» 10.1 INTRODUCTION

The laminar flow has been discussed in chapter 9. In laminar flow the fluid particles move along
straight parallel path in layers or laminae, such that the paths of individual fluid particles do not cross
those of neighbouring particles. Laminar flow is possible only at low velocities and when the fluid is
highly viscous. But when the velocity is increased or fluid is less viscous, the fluid particles do not
move in straight paths. The fluid particles move in random manner resulting in general mixing of the
particles. This type of flow is called turbulent flow.

A laminar flow changes to turbulent flow when (i) velocity is increased or (ii) diameter of a pipe is
increased or (iii) the viscosity of fluid is decreased. O. Reynold was first to demonstrate that the

D
transition from laminar to turbulent depends not only on the mean velocity but on the quantity &
un

pVD

This quantity is a dimensionless quantity and is called Reynolds number (R,). In case of circular

pipe if R, < 2000 the flow is said to be laminar and if R, > 4000, the flow is said to be turbulent. If
R, lies between 2000 to 4000, the flow changes from laminar to turbulent.
» 10.2 REYNOLDS EXPERIMENT

pV xd
0

The type of flow is determined from the Reynolds number i.e., . This was demonstrated by

0. Reynold in 1883. His apparatus is shown in Fig. 10.1.
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Fig. 10.1 Reynold apparatus.
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The apparatus consists of :
(i) A tank containing water at constant head,
(i) A small tank containing some dye,
(iit) A glass tube having a bell-mouthed entrance at one end and a regulating value at other ends.
The water from the tank was allowed to flow through the glass tube. The velocity of flow was varied
by the regulating valve. A liquid dye having same specific weight as water was introduced into the

glass tube as shown in Fig. 10.1.
DYE

The following observations were made by Reynold : FILAMENT
(i) When the velocity of flow was low, the dye fila- J/

ment in the glass tube was in the form of a straight line.

This straight line of dye filament was parallel to the (a) Laminar flow WAVY

glass tube, which was the case of laminar flow as shown FILAMENT
in Fig. 10.2 (a). \M

(i) With the increase of velocity of flow, the dye-
filament was no longer a straight-line but it became a
wavy one as shown in Fig. 10.2 (b). This shows that
flow is no longer laminar.

(iif) With further increase of velocity of flow, the (c) Turbulent flow
wavy dye-filament broke-up and finally diffused in
water as shown in Fig. 10.2 (¢). This means that the
fluid particles of the dye at this higher velocity are moving in random fashion, which shows the case
of turbulent flow. Thus in case of turbulent flow the mixing of dye-filament and water is intense and
flow is irregular, random and disorderly.

In case of laminar flow, the loss of pressure head was found to be proportional to the velocity but in
case of turbulent flow, Reynold observed that loss of head is approximately proportional to the square
of velocity. More exactly the loss of head, hfoc V", where n varies from 1.75 to 2.0

DIFFUSED

Transiti
(b) Transition FILAMENT

Fig. 10.2 Different stages of filament.

» 10.3 FRICTIONAL LOSS IN PIPE FLOW

When a liquid is flowing through a pipe, the velocity of the liquid layer adjacent to the pipe wall is
zero. The velocity of liquid goes on increasing from the wall and thus velocity gradient and hence
shear stresses are produced in the whole liquid due to viscosity. This viscous action causes loss of
energy which is usually known as frictional loss.

On the basis of his experiments, William Froude gave the following laws of fluid fraction for
turbulent flow.

The frictional resistance for turbulent flow is :

(i) proportional to V", where n varies from 1.5 to 2.0,

(i7) proportional to the density of fluid,
(iit) proportional to the area of surface in contact,

(iv) independent of pressure,

(v) dependent on the nature of the surface in contact.

10.3.1 Expression for Loss of Head Due to Friction in Pipes. Consider a uniform hori-
zontal pipe, having steady flow as shown in Fig. 10.3. Let 1-1 and 2-2 are two sections of pipe.
Let p, = pressure intensity at section 1-1,
V| = velocity of flow at section 1-1,
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L = length of the pipe between sections 1-1 and 2-2,
d = diameter of pipe,
f’ = frictional resistance per unit wetted area per unit velocity,
hf = loss of head due to friction,
and p,, V, = are values of pressure intensity and velocity at section 2-2.

e = :
; Fi ;

—& Pl l_Pa

—5 J .
I Fyq |
| - 1

Fig. 10.3 Uniform horizontal pipe.

Applying Bernoulli’s equations between sections 1-1 and 2-2,
Total head at 1-1 = Total head at 2-2 + loss of head due to friction between 1-1 and 2-2

2 2
or ﬂ+‘L+z1= p—2+V—2+z2+hf
P 2g P 2g
But 2, = Z, as pipe is horizontal

V| =V, as dia. of pipe is same at 1-1 and 2-2
PPy o = PP i)
pPg P8 pPg P8
But h,is the head lost due to friction and hence intensity of pressure will be reduced in the direction
of flow by frictional resistance.
Now frictional resistance = frictional resistance per unit wetted area per unit velocity X wetted area
X velocity2
or F,=f"xmdL x V2 [ wetted area = td X L, velocity = V = Vi=V,l
=f'XPxLxV? [ - md = Perimeter = P] ...(ii)
The forces acting on the fluid between sections 1-1 and 2-2 are :
1. pressure force at section 1-1 =p; x A
where A = Area of pipe
2. pressure force at section 2-2 = p, X A
3. frictional force F; as shown in Fig. 10.3.
Resolving all forces in the horizontal direction, we have

pA-p,A-F =0 ..(10.1)

or (P -pPA=F,=f XxPXLxV? [ -+ From (ii), F, = f’PLV?]
f'XPxLxV?
or P1—Dr= f

But from equation (i), p, — p, = pghy
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Equating the value of (p, — p,), we get

f'xPxLxV?
hy=—""—""
Pgny 1
or hy= F P ixwv ..(iii)
P8
. Y Wetted perimeter td 4
In equation (iii), — = = =—
A Area T2 d
4
’ ’ 2
hy= 3 Lx V2=L><4LV (i)
pg d Pg
Putting f =§, where f is known as co-efficient of friction.
P
o 4.f LV? 4f.L.V?
Equation (iv), becomes as hf- 22 "4 dx2g ...(10.2)

Equation (10.2) is known as Darcy-Weisbach equation. This equation is commonly used for finding
loss of head due to friction in pipes.
Sometimes equation (10.2) is written as
f.L.V?
hf =
dx2g
Then fis known as friction factor.

.(10.24)

10.3.2 Expression for Co-efficient of Friction in Terms of Shear Stress. The equation (10.1)
gives the forces acting on a fluid between sections 1-1 and 2-2 of Fig. 10.3 in horizontal direction as

PA-pA-F =0

or (p| — pp)A = F, = force due to shear stress T,
= shear stress X surface area
=Ty XTd X L
or (Pl_Pz)%cF:Toxnde {-:A=%d2}
Cancelling ©td from both sides, we have
d
(Pl—Pz)Z:ToXL
41, X L
or (p1-py) = °d ..(10.3)

D1 — D2 =4f.L.V2
Pg dx2g

Equation (10.2) can be written as hf=
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4f.L.V?
or (P -py) = ArLve pg .(10.4)
dx2g

Equating the value of (p; — p,) in equations (10.3) and (10.4),
4tyxL _4f.L.V?

