BOUNDARY LAYER ~
FLOW »

» 13.1 INTRODUCTION

When a real fluid flows past a solid body or a solid wall, the fluid particles adhere to the boundary
and condition of no slip occurs. This means that the velocity of fluid close to the boundary will be same
as that of the boundary. If the boundary is stationary, the velocity of fluid at the boundary will be zero.
Farther away from the boundary, the velocity will be higher and as a result of this variation of velocity,

. Loodu . e . .
the velocity gradient d_ will exist. The velocity of fluid increases from zero velocity on the stationary

boundary to free-stream velocity (U) of the fluid in the direction normal to the boundary. This variation
of velocity from zero to free-stream velocity in the direction normal to the boundary takes place in a
narrow region in the vicinity of solid boundary. This narrow region of the fluid is called boundary
layer. The theory dealing with boundary layer flows is called boundary layer theory.

According to boundary layer theory, the flow of fluid in the neighbourhood of the solid boundary
may be divided into two regions as shown in Fig. 13.1.
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Fig. 13.1 Flow owver solid body.

1. A very thin layer of the fluid, called the boundary layer, in the immediate neighbourhood of the
solid boundary, where the variation of velocity from zero at the solid boundary to free-stream velocity

. o . . . Lo du
in the direction normal to the boundary takes place. In this region, the velocity gradient d_ exists and
hence the fluid exerts a shear stress on the wall in the direction of motion. The value of shear stress is

given by
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2. The remaining fluid, which is outside the boundary layer. The velocity outside the boundary layer
is constant and equal to free-stream velocity. As there is no variation of velocity in this region, the

. . du . .
velocity gradient d_ becomes zero. As a result of this the shear stress is zero.

» 13.2 DEFINITIONS

13.2.1 Laminar Boundary Layer. For defining the boundary layer (i.e., laminar boundary
layer or turbulent boundary layer) consider the flow of a fluid, having free-stream velocity (U), over
a smooth thin plate which is flat and placed parallel to the direction for free stream of fluid as shown
in Fig. 13.2. Let us consider the flow with zero pressure gradient on one side of the plate, which is
stationary.
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Fig.13.2 Flow over a plate.

The velocity of fluid on the surface of the plate should be equal to the velocity of the plate. But plate
is stationary and hence velocity of fluid on the surface of the plate is zero. But at a distance away from
the plate, the fluid is having certain velocity. Thus a velocity gradient is set up in the fluid near the
surface of the plate. This velocity gradient develops shear resistance, which retards the fluid. Thus the
fluid with a uniform free stream velocity (U) is retarded in the vicinity of the solid surface of the plate
and the boundary layer region begins at the sharp leading edge. At subsequent points downstream the
leading edge, the boundary layer region increases because the retarded fluid is further retarded. This is
also referred as the growth of boundary layer. Near the leading edge of the surface of the plate, where
the thickness is small, the flow in the boundary layer is laminar though the main flow is turbulent. This
layer of the fluid is said to be laminar boundary layer. This is shown by AFE in Fig. 13.2. The length of
the plate from the leading edge, upto which laminar boundary layer exists, is called laminar zone. This
is shown by distance AB. The distance of B from leading edge is obtained from Reynold number equal
to 5 x 10° for a plate. Because upto this Reynold number the boundary layer is laminar. The Reynold

number is given by (R,), = Uxx

where  x = Distance from leading edge,
U = Free-stream velocity of fluid,
v = Kinematic viscosity of fluid,
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Hence for laminar boundary layer, we have 5 X 10° = Uxx ..(13.1)
v

If the values of U and v are known, x or the distance from the leading edge upto which laminar
boundary layer exists can be calculated.

13.2.2 Turbulent Boundary Layer. If the length of the plate is more than the distance x,
calculated from equation (13.1), the thickness of boundary layer will go on increasing in the down-
stream direction. Then the laminar boundary layer becomes unstable and motion of fluid within it, is
disturbed and irregular which leads to a transition from laminar to turbulent boundary layer. This short
length over which the boundary layer flow changes from laminar to turbulent is called transition zone.
This is shown by distance BC in Fig. 13.2. Further downstream the transition zone, the boundary layer
is turbulent and continues to grow in thickness. This layer of boundary is called turbulent boundary
layer, which is shown by the portion FG in Fig. 13.2.

13.2.3 Laminar Sub-layer. This is the region in the turbulent boundary layer zone, adjacent to
the solid surface of the plate as shown in Fig. 13.2. In this zone, the velocity variation is influenced
only by viscous effects. Though the velocity distribution would be a parabolic curve in the laminar
sub-layer zone, but in view of the very small thickness we can reasonably assume that velocity
variation is linear and so the velocity gradient can be considered constant. Therefore, the shear stress in
the laminar sub-layer would be constant and equal to the boundary shear stress T,. Thus the shear stress

in the sub-layer is
(814) u { . L. Ju u }
To=M|— =u— *+ For linear variation, —=—
)oY dy 'y
13.2.4 Boundary Layer Thickness (3). It is defined as the distance from the boundary of the
solid body measured in the y-direction to the point, where the velocity of the fluid is approximately
equal to 0.99 times the free stream velocity (U) of the fluid. It is denoted by the symbol 8. For laminar
and turbulent zone it is denoted as :
1. 3, = Thickness of laminar boundary layer,
2. §,,, = Thickness of turbulent boundary layer, and
3. & = Thickness of laminar sub-layer.

13.2.5 Displacement Thickness (8*). It is defined as the distance, measured perpendicular to the
boundary of the solid body, by which the boundary should be displaced to compensate for the reduction in
flow rate on account of boundary layer formation. It is denoted by 6*. It is also defined as :

“The distance perpendicular to the boundary, by which the free-stream is displaced due to the
formation of boundary layer”.

Expression for 8*.
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Fig. 13.3 Displacement thickness.
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Consider the flow of a fluid having free-stream velocity equal to U over a thin smooth plate as
shown in Fig. 13.3. At a distance x from the leading edge consider a section 1-1. The velocity of fluid
at B is zero and at C, which lies on the boundary layer, is U. Thus velocity varies from zero at Bto U
at C, where BC is equal to the thickness of boundary layer i.e.,

Distance BC = §

At the section 1-1, consider an elemental strip.

Let y = distance of elemental strip from the plate,

dy = thickness of the elemental strip,
u = velocity of fluid at the elemental strip,
b = width of plate.
Then area of elemental strip, dA = b X dy
Mass of fluid per second flowing through elemental strip
= p X Velocity X Area of elemental strip
=puXdA=puxbxdy (D)

If there had been no plate, then the fluid would have been flowing with a constant velocity equal to
free-stream velocity (U) at the section 1-1. Then mass of fluid per second flowing through elemental
strip would have been

=p X Velocity X Area=p X U X b X dy . (i)

As U is more than u, hence due to the presence of the plate and consequently due to the formation of
the boundary layer, there will be a reduction in mass flowing per second through the elemental strip.

This reduction in mass/sec flowing through elemental strip

= mass/sec given by equation (ii) — mass/sec given by equation (i)
= pUbdy — pubdy = pb(U — u)dy
Total reduction in mass of fluid/s flowing through BC due to plate

S S
= j pb(U - u)dy = pb j (U - u)dy ...(iii)
0 0

{if fluid is incompressible }
Let the plate is displaced by a distance &* and velocity of flow for the distance &* is equal to the
free-stream velocity (i.e., U). Loss of the mass of the fluid/sec flowing through the distance &*
= p X Velocity X Area
=pxUxd*xb {-c Area=8* X b} ...(iv)
Equating equation (iii) and (iv), we get
pb Jj(U—u)dy:pxeS*b

Cancelling pb from both sides, we have

8
J:)(U—u)dy=U><8*

1 8 8 (U - u)dy “+ U is constant and can
or 6*=—j (U—u)dy:f— ons _
U Yo 0 U be taken inside the integral

8 u
& = jo (1 - 5) dy. .(13.2)
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13.2.6 Momentum Thickness (0). Momentum thickness is defined as the distance,
measured perpendicular to the boundary of the solid body, by which the boundary should be displaced
to compensate for the reduction in momentum of the flowing fluid on account of boundary layer
formation. It is denoted by 6.

Consider the flow over a plate as shown in Fig. 13.3. Consider the section 1-1 at a distance x from
leading edge. Take an elemental strip at a distance y from the plate having thickness (dy). The mass of
fluid flowing per second through this elemental strip is given by equation (i) and is equal to pubdy.

Momentum of this fluid = Mass X Velocity = (pubdy)u

Momentum of this fluid in the absence of boundary layer = (pubdy)U

Loss of momentum through elemental strip = (pubdy)U — (pubdy) X u = pbu(U — u)dy

3
Total loss of momentum/sec through BC = J pbu(U — u)dy ...(13.3)
0

Let 0 = distance by which plate is displaced when the fluid is flowing with a constant velocity U
Loss of momentum/sec of fluid flowing through distance 6 with a velocity U
= Mass of fluid through 6 X velocity
= (p X area X velocity) X velocity
=[pxOxbxU]lxU {-v Area= 0 x b}
= pobU> ..(13.4)
Equating equations (13.4) and (13.3), we have

8 8
pOLU? = j pbu(U - w)dy = pb j w(U - u)dy  {If fluid is assumed incompressible}
0 0

]
or oU* = J u(U - u)dy {cancelling pb from both sides}
0
1 3 8 u(U - u)dy
or 9= LTzIO w(U = wydy = jo e
8 u u
0=| —|1-—]dy. ..(13.5
o U [ U} Y ( )

13.2.7 Energy Thickness (6**). It is defined as the distance measured perpendicular to the
boundary of the solid body, by which the boundary should be displaced to compensate for the reduction
in kinetic energy of the flowing fluid on account of boundary layer formation. It is denoted by 8**.

