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An optimal quadrature formula with derivative in the

space W
(2,1)
2

Hayotov A.R., Rasulov R.

Abstract. The present work is devoted to construction of a new optimal
quadrature formula with derivative in the space W (2,1)

2 . Here the quadrature sum
consists of a linear combination of function values and values of its �rst derivative.
The aim of the work is to �nd explicit forms for coe�cients at the derivative which
give the minimum to the absolute error value of the quadrature formula in the
space W (2,1)

2 . In the present paper the required coe�cients are found.
Keywords: quadrature formula, error functional, extremal function, optimal

coe�cients.
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1 Statement of the problem

Many problems of sciences and technologies are reduced to approximate
calculation of de�nite integrals. Constructing a numerical integration formula
with su�ciently high exactness and which is useful in applications is one of the
important problem.

In the present paper we consider the problem of construction a numerical
integration formula of the following form

1Z
0

ϕ(x)dx ∼=
NX
β=0

(C0[β]ϕ(hβ) + C1[β]ϕ′(hβ)) (1.1)

with the error functional

`(x) = ε[0,1](x)−
NX
β=0

(C0[β]δ(x− hβ)− C1[β]δ′(x− hβ)), (1.2)

where C0[β] are known coe�cients (i.e. C0[0] = C0[N ] = h/2, C0[β] = h, β =
1, 2, ..., N −1), C1[β] are unknown coe�cients of formula (1.1) and they should be
found, h = 1/N , N is a natural number, ε[0,1](x) is the indicator of the interval
[0, 1] and δ(x) is the Dirac delta-function.

We suppose that an integrand ϕ belongs to W (2,1)
2 (0, 1), where by W (2,1)

2 (0, 1)
we denote the class of all functions ϕ de�ned on [0, 1] which posses an absolutely
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continuous �rst derivative and whose second derivative is in L2(0, 1). The class
W

(2,1)
2 (0, 1) under the pseudo-inner product

〈ϕ,ψ〉 =

1Z
0

(ϕ′′(x) + ϕ′(x))(ψ′′(x) + ψ′(x))dx

is a Hilbert space if we identify functions that di�er by a linear combination of
a constant and e−x (see, for example, [1]). Here we consider the corresponding
norm

‖ϕ|W (2,1)
2 (0, 1)‖ =

»Z 1

0

(ϕ′′(x) + ϕ′(x))2dx

–1/2
. (1.3)

The value of the error functional ` at a function ϕ is de�ned as follows

(`, ϕ) =

Z ∞

−∞
`(x)ϕ(x)dx.

In order that the error functional (1.2) is de�ned on the space W (2,1)
2 (0, 1) it

is necessary to impose the following conditions

(`, 1) := 1−
NX
β=0

C0[β] = 0, (1.4)

(`, e−x) :=

1Z
0

e−xdx−
NX
β=0

(C0[β]e−hβ − C1[β]e−hβ) = 0. (1.5)

The last two equations mean that the quadrature formula (1.1) is exact for any
constant and e−x. We have chosen the coe�cients C0[β], β = 0, 1, ..., N such that
the equality (1.4) is ful�lled. Therefore we have only condition (1.5) for coe�cients
C1[β], β = 0, 1, ..., N .

The di�erence

(`, ϕ) =

1Z
0

ϕ(x)dx−
NX
β=0

(C0[β]ϕ(hβ) + C1[β]ϕ′(hβ)) (1.6)

is called the error of the quadrature formula (1.1).
The main aim of this work is the minimization of the absolute value of the

error (1.6) by coe�cients C1[β] for given C0[β] in the space W (2,1)
2 .

