transient impedance-matrix can be filled in by a standard technique

< 2 )
, the 

main diagonal taking the self impedance of the corresponding axis, using the same 
resistances and inductances as eqn (8.6). Windings on a common axis have mutual 
inductance which must be entered. The rotational voltage terms appear only in the 
windings which are rotating with respect to the reference frame, the inductance being taken 
from the d to q axis with a negative sign and from q to d axis with positive sign. Consider the 
stator reference frame and let the symbol "dss" mean the d axis of the stator referred to the 
stator; "qrs" mean the q axis of the rotor referred to the stator; the remaining symbols "qss" 
and "drs" following the same code. The voltage equation is: 

D Q d q 

in detail: vdss D 
R

s + ^ s P Mp 

vqss Q Rs+Lsp Mp 

vdrs d Mp MO Rt+Ltp Lfi 

vqrs q -MÔ Mp -Lfi Rr + Lrp 

idss 

iqss 

idrs 

iqrs 
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for a uniform air-gap machine referred to the stator reference frame. The G matrix consists 
only of the terms associated with θ on the d and q rows. The L matrix has all the remaining 
inductive terms. 

In this equation, the transformation of voltages from the three, phase-to-neutral 
voltages of stator and rotor is given by resolving ABC abc axes along direct and quadrature 
axes fixed to the stator, Dd and Qq: 

A Β C a b c 

vdss D 1 _ 1 
2 - i 

vqss Ii Q 0 ^3/2 

vdrs V3 d cos θ COS(0-2TC/3) COS(0-4TT/3) 

vqrs q sin θ sin(0-27r/3) sin(0-47i/3) 

The backward transformation, which would be needed to get the phase currents from the 
solution for d-q currents is: 
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D Q d q 

Ά A 1 0 

»B B 1 
2 sfiß 

«C 
• F

 c 

_ 1 
2 

». V3 a cos Θ sin0 

b COS(0-2TÜ/3) sin(0-27i/3) 

c COS(0-4TT/3) sin(0-47t/3) 

idss 

iqss 

idrs 

iqrs 

It will be noticed that the inverse transformation is the same as the transpose, one of the 
advantages of this particular arrangement*

2
*. The y/{2/3) factor is associated with 

maintaining constant power throughout the transformation. The solution is organised in a 
similar manner as that for real axes and in accordance with Fig. 8.1. The mechanical 
equations remain as in eqns (8.1) and (8.2) and the per-unit system may be used if desired. 

Extracting G from the transient impedance matrix and abbreviating stator current 
symbols to / D, IQ; rotor current symbols to id, iq, the electromagnetic torque is: 

D Q d q 

' D Ό D 

Q 

d M 

q — M 

χ pole pairs 

which when multiplied out gives: 

(idMiQ + zdLr/q - iqMiD - zqLr/d) χ pole pairs 

= M(iaiQ - i qi D) χ pole pairs. 

If per-unit quantities are used, the term ω/3 replaces pole pairs in the above expression, as 
for eqn (8.11). 

The Rotor Reference Frame 

It is possible of course to solve the uniform air-gap machine using d-q axes fixed to the 
rotor instead of the stator, but this reference frame will be used now, primarily to introduce 
saliency and a rotor d-axis field winding, so that the equations will have an immediate 
connection with the salient-pole synchronous machine. The rotor d and q windings will 
represent the dampers. The difference between the permeances on d and q axes is reflected 
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in a difference between the mutual inductances M D and MQ say, which may be in the ratio 
"r" as high as 4:1 on reluctance machines. Referring all inductances to one winding, the 
direct and quadrature axis values will be. 

stator, D axis leakage + mutual = L D - Ai D + MD = L D 

stator, Q axis 

rotor, d axis 

rotor, q axis 

rotor field winding 

-
 M

D + 
Ι 

Lf-Mtd + M f t 

LA — Mfj + M D 

Note; the mutual between field and stator D winding ψ Mfd but = Μω 

The voltage equation can be written down as before, with an extra row and column to 
accommodate the field winding and noting that rotational voltages now appear in the 
stator winding which is rotating with respect to the rotor reference frame. 

D Q d q f 

vdsr D R
D + ^DP M Dp M fDP 

vqsr Q -Ljfi K Q+ L Qp -MD0 MQP 

vdrr d Ai Dp Rd + Ldp MfdP 

vqrr q M Qp 

vfr f M f Dp MfdP K f+L fp 

idsr 

iqsr 

idrr 

iqrr 

ifr 

Resolving the axes along rotor d and q gives: 

A Β C a b c f 

vdsr D C O S Ö c o s ( 0 - 2 t t / 3 ) c o s ( 0 - 4 t ü / 3 ) 

vqsr Q sinö sin(0-47i/3) sin(0-47t/3) 

vdrr 1 1 
~ 2 

_ 1 
2 

vqrr 0 y/m ^3 /2 

vfr f 1 

«A 
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The backwards transformation is the transpose of the above, as for the stator reference 
frame. 

It will be noted that the parameters can be defined in terms of the D and d axes together 
with the ratio r, i.e. ATQ=MD/r so the effect of different r ratios can be conveniently tried 
out. Usually, RD =RQ=Rs, the stator resistance per phase but Rd would not normally be the 
same as Rq, (the direct and quadrature damper-winding resistances). However, if for 
example the rotor reference frame was used for solution of an induction motor, then these 
two would be equal to the rotor resistance per phase Rt. The field winding row and column 
would be omitted. The parameters are usually referred to one particular winding though 
this is not essential providing there is consistency in the use of voltages and currents. A 
4 x 4 matrix would also apply to the reluctance machine, with d and q representing the 
starting/damping winding in the salient poles. 

Extracting the G matrix from the top two rows and multiplying out to get i,Gi, will give 
the following expressions for instantaneous electromagnetic torque: 

Salient-pole machine; 

TE = [ ~(LD - LQ)(iQiD) + M Q( i ei D) - M D( i di Q) - M F D( . F iQ)] χ pole pairs 

Reluctance machine; r
c = [-(LO-LQ)(iQiO)+MQ{ijD)-MD{idiQ)'l * pole pairs 

Induction Machine with 

LD = LQ and MD = Mq = M 

TC = M( i qi D - idiQ) χ pole pairs 

It is sometimes useful to express the equations in terms of the flux linkage (À = 
Ν φ = Li) on direct and quadrature axes, e.g. if saturation of parameters had to be allowed 
for. The voltage equations for the excited salient-pole machine would become; using the 
abbreviated notation: 

Rq«q 4- d(AD) /dt - λΌΘ 

Rja +d (A d) /d t 
ΑΛ +<WQ)/dt 
Rtif +d(^)/dt 

where: 

A d 

A q 

I* 

*, 

LDiD + M Di d + M f Di , 

LQ'Q + Mqî„ 
M d ' d + Ltit + Mui( 

Mq'q + V , 
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The electromagnetic torque is given by: 

Tt = (AgiD - A Di Q) χ pole pairs 

It can be seen that all the torque equations reduce to one simple form, since the common-axis 
terms have been grouped together, expressed as the total flux linkage on each axis. 

Stator and rotor reference frames are the most commonly used though for certain 
purposes, e.g. study of oscillatory conditions, some simplification follows if the reference 
frame is fixed to the rotating field, (synchronous axes), even though either stator or rotor 
may not be stationary with respect to this reference

(2)
. 
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APPENDIX C 

TUTORIAL EXAMPLES WITH ANSWERS 

THE following examples are provided so that there is opportunity to check understanding 
of the various problems encountered in the main text. Most of them are at least slightly 
different from these, but the necessary background has been covered for all. Chapter 1 on 
basic theory should be thoroughly understood and the recommendation to incorporate the 
question data on a simple diagram should be followed. This is especially important when 
dealing with 3-phase circuits so that mistakes of interpretation are avoided when extracting 
phase voltages, currents and impedances from the data given. Note that the "rating" refers 
to the total power or VA, the line voltage and the line current. Chapter 2 on Transformers 
revises all these points and the practice of declaring the no-load voltage ratio is followed, so 
that this is also the turns ratio when reduced to phase values. Answers, and some part 
answers, are given to all numerical problems, together with an indication in some cases of 
theoretical points which are raised. Accuracy is generally to three figures, though 
sometimes more, where appropriate. Although much care has been taken, there may be a 
few errors and the author would be very grateful to be informed about any which are 
discovered. 

Chapter 1. Introduction 

No examples are set for this revisory chapter but two convention problems were raised 
therein. On p. 7 the motor convention equation always has a positive sign and the genera-
tor convention equation always has a negative sign. 

Referring to the question on p. 11 concerning Fig. 1.5 for the generator phasor diagrams; 
with a motor convention, the current phasor in Figs. 1.5a and 1.5b would be in the lower 
half of the diagrams. Ε would still be \—')Xl—Rl, but because of the lower position of 
the current phasor, Ε would now lead V in both cases. For a generator convention, the 
I phasor would be reversed, together with the sign in the above equation but the 
phasor diagrams would be otherwise unchanged in shape, the new current phasor 
being in the upper half of the diagram, with the power-factor angle less than 90°. 
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Chapter 2. Transformers 

In the following examples, the approximate equivalent-circuit can be used and in some 
cases, the magnetising impedance may be omitted altogether. For determination of turns 
ratio and for 3-winding transformers, all impedances of the transformer are neglected. 

T2.1 A 3-phase, 50-Hz, 6600/400-V star/zigzag transformer has a core cross-sectional 
area of 0.04 m

2
. Calculate the number of turns required for each coil of primary- and 

secondary-winding sections, if the maximum flux density is not to exceed LIT. Note, each 
secondary phase is made up of two equal sections, taken from neighbouring phases and 
connected in opposition so that the phase voltage is the phasor difference of the two 
sections; i.e. phase voltage = y/3 χ secondary-section voltage. 

T2.2. A 3-phase, 3-winding, 1000-kVA, 50-Hz transformer is required to meet the 
following specification. 

Primary 66 kV (line) star connected. 
Secondary 6.6 kV (line) delta connected. 
Tertiary 440 V (line) star connected. 

The maximum flux is not to exceed 0.1 Wb. 

(a) Determine the required number of turns per phase on each winding. 
(b) Taking the magnetising current as 5 % of the rated current and the iron loss as 10 kW 

total, determine the input current, power factor, kVA and kW when the secondary is 
loaded at 600 kVA, 0.9 pf lagging and the tertiary is loaded at 400 kVA, 0.8 pf 
lagging. 

T2.3. In a certain transformer, the winding leakage reactances are six times the winding 
resistances. Estimate the power factor at which the voltage regulation is zero. If the leakage 
reactance is 10%, what is the maximum regulation in per unit for a current of 1 per-unit? 