Consider the flow over the plate as shown in Fig. 13.3 having section 1-1 at a distance x from
leading edge. The mass of fluid flowing per second through the elemental strip of thickness ‘dy’at a
distance y from the plate as given by equation (i) = pubdy

Kinetic energy of this fluid = % m x velocity? = % (pubdy) u*
Kinetic energy of this fluid in the absence of boundary layer
- % (pubdy)U?
Loss of K.E. through elemental strip

= % (pubdy)U? - % (pubdy) u* = % pub [U* - u?] dy
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Total loss of K.E. of fluid passing through BC

3 1 1 ]
= jo > pub [U2 - u?] dy = prjo u (U? = u?) dy
{If fluid is considered incompressible}

Let 8** = distance by which the plate is displaced to compensate for the reduction in K.E.
Loss of K.E. through §** of fluid flowing with velocity U

= ) (mass) X velocity2 = % (p X area X velocity) X velocity2

(p X b x &** x U)U? {~+ Area=b x §**}

pb&** U3

Equating the two losses of K.E., we get
1 3_1 (3 2 2
— pb&**U” = — bj U® - d
5 P SPb), (U -u’) dy

1 ¢d
or Ok = FJ:) u (U? - u?) dy

3 u u?
O** = —|1-—| dy. ...(13.6
LU[I UZ} Y (130

Problem 13.1 Find the displacement thickness, the momentum thickness and energy thickness for

the velocity distribution in the boundary layer given by % = %, where u is the velocity at a distance y

from the plate and u = U at y = 8, where 8 = boundary layer thickness. Also calculate the value of 5*/8.
Solution. Given:

®r_y
U 3
(i) Displacement thickness 8* is given by equation (13.2),

S (T

Velocity distribution

[
278
= [y - y_} {0 is constant across a section}
28 o
2
25-9 _5-3.3 ans
28 2 2
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Substituting the value of

_ 52(_1) Py 2
G‘Joal s dy‘Jo 5 5 |V

[ FT.8 & 5 5_3%-25_3
28 3% 2 3 6 6

5 Ans
20 3%

(iii) Energy thickness 8** is given by equation (13.6), as

2

% u u Syl ¥ {
**k = — _— = = _ .
) J:) [1 2}dy Jo 8[ 82}dy

Q=
1]
o<
H,_l

_5 8 _2%8-3_3
2 4 4 4
*
(iv) 8—=L=gx%=3.Ans

Problem 13.2 Find the displacement thickness, the momentum thickness and energy thickness for

2
the velocity distribution in the boundary layer given by % =2 (%) - (%) .
Solution. Given:

2
. o u y y
Velocity distribution Z =2 ==
’ U (5) (5)

() Displacement thickness 8* is given by equation (13.2),
= [ (1 “la
- J’o - E) Y

2
Substituting the value of Ly 2(1) - (X) , we have
U ) )

S ASLORHIE
(oo o 53]
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(ii) Momentum thickness 0, is given by equation (13.5),

5 &2 5 82
_f 2y 47 2y 2 i},
“hls 8 8 8 & &

r )
5 2 3 4 2 3 4 5
Y o U A R P 0 S e D
25 382 48 5%°

0

2 3 4 5
L I
) 5

5 38° 58* 3
150 —256+156-30 300-286 208
= = =—. Ans.
15 15 15

(iii) Energy thickness 8** is given by equation (13.6),

5**4:%[1_;_22: dy= j(—-—zj( [%yg_”dy

(2 y_] [‘i y_i}
‘Jo(a_sz et e )?

=f’(2y 8 _2y° &' ¥ 4yt 4y5)d

I R A R R S

5 8 5 & 5 8

S
[2y y' 8yt 12y°  6)° y7}

25 357 45 @ 550 650 | 78° |,

62 63 264 1265 66 67 6 6
T8 38 5———26 _5_5 o
5 35 & s & 78 3
5. 8,125 8 _-2108-358+2528+155
35 7 105

| 2455+2678 _ 225

= . Ans.
105 105
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» 13.3 DRAG FORCE ON A FLAT PLATE DUE TO BOUNDARY LAYER

Consider the flow of a fluid having free-stream velocity equal to U, over a thin plate as shown in
Fig. 13.4. The drag force on the plate can be determined if the velocity profile near the plate is
known. Consider a small length Ax of the plate at a distance of x from the leading edge as shown in
Fig. 13.4 (a). The enlarged view of the small length of the plate is shown in Fig. 13.4 (b).

OUTER EDGE OF

BOUNDARY LAYER
BOUNDARY LAYER
c
—u bl € D_¢]
— ¥
— dy
—— Al B y 1

B

X e Py el

(@) (b)
Fig. 13.4 Drag force on a plate due to boundary layer.

d d
The shear stress T,is given by 1, = (d—uj , where (_uj is the velocity distribution near the
Y -
y=0

y=0 dy
plate at y = 0.
Then drag force or shear force on a small distance Ax is given by
AF [, = shear stress X area
=Ty X Ax X b ...(13.7) {Taking width of plate = b}
where AF, = drag force on distance Ax
The drag force AF, must also be equal to the rate of change of momentum over the distance Ax.
Consider the flow over the small distance Ax. Let ABCD is the control volume of the fluid over the
distance Ax as shown in Fig. 13.4 (b). The edge DC represents the outer edge of the boundary layer.
Let u = velocity at any point within the boundary layer
b = width of plate
Then mass rate of flow entering through the side AD

]
= J p X velocity X area of strip of thickness dy
0

8
=j pXuxbxdy {~+ Area of strip = b x dy)
0

S
= j pubdy
0

Mass rate of flow leaving the side BC

= mass through AD +ai (mass through AD) X Ax
x

8 o e
= jo pubdy a_on (pubdy)} X Ax
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From continuity equation for a steady incompressible fluid flow, we have
Mass rate of flow entering AD + mass rate of flow entering DC
= mass rate of flow leaving BC
Mass rate of flow entering DC = mass rate of flow through BC — mass rate of flow through AD

—f bd +i[f ubd}xAx f’ bd
- o pu y ax Op y - Opu y

0 )
= “0 pubdy} X Ax

The fluid is entering through side DC with a uniform velocity U.
Now let us calculate momentum flux through control volume.
Momentum flux entering through AD

)
= J momentum flux through strip of thickness dy
0
3 ) ) 3 5,
= J mass through strip X velocity = J (pubdy) X u = J pu“bdy
0 0 0

) )

Momentum flux leaving the side BC = J pu*bdy + E)i U puzbdy} X Ax
0 x | Jo

Momentum flux entering the side DC = mass rate through DC X velocity

0 ]
= a—[jo pubdy} X Ax X U (+ Velocity = U}
X

= ai [ijuUbdy} x Ax
X

As U is constant and so it can be taken inside the differential and integral.
Rate of change of momentum of the control volume
= Momentum flux through BC — Momentum flux through AD
— momentum flux through DC

S 2 i 8 2 8 2 i 8
= jo pubdy +- jo pu’bdy xAx-jo pu’bdy — = jo puUbdy | x Ax

= ai J:puzbdy:| X Ax —ai[j:puUbdy} x Ax
x | x

R 5
_a_jo ou bdy—J; puUbdy}xAx

= ai j: (b - puUb)dy} X Ax
X L

= % :pb j: (u? - uU)dy} X Ax

{For incompressible fluid p is constant}
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= pb i“: (u? —uU)dy} X Ax .(13.8)

Now the rate of change of momentum on the control volume ABCD must be equal to the total force
on the control volume in the same direction according to the momentum principle. But for a flat plate

9
& _ 0, which means there is no external pressure force on the control volume. Also the force on the

ox

side DC is negligible as the velocity is constant and velocity gradient is zero approximately. The only
external force acting on the control volume is the shear force acting on the side AB in the direction
from B to A as shown in Fig. 13.4 (b). The value of this force is given by equation (13.7) as

AF =Ty X Ax X b
Total external force in the direction of rate of change of momentum
=—TyXAxXb ...(13.9)

According to momentum principle, the two values given by equations (13.9) and (13.8) should be
the same.

— Ty X Ax X b= pb E)ix“: (uz—uU)dy:| X Ax

Cancelling Ax X b, to both sides, we have

or To=_P_[
X

T, a| 8 u[ u]
or =— —|1-—|d ..(13.10
oU? ~ ox Uo vl Tul? (13.10)
. . S u ul . .
In equation (13.10), the expression J E[l - E} dyis equal to momentum thickness 6. Hence
0

equation (13.10) is also written as
T, _ 99
pU> Ox

Equation (13.11) is known as Von Karman momentum integral equation for boundary layer
flows.