The error of the formula (1.1) is a linear functional in W
(2,1)∗
2 (0, 1), where

W
(2,1)∗
2 (0, 1) is the conjugate space to the space W (2,1)

2 (0, 1).
By the Cauchy-Schwarz inequality we have the following

|(`, ϕ)| ≤ ‖ϕ|W (2,1)
2 (0, 1)‖ · ‖`|W (2,1)∗

2 (0, 1)‖.
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Hence we conclude that the error (1.6) of the formula (1.1) is estimated by the
norm ‚‚‚`|W (2,1)∗

2 (0, 1)
‚‚‚ = sup‚‚‚ϕ|W (2,1)

2 (0,1)
‚‚‚=1

|(`, ϕ)|

of the error functional (1.2).
The problem is to �nd the coe�cients C1[β] that satisfy the following equality‚‚‚˚̀|W (2,1)∗

2

‚‚‚ = inf
C1[β]

‚‚‚`|W (2,1)∗
2

‚‚‚ . (1.7)

And we obtain the formula which is called the optimal quadrature formula of the
form (1.1) in the sense of Sard.

Thus, to construct the optimal quadrature formula of the form (1.1) in the
sense of Sard in the space W (2,1)

2 (0, 1), we need to solve the following problems.

Problem 1. Find the norm of the error functional (1.2) of the quadrature

formula (1.1) in the space W
(2,1)∗
2 .

Problem 2. Find the coe�cients C1[β] that satisfy equality (1.7).

There are several methods for constructing the optimal quadrature formulas
in the sense of Sard such as the spline method, the φ− function method (see e.g.
[3], [14]) and the Sobolev method. It should be noted that the Sobolev method is
based on the construction of a discrete analog to a linear di�erential operator (see
e.g. [15, 16, 17]). In di�erent spaces based on these methods, the Sard problem
was investigated by many authors (see, for example, [2, 3, 4, 5, 7, 8, 9, 11, 13, 14,
15, 16, 17, 18] and references therein). In the present work for construction the
optimal quadrature formula of the form (1.1) we use the discrete analog of the
di�erential operator d2

dx2 − 1.
The paper is organized as follows: in Section 2 using the extremal function

of the error functional ` the norm of this functional is calculated, i.e. problem
1 is solved; in the third section we obtain the system of linear equations for the
coe�cients C1[β] of the optimal quadrature formulas in the space W (2,1)

2 (0, 1); in
the fourth section the explicit formulas for the coe�cients of optimal quadrature
formula of the form (1.1) are found, i.e. problem 2 is solved.

2 The extremal function of the error
functional

To calculate the norm of the error functional (1.2) in the space W (2,1)∗
2 (0, 1) we

use the extremal function for this functional (see, [16]) which satis�es the equality

(`, ψ`) =
‚‚‚`|W (2,1)∗

2

‚‚‚ · ‚‚‚ψ`|W (2,1)
2

‚‚‚ .
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It should be noted that in [12] for a linear functional ` de�ned on the Hilbert
space W (m,m−1)

2 the extremal function was found and it was shown that the
extremal function ψ`(x) is the solution of the boundary value problem

ψ
(2m)
` (x)− ψ

(2m−2)
` (x) = (−1)m`(x), (2.1)“

ψ
(m+s)
` (x)− ψ

(m+s−2)
` (x)

”
|x=1
x=0 = 0, s = 0, 1, ...,m− 1, (2.2)“

ψ
(m)
` (x) + ψ

(m−1)
` (x)

”
|x=1
x=0 = 0. (2.3)

That is for the extremal function ψ` the following was proved.

Theorem 2.1 (Theorem 2.1 of [12]). The solution of the boundary value problem
(2.1)-(2.3) is the extremal function ψ` of the error functional ` and has the
following form

ψ`(x) = (−1)m`(x) ∗Gm(x) + Pm−2(x) + de−x,

where

Gm(x) =
sgnx

2

 
ex − e−x

2
−
m−1X
k=1

x2k−1

(2k − 1)!

!
,

Pm−2(x) is a polynomial of degree m− 2 and d is a real number.