= X
d dx2g ps
2 2
or o VIxee M
2g 2g
2
or To=f % ...(10.5)
== ...(10.6
f oV (10.6)
» 10.4 SHEAR STRESS IN TURBULENT FLOW
The shear stress in viscous flow is given by Newton’s law of viscosity as
T,=U Z—u, where T, = shear stress due to viscosity.
Y

Similar to the expression for viscous shear, J. Boussinesq expressed the turbulent shear in math-
ematical form as

T,=M a ...(10.7)
dy
where T, = shear stress due to turbulence
N = eddy viscosity
u = average velocity at a distance y from boundary.
The ratio of n (eddy viscosity) and p (mass density) is known as kinematic eddy viscosity and is
denoted by € (epsilon). Mathematically it is written as

g= ..(10.8)
P
If the shear stress due to viscous flow is also considered, then the total shear stress becomes as
du du
T=T,+T, =0 —+MN— ...(10.9

The value of | = 0 for laminar flow. For other cases the value of | may be several thousand times
the value of [L. To find shear stress in turbulent flow, equation (10.7) given by Boussinesq is used. But
as the value of 1 (eddy viscosity) cannot be predicted, this equation is having limited use.

10.4.1 Reynolds Expression for Turbulent Shear Stress. Reynolds in 1886 developed
an expression for turbulent shear stress between two layers of a fluid at a small distance apart, which
is given as
T=pu'v’ ...(10.10)
where u’, v' = fluctuating component of velocity in the direction of x and y due to turbulence.
As u’ and v’ are varying and hence T will also vary. Hence to find the shear stress, the time average
on both the sides of the equation (10.10) is taken. Then equation (10.10) becomes as
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T=pu'V ...(10.11)
The turbulent shear stress given by equation (10.11) is known as Reynold stress.

10.4.2 Prandtl Mixing Length Theory for Turbulent Shear Stress. In equation (10.11),
the turbulent shear stress can only be calculated if the value of u”v” is known. But it is very difficult to
measure u’v’. To overcome this difficulty, L. Prandtl in 1925, presented a mixing length hypothesis
which can be used to express turbulent shear stress in terms of measurable quantities.

According to Prandtl, the mixing length /, is that distance between two layers in the transverse
direction such that the lumps of fluid particles from one layer could reach the other layer and the
particles are mixed in the other layer in such a way that the momentum of the particles in the direction
of x is same. He also assumed that the velocity fluctuation in the x-direction u” is related to the mixing
length [ as

and v’ , the fluctuation component of velocity in y-direction is of the same order of magnitude as u”
and hence

, du
v =]—
dy
d d Y’
Now u’ XV becomes as u’v’ = l—u X l—u =/? a
dy dy dy

Substituting the value of v’ in equation (10.11), we get the expression for shear stress in turbulent
flow due to Prandtl as

2
T=pl (d—“J ..(10.12)
dy

Thus the total shear stress at any point in turbulent flow is the sum of shear stress due to viscous
shear and turbulent shear and can be written as

2
— d d
T=plypr| & ..(10.13)
dy dy
But the viscous shear stress is negligible except near the boundary. Equation (10.13) is used for
most of turbulent fluid flow problems for determining shear stress in turbulent flow.

» 10.5 VELOCITY DISTRIBUTION IN TURBULENT FLOW IN PIPES

In case of turbulent flow, the total shear stress at any point is the sum of viscous shear stress and
turbulent shear stress. Also the viscous shear stress is negligible except near the boundary. Hence it
can be assumed that the shear stress in turbulent flow is given by equation (10.12). From this equation,
the velocity distribution can be obtained if the relation between /, the mixing length and y is known.
Prandtl assumed that the mixing length, / is a linear function of the distance y from the pipe wall i.e.,
| = ky, where k is a constant, known as Karman constant and = 0.4.

Substituting the value of / in equation (10.12), we get
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d 2
Tort=p x (ky)* (—uj
dy

2 2
or T = pkPy? (d_uj or (d_uj = 1/pky?
dy dy

or u _ /%=L\ﬁ (10.14)
dy \pk'y" ky\p

For small values of y that is very close to the boundary of the pipe, Prandtl assumed shear stress T
to be constant and approximately equal to T, which presents the turbulent shear stress at the pipe
boundary. Substituting T = T, in equation (10.14), we get

d 1 |z
Ao e ..(10.15)
dy ky
12 , 2
T L L L
In equation (10.15), Yo has the dimensions,|———=—=,|— =— . But — is velocity and hence
p ML T T T

/t—o has the dimension of velocity, which is known as shear velocity and is denoted by u..
p

T . du
Thus |-% = u., then equation (10.15) becomes — = — u..
P dy
For a given case of turbulent flow, u. is constant. Hence integrating above equation, we get

U
U= log,y+ C ...(10.16)

where C = constant of integration.

Equation (10.16) shows that in turbulent flow, the velocity varies directly with the logarithm of the
distance from the boundary or in other words the velocity distribution in turbulent flow is logarithmic
in nature. To determine the constant of integration, C the boundary condition that at y = R (radius of
pipe), u = u,,, is substituted in equation (10.16).

Usx

Hence u X=u?*logeR+C s C=uy,, - P log, R

ma.

Substituting the value of C in equation (10.16), we get

u* u* u*
u= 7 loge Y+ Upax — 7 loge R= Umax + 7 (loge y- lOge R)

= Upax + (’;—4 log, (¥/R) [+ k= 0.4 = Karman constant]

= Uy + 2.5 s log, (/R) .(10.17)

Equation (10.17) is called ‘Prandtl’s universal velocity distribution equation for turbulent flow in
pipes. This equation is applicable to smooth as well as rough pipe boundaries. Equation (10.17) is also
written as
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Umax — 4 =— 2.5 us log, (¥/R) = 2.5 u. log, (Ry)
Dividing by u., we get

“max "% _ 5 log, (Rly) = 2.5 % 23 log,o (Rly) [ log, Rly) = 2.3 log, (RH)]
u_. —Uu
or max % 575 log,y (R/Y) ..(10.18)
Ux

In equation (10.18), the difference between the maximum velocity u
point i.e., (U, — #) is known as ‘velocity defect’.

max> and local velocity u at any

10.5.1 Hydrodynamically Smooth and Rough Boundaries. Let £ is the average height of
the irregularities projecting from the surface of a boundary as shown in Fig. 10.4. If the value of k is
large for a boundary then the boundary is called rough boundary and if the value of & is less, then
boundary is known as smooth boundary, in general. This is the classification of rough and smooth
boundary based on boundary characteristics. But for proper classification, the flow and fluid charac-
teristics are also to be considered.

LAMINAR SUBLAYER
_________________ LAMINAR SUBLAYER

! Voo

(a) Smooth boundary T (b) Rough boundary

Fig. 10.4 Smooth and rough boundaries.

For turbulent flow analysis along a boundary, the flow is divided in two portions. The first portion
consists of a thin layer of fluid in the immediate neighbourhood of the boundary, where viscous shear
stress predominates while the shear stress due to turbulence is negligible. This portion is known as
laminar sub-layer. The height upto which the effect of viscosity predominates in this zone is denoted
by 8. The second portion of flow, where shear stress due to turbulence are large as compared to
viscous stress is known as turbulent zone.

If the average height k of the irregularities, projecting from the surface of a boundary is much less
than &, the thickness of laminar sub-layer as shown in Fig. 10.4 (a), the boundary is called smooth
boundary. This is because, outside the laminar sub-layer the flow is turbulent and eddies of various
size present in turbulent flow try to penetrate the laminar sub-layer and reach the surface of the
boundary. But due to great thickness of laminar sub-layer the eddies are unable to reach the surface
irregularities and hence the boundary behaves as a smooth boundary. This type of boundary is called
hydrodynamically smooth boundary.