(13.11)

This is applied to :

1. Laminar boundary layers,

2. Transition boundary layers, and
3. Turbulent boundary layer flows.
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For a given velocity profile in laminar zone, transition zone or turbulent zone of a boundary layer,
the shear stress T, is obtained from equation (13.10) or (13.11). Then drag force on a small distance Ax
of the plate is obtained from equation (13.7) as

AFp =Ty X Ax X b
Then total drag on the plate of length L on one side is

L
F,= j AFp, = j T, X bxdx {change Ax = dx}. (13.12)

0
13.3.1 Local Co-efficient of Drag [Cp*]. It is defined as the ratio of the shear stress T, to the

quantity % pU2. It is denoted by Cp*

Hence Cp* = 20 ..(13.13)

T
~pU
5P

13.3.2 Average Co-efficient of Drag [Cp]. It is defined as the ratio of the total drag force to

the quantity % pAU2. It is also called co-efficient of drag and is denoted by C,.

Hence Cp= _fp ..(13.14)

1 2
—pAU
2P

where A = Area of the surface (or plate)

U = Free-stream velocity

p = Mass density of fluid.
13.3.3 Boundary Conditions for the Velocity Profiles. The followings are the boundary
conditions which must be satisfied by any velocity profile, whether it is in laminar boundary layer
zone, or in turbulent boundary layer zone :

1. At y=0,u=0andj—u has some finite value
Y
2. Aty=98,u=U
3. Aty=8,ﬂ=0.
dy

Problem 13.3 For the velocity profile for laminar boundary layer flows given as
u

—_— = —_ 2
U 2(y/8) — (y/3)

find an expression for boundary layer thickness (d), shear stress (1) and co-efficient of drag (Cp) in
terms of Reynold number.
Solution. Given:

2
(i) The velocity distribution % =2 (%) - (%) (D)

Substituting this value of % in equation (13.10), we get
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0 js{z_y £+2y3 ﬁ+2y3

S 2 3 4
2 {ﬂ_iﬁi_y_},y:ai
29

08 58 & & d

=8x

5]= 2 o2 A%

_i[158—258+158—38} 0 [308—
T o 15
20

T, = pU? x =
0=P 15 ox

s 87 8 8% &

2% 5%y . 4yt
20

5
98 58,8 O 905 3545-2
ax{a 357 5 554} ax[ 307 5}

y4
3o

8

382 48* 58*

0

3

280| 02| 20
s 3f)22
15

| 15] 150x

...(13.15)

The shear stress at the boundary in laminar flow is also given by Newton’s law of viscosity as

e
o=H dy -

(i)

{- U is constant}

...(iii)

r 2
But from equation (i), u=v|2_ 2
K
(2 2
du _ ___g}
dy R
(du] 2 2 x(O)} 2U
- =U|Z-= > ==
dy) _, L& 8 B
Substituting this value in (ii), we get
Ty =N X 20U _ 2w
0 8 5
Equating the two values of 1, given by equation (13.15) and (iii)
2 , 0 2uU
T 1
5PV 5 181=
1
or g BUY ISR ope)= 2t o
ox pU pU pU

As the boundary layer thickness () is a function of x only.
Hence partial derivative can be changed to total derivative
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15
8d[5] = ; dx
2
On integration, we get 6— = e x+C Lis constant
2 pU pU
x=0,3=0 and hence C =0
8 _ 15ux
2 pU
5= |2XISMe_ 3O0Me _ g e [BX ..(13.16)
pU pU pU
2
=548 /“"—X" =548 |2 { R, =&}
pU X x R, * u
=548 —~

T ..(13.17)

In equation (13.16), W, p and U are constant and hence it is clear from this equation that thickness
of laminar boundary layer is proportional to the square root of the distance from the leading edge.
Equation (13.17) gives the thickness of laminar boundary layer in terms of Reynolds number.

(if) Shear stress (T;) in terms of Reynolds number

From equation (iii), we have 1, = 2”—U

Substituting the value of & from equation (13.17), in the above equation, we get

20U _ UK, = 0.365 MJR_

548 X 5.48x X

VR,

TO=

(iii) Co-efficient of Drag (Cp)
Fp

From equation (13.14), we have Cp = 1
EpAU2

where F, is given by equation (13.12) as

Fp= j:ro X b X dx = JjO.%S%E X b X dx

=0.365 jLﬂ & X b X dx { Re =&}
0 x \/ I * 18

L
= 0365 jopU /% x%xbxdx
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127L

L
=0.365 uU /ﬂ xbj 2 ax=0365 00 |PY x b x|
poo o M

1|

=0.365 x 2uU /% xbxL

=0.73 buU /ﬂ ..(13.18)
18
0.73 buU /&
CD = —,’1

= T -
—pAU
) p

where A = Area of plate = Length of plate X width = L X b

c. o 073bpU pUL l46p [pUL
b= / =
n

%prxbe2 pLU \ 1

1.46 1
_ L6V 146 |-H 146 1319 ‘-“/L=
JpUL pUL JR,, pPUL /R,

Problem 13.4 For the velocity profile given in problem 13.3, find the thickness of boundary layer
at the end of the plate and the drag force on one side of a plate 1 m long and 0.8 m wide when placed
in water flowing with a velocity of 150 mm per second. Calculate the value of co-efficient of drag also.
Take W for water = 0.01 poise.

Solution. Given:

Length of plate, L=1m
Width of plate, b=0.8m
Velocity of fluid (water), U =150 mm/s = 0.15 m/s
u for water =0.01 poise = %N_z =0.001 lz
10 m m
Reynold number at the end of the plate i.e., at a distance of 1 m from leading edge is given by
L 15% 1.
R, =PYL _ jgp0 x 13x10 ¢ p=1000)
L n 001
_ 1000 x.15x 1.0 = 150000
0.001

(i) As laminar boundary layer exists upto Reynold number = 2 X 10°. Hence this is the case of
laminar boundary layer. Thickness of boundary layer at x = 1.0 m is given by equation (13.17) as

X 548 %10

JR. 50000

6=548 =0.01415 m = 14.15 mm. Ans.
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(ii) Drag force on one side of the plate is given by equation (13.18)

Fp=0.73 buU fpﬁL

= 0.73x 0.8 x 0.001 x 0.15 x ~/150000 { PUL_ R,_,L}
i
= 0.0338 N. Ans.
(iii) Co-efficient of drag, C, is given by equation (13.19) as
146 1.46

=.00376. Ans.

P~ Jr., 150000

3
Problem 13.5 For the velocity profile for laminar boundary layer % = % (%]— é (%] .

Determine the boundary layer thickness, shear stress, drag force and co-efficient of drag in terms of
Reynold number.

Solution. Given :

. C . u 3 y L(y 3
Velocity distribution, — == (_) _— _)
u 8) 2\8

EU(I_?)@}

Using equation (13.10), we have —%- Yo _ i[
pU )
%
—| = | in the above equation
2 (5) a

172
X

Substituting the value of % (
3 3
1_02= J 3 X _l 1- 3(2)_1(2) dy
pU ox 2 8 2 8/ 2\3

]
J

i) —H
I3&

By 9y 3y Yt Y
- + - d
25 457 45" 257 48° 456 Y

+ + -
ox | 2x28 T 3x48”7  5x48% 4x28°  5x48° 7><4660

o[ 3t 9y 3)° ¥ 3y° y T

_9[3® 3% 38 18 38 138
T ox| 45 48 208" 88 208° 28%°

_9 38—38+18—18+18—L8}
ox |4 4 20 8 20 28
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8[6 s 15] 86[84—35—10]_ 39 95

Toxl20°0 8° 28°) axl 280 | 280 ox
39 90 39 00
=pUl X — = pU* — ..(132
=P g0 ax 2807 ox (13.20)
L du 3y y3}
Also the shear stress T, is by T, = — ,whereu=U | —= - —
e she ess T, is given by T, u(d Jy=0weeu [28 55
3 3y?
du_yl3 3
dy 286 28
Hence (d_u =U[i—i3XO]=3—U
4y ), 28 25 28
du U _3uw
TO_“(@J =0-u % 2 8 ..(13.21)
Equating the two values of T, given by equations (13.20) and (13.21)
39  ,00 3uU
27 Syt 2R
280p ox 2 9
595=2pux 20y 1 5,20 1 5
39 pU 39 pU
2
Integrating, we get 8— = 420 1 C
2 39 pU
where x=0,8=0, .. C=0
& _420 u
2 39 pU
420 x2
or 8= B oizses [P _ g6 XX
39 pU pU pUx
—a6a | M o364 .(13.22)

(i) Shear Stress T,. Substituting the value of § from equation (13.22) into equation (13.21), we get

To

S35 MOVR 5 kY k.
2464x 928 «x ’ x Ve
/Rex

(if) Drag force (Fp)
Using equation (13.12), we get the drag force as

Fp= j:roxb X dx = jOL 0.323%@ X b X dx
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- LU |pUx - U L (F L
_0.323j0 ; /” X b X dx = 0.323 pU /u xbjo N
L
=0.323 uU /% xbjo 12 gy
oU L2k oU
=0.323 pUu /Txb ——| =0323x2pU /Txb[«/ﬂ

2 by

=0.646 WU & X b ...(13.23)
\} n

(iii) Drag Co-efficient (C;)). Using equation (13.14), we get the value of C, as

CD=1FD ,where A=b x L

—pAU?