T2.4. A single-phase, 50-Hz, 500-kVA, 33000/3300-V transformer has the following 
parameters: Rl = 8.6 Ω, R2 = 0.08 Ω, x} = 52 Ω, x2 = 0.46 Ω. 

On no load, the h.v. current at 33 kV is 0.3 A and the power input is 3.5 kW. Calculate: 

(a) The regulation at rated current and power factors of: 0.866 lag, u.p.f. and 0.866 lead, 
(b) The efficiencies at the same load current and power factors (neglect regulation). 
(c) The maximum efficiency. 
(d) The in-phase and quadrature components of the no-load current. 
(e) The primary current and power factor and the secondary current when the secondary 

power-factor is 0.8 lagging and the efficiency is at its maximum for this power factor. 

T2.5. A 3-phase, 50-Hz, 300-kVA, 11000/660-V, star/delta transformer gave the 
following line-input readings during light-load tests: 

Open circuit 660 V, 8 A, 2.4 kW 
Short circuit 500 V, 15 A, 4.1 kW 
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Calculate and show on a per-phase equivalent circuit, the parameters deduced from these 
tests, referred to the h.v. side. Also show all currents, input power-factor and secondary 
terminal voltage when the secondary is supplying rated current at 0.8 p.f. lagging. Allow for 
the voltage regulation. 

T 2 . 6 . An 800-kVA transformer at normal voltage and frequency requires an input of 
8 kW on open circuit. The input on short circuit at rated current is 15 kW. The transformer 
has to operate on the following duty cycle: 

6 h at 450 kW, 0.8 p.f. 
4 h at 650 kW, 0.9 p.f. 
5 h at 250 kW, 0.95 p.f. 
Remainder of 24-h day on no load. 

Calculate the all-day efficiency defined as: output in kWh/(output in kWh + losses in kWh). 
What is the efficiency at a constant load of 800 kVA at 0.8 p.f.? 

T2.7. Two single-phase transformers A and Β operate in parallel. EA = 200 V and 
E B = 203 V, ZA = Z B = 0.01 + jO.l Ω, all data referred to the secondary side. Calculate I A 
in terms of I B (magnitude and phase), when the load impedance has the following values: 

(a) Z = 10+jlQ. 
(b) Z = 0 . 1 + j l i l 
In what mode is transformer A operating in case (a)? Phasor diagrams would be 

informative. 

T2.8. The following data refer to two 3-phase, delta/star connected transformers: 

Transformer kVA rating Line voltage Short-circuit test 
at rated current 

A 600 2300/398 160 V, 4.2 kW 
Β 900 2300/390 100 V, 5.1 kW 

Calculate the total current supplied by the two transformers connected in parallel to a star-
connected load of 0.132 Ω per phase and of power factor 0.8 lagging. 

If the load is disconnected, what will be the secondary circulating current and the change 
in secondary terminal-voltage from the loaded condition? 

T2.9. A single-phase transformer supplies a full-load secondary current of 300 A at 
0.8 p.f. lagging when the load voltage is 600 V. The transformer is rated at 6600/600 V on 
no load and is provided with tappings on the h.v. side to reduce this ratio. It is supplied 
from a feeder for which the sending-end voltage is maintained at 6.6 kV. The impedances 
are as follows: 

Feeder (total) = 1+]4Ω 
Transformer primary = 1.4+J5.2 Ω 
Transformer secondary =0.012 + jO.047 Ω 

To what value must the turns ratio be adjusted if the secondary terminal voltage is to be 
600 V under the full-load condition? Neglect the magnetising current and the effect of the 
changed turns-ratio on the referred impedance. 
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Chapter 3. D.C. Machines 

In the following questions, the brush voltage-drop, the magnetising effects of armature 
reaction and the mechanical losses may be neglected unless specifically stated otherwise. 

T3.1. A 25 hp, 500-rev/min d.c. shunt-wound motor operates from a constant supply 
voltage of 500 V. The full-load armature current is 42 A. The field resistance is 500 Ω and 
the armature resistance is 0.6 Ω. The magnetisation characteristic was taken at 400 rev/min 
as follows: 

Field current 0.4 0.6 0.8 1.0 1.2 A 
Generated e.m.f. 236 300 356 400 432 A 

Calculate the mechanical loss torque using the full-load data ( 1 hp = 746 W), and assume it 
is constant in the following calculations. 

(a) Calculate the held current and the external field resistance for operation at rated load 
and speed. 

(b) What is the speed when the load is removed, leaving just the loss torque? 
(c) With the excitation of part (a), at what speed must the machine be driven to 

regenerate at rated current? 
(d) What extra field-circuit resistance is necessary to cause the machine to run on no load 

at 600 rev/min? 
(e) What extra armature-circuit resistance is needed to cause the machine to develop half 

its rated electromagnetic torque at a speed of 300 rev/min with field current as in (a)? 
What would be the output power at the coupling? 

T3.2. A 500-V, d.c. separately excited generator at its normal rating gives an output of 
50 kW at 1000 rev/min. The armature-circuit resistance is 0.4 Ω. 

The machine is to be run as a motor, but with the voltage reduced to 200 V. At what 
speed will it run if set at rated flux and taking rated armature current? 

What reduction of flux will be necessary to run at 1000 rev/min with the same armature 
current and how will the electromagnetic torque differ from that developed as a generator 
at normal rating? 

T3.3. A 500-V d.c. shunt motor has a rated output at the coupling of 40 kW when 
running at 500 rev/min, the efficiency then being 90%. The armature- and field-circuit 
resistances are 0.23 Ω and 400 Ω respectively. The following magnetisation curve was taken 
when running as an open-circuited generator at 600 rev/min: 

Field current 0.25 0.5 0.75 1.0 1.25 1.5 A 
Generated e.m.f. 170 330 460 531 572 595 V 

Determine, at the rated condition: 

(a) the armature current; 
(b) the electromagnetic torque; 
(c) the loss torque. 
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Find also the additional field-circuit resistance necessary to give a speed of 1200 rev/min, 
the armature current and loss torque being assumed constant and rated voltage being 
applied. What will be the output power at this condition? 

T3.4. Derive the speed/torque expression for a d.c. machine. Hence explain the various 
methods of controlling the speed of such a motor, commenting on their advantageous and 
disadvantageous features. 

A d.c. generator at its normal rating gives an output of 100 kW at 500 V when driven at 
500 rev/min. It is to be run as a motor from a 500-V supply at a speed of 750 rev/min, the 
additional cooling at this speed permitting an armature-current increase of 10 % above the 
rated value. Calculate the electromagnetic torque the motor will develop under this 
condition. What value of flux is necessary and what total mechanical power will the motor 
produce? Express this flux, torque and power as fractions of rated flux, torque and power. 
The armature resistance is 0.15 Ω. 

T3.5. A d.c. motor has a full-load armature rating of 7.5 kW, 200 V, 45 A at 800 rev/min. 
The armature resistance is 0.5 Ω. Determine the mechanical loss torque and assume this is 
constant, independent of speed. The mechanical load torque has a characteristic such that 
beyond 800 rev/min, it falls off inversely as speed; i.e., a constant-power law. Determine the 
percentage of rated flux required to increase the speed to 2400 rev/min, and the 
corresponding value of armature current. 

T3.6. Derive expressions for armature current and flux for operation of a d.c. motor at 
any specified voltage, speed, electromagnetic torque and armature-circuit resistance. 

A 500-V, d.c. motor at rated load runs at 1500 rev/min and takes an armature current of 
50 A. The armature resistance is 0.5 Ω and the shunt-field resistance is 200 Ω. The 
mechanical loss torque is 5 Nm. Determine: 

(a) The electromagnetic torque, the mechanical output and the efficiency. 
(b) The electromagnetic torque when the flux is weakened to give a speed of 

2000 rev/min with armature current allowed to increase by 25%. 

(c) The armature current and per-unit flux (^^/^^(rated)) required to sustain operation at 
1000 rev/min with terminal voltage halved and armature-circuit resistance doubled. 
Assume the total mechanical torque is proportional to (speed)

2
. 

T3.7. A d.c. generator has Ra = 1 Ω and R{ = 480 Ω. Its o.e. characteristic is as follows: 

Field current 0.1 0.2 0.4 0.6 A 
Generated e.m.f. 85 160 233 264 V 

The machine is to be run as a motor from 230 V with an armature current of 30 A. Find: 

(a) The additional resistance in the field circuit to give a speed of 750 rev/min. 
(b) The additional resistance in the armature circuit to give a speed of 300 rev/min when 

the field winding is connected directly across the 230-V supply. 
(c) The resistance in parallel with the armature terminals, but otherwise as in condition 

(b), to give a speed of 200 rev/min. What will then be the supply current? 
N.B. This is the potential-divider connection. 
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T3.8. A d.c. series motor was run at constant speed of 1500 rev/min, with varying 
voltage and load to give the following points: 

Terminal voltage 61 71 81 93 102.5 110 V 
Current 1.39 1.68 1.98 2.42 2.87 3.22 A 

If the motor is supplied at 110 V, calculate the speed/torque curve: 

(a) with the natural armature-circuit resistance of 7.4 Ω; 
(b) with an additional series resistor of value 30 Ω. 

What is the torque at 1500 rev/min in each case and what is the operating mode when the 
speed goes negative in case (b)? 

T3.9. A d.c. series motor was run at 500 rev/min when the following magnetisation 
characteristic was taken: 

Field current 5 10 15 20 25 30 A 
Generated e.m.f. 192 276 322 356 384 406 V 

The armature and field resistances are each 1 Ω. The motor is connected in series with a 
resistor of 20 Ω across a 420-V d.c. supply. Across the armature terminals is a further, 
diverter resistor of 21 Ω. Calculate the speed/torque curve with this connection and show 
the currents and voltages at the various points in the circuit when the field current is 20 A. 
For what purpose would this characteristic be useful? 

T3.10. A d.c. series motor of resistance 0.12 Ω has a magnetisation curve at 750 rev/min 
as follows: 

Field current 50 100 150 200 250 300 A 
Generated e.m.f. 110 220 300 360 400 420 V 

The motor is controlling a hoist in the dynamic-braking connection. Determine the 
resistance to be connected across the machine terminals so that when the overhauling 
torque is 1017 Nm, the speed is limited to 500 rev/min. How much extra resistance will be 
required to maintain this speed when the total torque falls to 271 Nm? 

If the drive is now changed to hoisting with this last resistor in circuit and a supply 
voltage of 400 V, what will be the operating speed for a motoring torque of 271 Nm? 