Now, if the Reynolds number of the flow is increased then the thickness of laminar sub-layer will
decrease. If the thickness of laminar sub-layer becomes much smaller than the average height k of
irregularities of the surface as shown in Fig. 10.4 (b), the boundary will act as rough boundary. This is
because the irregularities of the surface are above the laminar sub-layer and the eddies present in
turbulent zone will come in contact with the irregularities of the surface and lot of energy will be lost.
Such a boundary is called hydrodynamically rough boundary.

From Nikuradse’s experiment :

1. If § is less than 0.25 or § < 0.25, the boundary is called smooth boundary.
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2. If § is greater than 6.0, the boundary is rough,
k .. L
3. If0.25< (§) < 6.0, the boundary is in transition.

In terms of roughness Reynolds number wk :
v

Uk
\%

1. If < 4, boundary is considered smooth,

Wk . "
2. 1f 2L Jies between 4 and 100, boundary is in transition stage, and
\%

w

k .
1t 2~ > 100, the boundary is rough.
\%

10.5.2 Velocity Distribution for Turbulent Flow in Smooth Pipes. The velocity distri-
bution for turbulent flow in smooth or rough pipe is given by equation (10.16) as

Us
u= - log,y+ C
It may be seen that at y = 0, the velocity u at wall is — co. This means that velocity u is positive at
some distance far away from the wall and — e (minus infinity) at the wall. Hence at some finite distance
from wall, the velocity will be equal to zero. Let this distance from pipe wall is y’. Now the constant
C is determined from the boundary condition i.e., at y = y’, u = 0. Hence above equation becomes as
0=u—*logey’+ CorC=—u—*logey’
k k
Substituting the value of C in the above equation, we get

u* u* ’ u* Vs
u=710gey_710gey =710ge(y/y)

Substituting the value of k = 0.4, we get

U= (’)‘1 log, (/") = 2.5 u. log, (y/y")
u , , %
=25 % 23 1o, () [+ log, (1Y) = 2.3 log,, (41y)]
or L =575 log,, (V) ..(10.19)
U

For the smooth boundary, there exists a laminar sub-layer as shown in Fig. 10.4 (a). The velocity
distribution in the laminar sub-layer is parabolic in nature. Thus in the laminar sub-layer, logarithmic
velocity distribution does not hold good. Thus it can be assumed that y” is proportional to &, where &’
is the thickness of laminar sub-layer. From Nikuradse’s experiment the value of y is given as
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&
Y= 107

where 8" = XV here v = kinematic viscosity of fluid.
U

,_ 116V y 1 _0.108v
Uy 107 U,
Substituting this value of y’in equation (10.19), we obtain

u

_ Yy
v - 5.75 log,, 108v

Uy

*
=5.75 log,, ( l”o’gvj = 5.75 log,, (“*Vy ><9.259)

Uy 1
=57510 +5.75 log,, 9.259 v =9259
210 v 210 [ 0108 }
= 5.75 log;p = +5.55 ...(10.20)
A%

10.5.3 Velocity Distribution for Turbulent Flow in Rough Pipes. In case of rough
boundaries, the thickness of laminar sub-layer is very small as shown in Fig. 10.4 (b). The surface
irregularities are above the laminar sub-layer and hence the laminar sub-layer is completely destroyed.
Thus y” can be considered proportional to the height of protrusions k. Nikuradse’s experiment shows

the value of y” for pipes coated with uniform sand (rough pipes) as y’ = %

Substituting this value of y’ in equation (10.19), we get

u

=5.75 log,, (ki) = 5.75 [log,o (/K) x 30]

/30

= 5.75 log,, (y/k) + 5.75 log,, (30.0) = 5.75 log, o (y/k) + 8.5 ...(10.21)

Problem 10.1 A pipe-line carrying water has average height of irregularities projecting from the
surface of the boundary of the pipe as 0.15 mm. What type of boundary is it ? The shear stress
developed is 4.9 N/m?. The kinematic viscosity of water is .01 stokes.

Solution. Given :

Average height of irregularities, k= 0.15 mm = 0.15 % 10> m

Ux

Shear stress developed, T,=49 N/m?
Kinematic viscosity, v = 0.01 stokes = .01 cm?/s = .01 x 10™* m%/s
Density of water, p = 1000 kg/m>

Shear velocity, Uy = 1/1:0 lp= J% =4/0.0049 = 0.07 m/s
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uk _ 0.07x0.15x107°

=10.5.
v 01x107*

Roughness Reynold number =

. uk . . . L
Since — lies between 4 and 100 and hence pipe surface behaves as in transition.
v

Problem 10.2 A rough pipe is of diameter 8.0 cm. The velocity at a point 3.0 cm from wall is 30%
more than the velocity at a point 1 cm from pipe wall. Determine the average height of the roughness.

or
or
or
or
or
or
or

or

Problem 10.3 A smooth pipe of diameter 80 mm and 800 m long carries water at the rate of
0.480 m*/minute. Calculate the loss of head, wall shearing stress, centre line velocity, velocity and
shear stress at 30 mm from pipe wall. Also calculate the thickness of laminar sub-layer. Take kin-
ematic viscosity of water as 0.015 stokes. Take the value of co-efficient of friction ‘f'from the relation

Solution. Given :

Dia. of rough pipe, D=8cm=.08m
Let velocity of flow at 1 cm from pipe wall =u
Then velocity of flow at 3 cm from pipe wall =1.3u

The velocity distribution for rough pipe is given by equation (10.21) as
u

=5.75 log,, (y/k) + 8.5, where k = height of roughness.

*

For a point, 1 cm from pipe wall, we have

u

=5.75 log,, (1.0/k) + 8.5 ()

*

For a point, 3 cm from pipe wall, velocity is 1.3 # and hence
1.3u

Us

=5.75 log,, (3.0k) + 8.5 (i)

5.7510g,,(3.0/ k) + 85
5.7510g,(1/ k) + 8.5

1.3[5.75 log,, (1/k) + 8.5] = 5.75 log,, (3.0/k) + 8.5
7.475 log,, (1/k) + 11.05 = 5.75 log,, (3.0/k) + 8.5
7.475 log,, (1/k) - 5.75 log,, (3/k) = 8.5 — 11.05 = — 2.55
7.475 [log, 1.0 - log,o k] — 5.75 [log,, 3.0 — log,, k] = - 2.55
7.475 [0 - log,, k] - 5.75 [4771 - log,, k] = — 2.55

Dividing (ii) by (i), we get 1.3 =

- 7475 log,, k - 2.7433 + 5.75 log,, k = — 2.55
- 1725 log,, k = 2.7433 - 2.55 = 0.1933

log,, k = 01933 _ 01120 = T:888
-1.725

k = .7726 cm. Ans.

given as

0791
f= %, where R, = Reynolds number.

(R.)
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Solution. Given:

Dia. of smooth pipe, d =80 mm = .08 m
Length of pipe, L=3800m
Discharge, Q = 0.048 m*/minute = % =.008 m*/s
Kinematic viscosity, v = .015 stokes = .015 x 10* m?%/s [Stokes = cm2/s]
Density of water, p = 1000 kg/m>
Mean velocity, V== ¢ _ 0008 =1.591 m/s
Area (08)2

Reynolds number, R, = VX d 1.591x0.08 = 8.485 x 10*

v 015x10*
As the Reynolds number is more than 4000, the flow is turbulent.
0791 .0791
R (8485x10%)
(i) Head lost is given by equation (10.2) as

Now the value of ‘f’is given by f=

= .004636

_4.f.L.V®  4x.004636 x 800 x 1.591
4 dx2g 08x2x9.81

(if) Wall shearing stress, T, is given by equation (10.5) as

= 23.42 m. Ans.

x 1.591% = 5.866 N/m>. Ans.