5P

0.646 uU f& X b UL 1292

=— a = 0.646x2 x A x [PY_
—pxbxLxU? pUL"\ 1 \/pUL
2

n

1292 pUL
= . v = /R ...(13.24
R‘-’L { K “ } ( )

Problem 13.6 For the velocity profile for laminar boundary layer
u

o =200 200/8)° + (y/3)*

obtain an expression for boundary layer thickness, shear stress, drag force on one side of the plate and
co-efficient of drag in term of Reynold number.
Solution. Given:

i) The velocity profile, ==L = 47
® P vs 8 8
Using equation (13.10), we have

T _ 9 51(1_1)4
pUz_axUOU u)®

Substituting the given velocity profile in the above equation
S 3 4 3 4

W 2| (3_2%+y_4) 1_{Q_2L3+y7} &

pUZ x| \8 & 5 5§ & 8

o2y 2y Y 2y 2y
_ax['[)(ﬁ_53+54 =5t )Y




Boundary Layer Flow 629

o

LJ0

&l

S(2y 4y* 2y’ 9yt 4y’ 4y° 4y’ P
I T 8 8 e e e e 55

L Y0

a _2y2 4y3 2y4 9y5 4y6 4y7 4y8 y9
=50 T 252 453 T end 25 756 T o7 osf
ox |28 38 48 58" 68 78" 83 98
_9 a-ia-la+38-38-ia+16-la]
ox[ 3 2 5 3 7 2 9
_i_315—420+63><9—210—45)(4—35:|8
ox | 315
_i_315—420+567—210—180—35] 5
ox | 315
fwmows)y afa), a1 a
ox|L 815 dx 315 315 ox
37 ., dd
To=—pU" —
°T31577

Also shear stress is given by Newton’s law of viscosity as

. _u(auj
U

dy oo
2y 2y y*

where wu=U {F_S_Z+8_4:|

du) _y 2 4y 4y
dy) |8 & @&

Equating the two values of T, given by equations (13.25) and (13.26)
37 U2a_5=2Uu 315 2Uua_@Lax

- 600 = — =
3577 x5 37 U T 37 pU

3% 630 p

Js (2_))_ 4> 4yt 2y’ 2y 4yt 4° . 2y’ +£ 2y° N 2y’ _ﬁ] dy}

5 8 T 5 8 e e e v s

...(13.25)

...(13.26)

On integration, we get — = —— ——x + C, where C = Constant of integration

2 37 pU
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Atx=0,3=0and hence C=0

8 630 '
2 T 37 U
5= [030X2 B _seq [MX
37 pU pU
_s5g4 [MEXX _seq [M O 584 (1327
pUx VoUx R,

(i) Shear Stress (T,). Substituting the value of 3 from (13.27) into (13.26)

_2Up _ 20p 20 oy
=5 T 38ax ~sgax Vi “O0M TR
R,

e

X

(iii) Drag Force (F) on one side of the plate :
Using equation (13.12), we get

FD=LLroxbxdx=joLo.34% R, xbxdx=j:0.34%—‘”)f”bdx
VR,

L 27k
=034 U ﬂxbj P ax=034Up |PY x| X
n 0 u 172 |,
= 0.34 x 2Up /u bL = 0.68 buU fpﬁL ..(13.28)

(iv) Drag Co-efficient (Cy)

Using equation (13.14), Cp, = T where A=b X L

—pAU?

2

0.68x b xpU x pUL i

= — B _oesx2tx [PYE _136x
—pXbxLxU? pUL n pUL
2 m
1
=1.36 X (13.29)

R

Problem 13.7 For the velocity profile for laminar boundary flow E = sin (g g)

Obtain an expression for boundary layer thickness, shear stress, drag force on one side of the plate
and co-efficient of drag in terms of Reynold number.

Ty
Solution. (i) The velocity profile is — = sin (— —)
@ yp U 25



Boundary Layer Flow 631

Substituting this value in equation (13.10), we have

T_o_i_si( _i) _9 5-(
pU? ~ ox J‘0 U : U dy_ax J‘0 sin

y Ty (Y
=i —cos2—8 ) %x _sm2(2 5)
ox T T T
el el 4x—
25 26 *25 1],
E><l sin2(—X)
Jsinz(—l)dy=28 2 8
28 r ax
206 28
—COS— — cos—><9 Eé><l
T _ 0 28, 2758|_[2872
pU* ox|| T n k3
26 28 206
1y )
9 (ps L)\ _i[é_z é}
ox ml T | ox|lm 4 =
28 28
L 2[2_8] 2 faor); (4-m)28
Tox|m 2] ox| 2m 21 ) ox
4-7 288
= U — ..(13.3
To (21t )P o (13.30)
T, is also 1 (duj
i equal = —
0 q M dy .
But u=U sin(E l)
29

(duj T (n O) Ur
— =UX—cos| =X~ |=—
dy ) _, 25 2 d) 28



632 Fluid Mechanics

(%) _wuUrm
TO_”(ay)FO_ 2 (13.31)

Equating the two values T, given by equations (13.30) and (13.31)
(4—n) U2a—6= wUz or 8096 = uU’tx 2n X 1 ox

2n ox 28 2 4-m pU*?
2
505= " MU or=11.4975 X o
(4-m) pU pU
52 u
Integrating, we get - =11.4975 —Ux +C
Atx=0,6=0and hence C=0
2
S 14975 B i
2 pU

S = \/2><11.4975Lx = 4795 /L x
pU pU
=4795 |-M —4795 |-* «x
pUx pUx

_ 4795 x
R

e

..(13.32)

X

(if) Shear Stress (T;)

wnr _ pun _ HUTJR,

286  2x4795x  2x4.795x
R

e

From equation (13.31), Ty =

X

nu
2><4795 x ‘/_ 03277 ‘/_

(iii) Drag force (F) on one side of the plate is given by equation (13.12)

L L L
FD=jorO><b><dx=jo 0.327% [R, x b x dx = 0.327 qubjo % /puﬂdx

L 12k
= 0327 U x b x /ﬂj X2 dx = 0327 WU x b x /ﬂ al
podo m

=0.327x2 X uU x b /ﬂxﬁ
u
= 0.655 X WU X b X /ﬂ .(13.33)
u

|
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(iv) Co-efficient of drag, C,, is given by equation (13.14),

CD=1F—D,whereA=b><L
— pAU?
2 P
L
0.655 X uU x b x pUL UL
Cp= 1 a =O.655><2><L>< Liduiad
5 pU* xbx L pUL H
=131x 1 = 131 ...(13.34)
pUL ReL
n
Note. J sin’xds = (ﬁ— sin 2x)is used.
2

Table 13.1 shows the values of boundary layer thickness and co-efficients of drag in terms of
Reynold number for various velocity distributions

Table 13.1

Velocity Distribution 19 Cp

u y y :
1. == 2(3) —(gj 548/ [R, 1.46/,[R,,
2 o S 4.64 x/ [R 1292/ [R
- u2l5) 26 SR, 22k,

Y ’ Y i

]—2(5) +(§] 5.84 %/ [R, 1.36/,[R,,

B 22 [ [
4. T sin (2 8] 4.79 xR, 131/ JR,,

St Blasius’s Solution 4.91 x/ IRE\_ 1.328/ IRL,L

Problem 13.8 For the velocity profile in laminar boundary layer as,

<3330

find the thickness of the boundary layer and the shear stress 1.5 m from the leading edge of a plate. The
plate is 2 m long and 1.4 m wide and is placed in water which is moving with a velocity of
200 mm per second. Find the total drag force on the plate if u for water = .01 poise.

Solution. Given :

Velocity profile is %
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Distance of x from leading edge, x = 1.5 m

Length of plate, L=2m
Width of plate, b=14m
Velocity of plate, U =200 mm/s = 0.2 m/s
Viscosity of water, u = 0.01 poise = 01_((;1 =0.001 Ns/m?
For the given velocity profile, thickness of boundary layer is given by equation (13.22) as
5= 4.64 x
R,
[Here R, =PY% _ 1000 x 92215 _ 300000}
' u
4. L
o= 464x15 =0.0127 m = 12.7 mm. Ans.
4/300000

.. wu
Shear stress (T,) is given by 1, =0.323 —_/R
(9 is g Y To . vE.,

=0.323 x 0.001 X % X +/300000 = 0.0235 N/m>. Ans.

Drag Force (Fj,) on one side of the plate is given by (13.23) as

Fp=0.646 pU /ﬂx b
u
= 0.646 % 0.001 x 0.2 x /1000 x 22X29 14
\ 0.001

646 x 0.001 x 0.2 x /400000 1.4 =0.1138 N
Drag force on both sides of the plate

=2x0.1138 = 0.2276 N. Ans.
Problem 13.9 Air is flowing over a smooth plate with a velocity of 10 m/s. The length of the plate is
1.2 m and width 0.8 m. If laminar boundary layer exists up to a value of R, = 2 x10°, find the maximum
distance from the leading edge upto which laminar boundary layer exists. Find the maximum thickness
of laminar boundary layer if the velocity profile is given by

o2(5)-)

Take kinematic viscosity for air = 0.15 stokes.
Solution. Given :

Total drag force

Velocity of air, U =10 m/s
Length of plate, L=12m
Width of plate, b=0.8m

Reynold number upto which laminar boundary exists = 2 X 10°
v for air = 0.15 stokes = 0.15 x 10 m%/s
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Reynold number R, = pUx = Ux
X u V
If R, =2x 10, then x denotes the distance from leading edge upto which laminar boundary layer
exists
2% 10° = IO—XZ
0.15%10

_2x10° x0.15x107*
10

= 0.30 m = 300 mm. Ans.