T3.ll . The d.c. series motor of T3.8 is to be braked from the full-load motoring 
condition (110 V, 1500 rev/min). If the initial braking current is to be limited to twice the 
full-load value of 3.22 A, what resistor would have to be inserted in series with the 
armature: 

(a) for rheostatic (dynamic) braking; 
(b) for plugging (reverse-current) braking? 

At what speed, in each case, would the braking torque be equal to the full-load value? 

T3.12. Illustrate on a 4-quadrant diagram, the various methods of electrical braking 
using the following data for a separately-excited d.c. machine. 
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Rating: 500 V, 50 A, 500 rev/min 
Armature resistance 0.5 Ω 
Rated flux maintained throughout. 

Calculate the speed/torque equations for: 

(a) regenerative braking into rated voltage supply; 
(b) reverse-current braking with the same supply and an additional 10 Ω limiting 

resistor; 

(c) rheostatic braking with a 5-Ω external limiting resistor. 

At what speed in each case will full-load torque be developed? Comment on the special 
features of each mode, pointing out the advantages and limitations. See also the second part 
of Tutorial Example T6.6. 

T3.13. A 500-V, separately-excited d.c. motor takes an armature current of 100 A when 
driving its mechanical load at rated speed of 600 rev/min. The total mechanical torque as a 
function of speed is given by the following expression: 

Tm = fc[l -Μω^20π) + (ω^20π)
2
]Νπι, 

where œm is the speed in rad/s. The armature-circuit resistance is 0.4 Ω. Calculate the 
torque at rated speed and the value of k. 

If the speed is increased to 700 rev/min by field weakening, what percentage change of 
flux and of armature current would be required? Comment on the suitability of this method 
of speed control for this particular load. 

T3.14. A d.c. separately excited motor has a per-unit resistance of 0.05 based on rated 
armature voltage and current. For the 3rd base quantity in the per-unit system, take rated 
flux, which gives rated torque at rated armature current. In the following, per-unit 
quantities are being referred to throughout. 

At rated flux and rated torque, what is the rated speed, i.e. when rated voltage is applied? 
The motor drives a load which requires a torque of 0.3 at starting and thereafter increases 

linearly with speed reaching 1.0 at rated speed. What is the expression for this mechanical 
torque as a function of speed? 

Assuming the magnetisation characteristic can be expressed by the following 
relationship: 

'
f
 1 -ΟΑφ 

where φ is the flux, calculate flux, field current and armature current for the following 
conditions: 

(a) Voltage = 0.5, speed = 0.5. 
(b) Voltage = 1.0, speed = 1.2. 
(c) Voltage = 0.5, speed = 0.4 and total armature-circuit resistance = 0.15. 

T3.15. A separately excited d.c. motor is permanently coupled to a mechanical load with 
a total characteristic given by Tm = 0.24 + 0.8tt>m per unit. Tm is unity at rated speed where 
rated flux and armature current are required to produce the corresponding Tt at rated 
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voltage. Per-unit Rt based on the rated terminal voltage and armature current is 0.05. Per-
unit speeds are based on the speed at rated voltage and flux with zero torque. The required 
portion of the magnetisation curve of per-unit flux against per-unit field current may be 
taken as a straight line passing through φ = 0.6,7f = 0 and φ = 1.0, l{ = 1.0. Calculate the 
per-unit field and armature currents to sustain operation at: 

(a) half rated voltage and speed; 
(b) rated voltage and speed of: 

(i) 0.75 per-unit, 
(ii) 1.25 per-unit. 

(If per-unit ideas are insecure, take rated V as 100 V, rated 7a as 100 A (i.e. Ra = 0.05 Ω), 
rated speed as 100 rad/s (955 rev/min) and hence /c^ ( r a t e d) = (100-100 χ 0.05)/100 
= 0.95 Nm/A.) 

Chapter 4. Induction Machines 

For this chapter, the approximate equivalent circuit will normally be used unless 
specifically stated otherwise. The magnetising branch may be omitted if no data is given. 
Also, mechanical loss will be neglected unless the data include this. 

T4.1. The primary leakage-impedance per phase of a 3-phase, 440-V, 50-Hz, 4-pole, 
star-connected induction machine is identical with the referred secondary impedance and is 
equivalent to a 1-Ω resistor in series with a 10 mH inductor. The magnetising impedance 
may be considered as connected across the primary terminals and consists of a 300-Ω 
resistor in parallel with a 200 mH inductor. Calculate, for a slip of 0.05: 

(a) the input current and power factor; 
(b) the electromagnetic torque; 
(c) the mechanical output-power if the mechanical loss-torque is 1 Nm; 
(d) the efficiency. 
If the mechanical load-torque were to be increased from this figure, at what speed would 

the motor begin to stall? 

T4.2. A 3-phase, 440-V, 50-Hz, 4-pole, star-connected induction machine gave the 
following line-input readings during parameter tests: 

Locked rotor (short circuit) 120 V 25 A 2.0 kW 
No-load (running uncoupled) 440 V 8 A 1.5 kW 

Separate tests determined the friction and windage loss as 600 W. 
Using the approximation that the magnetising branch is connected across the terminals, 

deduce the value of the equivalent-circuit parameters, dividing the leakage impedance 
equally to give identical stator and (referred) rotor values. Note that the mechanical loss 
must be deducted from the no-load input before calculating Rm and Xm. 
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(a) At the full-load slip of 4 % determine the input current and power factor, the rotor 
(referred) current, electromagnetic torque, output power and efficiency. 

(b) What is the starting torque at full voltage and the ratio of starting current to full-
load current? 

T4.3. Using the data for the machine of the last question, calculate at a speed of 
1560 rev/min: 

(a) the stator current and power factor; 
(b) the rotor current; 
(c) the electromagnetic torque; 
(d) the mechanical coupling-power; 
(e) the efficiency. 
Repeat the calculations using the same parameters in the "exact" circuit and draw a 

power-flow diagram similar to that of Example 4.8 to illustrate this operating mode. 
From the "exact" circuit calculate the self-inductance of the stator and rotor and the 

mutual inductance, all referred to the stator winding, for the condition with all three phases 
excited with balanced currents. 

T4.4. A 50-Hz, 6-pole, wound-rotor induction motor has a star-connected stator and a 
delta-connected rotor. The effective stator/rotor turns-ratio per phase is 2/1. The rotor 
leakage impedance at standstill is 0.36 + J1.5Q, the corresponding figure for the stator 
being lA+pQ per phase. 

If the impressed stator voltage is 220 V/phase, calculate: 

(a) the actual rotor current at starting; 
(b) the actual rotor current when running at 960 rev/min; 
(c) the initial rotor current when, from condition (b), the stator supply sequence, (and 

hence the rotating field) is suddenly reversed; 
(d) the electrical input power for condition (c) and the mode of operation; 
(e) the required resistance in series with the slip rings, to give maximum torque at 

starting. 

Note: for convenience, refer all quantities to the rotor winding. 

T4.5. Determine the value of the starting torque and the maximum torque (in terms of 
the full-load torque) for an induction motor with a full-load slip of 4 %. The primary and 
secondary leakage reactances are identical when referred to the same winding and the 
leakage reactance is five times the resistance. Note: use I2

2
R2/s ratios so that any constants 

will cancel. 

T4.6. In a certain 3-phase induction motor, the stator and referred-rotor impedances 
are identical, the leakage reactance being four times the resistance. Determine the effect on 
the starting torque, the speed at which maximum torque occurs and the maximum torque 
itself of doubling: 

(a) the rotor resistance; 
(b) the stator resistance. 
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Hence sketch the shape of the three speed/torque curves corresponding to normal 
operation, condition (a) and condition (b). Note: let R1 = R'2 = R and xl = x'2 = 4/?, then 
use ratios of the appropriate expressions, taking normal 7 m ax as 1 per-unit torque. 

T4.7. On locked-rotor test, an induction motor takes three times full-load current 
(3 per-unit), at half rated-voltage. The motor has a full-load slip of 4 % and is to be started 
against a load requiring 1/3 of full-load torque. An auto-transformer is used to reduce the 
motor terminal voltage at starting so that it is just sufficient to meet this requirement. What 
percentage tapping will be necessary and what will then be the supply current expressed in 
per unit? 

Note: if the ratio of starting torque to rated torque at full voltage, is expressed in terms of 
the appropriate I2

2
R2/s ratios, the value of the per-unit starting torque will be given in 

terms of per-unit current and full-load slip. Hence the required starting current in per-unit 
for the reduced starting torque and the transformer tapping will follow. 

T4.8. The speed/electromagnetic-torque curve for a 50-Hz, 4-pole induction motor at 
rated voltage is given by the following points: 

Speed 1470 1440 1410 1300 1100 900 750 350 0 rev/min 
Torque 6 12 18 26 30 26 22 14 10 Nm 

The mechanical load it drives requires a torque of 14 Nm and the mechanical loss torque 
can be taken as 1 Nm. What is the speed at normal voltage? 

It is required to reduce the speed to 1200 rev/min. Assuming that the load and loss 
torques do not change with speed: 

(a) What voltage reduction would be required? 
(b) What percentage increase in rotor resistance would be required if the voltage was left 

unchanged? 
Comment on these two methods of achieving this speed reduction. 

T4.9. A 3-phase, 440-V, 50-Hz, 6-pole, delta-connected induction motor drives a fan at 
920 rev/min when supplied at rated voltage. The motor has a high-resistance speed/torque 
characteristic and the following equivalent-circuit parameters: 

Κι = 8Ω, /?'2 = 16Ω, χ, = x'2 = 12Ω. 

Assuming the total mechanical torque varies in proportion to the square of the speed, 
what supply voltage would be required to run the fan at 460 rev/min and what will then be 
the rotor current and copper loss? 

As an alternative, calculate the required extra rotor-resistance to get half speed with full 
voltage; the unknown in eqn (4.5) is now K'2. Calculate the rotor current and copper loss to 
compare with the previous method. Refer also to T.4.22. 

T4.10. A certain 3-phase induction motor on locked-rotor test takes full-load current at 
a power-factor of 0.4 lagging, from a normal-frequency supply. If the motor is operated 
with a 30 % reduction in both voltage and frequency, estimate the new starting torque and 
maximum torque in terms of normal values. Sketch the two speed/torque curves for 
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comparison. Assume the impedance is divided equally between stator and (referred) rotor. 
Note: take Rt + R'2 = 0.4 and X j = x'2 as sin (cos

 - 1
 0.4) and use ratios from appropriate 

expressions. 

T4.11. A 3-phase, 440-V, 50-Hz, 6-pole, star-connected induction motor has the 
following equivalent-circuit parameters at normal supply frequency: 

Κ, = 0.2Ω, R'2 = 0.18Ω, X i = x'2 = 0.58Ω per phase. 