2
1= PV = 004636 x 1000
0 2 2

(iii) Centre-line velocity, u,,, for smooth pipe is given by equation (10.20) as

L =575 log,, ()
5.866
where u. is shear velocity and = 0.0765 m/s
1000
08
The velocity will be maximum when y = E = 7 =.04 m.
Hence at y = .04 m, u = u,,,, Substituting these values in (i), we get
U, = 575 log, 0.0765x.g4 +5.55
0765 015x10
=5.75 log,, 2040 + 5.55
=5.75 x 3.309 + 5.55 = 19.03 + 5.55 = 24.58
. Uy = 0765 x 24.58 = 1.88 m/s. Ans.
(1v) The shear stress, T at any point is given by
op r
-_9r ..(4)

ox 2
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where r = distance from centre of pipe
and hence shear stress at pipe wall where r = R is

dp R
= _ 2 -..(B
0 ox 2 8)
Dividing equation (A) by equation (B), we get
tT_r
T, R
. Shear stress T= To
R
A point 30 mm from pipe wall is havingr=4-3=1cm=.01 m
01 5
tat(r=.01m)= X0l _3866 . 1665 N/m2 Ans.
04 4
Velocity at a point 3 cm from pipe wall means y=3 cm = .03 m
and is given by equation (10.20) as — = 5.75 log,, = + 5.55, where u. = .0765, y = .03
u 0765 x .03
=5.75log,y ———— +5.55
0765 810 015 %10~

=5.75log,, 1530 + 5.55 = 23.86
RS u =0.0765 x 23.86 = 1.825 m/s. Ans.
(v) Thickness of laminar sub-layer is given by

_116xv_116x.015x10™*
T 0765
=2.274 x 107 cm = .02274 cm. Ans.
Problem 10.4 Determine the wall shearing stress in a pipe of diameter 100 mm which carries water.
The velocities at the pipe centre and 30 mm from the pipe centre are 2 m/s and 1.5 m/s respectively.
The flow in pipe is given as turbulent.

Solution. Given :

& =2274%x10"*m

Dia. of pipe, D =100 mm = 0.10 m
Radius, R = % =0.05m
Velocity at centre, Upax = 2 M/S

Velocity at 30 mm or 0.03 m from centre = 1.5 m/s
Velocity (at r = 0.03 m), u = 1.5 m/s
Let the wall shearing stress =T,
For turbulent flow, the velocity distribution in terms of centre line velocity (u,,,) is given by equa-
tion (10.18) as
max =%~ 575 Jog,, (ﬁj
y

U

where u=1.5m/saty=(R-r)=0.05-0.03=.02m
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20-15 05 0.5

=5.75 log,, — = 2.288 or =2.288
Us .02 Us
Us = 05 =0.2185 m/s
2.288
Using the relation Us = /T, / p, where p for water = 1000 kg/m®
0.2185= |—2or —0_ = 02185 = 0.0477
1000 1000
or T, = 0.0477 x 1000 = 47.676 N/m>. Ans.

10.5.4 Velocity Distribution for Turbulent Flow in Terms of Average Velocity. The

average velocity U , through the pipe is obtained by first finding the total discharge Q and then dividing
the total discharge by the area of the pipe.

ELEMENTARY CIRCULAR RING

Fig. 10.5 Awerage velocity for turbulent flow.

Consider an elementary circular ring of radius ‘r’ and thickness dr as shown in Fig. 10.5. The
distance of the ring from pipe wall is y = (R — r), where R = radius of pipe.
Then the discharge, dQ, through the ring is given by
dQ = area of ring X velocity
=21rdr X u = u X 2nrdr

R
Total discharge, 0= j do = j U X 2mrdr .(10.22)
0

(a) For smooth pipes. For smooth pipes, the velocity distribution is given by equation (10.20) as

L =57510g,0 =2 + 5.5
Us \%
or u=|575log,, =2 + 5.5} X ity
L \%
But y=R-r)
I u(R-r)
u=|575log;, ——2+55| x .
\%

Substituting the value of # in equation (10.22), we get

R (R—
0= j [5.75 log,, wR-r), 5.5} s X 2T0rdr
0 \%
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Average velocity, U = 0 - %
Area TR
u.(R-r)
=— 5.75log,, — +5.5| u. 2mrdr

Integration of the above equation and subsequent simplification gives the average velocity for

turbulent flow in smooth pipes as

U 575108, “& 4 175
Uy \%

(b) For rough pipes. For rough pipes, the velocity at any point in turbulent flow is given by

equation (10.21) as

...(10.23)

u

= 5.75 log,, (y/k) + 8.5

Usx

But y=R-r)
R -
L =57510g,, ( p ’) +85

*

R-—
or U= Us |:575 lOglO (Tr) + 85:|

Substituting the value of # in equation (10.22), we get

R
0= Jo Us [5.75 log,, (

R-r

) + 8.5:| 2nrdr

R —
0 jo 0, [5.75 10g,o (%) +8.5} 2mrdr

Average velocity, U = =
g y TR’ -y

Integration of the above equation and subsequent simplification will give the following relation for

average velocity, U for turbulent flow in rough pipe as

..(10.24)

v =5.75 log,, 5 +4.75
Uy k

(c) Difference of the velocity at any point and average velocity for smooth and rough pipes.
The velocity at any point for turbulent flow for smooth pipes is given by equation (10.20) as

u u(R-r)

=575 logp —— +5.5 [~ y=R-r]

U
and the average velocity is given by equation (10.23) as

U 575108, “R + 175
Uy \%

Difference of velocity u and U for smooth pipe is obtained as
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U * R_ *R
u_U._ {5.75 log,, “R=1) 5.5}— [5.75 log,, == + 1.75}
U U v v
u-U us(R—r) u.R
or =5.75 | log,, ————1log,, +55-1.75
u. v v
(R — +R
=575 log,, [u+ “ } +3.75
v v
R—
= 5.75 log,, ( ’) +3.75
= 5.75 log,, (/R) + 3.75 (1025) [* R—r=1y]
Similarly the velocity, # at any point for rough pipe is given by equation (10.21) as
L =575 1og,, (V/K) + 8.5
Us

and average velocity is given by equation (10.24) as

U
= 5.75 log,o (R/K) + 4.75

*

Difference of velocity u and U for rough pipe is given by

“_U 1575 log,, (V/K) + 8.5] — [5.75 log,, (RIk) + 4.75]
U U
= 5.75 log,, [(y/k) + (R/K)] + 8.5 — 4.75
u-U

or =5.75 log,, O/R) + 3.75 ...(10.26)

Us
Equations (10.25) and (10.26) are the same. This shows that the difference of velocity at any point
and the average velocity will be the same in case of smooth as well as rough pipes.

Problem 10.5 Determine the distance from the pipe wall at which the local velocity is equal to the
average velocity for turbulent flow in pipes.