2
Maximum thickness of the laminar boundary for the velocity profile, % =2 (%) - (%) is given by

equation (13.17) as
548><x 5.48 x 030

\/Tx J2><10

Problem 13.10 Air is flowing over a flat plate 500 mm long and 600 mm wide with a velocity of
4 m/s. The kinematic viscosity of air is given as 0.15 x 107 m?%/s. Find (i) the boundary layer thickness
at the end of the plate, (ii) Shear stress at 200 mm from the leading edge and (iii) drag force on one side
Ty

of the plate. Take the velocity profile over the plate as % = sin (3 . g) and density of air 1.24 kg/m3.

= 0.00367 m = 3.67 mm. Ans.

Solution. Given :

Length of plate, L=500mm=0.5m

Width of plate, b =600 mm = 0.6 m

Velocity of air, U=4m/s

Kinematic viscosity, v=0.15x 10* m?%s
Mass density, p=124 kg/m?3

For the velocity profile 2~ sin (E X) , we have
U 29

(i) Boundary layer thickness at the end of the plate means value of 8 at x = 0.5 m. First find Reynold
number.

R, = &=ﬂ=4x—0.54 =1.33x 10°.
x u v 015x10

Hence boundary layer is laminar over the entire length of the plate as Reynold number at the end of
the plate is 1.33 x 10°.
d at x = 0.5 m for the given velocity profile is given by equation (13.32) as

_ 4.795x _ 4.795x0.5

- JR. J133x105

(if) Shear stress at any distance from leading edge is given by 7, = 0.327 % /Re,

= 0.00656 m = 6.56 mm. Ans.
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Uxx  4x02

= = 53333
v 015%x107*

At x =200 mm = 0.2 m, Rex=

T = 0327 x 1 X 4 X /53333
0=
0.2

But L=vxp { v=£, u=v><p}
p
=0.15x10*%x1.24=0.186 x 107*

_ 0327 x0.186 x10™* x4 x~/53333

02
(iii) Drag force on one side of the plate is given by equation (13.33)

Fp=0.655 x U x b x /&
u
UL

=0.655 X 0.186 X 1074 X 4.0 x 0.6 X |- { v=E}
v

029234 x 104 x |93 _ 901086 N. Ans.
15%10

Problem 13.11 A thin plate is moving in still atmospheric air at a velocity of 5 m/s. The length of
the plate is 0.6 m and width 0.5 m. Calculate (i) the thickness of the boundary layer at the end of the
plate, and (ii) drag force on one side of the plate. Take density of air as 1.24 kg/m3 and kinematic
viscosity 0.15 stokes.

Solution. Given :

= 0.02805 N/m>. Ans.

To

Velocity of plate, U=5m/s

Length of plate, L=0.6m

Width of plate, b=0.5m

Density of air, p=124 kg/m3

Kinematic viscosity, v = 0.15 stokes = 0.15 x 10 m?%/s

Reynold number, R, = vL =5><—O.64 = 200000.
v 015x%10

As R, is less than 5 x 10, hence boundary layer is laminar over the entire length of the plate.
(i) Thickness of boundary layer at the end of the plate by Blasius’s solution is

491x 491L 491x0.6

[R,  JR. 200000
(ii) Drag force on one side of the plate is given by equation (13.14) as
Fp

o=

=.00658 m = 6.58 mm. Ans.

CD=1—2
—pAU
2P

Fp= %pAU2><CD
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1328 1328
[R,, 200000
1

Fp= 5 X124 %06 x05%x5>%.002970 {+A=Lxb=0.6x0.5}

where Cp, from Blasius’s solution, Cp = = 0.002969 = .00297

= 0.01373 N. Ans.

Note. If no velocity profile is given in the numerical problem but boundary layer is laminar, then Blasius’s
solution is used.
Problem 13.12 A plate of 600 mm length and 400 mm wide is immersed in a fluid of sp. gr. 0.9 and
kinematic viscosity (v =) 107 m?/s. The fluid is moving with a velocity of 6 m/s. Determine
(i) boundary layer thickness, (ii) shear stress at the end of the plate, and (iii) drag force on one side of
the plate.

Solution. As no velocity profile is given in the above problem, hence Blasius’s solution will be
used.

Given : length of plate, L =600 mm = 0.60 m
Width of plate, b =400 mm = 0.40 m
Sp. gr. of fluid, §$=0.9
Density, p = 0.9 x 1000 = 900 kg/m*
Velocity of fluid, U=6m/s
Kinematic viscosity, v=10"m%s
Reynold number, R, =Y : L 6;(‘)2‘6 =3.6 x 10%

As R, is less than 5 X 10, hence boundary layer is laminar over the entire length of the plate.
(i) Thickness of boundary layer at the end of the plate from Blasius’s solution is
491 x

VR,

= A91X06 _ 0155 m = 15.5 mm. Ans.

,/3.6 x 10*

(i) Shear stress at the end of the plate is

o=

, where x = 0.6 m and Rex= 3.6 x 10*

pU?  0.332x900 x 6°

T, = 0.332 = = 56.6 N/m>. Ans.
JR,  \36x10*
(iii) Drag force (F) on one side of the plate is given by
1
Fp=—p AU x C,
132 1.32
where Cp, from Blasius’s solution is Cp, = 328 328 =0.00699

JR.,  \6x10°
Fp= %p AU*x C)

=%><900><0.6><0.4><62><.OO699 {A=Lxb=0.6x.4}

=26.78 N. Ans.
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» 13.4 TURBULENT BOUNDARY LAYER ON A FLAT PLATE

The thickness of the boundary layer, drag force on one side of the plate and co-efficient of drag
due to turbulent boundary layer on a smooth plate at zero pressure gradient are determined as in case
of laminar boundary layer provided the velocity profile is known. Blasius on the basis of experiments
give the following velocity profile for turbulent boundary layer

u yY"
— == ..(13.3
(5) (133

where n = % for R, < 107 but more than 5 x 10

4 y 17
T = (g) ...(13.36)

Equation (13.36) is not applicable very near the boundary, where the thin laminar sub-layer of
thickness & exists. Here velocity distribution is influenced only by viscous effects.

/4
The value of T, for flat plate is taken as T, = 0.0225 p U* (%} ..(13.37)
p
" 17
Problem 13.13 For the velocity profile for turbulent boundary layer U=(§) , obtain an

expression for boundary layer thickness, shear stress, drag force on one side of the plate and co-efficient
of drag in terms of Reynold number. Given the shear stress (T,)) for turbulent boundary layer as

u 174
=0.0225p U? | —| .
% p (pUSJ

1/7
Solution. Given: - = (1)
U o

(i) Substituting this value in Von Karman momentum integral equation (13.10),

To 8_51,4( u) }
=—|| =|1-=]4a
pU?  Ox JOU u)®

2@ -2

Ja (ym B y2/7jdy}
0 61/7 62/7

_ofzy oyt _afret 787
- ax 8 81/7 9 82/7 ax 8 81/7 9 82/7
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(7 7 dJd [63-56 Jd | 7 7 90
-a—x[gs‘aﬁ}-a—x[—n }S-a—x[ﬂs-m—x

In the above expression, the integration limits should be from &’ to 8. But as the laminar sub-layer is
very thin that is §” is very small. Hence the limits of integration are taken from 0 to 8.

7 , 98
No To=— pU" — ..(13.38
v L) P ox ( )
But the value of T, for turbulent boundary layer is given,
) u 174
T, =0.0225 pU* | — ...(13.39
0 Y (pUSJ ( )
Equating the two values of T, given by equations (13.38) and (13.39), we have
7 ) 86 5 ” 174
—pU" — =.0225 pU* | —
72 P ox P pUd
1/4
or ——=.0225 | — X <7 cancelling pU
72 Ox (pUJ 3! { el
7 1/4 1/4
or 57495 = 0225 x — x| | ax=02314| £ | o
7 pU pU
1/4+1 u /4
Integrating, we get =02314| —| x+C
G
—+1
4
4 1/4
or 2 x5 =02314 (LJ X+ C
5 pU

where C is constant of integration.

To determine the value of C, assume turbulent boundary layer starts from the leading edge, though
in actual practice the turbulent boundary layer starts after the transition from laminar boundary layer.
The laminar layer exists for a very short distance and hence this assumption will not affect the
subsequent analysis.

Hence atx=0,8=0and so C=0

1/4 1/4
Aosin _oonta| P| yorsves 02314x5( M)
5 pU 4 pU

s H3 4/5 /5
or 5= 02314 x5( p oo (0.2314 X 5) M) s
4 pU 4 pU

1/5
=037 (LJ L ..(13.40)
pU
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1/5 1/5
=037 (p%) A #2037 (RLJ ><x=(0‘3—71’f5 (1341)

e
X e,

From equation (13.40), it is clear that § varies as x*3 in turbulent boundary layer while in case of

laminar boundary layer § varies as Vx.
(if) Shear Stress (T,) at any point from leading edge is given by equation (13.40) as

) l»l 1/4
T,=0.225 pU” | —<
0 p (p Uﬁj
Substituting the value of & from equation (13.40), we have

174

1y = 0.0225 pU> S
pU x 037 x (LJ x x*3
pU

0225 % 2 41s e
. U2 n

p a5 _ars
2 [0.37 X (pU)"" x x ]

2 1/5
0225x2x Py 1[I
27 (037)™ | pUx

2 1/5
= 0.0577 X % (%J .(13.42)
pUx
(iii) Drag force (F;)) on one side of the plate is

L L 2 1/5
Fp=[ toxbxdx=| 00577 x P [ B L wax
0 0 2 pU X

2 1/5 L
00577 x PV | L)« bj x5 gy
2 U 0

2 15 415 1k
.0577><&>< i X b X x
2 pU 4/5

o
s
L xpxr#s
pU

|
o
G
N
[
X
|
X
°
)
L3S
7~ N\

15

0.072 x pU? X (L] x b x LY
2 pU

(iv) Drag co-efficient, Cy, is given by

Fp

pAU?