The machine is run up and controlled from a variable-frequency supply, the voltage of 
which is directly proportional to the frequency up to 440 V at 50 Hz. Find the supply 
frequency which gives maximum-starting torque and compare the value of this torque with 
the starting torque at rated voltage and frequency. 

Note: set voltage, synchronous speed and reactances at k V, ka>s and kx respectively in the 
approximate-circuit expressions, then differentiate with respect to k. 

T4.12. For a certain 3-phase induction motor, i?j -hjxt = R'2 +jx'2 and xJRi = 3 at 
normal frequency. Calculate speed/torque coordinates at zero torque, maximum motoring 
torque and at zero speed for the following conditions: 

(a) rated voltage V and rated frequency / 
(b) voltage Γ/3 and frequency fß\ 
(c) " Γ/3 and " / 
(d) " V and " 1.5/ 

Express speeds as fractions of rated synchronous speed and torques as fractions of the 
maximum torque at rated voltage and frequency. 

Note: use equations (4.5), (4.12) and (4.13) with Rx = R'2 = R and X j = x'2 = 3R at 
normal frequency. Using torque ratios will permit common terms to cancel, s values will be 
with respect to the actual supply frequency. 

T4.13. Sketch the speed/torque characteristics for an induction-motor drive supplied 
from a variable-frequency source, explaining why it is desirable to maintain a particular 
relationship between supply voltage and frequency. 

A 3-phase, 400-V, 50-Hz, 6-pole, star-connected induction motor has leakage impe-
dances zl = z'2 = 0.15 + jO.75 Ω per phase at rated frequency. Calculate the torque at rated 
voltage and frequency for the rated slip of 3 %. 

If the same torque is required at starting and also at 750 rev/min, to what values must the 
supply frequency and voltage be adjusted if the machine flux-per-pole is to be the same as at 
the rated condition? 

T4.14. A 3-phase, 50-Hz, 4-pole induction motor at rated voltage and frequency has the 
speed/torque characteristic given in Example 4.10. The motor is controlled to maintain the 
flux-per-pole-constant at any particular torque. Estimate the frequency required to 
produce: 

(a) maximum torque at starting; 
(b) a speed of 750 rev/min with a torque of 9 Nm. 

328 



[APPENDIX C] TUTORIAL EXAMPLES 

T 4 . 1 5 . Show that if rotor leakage reactance is neglected, maximum torque for a 
constant-current induction-motor drive occurs when the rotor current and magnetising 
current are equal in value at IJy/2. Show also that for maximum torque during a constant-
current acceleration, the rotor frequency must be constant. 

Using the data from T4.1, but neglecting the magnetising resistance, calculate the 
maximum torque: 

(a) with rated voltage and frequency applied—use the approximate circuit; 

(b) with a constant-current drive at the same rotor current as in (a). Include x2 and 
calculate the required l{ as well as the maximum torques: 

(i) neglecting saturation of Xm and: 
(ii) assuming saturation reduces Xm to 62.8/3 ohms per phase. 

Check whether condition (b)(ii) is feasible by calculating the value of the required line 
voltage to supply the primary current at starting and at 300 rev/min. The "exact" circuit 
will have to be used for this purpose. 

T 4 . 1 6 . A 3-phase, 660-V, 50-Hz, 4-pole, delta-connected induction motor has z x = 
z'2 =0.15 + jO.75 Ω per phase at standstill. The full-load slip is 3 %. Compare the torque 
developed at full load with that developed immediately after making the following 
alternative changes from the full-load condition: 

(a) reversal of two primary-supply leads; 
(b) disconnection of a.c. supply from primary and replacement by a d.c. voltage across 

two lines, previously adjusted so that the same air-gap flux will exist as before the 
changeover. 

What is the initial per-unit current in each case, based on full-load current? 

T 4 . 1 7 . A 3-phase, 1100-V, 50-Hz, 6-pole, star-connected induction machine when 
operating at full load as a motor running at 980 rev/min takes a total current of 
113.5-J76.3 A per phase, the current through the magnetising branch being-3.8 -J59.3 A 
per phase, with the terminal voltage as the reference phasor. The primary and (referred) 
secondary impedances are of equal value at standstill at 0.1 + j0.4 Ω per phase. Calculate 
Xm from EJIm (neglecting Rm\ where £ t = |Vx -IJZJ | and obtain the equivalent circuit 
for a d.c. dynamic braking condition, with an extra rotor (referred) resistance of 3.5 Ω per 
phase. What is then the electromagnetic torque when switched over from motoring, 
assuming the air-gap flux is unchanged? 

To maintain this air-gap flux what is the required stator current: (a) in a.c. terms and (b) 
in d.c. terms; two of the phases being connected in series for d.c. excitation purposes? What 
excitation voltage would be required? 

Calculate also the speed at which maximum torque occurs when dynamic braking and 
the ratio of this torque to that which occurs immediately after changing over the 
connections from rated motoring load. 

T 4 . 1 8 . A 3-phase, 400-V, 50-Hz, 4-pole, star-connected, double-cage induction motor 
has the following equivalent circuit parameters per phase at standstill: 
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Primary 
Outer cage 
Inner cage 

0.0625 -I- jO.25 per-unit, (0.5 + j2 Ω); 
0.25+J0.075 per-unit, (2 + )0.6Ω); 

0.0375+ J0.3125 per-unit, (0.3+j2.5Q). 

The per-unit impedances are based on rated voltage and any convenient output, say 20 kW, 
for which the ohmic impedances are shown (base impedance = 8 Ω). Calculate the per-unit 
starting torque and also the mechanical power when the speed is 1410 rev/min. Use per-unit 
values in the calculation but check the answers using real values. 

T4.19. For the motor of Example 4.19, p. 131 calculate the three, input line-currents and 
electromagnetic torque for a positive-sequence slip of 3 %, if the line voltages are only 
slightly unbalanced at 440 V, 430 V and 430 V. There will be no zero-sequence currents and 
calculation of the other currents, though somewhat tedious, is facilitated if polar 
coordinates are used to get V + /Ζ + and V _ /Z _ for each phase. These must be added using 
cartesian coordinates of course. The positive- and negative-sequence phase voltages must 
be obtained for each phase, noting that the former lag 30 behind the line voltages, 
Fig. 1.6c, whereas the latter lead the line voltages by 30°. 

T4.20. Solve the single-phase induction-motor problem of Example 4.21, p. 135, for a slip 
of 0.03, using the exact equivalent circuit though neglecting the very small effect of Rm\ i.e. 
XJ2 = 20 a RJ2 = R'2/2 = 0.1 Ω, xJ2 = x'2/2 = 0.5 Ω. 

Note: combine the primary, forward-circuit and backwards-circuit impedances in series 
to determine the total current. Hence follow the e.m.f.s Ef and Eb and the currents I f, Ib, I mf 
and I m b. Compare answers with those from the approximate circuit in Example 4.21. The 
calculation of the torque pulsation will be deferred to Tutorial example T7.7, which could 
be referred to with advantage. 

T4.21. Using the answers of Tutorial Problem T4.20 and assuming that the iron loss 
and mechanical loss are unchanged from the operating condition of Example 4.2(b) (p. 94) 
determine the output, power factor and efficiency as a single-phase motor running at 3 % 
slip. What would these values be if the motor was 2-phase, having two windings in 
quadrature, each phase having an identical equivalent circuit to that of Example 4.2(b)? 
Make a table comparing the answers. 

T4.22. Consideration is to be given to controlling the fan-motor drive of Tutorial 
Example T4.9 by means of a slip-power recovery scheme to compare the performance. The 
rotor power-factor at 460 rev/min is to remain the same as at 920 rev/min but the 
impedance drop of the equivalent circuit, which previously was supplied entirely by the 
stator voltage (121.8 V), will now be provided by rated voltage \ l (440+j0) - V3/s; eqn 
(4.19). V3 will have to be in phase with Wl if there is to be no change of power factor. The 
value of the current will be less however because the torque expression is different, eqn 
(4.20). Determine V3 and this new current, the VA, the corresponding rotor copper-loss and 
the slip power recovered, 3( V'3I'2 cos φ3). Check that the total rotor circuit power is the same 
as for T4.9. Also determine the maximum VA rating of the injected-power source to give 
speed control over the whole range to zero speed. Compare, on a phasor diagram, the three 
methods of speed reduction. 
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T4.23. Show that the linear speed of a rotating field at frequency/, number of pole pairs 
p, pole pitch τ = nd/lp metres is υ = 2xf metres/s. Hence determine the pole pitch of a 
linear induction motor required to have a speed of 200 miles per hour with a slip of 0.5, 
from a 50-Hz supply. 

Chapter 5. Synchronous Machines 

Unless specifically stated otherwise, the following problems will assume that the air gap 
is uniform, and that resistance and mechanical losses are neglected. 

T5.1. A 3-phase, 3.3-kV, 50-Hz, 6-pole, star-connected synchronous motor gave the 
following test points when run at synchronous speed as a generator, on open circuit and 
then on short circuit: 

Open-circuit test Line voltage 2080 3100 3730 4060 4310 V 
Field current 25 40 55 70 90 A 

Short-circuit test Armature current 100 A with field current = 40 A. 

The armature leakage impedance and all power losses may be neglected. 
Calculate the excitation current required at rated voltage and frequency when operating 

with a mechanical output of 500 kW and an input power factor of 0.8 leading. Allow for the 
saturation of the magnetising reactance A

r

m u(= Xsu since x al = 0). 
What overload torque, gradually applied, would pull the machine out of synchronism 

with this calculated field-current maintained? Note that saturation affects both E{ and Xs 
to the same degree. What then is the permissible overload in per unit based on full-load 
torque? (Overload = Max./Rated.) 

T5.2. Recalculate the answers for Examples 5.5 and 5.6 where appropriate, but 
neglecting the resistance, to check the errors in the approximation. 

T5.3. A 3-phase, 500-kVA, 6600-V, 50-Hz, 6-pole, star-connected synchronous motor 
has a synchronous impedance per-phase which can be taken as j70 Ω. At its normal rating, 
the motor is excited to give unity power-factor at the input terminals. Find: 

(a) the rated current; 
(b) the e.m.f. behind synchronous impedance (£f); 
(c) the rated electromagnetic torque; 
(d) the pull-out torque with excitation as in (b); 
(e) the required increase in excitation (E{) which will just permit an overload margin of 

100% before pulling out of synchronism; 
(f ) the load angle, armature current and power factor if this excitation is maintained at 

rated load. 