Solution. Given :

Local velocity at a point = average velocity

or u=U
For a smooth or rough pipe, the difference of velocity at any point and average velocity is given by
equation (10.25) or equation (10.26) as

S|

u_

= 5.75 log,, (y/R) + 3.75
U

Substituting the given condition i.e., u = U , we get
U-U
Us

=0 =5.75 log,y (y/R) + 3.75 or 5.75 log,, (y/R) = 3.75
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or log,o (W/R) = - 2% - 0.6521 = — 1.3479

¥/R = 0.22279 = 0.2228 or y = .2228 R. Ans.

Problem 10.6 For turbulent flow in a pipe of diameter 300 mm, find the discharge when the centre-
line velocity is 2.0 m/s and the velocity at a point 100 mm from the centre as measured by pitot-tube
is 1.6 m/s.

Solution. Given :

Dia. of pipe, D =300 mm = 0.3 m
Radius, R= % =0.15m

Velocity at centre, Upax = 2.0 m/s

Velocity (at r =100 mm = 0.1 m), u = 1.6 m/s

Now y=R-r=0.15-0.10=0.05m
Velocity (atr=0.1moraty=0.05m), u=1.6 m/s

The velocity in terms of centre-line velocity is given by equation (10.18) as

max — % 575 log,, (Rly)
Usx
0-1. .  y=.05m
Substituting the values, we get 20—16 =5.75log,, H Y
u, R=0.15m
=5.75 log,;, 3.0 =2.7434
or 04 = 27434
Us
02 _ 0.1458 mis D)
2 7434

Using equation (10.26) which gives relation between velocity at any point and average velocity, we
have

-U
=5.75 log,, O/R) + 3.75
U
at y = R, velocity u becomes = u_,,,
Unax — (7
——=——=5.751og,, (R/R) + 3.75=5.75x0 + 3.75=3.75
Us
But Upax = 2.0 and u. from (i) = 0.1458
20-U =375
0.1458
or U =2.0-.1458 x 3.75 = 2.0 — 0.5467 = 1.4533 m/s

Discharge, Q = Area X average velocity
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T 2. _F 2 3
=5 D*X U =7 (03 x 14533 = 0.1027 m's. Ans.

10.5.5 Velocity Distribution for Turbulent Flow in Smooth Pipes by Power Law. The
velocity distribution for turbulent flow as given by equations (10.18), (10.20) and (10.21) are
logarithmic in nature. These equations are not convenient to use. Nikuradse carried out experiments

for different Reynolds number to determine the velocity distribution law in smooth pipes. He expressed
the velocity distribution in exponential form as

u

= (/R .(10.27)

u max

where exponent 1 depends on Reynolds number
n

1
The value of (—) decreases, with increasing Reynolds number.

n
For R,=4x10% 1.1
n 6
R,=1.1x10° 1.1
n 7
R,>2x 105, LI
n 10

1 1
Thus if —= 7, the velocity distribution law becomes as
n

u y 1/7
: =(E) ..(10.28)

max
Equation (10.28) is known as 1/7th power law of velocity distribution for smooth pipes.

» 10.6 RESISTANCE OF SMOOTH AND ROUGH PIPES

The loss of head, due to friction in pipes is given by equation (10.2) as
4.f.L.V?
hf =
dx2g

In this equation, the value of co-efficient of friction, f should be known accurately for predicting the

loss of head due to friction in pipes. On the basis of dimensional analysis, it can be shown that the

pressure loss in a straight pipe of diameter D, length L, roughness k, average velocity of flow U ,
viscosity and density of fluid | and p is

r7 2
Ap: pU ¢|:Re’£’£:| or A_pz = |:Re’£’£:|
2 D’D oU D’D

2

Experimentally it was found that pressure drop is a function of % to the first power and hence
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L k Ap X D k
A_pz = _¢ |: e _:I or P (72 = ¢ |:Re’3:|
pU D D Lp_

2 2

k
The term of the right hand side is called co-efficient of friction f. Thus f= ¢ [Re, B}

This equation shows that friction co-efficient is a function of Reynolds number and /D ratio, where
k is the average height of pipe wall roughness protrusions.

(a) Variation of ‘f ’ for Laminar Flow. In viscous flow chapter, it is shown that co-efficient of
friction ‘f for laminar flow in pipes is given by

16
f_R

e

...(10.29)

Thus friction co-efficient is only a function of Reynolds number in case of laminar flow. It is inde-
pendent of (k/D) ratio.

(b) Variation of ‘f’ for Turbulent Flow. For turbulent flow, the co-efficient of friction is a function
of R, and k/D ratio. For relative roughness (k/D), in the turbulent flow the boundary may be smooth or
rough and hence the value of ‘f’will be different for these boundaries.

(i) ¢f’ for smooth pipes. For turbulent flow in smooth pipes, co-efficient of friction is a function
of Reynolds number only. The value of laminar sub-layer in case of smooth pipe is large as compared
to the average height of surface roughness k. The value of ‘f’ for smooth pipe for Reynolds number
varying from 4000 to 100000 is given by the relation

f= L0791 ...(10.30)

(R )1/4
The equation (10.30) is given by Blasius.
The value of ‘f’ for R, > 10° is obtained from equation (10.23) which gives the velocity distribution

e

for smooth pipe in terms of average velocity ((7) as
14
Us

(1.R)
=5.75 log,, +1.75 ..(10.31)
A%

2
From equation (10.6), we have f = %, where V = average velocity
p

2
[ [
772
=LY
2
or ue=U g ..(10.314)

Substituting the value of u. in equation (10.31), we get

U Jr2
— Y 575108, S12) py1as
U.Jfi2 v
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1 UR
or =5.751o —_— /12 |+ 1.75
G =57 (77

Taking R = D/2 and simplifying, the above equation is written as
1 UD
——=2.03 1o —J4f |-0.91
i =20 w0 (77

UD S
But — = R, and hence above equation is written as
v

ﬁ =2.03 log,o (R,/4f) - 0.91 ...(10.32)
Equation (10.32) is valid upto R, = 4 x 10°
Nikuradse’s experimental result for turbulent flow in smooth pipe for ‘f’is

1
——— =2.0log,y (R,4/4f)—-0.8 ...(10.33)
i 10

This is applicable upto R, = 4 X 107. But the equation (10.33) is solved by hit and trial method. The
value of °f’ (i.e., co-efficient of friction) can alternately be obtained as

0552
£=.0008 + 22325 .(10.34)
R,)"
The value of °f’[i.e., friction factor which is used in equation (10.2A4)] is given by
221
R,)"

(i) Value of ‘f ’for rough pipes. For turbulent flow in rough pipes, the co-efficient of friction is
a function of relative roughness (k/D) and it is independent of Reynolds number. This is because the
value of laminar sub-layer for rough pipes is very small as compared to the height of surface rough-
ness. The average velocity for rough pipes is given by (10.24) as

U _s515 log, (R/k) + 4.75

*

But u=U [f12
Substituting the value of u. in the above equation, we get
U
——F——= =5.75log,, (R/k) + 4.75
T ,—f B 210

which is simplified to the form as ﬁ =2.03 log,, (R/k) + 1.68 ...(10.35)

But Nikuradse’s experimental result gave for rough pipe the following relation for °f’ as
L

VAr

(c) Value of ‘f’ for commercial pipes. The value of ‘f’ for commercial pipes such as pipes made
of metal, concrete and wood is obtained from Nikuradse’s experimental data for smooth and rough

=2 log,, (RIK) + 1.74 ...(10.36)
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pipes. According to Colebrook, by subtracting 2 log,, (R/k) from both sides of equations (10.33) and
(10.36), the value of ‘f’ is obtained for commercial smooth and rough pipes as :
1. Smooth pipes