Furthermore, there were shown that ‖`|W (m,m−1)
2 ‖ = ‖ψ`|W (m,m−1)∗

2 ‖ and

(`, ψ`) =
‚‚‚`|W (m,m−1)∗

2

‚‚‚2

. (2.4)

From Theorem 2.1 in the case m = 2 we get the extremal function for the
error functional (1.2) and it has the form

ψ`(x) = `(x) ∗G2(x) + p0 + de−x, (2.5)

where

G2(x) =
sgnx

2

„
ex − e−x

2
− x

«
, (2.6)

p0 and d are any real numbers.
Further, from (2.1), in the case m = 2, using (1.2) and (2.2) we get

‖`‖2 =
NP
β=0

NP
γ=0

„
C0[β]C0[γ]G2(hβ − hγ)− C1[β]C1[γ]G

′′
2 (hβ − hγ)

«
+

+2
NP
β=0

C1[β]

„
1R
0

G′2(x− hβ)dx+
NP
γ=0

C0[γ]G
′
2(hβ − hγ)

«
−

−2
NP
β=0

C0[β]
1R
0

G2(x− hβ)dx+
1R
0

1R
0

G2(x− y)dxdy.

(2.7)

Thus problem 1 is solved.
In next sections we solve problem 2.
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3 The minimization of the norm of the error
functional

Now we consider the minimization problem of the expression (2.7) by the
coe�cients C1[β] under the condition (1.5). In order to do this we use the Lagrange
method of conditional extremum. For this we consider the following function

Ψ(C1[0], C1[1], ..., C1[N ], d) = ‖`‖2 + 2d(`, e−x).

Taking partial derivatives from the function Ψ by C1[β], β = 0, 1, ..., N and d,
then equating them to 0 we get the following system of N + 2 linear equations
with N + 2 unknowns

NX
γ=0

C1[γ]G
′′
2 (hβ − hγ) + de−hβ = F (hβ), β = 0, 1, 2, ..., N, (3.1)

NX
γ=0

C1[γ]e
−hγ = g, (3.2)

where

F (hβ) =

Z 1

0

G′2(x− hβ)dx+

NX
γ=0

C0[γ]G
′
2(hβ − hγ), (3.3)

g = e−1 − 1 +

NX
γ=0

C0[γ]e
−hγ , (3.4)

G′2(x) = sgnx
2

“
ex+e−x

2
− 1
”
and G′′2 (x) = sgnx

2

“
ex−e−x

2

”
.

It is easy to prove that the system has a unique solution for any �xed natural
number N and this solution gives the minimum to the expression (2.7) of ‖`‖2.

4 The solution of the system (3.1)-(3.2)

In this section we solve the system (3.1)-(3.2) and �nd explicit formulas for optimal
coe�cients C1[β], β = 0, 1, ..., N .

Here we use the concept of discrete argument functions and operations on
them. Theory of discrete argument functions is given in [16, 17]. We give some
de�nitions about functions of discrete argument.

Suppose that ϕ and ψ are real-valued functions of real variable x and are
de�ned in real line R.

A function ϕ(hβ) is called a function of discrete argument if it is de�ned on
some set of integer values of β.
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The inner product of two discrete functions ϕ(hβ) and ψ(hβ) is de�ned as the
following number

[ϕ(hβ), ψ(hβ)] =

∞X
β=−∞

ϕ(hβ) · ψ(hβ),

if the series on the right hand side of the last equality converges absolutely.

The convolution of two discrete argument functions ϕ(hβ) and ψ(hβ) is the
inner product

ϕ(hβ) ∗ ψ(hβ) = [ϕ(hγ), ψ(hβ − hγ)] =

∞X
γ=−∞

ϕ(hγ) · ψ(hβ − hγ).

Furthermore, for �nding the coe�cients C1[β] of the optimal quadrature
formula (1.1) we need the discrete analogue of the di�erential operator d2

dx2 − 1.
It should be noted that in the work [10] the discrete analogue of the di�erential
operator d2m

dx2m − d2m−2

dx2m−2 was constructed. In particular, when m = 1 from the
result of the work [10] we get the following

Theorem 4.1. The discrete analogue D1(hβ) of the di�erential operator d2

dx2 − 1
satisfying the equation

D1(hβ) ∗G1(hβ) = δd(hβ)

has the form

D1(hβ) =
1

1− e2h

8>><>>:
0, |β| ≥ 2,

−2eh, |β| = 1,

2(1 + e2h), β = 0,

(4.1)

where G1(hβ) = sgn(hβ)
2

“
ehβ−e−hβ

2

”
, δd(hβ) =


1, β = 0,
0, β 6= 0.