Cp= ,where A=LXb

1
2
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U2 1/5
.O72><p2 X(LUJ x b x [
P

2
pU~ XbXL
2
1/5 1 1/5
=0.072 % (LUJ 5 = 0072 (%J
p p
-2 .(13.43) { R, =ﬂ}
R‘-’L [

This is valid for R, > 5 x 10° but less than 10”.

» 13.5 ANALYSIS OF TURBULENT BOUNDARY LAYER

(@) If Reynold number is more than 5 x 10° and less than 10 the thickness of boundary layer and
drag co-efficient are given as :
0.37x 0.072
8 = T and CD = E——yT
(%) (%)

X

..(13.44)

where  x = Distance from the leading edge
R, = Reynold number for length x

ex
R, =Reynold number at the end of the plate.
(b) If Reynold number is more than 107 but less than 10°, Schlichting gave the empirical equation as

0.455
Cp= —)258 ..(13.444)

(10g10 Re,_

» 13.6 TOTAL DRAG ON A FLAT PLATE DUE TO LAMINAR AND
TURBULENT BOUNDARY LAYER
Consider the flow over a flat plate as shown in Fig. 13.5.

TURBULENT
BOUNDARY
LAYER

LAMINAR BOUNDARY
LAYER

TRANSITION

e A ]

Fig. 13.5 Drag due to laminar and turbulent boundary layer.
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Let L = Total length of the plate, b = Width of plate,
A = Length of laminar boundary layer
If the length of transition region is assumed negligible, then
L — A = Length of turbulent boundary layer.

We have obtained the drag on a flat plate for the laminar as well as turbulent boundary layer on the
assumption that turbulent boundary layer starts from the leading edge. This assumption is valid only
when the length of laminar boundary layer is negligible. But if the length of laminar boundary layer is
not negligible, then the total drag on the plate due to laminar and turbulent boundary layer is calculated
as:

(1) Find the length from the leading edge upto which laminar boundary layer exists. This is done

by equating 5 X 10°= ﬂ The value of x gives the length of laminar boundary layer. Let this length is
v

equal to A.
(2) Find drag using Blasius solution for laminar boundary layer for length A.
(3) Find drag due to turbulent boundary layer for the whole length of the plate.
(4) Find the drag due to turbulent boundary layer for a length A only
Then total drag on the plate
= Drag given by (2) + Drag given by (3) — Drag given by (4)
= Drag due to laminar boundary layer for length A
+ Drag due to turbulent boundary layer for length L
— Drag due to turbulent boundary layer for length A. ...(13.45)
Problem 13.14 (S.1. Units). Determine the thickness of the boundary layer at the trailing edge of
smooth plate of length 4 m and of width 1.5 m, when the plate is moving with a velocity of 4 m/s in
stationary air. Take kinematic viscosity of air as 1.5 x 1 07> m*/s.
Solution. Given :

Length of plate, L=4m

Width of plate, b=15m

Velocity of plate, U=4m/s

Kinematic viscosity, v=15x 10" m%s

Reynold number, R, = IXL_30x40 4666 x 10°
\% 1.5 %10

As the Reynold number is more than 5 X 10° and hence the boundary layer at the trailing edge is
turbulent.
The boundary layer thickness for turbulent boundary layer is given by equation (13.44) as

5= 0.371«\/75 |Herex=Land R, =R,
(Rex )
- 03740 _ 00921 m =921 mm. Ans.
(10.66 x10°)

Problem 13.15 In Problem 13.14, determine the total drag on one side of the plate assuming that
(i) the boundary layer is laminar over the entire length of the plate and (ii) the boundary layer is
turbulent from the very beginning. Take p for air = 1.226 kg/m3.
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Solution. The data of problem 13.14,
L=4m,b=15m, U=4m/s,
v=15x10"m%s
R, =10.66 x 10° and p = 1.226 kg/m".
(i) When the boundary layer is laminar over the entire length, the value of Cj, is given by
Blasius’s solution as

1328 1.328

C = =
P JR. Jlos6x10°

Drag force (Fp) on one side of the plate is

=.001286

FD=%pAU2><CD

where A=bxL=15x4=6.0m?

= % x 1.226 X 6.0 X 4% X .001286 = 0.0757 N. Ans.

(if) When the boundary layer is turbulent from the very beginning, the value of co-efficient of
drag, Cj, is given by equation (13.43) as
0.072 0.072

&, )" (1066 x10°)

=.00448

/5~

CD = (
Drag force, Fp= % PAU* x Cp
1

> x 1226 6.0 x4>x 00448  {~A=bxL=15x4=6m?}

= 0.2637 N. Ans.
Problem 13.16 Water is flowing over a thin smooth plate of length 4 m and width 2 m at a velocity
of 1.0 m/s. If the boundary layer flow changes from laminar to turbulent at a Reynold number 5 x10°,
find (i) the distance from leading edge upto which boundary layer is laminar, (ii) the thickness of the
boundary layer at the transition point, and (iii) the drag force on one side of the plate. Take viscosity
of water = 9.81 x 107 Ns/m?.
Solution. Given :

Length of plate, L=4m
Width of plate, b=2m
Velocity of flow, U=1.0m/s

Reynold number for laminar boundary layer = 5 X 10°
Viscosity of water, n=9.81x 107 lg
m

(i) Let the distance from leading edge upto which laminar boundary layer exists = x
1.0 x
5% 10°= PYX _ 1000 x —0XX ¢+ p = 1000)
0 9.81x10
e 5%10° x9.81x107*

= 0.4900 m = 490 mm. Ans.
1000




644 Fluid Mechanics

(if) Thickness of boundary layer at the point where the boundary layer changes from laminar to
turbulent i.e., at Reynold number = 5 X 10°, is given by Blasius’s solution as

8=4‘91% | Here x = 49 cm = 0.49 m, R, = 5 x 10°

€

_ 4.91x0.49

,/5 x10°

(iii) Drag force on the plate on one side
= Drag due to laminar boundary layer + Drag due to turbulent boundary.
(a) Drag due to laminar boundary layer (i.e., from E to F)

é =0.0034 m = 3.4 mm. Ans.

1
Fpr= PAU* x C), (i)
where Cj, is given by Blasius solution for laminar boundary layer as
1328
Cp= & where for EF, R, =5x 10’
ex

1328

\/5>< 10°

A = Area of plate upto laminar boundary layer
=049 x b = 0.49 x 2 = 0.98 m

TURBULENT BOUNDARY
LAYER

=0.001878

—_— >
> u LAMINAR BOUNDARY e
- LAYER
- PLATE
B ——— F
- > TRANSITION
__ ,]0.49m|E
4.0m
Fig. 13.6 (4)
Substituting the value of Cp, and A in equation (i), we get
Fpp= % x 1000 x 0.98 x 1.0% x .001878 = 0.92 N. ..(i)

(b) Drag force due to turbulent boundary layer from F to G
= Drag force due to turbulent boundary layer from E to G
— Drag force due to turbulent flow from E to F

= (Fge)urb. = (Fepur.

1
Now (FFG)turb. = EpAU2 X CD

0.072

where Cp, from equation (13.44) is Cp, = W
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pUL 1.0 x4.0

But R, = =1000 x ———— =40.77 x 10°
L 0 9.81x10
Cp= —2072 000343
(40.77x10°)

(Feo)umb, = % PAU* x Cp = %x 1000 x (4 x 2) x 12 x .00343 = 13.72 N

1
Also (Fepum. = B PAgr X U X Cp
where A, = Area of plate upto EF = EF x b = 0.49 x 2 = 0.98 m?
072 072
and Cp= 0072 _ _ 0.0 =.00522

(REF)US (5 N 105)1/5

Fepumb, = % x 1000 x 0.98 x 1% x .00522 = 2.557 N

Drag force due to turbulent boundary layer from F to G
= (Fea)uw, — Fepuw, = 13.72 - 2.557 = 11.163 N
Drag force on the plate on one side
= Drag force due to laminar boundary layer upto F
+ Drag due to turbulent boundary layer from F to G
=0.92 + 11.163 = 12.083 N. Ans.
Problem 13.16 (A) Air flows at 10 m/s past a smooth rectangular flat plate 0.3 m wide and 3 m
long. Assuming that the turbulence level in the oncoming stream is low and that transition ocurs at
R,=5 x 10°, calculate ratio of total drag when the flow is parallel to the length of the plate to the value
when the flow is parallel to the width. (R.G.P.V., Bhopal S 2001)
Solution. Given :
U=10m/s;»p=03m;L=3m;
Reynolds number for laminar B.L. = 5 x 10°,
The kinematic viscosity of air and density of air may be assumed as their values are not given in the
questlon Take p = 1.24 kg/m and v = (.15 stoke
p = 1.24 kg/m> and v = 0.15 stoke = 0.15 x 10~ m?/s.
(1) Drag when flow is parallel to the length of the plate
Let x = the distance from leading edge upto which laminar boundary exists

pxU><x Uxx  10xx

5% 10° =
u v 015x10°

_5x10°x015x107*
- 10
Now the drag force on the plate on one side
= Drag due to laminar boundary layer + Drag due to turbulent boundary layer ...(i)

=0.75m
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TURBULENT
BOUNDARY
LAYER

LAMINAR BOUNDARY

U LAYER |
- 5 PLATE :
- TRANSITION / :

|
E = G
F |
e 0.75 m —> 2.25m —i
|

Fig. 13.6 (V)
(a) Drag due to laminar boundary layer (i.e., from E to F)
1
Fpp= PAU* x C),

where Cj, is given by Blasius solution for laminar boundary layer as
1.328

VR,

= _1328 =0.001878

J5x10°
A = Area of plate upto laminar boundary layer
=0.75x b= 0.75 x 0.3 = 0.225 m*
p = 1.24 kg/m>

Cp= , where R, = 5 x 10°

Fop= % x 1.24 % 0.225 x 10% X 0.001878 = 0.0262 N

(b) Drag force due to turbulent boundary layer from F to G
= Drag force due to turbulent boundary layer from E to G
— Drag force due to turbulent B.L. from E to F

= (Fe@) . — (Fer) wr.