%f — 2 log,o (RIK) = 2 log o (R,4f ) — 0.8 — 2 log,o (R/K)

=2log,, [Re MJ -0.8 ..(10.37)

R/k

2. Rough pipes

1
N
= 1.74. ...(10.38)

Problem 10.7 For the problem 10.6, find the co-efficient of friction and the average height of rough-
ness projections.
Solution. From the solution of problem 10.6, we have

—2log,o (RIk) = 2 log,, (RIK) + 1.74 — 2 log,, (R/K)

R=0.15m
u. = 0.1458 m/s
U =14533 m/s
For co-efficient of friction, we know that
u,=U \[fI2
or 0.1458 = 1.4533 /f /2
0.1458
or 1, /2 = =
y 14533

f=2.0x(.1)>=.02. Ans.
Helght of roughness prOJectlon is obtained from equation (10.36) as

o

=2 log,, (R/K) + 1.74

Substituting the values of R and f, we get
\/17 log,q (015) + 1.74 or 3.5355 =2 log,, (%) + 1.74
4x0
or ( ) 33355-174 5355 14 =0.8977 = log,, 7.90
015 _ 790
k

k= 015 =0.01898 m = 18.98 mm. Ans.
7.90
Problem 10.8 Water is flowing through a rough pipe of diameter 500 mm and length 4000 m at the
rate of 0.5 m’/s. Find the power required to maintain this flow. Take the average height of roughness
as k = 0.40 mm.
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Solution. Given :

Dia. of rough pipe, D =500 mm = 0.50 m
. Radius, R= g =0.25m
Length of pipe, L =4000 m
Discharge, 0=0.5 m>/s

Average height of roughness, £ = 0.40 mm = 0.4 X 103 m

First find the value of co-efficient of friction. Then calculate the head lost due to friction and then
power required.

For a rough pipe, the value of °f’ is given by the equation (10.36) as

1 25

—=21lo RIk) + 1.74 =2 lo ——|+1.74
210 (RIK) Z10 (.4x10_3j

=2 log,, (625.0) + 1.74 = 5591 + 1.74 = 7.331

1

5

or Jaf = EEeTRE 0.1364 or f = (0.1364)%/4 = .00465
Also the average velocity, U = Discharge _ 05 _ 05 _ 2.546
Area T 2 T2
ZD Z(.S)

2 2
. Head lost due to friction, h, = 4.f.L.V _ 4 %x.00465 x 4000 x 2.546

dx2g 0.5%x2x9.81
=49.16 m [ V=U =2546,d =D = 0.5]
WXxh w.Q.h XgXO0OXh
.. Power required, P = - Q ! _ pxgxQ ! k
1000 1000 1000
_ 1000 x9.81x0.5x49.16

= 241.13 kW. Ans.
1000

Problem 10.9 A smooth pipe of diameter 400 mm and length 800 m carries water at the rate of
0.04 m’/s. Determine the head lost due to friction, wall shear stress, centre-line velocity and thickness

of laminar sub-layer. Take the kinematic viscosity of water as 0.018 stokes.
Solution. Given :

Dia. of pipe, D =400 mm = 0.40 m
Radius, R = g =0.20m
Length of pipe, L=3800m
Discharge, 0=0.04 m>/s
Kinematic viscosity, v = 0.018 stokes = 0.018 cm%/s = 0.018 x 10™* m%/s
Average velocity, U = L= _0o4 =0.3183 m/s

Area T 2
—(0.4
I (0.4)

VxD_ UxD _03183x04

Reynolds number, R, = = )
\% v 018x10

=17.073 x 10*
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The flow is turbulent.
The co-efficient of friction °f’ is obtained from equation (10.30) as

0791 0.0791 _.0791

f= = = =.00485
(R)"™  (1073x10*)" 1630
2 72
(7) Head lost due to friction, h,= 4.f.LV =4'f' L.U
Dx2g Dx2g
2
_ 4 x.00485 x 800 x (.3183) = 0.20 m. Ans.
040 x2x9.81
(if) Wall shear stress (T,) is given by equation (10.5) as
2 T2
‘Co=f.p.v =pr [ V=(7]
2 2
(3184)?

= 0.00485 x 1000 x N/m? = 0.245 N/m> Ans.

(iii) The centre-line velocity (u
U=Ug, aty=R

max) for smooth pipe is given by equation (10.20) as in which

Ymax 575 1og,, YR

U

+ 5.55 [Put in equation (10.20), u = u,, at y = R]

where the shear velocity Ui = /t—o - [9245 4/0.000245 = 0.0156 m/s
P

1000
Substituting the values of u., R and v in the above equation, we get
.01 .2
Umax  _ 5.75 log,, w +5.55=24.173
0.0156 018 x10
or Upmax = 24.173 x .0156 = 0.377 m/s. Ans.

(iv) The thickness of laminar sub-layer (&) is given by

_116xv _ 116x.018x107*
U 0156
Problem 10.10 A rough pipe of diameter 400 mm and length 1000 m carries water at the rate of
0.4 m%/s. The wall roughness is 0.012 mm. Determine the co-efficient of friction, wall shear stress,
centre-line velocity and velocity at a distance of 150 mm from the pipe wall.

Solution. Given :

6’ =.001338 m = 1.338 mm. Ans.

Dia. of rough pipe, D =400 mm = 0.4 m
*. Radius, R= b = 04 =0.20m
2 2
Length of pipe, L =1000 m
Discharge, 0=04 m>/s

Wall roughness, k=0.012mm = 0.012 x 10> m
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(i) The value of co-efficient of friction ‘f’ for rough pipe is given by the equation (10.36) as

1.0
—=21o R/k) + 1.74
J4'_f 2 10( )
or 10 =2log,, &_3 + 1.74
JAf 012 x10

=2 log,, (16666.67) + 1.74 = 10.183
1 2
4f = (—) = 00964
10183

00964

f = .00241. Ans.

(if) Centre-line velocity (u,,,,) for rough pipe is given by equation (10.21) in which u is made
= U.x at Yy = R and hence

Umax = 575 log,, (R/K) + 8.5 (i)
Us

. To
where shear velocity, Us = | —
P

2

and 7, = wall shear stress = Ik p2. 4

where v = 2ischarge _ nQ == Q  _ 3183 ms. Ans.
Area T p2 _(.4)2
4 4
2 2
(iii) .- Ty = f-p-V: =.00241 x 1000 x 3183 = 12.2 N/m>. Ans.

2
Us = t—°= E =0.11 m/s
P V 1000
Substituting the value of u., R, k in equation (i), we get

Uma 575 logy | ——02 | 4+ 8.5 = 32.77
0.1 012%10

Upax = 32.77 X 0.11 = 3.60 m/s. Ans.
(iv) Velocity (u) at a distance y = 150 mm = 0.15 m
The velocity (u) at any point for rough pipe is given by equation (10.21) as

X =575 log,, (v/K) + 8.5
u

e

where u, = 0.11 m/s and y = 0.15m, k£ = 0.012 x 10> m
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0.15
012x1073

u=32.05x0.11 = 3.52 m/s. Ans.

Problem 10.11 A smooth pipe line of 100 mm diameter carries 2.27 m’ per minute of water at 20°C
with kinematic viscosity of 0.0098 stokes. Calculate the friction factor, maximum velocity as well as
shear stress at the boundary.