T5.4. A 3-phase, 6600-V, star-connected synchronous motor has a synchronous 
impedance of (0 + J30) Ω per phase. When driving its normal load, the input current is 
100 A at a power factor of 0.9 lagging. 
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The excitation is now increased by 50 % above the value required to sustain the above 
condition, the mechanical load being unaltered. What changes in machine behaviour will 
take place? 

With the new excitation, to what value and power factor will the armature current settle 
down if the mechanical load is removed altogether? 

T5.5. A 3-phase, 11-kV, 50-Hz, 6-pole, star-connected synchronous motor is rated at 1 
MVA and power factor 0.9 leading. It has a synchronous impedance which may be taken as 
entirely inductive of value j 120 Ω per phase. Calculate the rated current, the e.m.f. behind 
synchronous impedance, the electromagnetic torque and the output power. 

Calculate the new values of armature current and excitation required to give operation at 
rated power but at 0.8 p.f. lagging. Express these values as fractions of rated values. 

With the same excitation and armature current, at what power and power factor would 
the machine operate if running as a generator? 

Note: use the cosine rule on the voltage triangle. 

T5.6. Make a concise comparison of synchronous- and induction-machine perform-
ance features. 

A 3-phase, 1000-kVA, 6.6-kV synchronous motor operates at unity power-factor when at 
its rated load condition. Its synchronous impedance can be taken as j40 Ω per phase. 
Determine the e.m.f. behind synchronous impedance. 

For a 50 % change of this excitation voltage (both increased and decreased values), what 
changes would take place in the motor performance? 

T5.7. A 3-phase, 440-V, 50-Hz, 6-pole, star-connected synchronous motor has a 
synchronous impedance of (0 -h j 10) Ω per phase. At its normal rating, the armature current 
is 20 A and the power factor is 0.9 leading. The load torque is slowly increased from this 
condition to 300 Nm. By what percentage must the excitation be increased to avoid pulling 
out of step with this load torque? 

T5.8. A round rotor machine has 3-phase windings on stator and rotor, the stator being 
connected to the 3-phase mains. Explain briefly why the machine will work in the induction 
mode at all speeds other than one particular value, with the rotor short circuited, whereas, 
in the synchronous mode, this speed is the only value at which it will operate when the rotor 
is d.c. supplied. 

A 3-phase, 6.6-kV, star-connected synchronous motor has a synchronous impedance of 
(0 + j48) Ω per phase, and is running at its rated output of 650 kW. What will be the input 
current and power factor when the excitation is so adjusted that the e.m.f. behind 
synchronous impedance is 1.5 times the applied voltage? 

If the supply voltage was to suffer a fall of 50 %, would you expect the machine to 
continue supplying the load at synchronous speed? Would the reaction to this voltage fall 
have been generally similar if the machine had instead been motoring in the induction 
mode? Give reasons for your answers. 

T5.9. Solve the numerical examples of T5.2 to T5.8 using the phasor loci and operating 
charts as in the solution of Example 5.16. Note that the Examples 5.5 to 5.7, for which the 
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resistance was included, can also be solved by this method but with V/(/?a+jA's) defining 
the circle centre, the excitation term drawn from this being Ef/(Ra+}Xs). 

T5.10. A 3-phase, 3.3-kV industrial plant has the following induction-motor drives: 

A star-connected synchronous motor rated at 150 k VA is to be installed and is to be 
overexcited to improve the overall plant power-factor to unity when all machines are 
operating at their full ratings. 

What is the required excitation in terms of the e.m.f. (Ef) if Zs = 0+J50 Ω per phase? 
What power output will the synchronous motor be delivering if its efficiency is 95 % when it 
is operating at rated kVA? 

T5.l l . A 3.3-kV, 3-phase industrial installation has an overall power factor of 0.88 
lagging. A 200-kVA synchronous motor is added to the system and is run at zero power 
factor and slightly reduced rating to provide power-factor correction only. The total load is 
then 350 kVA at unity power factor. 

If it was decided to run the synchronous machine at its rated k VA and use it as a source of 
mechanical power, what gross mechanical power would it produce with the overall power 
factor of the installation at: 

(a) unity; 
(b) reduced to 0.96 lagging? 
Note: In part (b) / PS and / QS are both unknowns but are the quadrature components of 

the rated synchronous machine current / s i.e. /ps = ^/h
2
 — JQS

2
-

T5.12. Convert eqn (5.12) to an expression giving the total torque in per-unit for any 
frequency, k times the base frequency at which E{ and Xs are specified. It will be the same 
form as eqn (5.20) except for a factor - s in (^-a ) multiplying the first term, see also 
Tutorial Example T7.6. 

Refer to the above equation and the preamble before Example 5.15, using the same 
values of Ra and Xs as in this example, to determine the required excitation (£ f ) in per unit 
when operating at rated frequency, rated voltage and current and a power factor of 0.8 
leading. If the load is increased slowly, what maximum value of electromagnetic torque 
with the corresponding current will be reached before pulling out of synchronism? 

What value of terminal voltage would be required, with the excitation maintained, to 
sustain this maximum torque when (a) k = 0.3, and (b) k = 0.1? 

T5.13. Solve Tutorial Examples T5.3 to T5.8 using the current-source equivalent circuit 
of Fig. 5.3c and the sine or cosine rules, where appropriate. 

T5.14. A salient-pole synchronous motor has V = 1 per unit, Xd = 0.9 per unit and XQ 
— 0.6 per unit. Neglect Ra. The current is 1 per unit at power factor 0.8 leading. Calculate 

Rated output 
Full-load efficiency 
Full-load power factor 

IM 1 
50 
93% 
0.89 

IM 2 
100 
94% 
0.91 

IM 3 
150 kW 
94.5% 
0.93 
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the required excitation, power and torque in per unit and also the components / d and /q. 
What is the maximum torque? 

Note: refer to the phasor diagram of Fig. 5.4a, the relationships / q = /acos(<5 — <p); 
Id = /asin(<5 — φ) and eqn (5.22) to solve for δ; eqn (5.23) to solve for Ef. 

T5.15. The same synchronous motor as in the previous question has its e.m.f. £ f reduced 
to 1 per unit, the power remaining the same. What will now be the load angle, power factor, 
/ a, / d and /q? What will be the maximum torque and its reduction from the previous 
maximum value with the higher excitation? 

Note: with the data given, for a specified power of 0.8, an explicit solution is not possible 
but using eqn (5.24) a simple iteration will quickly produce the value of δ. Eqns (5.22) and 
(5.23) then solve for the currents. 

T5.16. Use eqn (5.15), (5.16) or (5.17) as appropriate to check any, or all, of the various 
torque calculations for uniform air-gap induction and synchronous machines. 

T5.17. A permanent-magnet synchronous machine has an open-circuit e.m.f. equal, at 
rated speed to the terminal voltage. The value of Xd is 0.8 per unit and XQ = 1 per unit. Note 
that the direct-axis flux has to negotiate the low-permeability permanent-magnet material 
whereas for the quadrature axis, the flux has a soft-iron path in the rotor structure, hence 
XQ> Xd. Refer to Example 5.22 and show that maximum torque occurs at an angle greater 
than 90

c
 and calculate its value in per unit. What is the load angle, power factor and current 

at 1 per-unit torque. A short iteration procedure with eqn (5.24) will be necessary to obtain δ 
and eqns (5.22) and (5.23) will yield the current components etc. 

Chapter 6. Transient Behaviour 

T6.1. Consider an idealised thermal system and a small change of temperature rise ΑΘ 
taking place in time Δί. It has a heat source of Ρ watts, a heat storage capacity of Ai.S joules 
per C, where M = mass in kg and S = specific heat in joules per kg per

 Ü
C change, and 

radiates heat at the rate of Κ.Θ watts per second, where Κ has the units of watts/ C and θ is 
the temperature rise above the surroundings. Balance the heat generated in time Δί against 
the heat stored and radiated and hence show that the temperature rises exponentially in 
accordance with eqn (6.2). 

Assuming that an electrical machine can be so represented, calculate the maximum and 
minimum temperature rises occurring eventually when it has been subjected repeatedly to 
the following duty cycle for an appropriate period: 

(a) full-load ON for a time equal to the thermal time constant, τ; 
(b) load reduced to zero for a time equal to one half of the thermal time constant. 
Express the temperature rises in terms of the final temperature rise 6m which would occur 

if the full load were to be left on indefinitely. 
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Starting from cold, what would be the temperature rises at times τ, 1.5τ and 2.5τ? What is 
the r.m.s. value of the duty cycle in terms of the full-load power P? 

T6.2. A 230-V, 50-hp, 935-rev/min, separately-excited d.c. motor has a rated armature 
current of 176 A. The armature-circuit resistance is 0.065 Ω. If a starting resistance of 
0.75 Ω is connected in series, what will be the initial starting current and torque exerted with 
rated field current maintained? 

With a Coulomb-friction load of 271.3 Nm and a total coupled inertia of 3.58 kg m
2
, 

what will be the final balancing speed and the time taken to reach 98 % of this speed? 
If the motor were to be supplied from a constant-current source instead, set at a value 

corresponding to the initial starting current above, what would then be the time to full 
speed from rest? Explain fully the difference between the two time periods calculated. 

T6.3. Using the data of Example 6.3, consider the next step of the starting period when it 
can be assumed that on current falling to 60 A, the circuit resistance is reduced so that the 
current again increases to 80 A. What will be the e.m.f. at this instant and the value of the 
total circuit resistance required to produce this result? 

Set up the new transient speed equation and find: 

(a) the new electromechanical time constant; 
(b) the next balancing speed if the resistance is left in circuit; 
(c) the time for the speed to rise to 400 rev/min if, on reaching the speed in (b), the 

mechanical torque is suddenly reduced to zero. 
Neglect the circuit inductance. 

T6.4. The machine of the last Tutorial Example has an armature rating of 220 V, 40 A at 
500 rev/min. The armature-circuit resistance is 0.25 Ω and the rotational inertia is 
13.5 kg m

2
. Calculate the rated flux in Nm/A and the stored-energy constant, [stored 

energy i-/ctf
2

( b a s e )/rated power, see eqn (8.9)]. a>m ( b a s e) is 1 per-unit machine speed in 
radians/sec at full voltage and full flux. 

An estimate of the armature-circuit inductance for a d.c. machine in per unit, eqn (8.10), is 
given by: 

Κ 
L per unit = 

In xf at base speed 

where Κ = 0.6 for a non-compensated machine and Κ = 0.25 for a fully-compensated 
machine./at base speed is the conductor frequency (pnbäX) at base speed. Make an estimate 
of the inductance for this 4-pole compensated machine and hence calculate the electrical 
and electromachanical time constants to see whether the speed response is likely to be 
oscillatory. Check the time constants using actual and per-unit expressions. 