1
Now (Feedum. = 5 pAU* x Cp
where Cj, for turbulent boundary layer is given by equation (13.44) as
0.072
Cp= 175
(R‘—’L )
1
But R, =UXE__10X3 555000
L \% 0.15x10
072
Cp= 0.0 = 0.00395

"~ (20x10°)"”

(Fec)um, = % PAU* x Cp = % x 1.24 x (3 x 0.3) x 10* x 0.00395

=0.2204 N
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1
Now (Fephum, = 5 P X Agg X U?xCp
where App = Area of plate upto EF = EF x b = 0.75 x 0.3 = 0.225 m?
072 072
and Cp= 0.0 __00 = 0.00522

S\1/5

()]~ (5x10%)

(Frr)um. = % x 1.24 x 0.225 x 10? x 0.00522 = 0.0728 N

Drag force due to turbulent boundary layer from F to G
= (Fea)urn — Fepur = 0.2204 — 0.0728 = 0.1476 N
Total drag force when flow is parallel to the length of the plate
= Drag due to laminar boundary layer upto F'
+ Drag due to turbulent boundary layer from F to G
=0.0262 + 0.1476 = 0.1738 N ...(A)
(ii) Drag when flow is parallel to the width of the plate
We have already calculated that upto the length of 0.75 m from the leading edge, the boundary layer
is laminar. As the width of the plate is only 0.3 m, hence when flow is parallel to the width of the plate,
only laminar boundary layer will be formed.
Drag force on the plate

= % pAU* x C),

where Cj, from Blasius solution for laminar boundary layer is given as

1.32
Cp= ﬁ, here x = width of plate = 0.3 m hence
/Re,

_Uxx_ 10x03

= = ><105
x v 015x107*

R

4

= _1328 =0.00297

V2 x10°

A = Area of plate upto width (0.3 m)=3x03=09
p = 1.24 kg/m*

. Total drag on the plate = % x 1.24 % 0.9 x 10> x 0.00297

=0.1657 N (B

Ratio of two total drags given by equations (A) and (B) becomes as
Total drag when flow is parallel to the length of the plate  Equation (A)  0.1738
Total drag when flow is parallel to the width of the plate  Equation (B) 0.1657

Problem 13.17  Oil with a free-stream velocity of 2 m/s flows over a thin plate 2 m wide and 2 m
long. Calculate the boundary layer thickness and the shear stress at the trailing end point and
determine the total surface resistance of the plate. Take specific gravity as 0.86 and kinematic
viscosity as 107° m?s.

= 1.05. Ans.
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Solution. Given :
Free-stream velocity of oil, U =2 m/s

Width of plate, b=2m
Length of plate, L=2m

Area of plate, A=bxL=2x2=4m>
Specific gravity of oil, §=0.86

Density of oil, p = 0.86 x 1000 = 860 kg/m>
Kinematic viscosity, v=10" m%s
Now the Reynold number at the trailing end,

_ UL _2x2

EVERNT

Since ReL is less than 5 x 10°, the boundary layer is laminar over the entire length of the plate.
Thickness of boundary layer at the end of the plate from Blasius’s solution is,

491X L _491x2.0

JR., B J4x10°

Shear stress at the end of the plate is, 1, = 0.332 x = 1.805 N/m>. Ans.
Surface resistance on one side of the plate is given by

=4x10°.

é= =0.0155 m = 15.5 mm. Ans.

Fp=% pAU*x C,

where Cp= 1328 1328 _ 0.0021
\’ Re,_ \/4 X 105
Fp= 3 X860 x 4.0 X 22 x 0021 = 14.44 N
Total resistance =2 X Fp=2x14.44 = 28.88 N. Ans.

» 13.7 SEPARATION OF BOUNDARY LAYER

When a solid body is immersed in a flowing fluid, a thin layer of fluid called the boundary layer is
formed adjacent to the solid body. In this thin layer of fluid, the velocity varies from zero to
free-stream velocity in the direction normal to the solid body. Along the length of the solid body, the
thickness of the boundary layer increases. The fluid layer adjacent to the solid surface has to do work
against surface friction at the expense of its kinetic energy. This loss of the kinetic energy is recovered
from the immediate fluid layer in contact with the layer adjacent to solid surface through momentum
exchange process. Thus the velocity of the layer goes on decreasing. Along the length of the solid
body, at a certain point a stage may come when the boundary layer may not be able to keep sticking
to the solid body if it cannot provide kinetic energy to overcome the resistance offered by the solid
body. In other words, the boundary layer will be separated from the surface. This phenomenon is
called the boundary layer separation. The point on the body at which the boundary layer is on the
verge of separation from the surface is called point of separation.

13.7.1 Effect of Pressure Gradient on Boundary Layer Separation. The effect of pres-

d
sure gradient (d—p) on boundary layer separation can be explained by considering the flow over a
x
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curved surface ABCSD as shown in Fig. 13.7. In the region ABC of the curved surface, the area of
flow decreases and hence velocity increases. This means that flow gets accelerated in this region.
Due to the increase of the velocity, the pressure decreases in the direction of the flow and hence

d d
pressure gradient d_p is negative in this region. As long as d_p < 0, the entire boundary layer moves
x x

forward as shown in Fig. 13.7.

Region CSD of the curved surface. The pressure is minimum at the point C. Along the region
CSD of the curved surface, the area of flow increases and hence velocity of flow along the direction
of fluid decreases. Due to decrease of velocity, the pressure increases in the direction of flow and

hence pressure gradient Z—p is positive or Z—p > 0. Thus in the region CSD, the pressure gradient is
x x

positive and velocity of fluid layer along the direction of flow decreases. As explained in the Art. 13.7,
the velocity of the layer adjacent to the solid surface along the length of the solid surface goes on
decreasing as the kinetic energy of the layer is used to overcome the frictional resistance of the
surface. Thus the combined effect of positive pressure gradient and surface resistance reduce the
momentum of the fluid is unable to the surface. A stage comes, when the momentum of the fluid is
unable to overcome the surface resistance and the boundary layer starts separating from the surface
at the point S. Downstream the point S, the flow is taking place in reverse direction and the velocity

gradient becomes negative.

BOUNDARY
LAYER

A SEPARATING
STREAM LINE

PRESSURE
DISTRIBUTION

B C S
Fig. 13.7 Effect of pressure gradient on boundary layer separation.

Thus the positive pressure gradient helps in separating the boundary layer.
13.7.2 Location of Separation Point. The separation point S is determined from the condition,
(a_uj -0 ..(13.46)
dy =0
For a given velocity profile, it can be determined whether the boundary layer has separated, or on
the verge of separation or will not separate from the following conditions :
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Ju

1. If | — is negative ... the flow has separated.

dy

y=0

ou

2. If | — =0 ... the flow is on the verge of separation.

dy

y=0

3. If g_u is positive ... the flow will not separate or flow will remain attached with the surface.
Y )=
y=0
Problem 13.18 For the following velocity profiles, determine whether the flow has separated or on
the verge of separation or will attach with the surface :

u_3(y\_1 1)3 LU 1)2_(1)3

07 2(6) 2(6 ’ @) U_2(6 5)°
2

(iii) %:-2(%)+(%) .

Solution. Given :
1_2(1)_1(1)3 or u_ﬁ(z)l(zf
U 2\8) 2\38 T 21\8) 21\

1st Velocity Profile
Differentiating w.r.t. y, the above equation becomes,
ou_3U 1 U ( y )2 1
= X———X3[%| X<
ay s 2 8 )

2
ou 3U 3U 1
A 0, =
trs (8yjy=0 () % 28

du . . . . . .
As (— is positive. Hence flow will not separate or flow will remain attached with the surface.
'y
y=0

2nd Velocity Profile

ou 0) 1 0y 1
=0, | =2UX2| = |x=-Ux3|=| x==0
a0 (2] cawa($)ed-va(l) 4
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As (814) = 0, the flow is on the verge of separation. Ans.
y=0

ay

3rd Velocity Profile

I
|
(S}
7~ N\
o<
N——
+
7/ N\
o<
N——
[\ 8]

x
U

)
Ju 1 y) 1
% _oulor2u[L)x=
dy (8)+ (8 %

dy ) )

at y=0, (a—uj =—2—U+2U(9)xl=—2—U
y=0

dy

As (a_uj is negative the flow has separated. Ans.
y=0

13.7.3 Methods of Preventing the Separation of Boundary Layer.
layer separates from the surface as shown in Fig. 13.7 at point S, a certain portion adjacent to the
surface has a back flow and eddies are continuously formed in this region and hence continuous loss of
energy takes place. Thus separation of boundary layer is undesirable and attempts should be made to
avoid separation by various methods. The following are the methods for preventing the separation of

boundary layer :

1.