Solution. Given :

u
T 5.75 log,, ( J +8.5=32.05

Dia. of pipe, D =100 mm = 0.1 m
Radius of pipe, R=0.05m
Discharge, Q =2.27 m*/min = % m%/s = 0.0378 m%/s

Kinematic viscosity, v = 0.0098 stokes = 0.0098 cm?*/s = 0.0098 x 10~ m?/s

Now average velocity is given by U = 0 _ 00378 _00378x4
Area E(O 1)2 nx0.01
2

=4.817 m/s

UxD _ 4817x0.1
0.0098 x10™*

The flow is turbulent and R, is more than 10°. Hence for smooth pipe, the co-efficient of friction
‘f ’is obtained from equation (10.33) as

=4.9154 x 10°.

Reynolds number is given by, R, =

1
Jir < 2.0 logo (R,+[4f)-0.8

or ﬁ =2.0 log,, (4.9154 x 10° x /4f) - 0.8
=2.0 [log,y 4.9154 x 10° + log,, /41— 0.8
=2.0[5.6915 + log;y /4f 1-0.8 =2 x5.6915 + 2 logo /4f — 0.8
= 113830 + log, (y47) - 0.8 = 11383 + log, (4/) - 0.8

or L log,, (4/) = 11.383 - 0.8 = 10.583 (D)

VA7
(i) Friction factor
Now, friction factor (f*) = 4 X co-efficient of friction = 4f
Substituting the value of ‘4f’ in equation (i), we get

% —log,, f* = 10.583 ...(i0)
Vr

The above equation is solved by hit and trial method.

Let f* = 0.1, then L.H.S. of equation (ii), becomes as

LHS. = —— — log; 0.1 = 3.16 - (- 1.0) = 4.16

Jor
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Let f* = 0.01, then L.H.S. of equation (ii), becomes as

LHS. = _ 10g,,0.01 = 10— (-2) = 12

4/0.01
But for exact solution, L.H.S. should be 10.583. Hence value of f* lies between 0.1 and 0.01.
Let f* = 0.013 then L.H.S. of equation (ii), becomes as

1
L.H.S. = —— -1log,,0.013 =8.77 - (- 1.886) = 8.77 + 1.886 = 10.656

4/0.013

which is approximately equal to 10.583.
Hence the value of f* is equal to 0.013.

Friction factor, f*=0.013. Ans.
(ii) Maximum velocity (4,,,,)
Now we know that fr=4f
*
Co-efficient of friction, f= fT = m =0.00325

Now the shear velocity (u.) in terms of co-efficient of friction and average velocity is given by

equation (10.31A) as
U = U\E =4.817 x ‘/0‘0(;325 =4.817 x 0.0403 = 0.194

For smooth pipe, the velocity at any point is given by equation (10.20)

— [5.75 log o 222 5.55}
\%

The velocity will be maximum at the centre of the pipe,
where y=R =0.05
i.e., radius of pipe. Hence the above equation becomes as

U« X R

U nax = Us [5.75 log,, + 5.55}

=0.194 [5.75 log,, 204X 0.05_ .55}

1°0.0098 x 107

=0.194 [22.974 + 5.55] = 5.528 m/s. Ans.
(iii) Shear stress at the boundary (7T,)

T T
We know that Us = /—0 or u2* =2
P [

Ty = p 4% = 1000 x 0.194% = 37.63 N/m. Ans.
Problem 10.12 Hydrodynamically smooth pipe carries water at the rate of 300 l/s at 20°C
(p = 1000 kg/m3, v=10° mz/s) with a head loss of 3 m in 100 m length of pipe. Determine the pipe
and R, =

0.221 LxV? D
diameter. Use f = 0.0032 + —— 53> equation for f, where h; = SXLXVE B &
(r.) Dx7g !
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Solution. Given :

Discharge, Q=300 Vls =03 ms
Density, p = 1000 kg/m*
Kinematic viscosity, v=10"°m%s
Head loss, hf= 3m
Length of pipe, L=100 m
221
Value of friction factor, f=0.0032 + %
R,)”

Reynolds number, R, = w = VxD

n \%

= —VX_6D =VxDx10°
10

Find : Diameter of pipe.
Let D = Diameter of pipe
Head loss in terms of friction factor is given as

fXLxV?
hf= S —
Dx2g
fx100x V?
or =L @
D x2x981
or f= 3x D x2x981 or f= 0.5886 D
100 v2 V2
Now Q0=AXxXV
or 0.3=%D2><Vor D xv=23%03 _ 438
V= O.3§232
D
Also f=0.0032 + %
R,)"
or 0.58826D = 0.0032 + 0.221 —
4 (VxDx106)
( From equation (i), f = Osiﬁ
or 0.5886D2 = 0.0032 + 0.221 .
0.382 0.382 6)

( From equation(ii), V =

(+ hy=3, L=100m)

(D)

.(i0)

andRe=V><D><106)

0.382 )

D2
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) S 221
or 0.5886 ><2D = 0.0032 + 0 __
0.382 (0.382 X 106) '
D0.237
or 4.033 D’ = 0.0032 + 0.0105 x D*?%7
or 4.033 D’ - 0.0105 D°*®7 ~ 0.0032 = 0 ..(iid)

The above equation (iii) will be solved by hit and trial method.
(i) Assume D = 1 m, then L.H.S. of equation (iii), becomes as
L.H.S. = 4.033 x 1° - 0.0105 x 1°%7 — 0.0032
=4.033 - 0.0105 - 0.0032 = 4.0193

By increasing the value of D more than 1 m, the L.H.S. will go on increasing. Hence decrease the
value of D.

(ii) Assume D = 0.3 m, then L.H.S. of equation (iii),
becomes as L.H.S. = 4.033 x 0.3° - 0.0105 x 0.3°%*7 - 0.0032
=0.0098 — 0.00789 — 0.0032 = - 0.00129
As this value is negative, the value of D will be slightly more than 0.3.
(iif) Assume D = 0.306 m, then L.H.S. of equation (iii), becomes as
L.H.S. = 4.033 x 0.306° — 0.0105 x 0.306°%*" - 0.0032

=0.0108 - 0.00793 - 0.0032 = - 0.00033
This value of L.H.S. is approximately equal to zero. Actually the value of D will be slightly more
than 0.306 m say 0.308 m. Ans.

Problem 10.13 Water is flowing through a rough pipe of diameter 600 mm at the rate of
600 litres/second. The wall roughness is 3 mm. Find the power lost for 1 km length of pipe.

Solution. Given :

Dia. of pipe, D =600 mm = 0.6 m
Radius of pipe, R= 076 =03m
Discharge, 0 = 600 litre/s = 0.6 m>/s
Wall roughness, k=3mm=3x10>m=0.003m
Length of pipe, L=1km= 1000 m

For rough pipes, the co-efficient of friction in terms of wall roughness, & is given by equation (10.36)
as

03
=2lo R/k) +1.74=2 1o +1.74 =5.74
210 (R/k) 210 (0003)

/4
or J4f = ——=0.1742 or 4f = (0.1742)* = 0.03035

4f x LxV?

The head loss due to friction is given by, /= Dx2
xXag
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The power* lost is given by, P =

" T . 2
. Co-efficient of friction is expressed in terms of shear stress as = —-

(0] 0.6

where V = X:— = 2.122 m/s

-}(062)

ho 0.03035 x 1000 x 2.1227

¢ =11.6m
0.6 x2x9.81

PEXQXh; 1000x9.81x0.6Xx116
1000 1000

kW = 68.27 kW. Ans.

HIGHLIGHTS

. If the Reynold number is less than 2000 in a pipe, the flow is laminar while if the Reynold number is

more than 4000, the flow is turbulent in pipes.