T6.5. A 250-V, 500-rev/min d.c. separately-excited motor has an armature resistance of 
0.13 Ω and takes an armature current of 60 A when delivering full-load power at rated flux, 
which is maintained constant throughout. Calculate the speed at which a braking torque 
equal to the full-load torque will be developed when: 
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(a) regeneratively braking at normal terminal voltage; 
(b) plugging braking but with an extra resistor to limit the initial torque on changeover 

to 3 per-unit; 

(c) dynamically braking with an extra resistor to limit the peak current to 2 per-unit. 

For cases (b) and (c), write down the torque balance-equation and hence find the 
maximum total inertia in each case which could be reduced to zero speed in 2 sec, the full-
load, friction torque being coupled throughout. 

For case (b), what is the total time to reverse to 95 / 0 of the final balancing speed with the 
extra resistance in circuit? Note the reversal of friction torque with rotation reversal. 

T6.6. For a 3-phase induction motor, express the rotor copper loss as a function of 
electromagnetic torque and slip. Noting that Tc = Jawjat = — Jœsds/dt (see Example 
6.11), integrate the expression for copper loss over a range of slip and show that the energy 
dissipated in rotor heat = {Jœ^is^ —s2

2
). Hence show that for acceleration from zero to 

synchronous speed with zero load and for deceleration from synchronous speed to zero 
under dynamic braking conditions, the energy loss in rotor heating is equal to the stored 
mechanical energy in the rotating mass at synchronous speed. Show also that when 
plugging from synchronous speed to zero speed, the rotor heat energy is equal to three 
times this kinetic energy at synchronous speed. 

Now consider the d.c. separately excited machine under similar conditions. a>s is replaced 
by the no-load speed ω 0 = V/k^ and œm = ω0{\ -s) where s = /3Κ/(/^ω0). Noting also 
that / a = armature copper loss//aK where IaR = sk<pœ0, use the d.c. machine equations 
where appropriate to show that the rotor energy loss is the same in terms of the kinetic 
energy, as for the induction machine for the same transient conditions. 

T6.7. A 300-V, d.c. series motor driven at 500 rev/min as a separately excited generator, 
with the armature loaded to give the same current as in the field winding, gave the following 
characteristic: 

Terminal voltage 142 224 273 305 318 V 
Field current 15 25 35 45 55 A 

The field and armature resistances are each 0.15 Ω. 
The motor is to be braked from normal motoring speed where it is developing an 

electromagnetic torque of 300 Nm when supplied from 300 V. An external resistor is to be 
inserted to limit the initial current to 55 A. It can be assumed that on changeover, the 
response of flux following the increase of current, is completed before the speed changes 
significantly so that the e.m.f. rises also. 

(a) Determine the speed when motoring at 300 Nm, from 300 V, and the corresponding 
values of current and flux (/c0). 

(b) Calculate the required resistor values for plugging and for dynamic braking. 

(c) Estimate the times in (b) for the speed to fall to such a level that the braking torque is 
equal in magnitude to the full-load torque, the load torque being still coupled and the 
inertia is lOkgm

2
. 
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Note: the motor curves must be calculated in order to solve part (a) but on braking, 
only two specific points are required and the average braking torque can be used. 
Nevertheless, it may be a good idea to sketch the braking curves to clarify the method. 

T6.8. Using the data of Example 4.10 and the associated figure, calculate the time to 
accelerate from zero speed to 1400 rev/min at full voltage and with the natural rotor 
resistance. Take the total drive inertia as 0.05 kgm

2
 as in Example 6.7, p. 216 and take 

points on the curves at speed intervals of 200 rev/min. 

T6.9. A 10-pole, 50-Hz induction motor drives a d.c. pulse generator through a flywheel 
coupled between the two machines. The pulse requires a generator input torque of 
2713 Nm for 4 sec and the combined inertia of machines and flywheel is 1686 kg m

2
. The 

no-load speed of the motor is 597 rev/min and the speed at rated torque of 977 Nm is 
576 rev/min. Assuming the fall of speed with torque is linear, what is the peak motor-
torque at the end of the load pulse? 

T6.10. A mine winder requires the following duty cycle for its d.c. motor: 

Time period Condition Torque required 
0-20 sec Constant acceleration up to 45 rev/min 2.712 χ 10

5
 Nm 

20-50 sec Constant speed of 45 rev/min 1.356 χ 10
5
 Nm 

50-70 sec Regenerative braking at constant torque —0.678 χ 10
5
 Nm 

70-90 sec Speed now zero; rest period 

Plot the torque and power duty-cycles, find the average power throughout the cycle and 
draw a line at the appropriate height representing this average power. The area above (and 
below) this line represents the magnitude of the energy pulsation in watt-seconds. If this is 
provided by the stored energy of the flywheel and inertia of the motor-generator set 
supplying the winder motor, then the m.g. set motor will be shielded from the peak. The 
m.g. set speed will have to fall, under control, from to ω 2 to release this energy of 
magnitude

 l

2Jœx

2
 — \3ω2 watt-seconds. By equating, the value of J follows. Determine 

this inertia if the m.g. set motor speed falls from 740 to 650 rev/min. 
What is the peak power when motoring and when regenerating? Neglect machine losses. 

T6.ll . Referring to Fig. 6.4, p. 209 showing the duty cycle for a mine hoist, the 
numerical values are as follows: 

Torque Γ, = 0.6, T2 = 0.55, Γ 3 = 0.3, T4 = -0 .1 , T5 = -0.35, Tb = -0 .4 
(Nm χ !0

6
) 

Time tl = 10, t2 = 80, r3 = 10, f4 = 20. 
(seconds) 

The motor speed reaches a maximum of 40 rev/min. Determine the average and the r.m.s. 
torque—refer to eqn (6.12). Calculate the various power ordinates and from the 
power/time curve obtain the average and the r.m.s. power: 

(a) using the actual motor speed, 
(b) assuming the motor speed is constant at the maximum value. 

337 

http://T6.ll


ELECTRICAL MACHINES AND DRIVES 

Chapter 7. Power-electronic/Electrical Machine Drives 

T7.1. A d.c. permanent-magnet motor is supplied from a 50-V source through a fixed-
frequency chopper circuit. At normal motor rating the armature current is 30 A and the 
speed is 1000 rev/min. The armature resistance is 0.2 Ω. If the current pulsations can be 
taken as relatively small so that the mean current can be used in calculations, what is the 
required duty-cycle ratio of the chopper if the motor is to operate at a mean torque 
corresponding to the full rating and at a speed of 400 rev/min? 

T7.2. A battery-driven vehicle is powered by a d.c. series motor. The time-constant of 
armature and field together is 0.2 sec, the resistance being 0.1 Ω. At a speed of 1000 rev/min, 
the mean generated volts/field A over the operating range of current is 0.9. A fixed 
frequency, 200-Hz chopper is used to control the speed and when this is 1000 rev/min, the 
mark: space ratio is 3 :2. The battery voltage is 200 V. Find the maximum and minimum 
values of the current pulsation and hence determine the mean torque and power output if 
the mechanical losses are 1000 W. 

T7.3. Referring to the derivation of eqn (A.3) in Appendix A, show that the voltage loss 
due to overlap is also equal to Ed0 sin

2
///2 when the alternative method is used for averaging 

over the pulse period 2π/πι. The instantaneous expressions for the e.m.f.s are: 
ea = Epcos (ωί — π/m) and eb = £ p cos (œt + π/τη). 

A 3-phase diode bridge is to provide an output of 220 V, 50 A d.c. from a 3-phase, 440-V 
supply and a suitable transformer. Allow for a 30° overlap angle, a 1-V drop for each diode 
and 4V for the transformer resistance losses, referred to the d.c. terminals. If the 
transformer flux can be expressed as 3 r.m.s. volts/turn find a suitable number of primary 
and secondary turns for a delta/star transformer and its kVA rating. Note that all voltage 
drops must be added to the required terminal voltage to obtain the necessary value of Edo. 

T7.4. On a thyristor converter/d.c. machine system, the converter mean voltage falls 
from 500 V on no load to 460 V when delivering 100 A, there being no gate firing delay. The 
d.c. motor has an armature resistance of 0.3 Ω. Determine the required firing-delay angle α 
under the following conditions: 

(a) As a motor taking 50 A and excited to produce an e.m.f. £ m = 400 V. 

(b) As a motor at normal rating, 460 V, 100 A, 1000 rev/min. Calculate /C^R. 

(c) Regenerating at rated terminal-voltage and current. 
(d) Motoring at half-speed, the total torque being proportional to (speed)

2
 and the flux 

being set at rated value. 

If speed increase is required by field weakening, what permissible torque can the motor 
deliver at 1250 rev/min without exceeding rated current and what would then be the flux in 
per unit! The firing-delay angle is 0°. 
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T7.5. Referring to Figs 8.4 and 8.5, the induction machine equivalent circuit parameters 
at 50 Hz are as follows: 

Κ,=6 .7Ω, R'2 = l.lCi, L n = L'22 = 0.436 H, M' = 0.41 H, 
xx=x'2= W( L U —M') = 8.168 Ω. 

Values are per phase, with all phases excited. The motor is 4-pole, 50-Hz and star-
connected, the rated line voltage being 220 V. 

For reference purposes and to relate the normal values to Figs 8.4 and 8.5, first use the 
exact equivalent circuit to work out the rated input current, power factor, rotor current and 
electromagnetic torque at a slip of 0.06. Also estimate the maximum torque from the 
approximate circuit and express this in per-unit based on the rated torque. This will help to 
explain the behaviour on Fig. 8.5 when the motor pulls out of synchronism. 

The motor is now to be supplied from a quasi-square-wave, voltage-source inverter as 
shown on Fig. 7.4, with a d.c. link voltage so adjusted that the r.m.s. value of the 
fundamental of phase-voltage waveform is the same as its rated sinusoidal voltage. 
Determine the d.c. link voltage required. 

Using the method described in Section 7.3 culminating in eqn (7.10), estimate the value of 
the 6th-harmonic torque pulsation as a function of time. Compare this with the value 
measured from Fig. 8.4 which is based on 1 per-unit torque = 1.9 Nm and 1 per-unit 
current = 1.3 A. (The computed peak value of pulsation is ±0.327 Nm.) 