Furthermore, it is easy to check that

D1(hβ) ∗ ehβ = 0 and D1(hβ) ∗ e−hβ = 0. (4.2)

Now we turn to solution of the system (3.1)�(3.2).
Suppose C1[β] = 0 when β < 0 and β > N . Then we rewrite the system (3.1)�(3.2)
in the following convolution form

C1[β] ∗G′′2 (hβ) + de−hβ = F (hβ), β = 0, 1, ..., N, (4.3)
NX
γ=0

C1[γ]e
−hγ = g. (4.4)
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Here, calculating the right hand sides of equalities (3.3) and (3.4), for F (hβ) and
g we get the following

F (hβ) =

„
ehβ

8
(e−1 + 1)− e−hβ

8
(e+ 1)

«„
h(eh + 1)

eh − 1
− 2

«
, (4.5)

g =
1

2
(1− e−1)

„
h(eh + 1)

eh − 1
− 2

«
. (4.6)

Taking into account that

G′′2 (x) =
sgnx

2

„
ex − e−x

2

«
= G1(x),

then using Theorem 4.1 we get

D1(hβ) ∗G′′2 (hβ) = δd(hβ), (4.7)

We denote by
u(hβ) = C1[β] ∗G′′2 (hβ) + de−hβ (4.8)

the left hand side of the equation (4.3).
Hence we get that

C1[β] = D1(hβ) ∗ u(hβ). (4.9)

Indeed, if the function u(hβ) is de�ned at all integer values of β, then taking into
account Theorem 4.1 and the properties (4.2) of the function D1(hβ), we have

D1(hβ) ∗ u(hβ) = D1(hβ) ∗ (G′′2 (hβ) ∗ C1[β]) +D1(hβ) ∗ (d e−hβ) =

= C1[β] ∗ (D1(hβ) ∗G′′2 (hβ)) =

= C1[β] ∗ δd(hβ) =

= C1[β].

Thus, if we �nd the function u(hβ), then the optimal coe�cients C1[β] will be
found from the equality (4.9).

We have the following main result

Theorem 4.2. The coe�cients of the optimal quadrature formula of the form
(1.1) in the sense of Sard have the following form

C̊1[0] =
h(eh + 1)

2(eh − 1)
− 1,

C̊1[β] = 0, β = 1, 2, ..., N − 1, (4.10)

C̊1[N ] = 1− h(eh + 1)

2(eh − 1)
.
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Proof. From equality (4.3) taking into account (4.8) we get that u(hβ) =
F (hβ) for β = 0, 1, ..., N . Now we �nd the function u(hβ) when β < 0 and β > N .

Let β ≤ 0 then from (4.8), taking into account the form of the function G′′2 (x)
we have

u(hβ) = −1

4
ehβg + e−hβ

1

4

NX
γ=0

C1[γ]e
hγ + de−hβ .

Similarly, for β ≥ N we obtain

u(hβ) =
1

4
ehβg − e−hβ

1

4

NX
γ=0

C1[γ]e
hγ + de−hβ .

Then taking into account the last two equalities and denoting by

D =
1

4

NX
γ=0

C1[γ]e
hγ

we get the following

u(hβ) =

8>><>>:
− 1

4
ehβg + (d+D)e−hβ , β ≤ 0,

F (hβ), 0 ≤ β ≤ N,

1
4
ehβg + (d−D)e−hβ , β ≥ N.

(4.11)

Here two unknowns d and D in the equality (4.11). These unknowns we found by
equating the values of the function u(hβ) when β = 0 and β = N . From (4.11)
we obtain (

d+D = F (0) + 1
4
g,

d−D = eF (1)− 1
4
e2g.

Hence, taking account of (4.5) and (4.6) after some calculations, we have8<:
d = 0,

D = 1
8

“
h(eh+1)

eh−1
− 2
”

(1− e).
(4.12)

Finally, from (4.9) for β = 0, 1, ..., N , using (4.1) and (4.11) and taking into
account (4.12), after some calculations we get (4.10). Theorem 4.2 is proved. �

Thus, in the present work we solved Problems 1 and 2.
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