. Loss of pressure head in a laminar flow is proportional to the mean velocity of flow, while in case of

turbulent flow it is approximately proportional to the square of velocity.

. Expression for head loss due to friction in pipes is given by Darcy-Weisbach equation,

o AxfxLxV?

¢ , where f = co-efficient of friction
dx2g

_fxLxV?

, where f = friction factor
dx2g

To
pv?
where V = mean velocity of flow, p = mass density of fluid.

. Shear stress in turbulent flow is sum of shear stress due to viscosity and shear stress due to turbulence,

ie.,
T =7T,+7T, where T, = shear stress due to viscosity
T, = shear stress due to turbulence
—u du o du
dy dy

. Turbulent shear stress by Reynolds is given as T = p u’v’

where u” and V" = fluctuating component of velocity.

2
- d
. The expression for shear stress in turbulent flow due to Prandtl is T = p12 (d_u) , where [ = mixing length.
Y

. The velocity distribution in the turbulent flow for pipes is given by the expression

u=u,, +2.5u*log, (y/R)

max
where U, = 1s the centre-line velocity,

y = distance from the pipe wall,
R = radius of the pipe,

T
and u, = shear velocity which is equal to ,—0.
p

* Power = pg X O X h,watt =

XOXh
PeXOxhy | o
1000
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9.

10.

11.

12.

13.

14.

Velocity defect is the difference between the maximum velocity (u
point and is given by (u,,, — u) = 5.75 X u. log,, (R/y).

The boundary is known as hydrodynamically smooth if &, the average height of the irregularities project-
ing from the surface of the boundary is small compared to the thickness of the laminar sub-layer (&") and
boundary is rough if £ is large in comparison with the thickness of the sub-layer.

max) and local velocity (u) at any

k k
or if g < 0.25, the boundary is smooth ; if ? > 6.0, the boundary is rough

k
and if § lie between 0.25 to 6.0, the boundary is in transition.

Velocity distribution for turbulent flow is
A 5.75 logy, Ly + 5.55 for smooth pipes
Ui v

= 5.75 log,, (y/k) + 8.5 for rough pipes
where u = velocity at any point in the turbulent flow,

: T . e . :
u, = shear velocity and = /—0 , V = kinematic viscosity of fluid,
p

y = distance from pipe wall, and k = roughness factor.
Velocity distribution in terms of average velocity is
U .R
— =5.75 log;, Lol + 1.75 for smooth pipes,
Us v

= 5.75 log,, R/k + 4.75 for rough pipes.
Difference of local velocity and average velocity for smooth and rough pipes is

u-U
Us
The co-efficient of friction is given by

=5.75 log,, (y/R) + 3.75.

=— ... for laminar flow,
-4

0.0791

= ﬁ for turbulent flow in smooth pipes for R, = 4000 by < 10°
RE

= .0008 + '055_22557 for R, < 10° but >4 x 10’

(R.)

e

L = 2 log,, (R/k) + 1.74 for rough pipes where R, = Reynolds number.

Jaf

EXERCISE

(A) THEORETICAL PROBLEMS

What do you understand by turbulent flow ? What factor decides the type of flow in pipes ?

2. (a) Derive an expression for the loss of head due to friction in pipes.

(b) Derive Darcy-Weisbach equation. (J.N.T.U., Hyderabad, S 2002)
Explain the term co-efficient of friction. On what factors does this co-efficient depend ?
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10.

11.

12.

13.

Obtain an expression for the co-efficient of friction in the terms of shear stress.

What do you mean by Prandtl mixing Length Theory ? Find an expression for shear stress due to Prandtl.
Derive an expression for Prandtl’s universal velocity distribution for turbulent flow in pipes. Why this
velocity distribution is called universal ?

What is a velocity defect ? Derive an expression for velocity defect in pipes.

How would you distinguish between hydrodynamically smooth and rough boundaries ?

Obtain an expression for the velocity distribution for turbulent flow in smooth pipes.

Show that velocity distribution for turbulent flow through rough pipe is given by

X 575 10g,, (v/k) + 8.5
U

where u, = shear velocity, y = distance from pipe wall, k = roughness factor.
Obtain an expression for velocity distribution in terms of average velocity for
(a) smooth pipes and (b) rough pipes.
Prove that the difference of local velocity and average velocity for turbulent flow through rough or smooth
pipes is given by
u-U

Us

=5.75 log,y (y/R) + 3.75.

Obtain an expression for velocity distribution in turbulent flow for (i) smooth pipes and (ii) rough pipes.
(Delhi University, December, 2002)

(B) NUMERICAL PROBLEMS

. A pipe-line carrying water has average height of irregularities projecting from the surface of the

boundary of the pipe as 0.20 mm. What type of the boundary is it ? The shear stress development is
7.848 N/m?. Take value of kinematic viscosity for water as 0.01 stokes. [Ans. Boundary is in transition]

. Determine the average height of the roughness for a rough pipe of diameter 10.0 cm when the velocity at

a point 4 cm from wall is 40% more than the velocity at a point 1 cm from pipe wall. [Ans.0.94 cm]

. A smooth pipe of diameter 10 cm and 1000 m long carries water at the rate of 0.70 m?/minute. Calculate

the loss of head, wall shearing stress, centre line velocity, velocity and shear stress at 3 cm from pipe wall.
Also calculate the thickness of the laminar sub-layer. Take kinematic viscosity of water as 0.015 stokes
and value of co-efficient of friction ‘f’ as

.0791
=
(Re)1/4

where R, = Reynolds number.

[Ans. 20.05 m, 4.9 N/m? 3 1.774 m/s ; 1.65 m/s ; 19.62 N/m? ;3 0.248 mm)]

. The velocities of water through a pipe of diameter 10 cm, are 4 m/s and 3.5 m/s at the centre of the pipe and

2 cm from the pipe centre respectively. Determine the wall shearing stress in the pipe for turbulent flow.
[Ans. 15.66 kgf/m?]

. For turbulent flow in a pipe of diameter 200 mm, find the discharge when the centre-line velocity is

30 m/s and velocity at a point 80 mm from the centre as measured by pitot-tube is 2.0 m/s.
[Ans. 64.9 litres/s]

. For problem 5, find the co-efficient of friction and the average height of roughness projections.

[Ans. 0.029, 25.2 mm]

Water is flowing through a rough pipe of diameter 40 cm and length 3000 m at the rate of 0.4 m?/s. Find
the power required to maintain this flow. Take the average height of roughness as K = 0.3 mm.

[Ans.278.5 kN]
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8.

10.

A smooth pipe of diameter 300 mm and length 600 m carries water at rate of 0.04 m?/s. Determine the
head lost due to friction, wall shear stress, centre-line velocity and thickness of laminar sub-layer.
Take the kinematic viscosity of water as 0.018 stokes. [Ans. 0.588 m, 0.72 N/cmz, 0.665 m/s, 0.779 mm)]

. A rough pipe of diameter 300 mm and length 800 m carries water at the rate of 0.4 m?%/s. The wall

roughness is 0.015 mm. Determine the co-efficient of friction, wall shear stress, centre line velocity and
velocity at a distance of 100 mm from the pipe wall.

[Ans. f=.00263, T, = 42.08 N/cmz, Upay = 0.457 m/s, u = 6.249 m/s]
Determine the distance from the centre of the pipe, at which the local velocity is equal to the average
velocity for turbulent flow in pipes. [Ans. 0.7772 R]