T7.6. The cylindrical-rotor synchronous machine of Example 5.15 (and Tutorial 
Example T5.12) is provided with load-angle (δ) control through a position detector. By 
differentiating the torque expression of eqn (5.13) determine the angle at which δ must be 
set to produce maximum torque: 

(a) at rated voltage and frequency; 

(b) at 0.3 χ rated frequency; 

(c) at 0.1 χ rated frequency. 
Use eqn (5.13) modified to per-unit terms and expressed for any frequency, k χ the base 

frequency at which E{ and Xs are specified. 
Check the value of α = tan"

1
 RJkXs at each frequency and show that δ — α is — 90° at 

maximum torque for parts (a), (b) and (c). 
Check also, using the answers to T5.12 for V and £ f, that the maximum torque for (b) 

and (c) is the same as for (a) if the excitation is maintained at the part (a) setting. 

T7.7. For this problem, reference back will be necessary to Example 4.21, Tutorial 
Example T4.20, eqn (7.9) in Section 7.3 and the general approach of Tutorial Example T7.5. 
Use the answers obtained in Tutorial Example T4.20 shown on Fig. T7.7 on p. 340, to 
calculate the average torque and the pulsating torque for the single-phase induction-motor 
operation. The average torque is due to the reaction of If with I m f, minus the reaction of Ib 
and I m b. The pulsating torque is due to the reaction of If with I mb plus the reaction of Ib with 
Im f. Compare the average-torque answer with that obtained in T4.20 and express the 
pulsating torque as a fraction of the average torque. 
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Chapter 8. Mathematical and Computer Simulation of Machine 
Systems 

This chapter, concerned with machine modelling and simulation really needs a computer 
to give tutorial practice. Equations are given in some cases for fairly substantial programs 
so that to check Figs 8.4, 8.5 and 8.11 for example would require much time for program 
development. The data are available for the purpose however and once the program is 
working successfully relatively small changes are needed to explore a variety of problems. 
Note that for Figs 8.4 and 8.5, Tutorial Example T7.5 gives the machine data, the inertia 
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being artificially lowered to J — 0.009 kgm
2
 so that acceleration could be speeded up and 

the various transients observed on the graph plot over a few cycles. A d-q simulation of 
these two figures should give almost identical results using rather longer time increments. 
For the inverter waveform this could mean an increase from H = 10 /is to 100 //s say, and 
for a sinusoidal waveform, from H = 100 //s to 0.5 ms. Apart from such major 
computational exercises, the following suggested problems give an opportunity to think 
around the ideas presented in this chapter. 

T8.1. The steps in the development of eqn (8.6) have been given in broad outline but it 
would be a useful exercise to make the substitutions suggested and work through the matrix 
multiplications in detail to obtain Z' = C t.Z.C. 

T8.2. A single-phase a.c. load is connected through a bilateral thyristor-type semi-
conductor switch. It conducts if the voltage across it is 1 V or more, in either direction, and 
the time angle (θ = ωί) of the sine-wave supply voltage e = Ε sin ωί, is greater than the 
firing-delay angle α measured from voltage zero for the positive halfwave, and greater than 
(π + α) for the negative half wave. Draw up a logic-check diagram, similar to that of 
Example 8.3, which will check the conduction condition. 

Consider how this could be applied to a star-connected 3-phase source supplying a 
3-phase star-connected induction motor which is voltage controlled for speed variation. 

T8.3. Using the nodal equations developed for the series LCR circuit, eqn (8.18), 
together with eqns (8.20) and (8.21), determine the current response for an applied d.c. 
voltage vx = 100 V, L = 1 H,C = 1 F,andf? = 1 Ω. Compare with the analytical solution, 
(obtained by any suitable method). A time increment Η = 0.1 sec is satisfactory. 
Commence with initial conditions all zero. 

The analytical solution is: 

i = U5.5e-
t,2
sin{y/3/2)t, 

which is a damped sinusoid with a maximum first oscillation peak of 54.4 A occurring at 
ί = 1.3 sec. and decaying almost to zero in 10 seconds. If a hand calculator is used to work 
through eqns (8.18), (8.20) and (8.21) for the first increment; i = 4.75 A at t = 0.1 sec. 

T8.4. From the expressions for direct- and quadrature axis-flux linkages, prove that the 
final equations for voltage and torque given in Appendix Β in terms of flux linkages are the 
same as those derived from the impedance matrix for the rotor reference frame. 

T8.5. Calculate vdss and vqss at time t = 0 for a 3-phase stator voltage when 
i'A = 100 sin ωί. 

T8.6. For the same voltage as in T8.5 and at the same instant, calculate vdsr and vqsr 
assuming that at t = 0, (a) θ = 0 and (b) θ = π/6. 
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T2.1. Primary 400 turns; Secondary 14 turns per section. 
T2.2. (a) Nl = 1800, N2 = 312, N5 = 12. (b) / , = 9 A , cosç = 0.845, 1030kVA, 

870 kW. 
T2.3. cos φ = 0.986 lead; 0.101 per-unit at 80.5 lag. 
T2.4. (a) 96 V, 25.1 V, - 52.5 V. (b) 98.2 % and 98.559 % at u.p.f. (c) 98.56 %. (d) / 0 

= 0.106 -jO.28 A. (e) 14.78 A at 0.79 p.f., I2 = 145.2 A. 
T2.5. Answers are on attached figure. 

16 14 7-38° 15 75 A 

6351V Ο 13 

50 4 

Ο 48 Δ ^ 6 I Ü B 3 Ü 

0 4 6 

6101 V 

! l 3 7 2 k f t 

6 3 4 V 

FIG. T2.5. 

T2.6. 95.71%; 96.53%. 
T2.7. (a) I A = I B χ 0.827/112..7, transformer A is working with reverse power flow. 

(b) I A = I Bx 0.7/0\ 
T2.8. I t o t al = 16407 — 38° : circulating current = 1787 — 79° . A terminal voltage in-

creased from 375 line V to 392.5 line V. Note; Z A SC = 0.0032-fjO.0181, Z B SC 
= 0.0016 + jO.00716 ohms per phase. 

T2.9. 95.3%. 

T3.1. /c0R = 9.068 Nm/A, Tloss = 24.7 Nm. (a) Ir = 0.9, 55.6 Ω. (b) 525 rev/min. 
(c) 553 rev/min. (d) 160 Ω. (e) 9.64 Ω, 5.2 kW (7 hp). 

T3.2. 296 rev/min; flux and torque reduced to 29.6 % of rated value. 
T3.3. (a) 87.64 A. (b) 802.4Nm. (c) 38.5Nm. ^990Ω. 37.1 kW. 
T3.4. 5.946 Nm/A, 1308 Nm, 102.7 kW; or 0.588, 0.646, and 0.973 per-unit. 
T3.5. 5.84 Nm; 32.7%; 51.4 A. 
T3.6. (a) 151.2 Nm, 23 kW, 87.5%. (b) 139.9 Nm. (c) 32.35 A, 0.687 per-unit. 
T3.7. (a) ^ 670 Ω. (b) 2.52 Ω. (c) 6.85 Ω, 46.5 A. 
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T3.8. (a) 1.77 Nm. (b) 0.53 Nm. The mode is plugging. 
T3.9. œm (rad/s)/Te (Nm) points -88.5/ -36.6, -32.3/309. Remaining answers on 

attached figure. Mode gives limited speed on zero load and has some regenerative 
capability; see Fig. E.3.18(b). 

O A 21 ß 
v W v W -

4 2 0 V + 2 0 V - 2 0 V 
FIG. T3.9. 

T3.10. 1.04Ω; extra 0.35Ω; 865rev/min. Note: 1017 Nm requires 214 A; 271 Nm needs 
97 A. 

T3.l l . (a) 6Ω, 750rev/min. (b) 23Ω, -207 rev/min. 
T3.12. (a) com = 55.12-Tc/164.6, 553 rev/min. (b) œm = - 55.12-7;/7.838, 26 rev/min. 

(c) c ü m = -r c/14 .96, 290 rev/min. 
T3.13. 732 Nm, k = 244. Flux reduced by 17.5%, armature current increased by 42.5 %. 

Excessive armature current required beyond base speed and excessive flux required 
if lower speeds are attempted by strengthening the flux (see also T3.15). 

T3.14. 0.95 per unit; Tm = 0.3 + 0.737o>m. (a) 0.928, 0.885, 0.72. (b) 0.769, 0.666, 1.54. 
(c) 1.034, 1.058,0.575. 

T3.15. (a) 0.965,0.628. (b) (i) 1.725,0.65. (b) (ii) 0.33, 1.694. 

T4.1. (a) 14 A at 0.85 p.f. lag. (b)51.5Nm. (c) 7.54kW. (d) 82.6%. 1265 rev/min. 
T4.2. Κ, = Λ2 =0.53Ω; X j = *i = 1.28Ω; Rm = 215Ω; Xm = 32.1 Ω 

(a) 22 A at 0.86 p.f. lag, 18.1 A, 84.5 Nm, 12.1 kW, 84%. 
(b) 85.1 Nm, 4.5/1. 

T4.3. (a) 21.5 A at 0.837 p.f. lead ("exact" = 19.9A at 0.821 p.f. lead). (b) 19.6A 
(18.7 A). (c) 96.9Nm (88.9 Nm). (d) 16.4 kW (15.1 kW). (e) 83.5% 
(82.4%). L n = L 22 = 106 mH, M' = 102 mH. See flow diagram on Fig. T4.3. 
Actual directions shown, values in kW. 

T4.4. (a) 33 A. (b) 11.1 A. (c) 33.4 A. (d) 1.79 kW; plugging mode, (e) 0.97 Ω. 
T4.5. 7 s t a r t= 0 . 2 9 8 r f i ;r m a, = 1.405r f l. 
T4.6. Answers on Fig. T4.6. Torques are expressed in terms oi normal peak torque. 
T4.7. Ts = I

2
 χ s fl χ Tn (all in per unit). Tapping at 0.481. Motor current = 2.89 p.u. and 

transformer input current = 1.39 p.u. 
T4.8. 1425 rev/min. (a) Reduction to 71.7 % voltage (can be estimated by drawing curves). 

(b) Extra 3R2. (See also T4.9 and T4.22.) 
T4.9. 6.32 Nm at 460 rev/min requires 121.8 V and 2.73 A giving 357 W rotor copper loss; 

or, extra 465 Ω (referred) and 0.51 A giving same rotor loss, (same torque), but 
much reduced stator copper-loss at the lower current. See also T4.22. 
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h * 0.517 

FIG. T4.3. 

Speed 
per - u n i t 

0 0 267 0.5 0 8 8 4 

FIG. T4.6. 