Nk LD

Suction of the slow moving fluid by a suction slot.

Supplying additional energy from a blower.

Providing a bypass in the slotted wing.

Rotating boundary in the direction of flow.

Providing small divergence in a diffuser.

Providing guide-blades in a bend.

Providing a trip-wire ring in the laminar region for the flow over a sphere.

HIGHLIGHTS

. When a solid body is immersed in a flowing fluid, there is a narrow region of the fluid in the

neighbourhood of the solid body, where the velocity of fluid varies from zero to free-stream velocity.
This narrow region of fluid is called boundary layer.

. The boundary layer is called laminar boundary layer if the Reynold number of the flow defined as

U x
R, = al is less than 5 x 10°
v

where U = Free-stream velocity of flow, x = Distance from leading edge,
and v = Kinematic viscosity of fluid.

. If the Reynold number is more than 5 X 10, the boundary layer is called turbulent boundary layer.

When the boundary
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10.

11.

12.

13.

14.

. Von Karman momentum integral equation is given as 5
pU

. The distance from the surface of the solid body in the direction perpendicular to flow, where the

velocity of fluid is approximately equal to 0.99 times the free-stream velocity is called boundary layer
thickness and is denoted by &. For different zones,  is represented as
0,,m. = Thickness of laminar boundary layer
d,,; = Thickness of turbulent boundary layer
&’ = Thickness of laminar sub-layer.

)
. Displacement thickness (8*) is given by 8* = J:) (1 - %} dy.

U

)
. Momentum thickness (0) is given by 0 = J % [l — 1} dy.
0

5 2
. Energy thickness (8**) is given by §** = J. % {1 = %} dy.
0

T, 08

ox

S
where 6 = J Xx [1 - l} dy, T, = shear stress at surface.
o U U

This equation is applicable to laminar, transition and turbulent boundary layer flows.
Thickness of laminar boundary layer and co-efficient of drag from Blasius’s solution is given as
491 x
RE

x

8:

1.328
where R, = Reynold number, C) = —

VR,

1/7
Velocity profile for turbulent boundary layer is U = (g)

This equation is not valid very near the boundary, where laminar sub-layer exists.
The shear stress at the boundary for turbulent boundary layer over a flat plate is given as

m 1/4
T, = 0.0225 pU* | —
pUd
Total drag on a flat plate due to laminar and turbulent boundary layer flows = Drag due to laminar bound-
ary layer upto distance x + Drag due to turbulent boundary layer for length L

— Drag due to turbulent boundary layer for length x.
U.
[where X is given by 5 X 10° = _x}
A%

If the pressure gradient is positive, the boundary layer separates from the surface and back flow and
eddies formation take place due to which a great loss of energy occur.
The conditions for separation, attached flow and detached flow are :

(@) (g—u) =0 ..... condition for separation (i1) [?) = positive ..... condition for attached flow
M V), -
y=0 y=0
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10.

11.
12.
13.
14.

1.

EXERCISE

(A) THEORETICAL PROBLEMS

. What do you understand by the terms boundary layer, and boundary layer theory ?
. Define : laminar boundary layer, turbulent boundary layer, laminar sub-layer and boundary layer

thickness.

. Define displacement thickness. Derive an expression for the displacement thickness.
. Prove that the momentum thickness and energy thickness for boundary layer flows are given by

S S 2
0= 1[1—1] dy and 8**:]11—“— dy.
Ul U oU| U

. Obtain an expression for the boundary shear stress in terms of momentum thickness.
. Obtain Von Karman momentum integral equation.
. What are the boundary conditions that must be satisfied by a given velocity profile in laminar boundary

layer flows ?

. How will you find the drag on a flat plate due to laminar and turbulent boundary layers ?
. What do you mean by separation of boundary layer ? What is the effect of pressure gradient on boundary

layer separation ?

How will you determine whether a boundary layer flow is attached flow, detached flow or on the verge of
separation ?

What are the different methods of preventing the separation of boundary layers ?

What is meant by boundary layer ? Why does it increase with distance from the upstream edge ?

Define the terms : boundary layer, boundary layer thickness, drag, lift and momentum thickness.

What do you mean by boundary layer separation ? What is the effect of pressure gradient on boundary
layer separation ? (R.G.P.V.,, Bhopal S, 2001)

(B) NUMERICAL PROBLEMS

(a) Find the ratios of displacement thickness to momentum thickness and momentum thickness to energy
thickness for the velocity distribution in the boundary layer given by
u 2
— =2 (y/8) — (y/3)
U
where u = Velocity in boundary layer at a distance y
U = Free-stream velocity
& = Boundary layer thickness [Ans. 2.5, 7/11]

(b) Find the displacement thickness, the momentum thickness and energy thickness for the velocity
distribution in the boundary layer given by

2
% =2 (g) - (g) . (Delhi University, December, 2002)
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10.

. For the velocity profile in laminar boundary layer given as % = % (y/8)

1
_ 5(}:/8)3, find the thickness of
the boundary layer and shear stress 1.8 m from the leading edge of a plate. The plate is 2.5 m long and
1.5 m wide and is placed in water which is moving with a velocity of 15 cm per second. Find the drag on

one side of the plate if the viscosity of water = 0.01 poise. [Ans. 1.6 cm, 0.0014 N/m?, 0.0889 N]

. Air is flowing over a smooth plate with a velocity of 8 m/s. The length of the plate is 1.5 m and width 1 m.

If the laminar boundary exists upto a value of Reynold number = 5 X 10, find the maximum distance
from the leading edge upto which laminar boundary layer exists. Find the maximum thickness of laminar
boundary layer if the velocity profile is given by

% = (y/8) — (y/5)*. Take v for air = 0.15 stokes. [Ans. 0.9375 m, 7.26 mm]

278
and density of air as 1.24 kg/mS, find : () maximum thickness of the laminar boundary layer, (if) shear
stress at 20 cm from the leading edge and (iii) drag force on one side of the plate assuming the laminar
boundary layer over the entire length of the plate. [Ans. (i) 0.635 cm, (ii) 0.099 N/m?, (iii) 0.0871 N]

. If in Problem 3, the velocity profile over the plate is given as % = sin (Ex Y )

. A thin plate is moving in still atmospheric air at a velocity of 4 m/s. The length of the plate is 0.5 m and

width 0.4 m. Calculate the (7) thickness of the boundary layer at the end of the plate and (ii) drag force on
one side of the plate. Take density of air as 1.25 kg/m3 and kinematic viscosity 0.15 stokes.
[Ans. (i) 0.672 cm (ii) 0.00728 N]

. Find the frictional drag on one side of the plate 200 mm wide and 500 mm long placed longitudinally in a

steam of crude oil (specific gravity = 0.925, kinematic viscosity = 0.9 stoke) flowing with undisturbed
velocity of 5 m/s. Also find the thickness of boundary layer and the shear stress at the trailing edge of the
plate. [Ans. 9.34 N, 14.75 mm]

. A smooth flat plate of length 5 m and width 2 m is moving with a velocity of 4 m/s in stationary air of

density as 1.25 kg/m3 and kinematic viscosity 1.5 x 1073 m?%/s. Determine thickness of the boundary layer
at the trailing edge of the smooth plate. Find the total drag on one side of the plate assuming that the
boundary layer is turbulent from the very beginning. [Ans. 110 mm, 0.43 N]

. Water is flowing over a thin smooth plate of length 4.5 m and width 2.5 m at a velocity of 0.9 m/s. If the

boundary layer flow changes from laminar to turbulent at a Reynold number 5 x 10°, find (i) the distance
from leading edge upto, which boundary layer is laminar, (if) thickness of the boundary layer at the
transition point, and (iii) the drag force on-one side of the plate. Take viscosity of water as
0.01 poise. [Ans. (i) 555 mm (i) 3.85 mm (i) 13.75 N]

. For the velocity profile given below, state whether the boundary layer has separated or on the verge of

separation or will remain attached with the surface :

() % =2 (y15) — (y/$)? (ii) % =—2 (d) + % (y/3)* and

(i) — =

018’ + %@/8)3.

| w

u

U
[Ans. (i) Remain attached (ii) has separated (iii) on the verge of separation]

Oil with a free-stream velocity of 1.5 m/s flow over a thin plate 1.4 m wide and 2.2 m long. Calculate the

boundary layer thickness and the shear stress at the trailing end point and determine the total surface

resistance of the plate. Take specific gravity of oil as 0.80 and kinematic viscosity as 0.1 stoke.

[Ans. 1.88 cm, 1.04 N/cm?, 12.8 N]
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11.

12.

3 1(yV
(a) For the velocity profile % = ) (%) - 3 (g) . Calculate the co-efficient of drag in terms of Reynolds

number.

(b) A thin smooth plate of 0.3 m width and 1.0 m length moves at 4 m/s viscosity in still atmospheric air

of density 1.20 kg/m3 and kinematic viscosity of 1.49 x 107> m%s. Calculate the drag force on the plate.
[Ans. 0.00716 N]

Find the displacement thickness, the momentum thickness and energy thickness for the velocity

distribution in the boundary layer given by,

5 2. 22 8]

2
Loy (2) - (2) where § = boundary layer thickness. [Ans. —;—08;—
U ) ) 315 105