T4.10. Answers on Fig. T4.10. Torques are expressed in terms of normal peak torque. 
T4.l l . k = 0.328 giving V = 144 V and / = 16.4 Hz. Torque = 377 Nm compared with 

223 Nm. 
T4.12. Answers on Fig. T4.12. 
T4.13. 266 Nm; 1.5 Hz, 22.6 line V; 39 Hz, 314 line V. 
T4.14. (a) 13.3 Hz. (b) 28 Hz (f2 = 3 Hz). 
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Speed 
per - un i t 

0.455 0 557 0.91 

FIG. T4.10. 

0 .04 \ 0 354 0 59 10 
O.I I 

FIG. T4.12. 
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T4.15. (a) /'2 = 26.24A, r m ax = 83.7Nm. (b) ( i ) / = 0.7579 Hz, 7, = 39.08 A, Tmax 

= 867.4Nm. (b) ( i i ) / = 2.076 Hz, I, = 42.67 A, T m ax = 316.6Nm. Vl = 111.7 
line V at starting. At 300 rev/min,/ = 12.076 Hz and V\ = 357 line V, so less than 
available supply V. 

T4.16. Rated torque = 1446 Nm; rated current = 123 A.(a)T e = 0.19 p.u. 1'2 = 3.54 p.u. 
(b) Te = 1.35 p.u.. Γ2 = 6.6 p.u. Note, Ex at synchronous speed = 621.9 V. 

T4.17. Xm = 10Ω, Te = 2722Nm, I'2 = 161 A. (a) / 1 = 177A. (b) 7dc = 217A, V dc 

= 43.5 V. Max. torque = 4340 N m (1.59 χ ) at 346 rev/min. 
T4.18. Ts = 0.802 p.u. or 102 Nm. Power = 0.842 p.u. or 16.9 kW for Te = 0.896 p.u. 

T4.19. V A+ = (1/^/3) 4 3 3 . 3 0 7 3 / - 3 0 , V A_ = ( l \ / 3 ) 6 . 6 9 2 7 / + 30 , 
Z + = 3.576/16.258 
Z_ = 1.011/81.427 , 7 A = 73.8 A, 7 B = 67.8 A, 7 C = 68.4 A. 
Te = 622.4 Nm, negative-sequence torque negligible. 

T4.20. Z f = 3.091 +J0.9903, Z b = 0.048 + jO.488, Z i n r„ , = 3.339 + J2.478 = 4.16/36:.6. 
Te = 434.1 Nm. Remaining answers shown on Fig. T7.7 for Tutorial Example T7.7. 

Single phase Two phase Three phase 

Output kW 32.1 31.6 47.9 

Power factor 0.8 0.908 0.908 

Efficiency % 81.6 87.9 88.8 

Stator current A 105.8 77.9 77.9 

Iron loss 1.94 kW. Mechanical loss 1 kW. Note that if the stator had been fully 
wound for 2-phase operation, the output would have been nearer to that for 3-
phase operation. 

T4.22 . V\ = 171.8 V, I'2 = 0.758 A, 390 VA, Rotor loss = 27.6 W. Slip-power recovered 
= 329.4 W. VA rating from rated I'2 (2.1 A) and max. V3 = 440 V is 2770 VA. 
Phasor diagrams for comparison on Fig. T4.22. 
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T4.23. τ = 1.789 m. 

T5.1. Xsu = 19.1 Ω. kf% = 76.6 line V/A, / f = 77.4 A. Max. TT = 10620Nm = 2.22p.u. 
T5.2. (5.5) - 18?7, 31 830 Nm, 229 A at 0.95 lead, 6910 line V, 2010 kW. (5.6) 3750 line V, 

95.7 A at 0.98 lead, 550 kW. 
T5.3. (a) / aR = 43.74A. (b) Ef = 4888/-38.9 (phase V). (c) 4775 Nm. (d) 

7620 Nm. (e) For 9550 Nm, £ f = 10.61 kV (line), (f ) δ = - 3 0 , / a = 48.65 A at 
0.898 lead. 

T5.4. -δ reduced to 29:3 from 47:7. Ia reduced to 96 A and power factor to 0.937 lead. 
On no load the current becomes 57 A at zero leading-power-factor (sync, 
capacitor). 

T5.5. 52.49 A, 10.72 kV/phase, 8594 Nm, 900 kW. / a becomes 59.1 A and Ef = 6.05 kV. 
(1.125 p.u. and 0.56 χ £ f ( r a t e d ). ) 900 kW at 0.8 p.f. lead. 

T5.6. Ef = 51737-42^6 , / aR = 87.48 A. 1.5 E{ gives δ = -26 .8 and / a = 117.1 A at 
0.747 p.f. lead. 0.5 Ef requires - sin δ > 1 to sustain load, so pulls out of step. 

T5.7. Ef = 385.8/-27.8 Normal pull-out torque = 280.8 Nm so £ f must be increased 
by 6.8%. 

T5.8. 61.5 A at 0.91 p.f. lead -sin<5 = 0.4775 so would still be < 1 if V (or £ f) was halved. 
For induction motor TOLV

2
 SO much more sensitive to V reduction. 

T5.10. / QS = 24.3 A, / PS = 9.88 A, Power = 53.65 kW, £ f = 1.66 p.u. (3160 V/phase). 
Τ5.Π. At zero load, kVAr = 188.6. (a) 66.7kW. (b) / QS = 5.05A, / PS = 34.63 A. 

Power = 198 kW. 
T5.12. Ef = 1.766/-28° ; and at TMAX = 1.61, δ = -87.13, and Ia = 1.985/-24.47 A. 

(a) 0.363. (b) 0.18. See also. T7.6 
T5.14. £ f = 1.692, Power = Torque in per unit = 0.8. / d = -0.832, / q = 0.554, TMAX 

= 1.955 p.u. = 2.44 χ TN at δ = -75°. I. 
T5.15. δ= -30?1797, / a = 0.851 A at 0.94p.f. lag, / d = -0.1506, /Q = 0.8379, φ = 

- \0
Υ
Λ9. TMAX = 1.223p.u., reduction of 37.5%; at δ = -68.5. 

T5.17. δ = -100:73, TMJIT = 1.274. δ = - 6 2 I d = -0.663, / q = 0.883, / a = 1.104 at 
0.906 lagging power factor, φ = — 36.9. 

T6.1. PAt = ΜΞΔΘ + ΚΘΑί, τ = MS/K, 0M = P/K. 0.813Öm, O.4930m. O.6320m, 

0.383 0 m, 0.773 0m. Jljl.P. 
T6.2. 561 rev/min, 2.35 sec. 0.98 sec to full speed—constant torque maintained till 

maximum speed reached, so acceleration constant at maximum. 
T6.3. 55 V; 2.063 Ω. (a) 1.418 sec. (b) 296 rev/min.; (c) 1.24 sec. Final speed = 

474.2 rev/min. 
T6.4. 4.011 Nm/A, 2.31 seconds. 0.0125 Η (0.00228 per unit). TC = 0.05 sec, t m = 0.21 sec. 

Tm/xe = 4.18, greater than 4 so just not oscillatory, but would be if uncompensated. 
T6.5 (a) 531.7 rev/min. (b) 2.6Ω extra, -177.3 rev/min, J = 34kgm

2
, 15 sec total. 

(c) 1.89Ω extra, 249.7rev/min, J = 19.3 kgm
2
. 

T6.7. (a) 445 rev/min, / a = 49.5 A, = 6.1 Nm/A. (b) 10.45 Ω and 5 Ω extra, (c) 
0.27 sec and 0.11 sec, to speeds of 363 rev/min and 411 rev/min. 

T6.8. 2.58 sec. 
T6.9. 1680 Nm. 
T6.10. Average power = 319.6kW. Energy area = 16770kWsec, J = 24450kgm

2
. 

1278kW, -318.5kW. 

347 



ELECTRICAL MACHINES AND DRIVES 

T6.ll . 0.083 χ 10
6
Nm,0.234 χ 10

6
Nm. (a)314.1 kW,692.9kW. (b) 349kW,981.1 kW. 

T7.1. δ = 0.472. (Ε reduced to 17.6 V from 44 V at rated speed) 
T7.2. 125.9 A to 113.9 A. Mean torque = 123.9 Nm and power output = 11.97 kW. 
T7.3. Edo = 242.3 V, £ p = 253.7 V, Ε = 103.6 V. N2 = 35 turns per phase, Nl = 149 

turns per phase. R.M.S. secondary current = 40.8 A, kVA = 12.68. 
T7.4. (a) 29.5. (b) 0 , /c0R = 4.106. (c) 147 . (d) 62.3. 328Nm at k+ = 0.8p.u. 
T7.5. / ^ Ι ^ β ό Α , at 47.21ag; /^=0.882Α; Te = 1.907Nm. Max. Te = 6.09Nm 

= 3.2 p.u. D.C. link voltage = 282.2 V. 7'5 = 0.3095 A, /'7 =0.158 A, <p5 = 84.4, φΊ 
= 86. Torque pulsation = —0.368 sin (6wt -I- 7.3). Note: approximate circuit 
overestimates / m l, mostly explaining discrepancy from computed pulsation of 
0.327 Nm. 

T7.6. (a) δ = -87? 13. (b) δ = -80?53. (c) δ = -63?41. Eqn (5.13) in per unit = 
(-Ef/Zs

2
) (VkXs sin δ- VRa cos S+kEfRe). 

T7.7. M' = 0.06366 Η, ρ = 4. Forwards torque = 4 M 7 b/ mf sin [ -27 .4 - ( - 108.9)] 
Backwards torque = 4M7 b/ m bs in [36ϊ5 -42 : 3] 
Pulsating torque = 4M'[Iflmb sin (φί-(pmb) + lblmf sin {(pb-<pmf)] where <pf 
- (pmb = [ — 69?7 -I- 2ωί] and (pb — </>m/ = [ 145?4 — 2ωΐ]. Average torque = 440.96 

f " - ve conduction f " 
>z/e No conduction No conduction 

conduction 

FIG. T8.2. 
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-6.88 = 434.1 Pulsation = 439.9 sin (2ωί + 26°). Ratio = 1.013, so pulsation 
slightly bigger than average value. 

T8.2 Answer on Fig. T8.2. For 3-phase motor, each phase would have to be checked in 
this way, making appropriate corrections for time-phase shift of waveforms. At 
least two thyristor-units must be free to conduct for current to flow at all. Voltage 
equations must then be set up in accordance with the overall conducting pattern. 

T8.3. Necessary answers given with problem. 
T8.5. i;A = 0, i;B = - 86.6 V, vc = 86.6 V. vdss = 0, vqss = - 122.47 V. 
T8.6. (a) vdsr = 0 V, vqsr = 122.47 V. (b) vdsr = -106.7 V, vqsr = 61.24 V. 
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