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Abstract

Hypergeometric functions are devided into the complete and confluent functions. Srivastava
and Karlsson have defined, in 1985, 205 complete triple series. At present, integral
representations for these functions are known. Recently, all possible 395 hypergeometric series
of three variables have been published in the scientific literature, all of which are analogous
to the double confluent series of Horn and Humbert (20 functions in total) and are confluent
forms of the known complete hypergeometric functions of three variables. This paper firstly
presents some integral representations of the Euler type for new 28 confluent hypergeometric
functions of three variables. The main results were obtained using the properties of the
gamma and beta functions. Thus, all derived integrals can be considered as generalized
representations of the Euler type for classical hypergeometric functions of one and two
variables.

Keywords: Complete and confluent hypergeometric functions; Euler type integral representations; Horn and
Humbert hypergeometric functions of two variables; confluent hypergeometric functions of three variables,
beta function.

MSC 2020: 33C15, 33C65, 44A20
1. Introduction

The great interest in the theory of hypergeometric functions (including functions of one, two or more variables)
is primarily due to the fact that hypergeometric functions allow us to find solutions to various applied problems
related to thermal conductivity and dynamic processes, electromagnetic oscillations, aerodynamics, quantum
mechanics and potential theory. These functions, which relate to higher and special (or transcendental)
functions [I], |2], |3], are often called special functions of mathematical physics.

With a view to introducing formally the Gaussian hypergeometric series and its generalizations, we recall here
some definitions and identities involving the beta function B(z,y), gamma function I'(z) and Pochhammer’s
symbol (A),.
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The gamma function I'(2) is defined by

}Otzfle’tdt, Re(z) > 0,
r(z)=4 (1)

I(z+1
#, Re(z) <0; z# —1,-2,-3,....

The definition was used by Euler and there are other definitions of the gamma function (see [4]).
Throughout this work we shall find it convenient to employ the Pochhammer symbol (1)), defined by

1, if n=0,
(A)n —{ (2)
AA+1D) ... A+n—-1),if n=1,2,3,....

Since (1), = n!, (A\), may be looked upon as a generalization of the elementary factorial; hence the symbol
(A)n is also referred to as thew factorial function.

The following property is very important in our research:

Nmtn = N)m(A+m)y. (3)
In terms of gamma functions, we have
F'(A+n)
ANp = ;A ,—1, =2, ..., 4
(=g A#0 @

which can easily be verified.

The beta function is defined by the integral

1
S “1,, _ D(@T(B)
B(a,B) := O/t Y1 —t)ftdt = Tt Rea >0, Ref > 0. (5)
A function .
N (@k(b) 2
F(a,b,c,z)—ZWE,C;AO,*L—Z... (6)

k=0
is known as the Gaussian hypergeometric function.
The Gaussian hypergeometric series F'(a,b;c;z) includes two numerator parameters a and b, and one

denominator parameter c. Its natural generalization is the introduction of an arbitrary number of parameters
in both the numerator and the denominator. The resulting series
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is known as the generalized Gauss series [4, p. 182], or simply, the generalized hypergeometric series. Here p
and ¢ are positive integers or zero (interpreting an empty product as 1), and we assume that the variable
z, the numerator parameters ay,..., ap, and the denominator parameters by, ..., b; take on complex values,
provided that b; #0, =1, =2, ...; j =1, ..., q.

Gauss’ series @) in the present notation is 2 Fi(a, b; ¢; 2) = F(a,b; ¢; 2).

The double Appell hypergeometric functions are defined as following [5]:

/. .. _ - (a)m+n(b)m (b/)n m, n
Fi(a,b,b5c2,y) = Z (ol zmy", (7)

m,n=0
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oo
1. N (@) m4n(D)m (b/)n m, n
F>(a,b,b5¢,d5m,y) = mzn;() ©m ()., i) zmy", (8)
. v (@u (@), 0 (V) g
Fs(a,a’,b,b';¢c;2,y) = m;:() (i "y, (9)
= m-+n b m-Tn
F4 (a’a b; & Cl;xay) = Z Mﬁmynv (10)

o (©)m (¢),, m!n!

here, in all definitions @ — (10), as usual, the denominator parameters ¢ and ¢’ are neither zero nor a negative
integer.

Seven confluent forms of the four Appell series were introduced by Humbert [6], who denoted these confluent
hypergeometric series of two variables as follows:

b (o i) = Y Dmen By o, )
m,n=0 marn
(8,85 vim,y) = Y mzmy” (12)
m,n=0 man i
N N () P
(I)3 (ﬂv/.%xvy) _m’zn;[) ('y)m_,’_n m'n'$ Yy, (13)

Uy (a, 57,7 s 2y) = Y m

m,n=0

2™y x| < 1, (14)

Uy (57,7 50,0) = Y, ™y, (15)

— = o O/ m_m,n
(o0, Bivimy) = Y (@) (@) (Bl , y", Jxl <1, (16)
m,n=0 (’7 m+n minl

—_ = (a)m (5)7% m, n
Ea (o, By 2, y) :m72n;0 WJS y", |z) <1, (17)

where the denominator parameters v and ' are neither zero nor a negative integer. A hypergeometric
functions defined in (|11)) to are called Humbert functions.

The great success of the theory of hypergeometric series in one and two variables stimulated the development
of a corresponding theory in three and more variables. Srivastava and Karlsson [7] have defined, in 1985, 205
series which are all analogous to four Appell and ten Horn functions. In particular, the authors compiled
a table of 205 different complete triple hypergeometric Gauss series, accompanied by references to their
sources, if known. Realizing the importance of integral representations of multiple hypergeometric functions
for solving applied problems, Hasanov and Ruzhansky [8] developed Euler-type integral representations for
all 205 complete triple hypergeometric functions. Later, these same authors [9] constructed systems of partial
differential equations that the indicated functions satisfy, and found all their linearly independent solutions
near the origin in those cases where such solutions exist.

However, comparatively less attention has been paid to the study of the confluent hypergeometric functions
of three variables. In the works of Exton [I0] and Jain [II], individual functions representing confluent
forms of complete hypergeometric functions of three variables were investigated. In his paper [I2] Ergashev
identified 395 confluent hypergeometric functions of three variables, denoting them as Ei, ..., E395. He thus

ISSN-2181-9483 Bulletin of the Institute of Mathematics, 2025, Vol. 8, No 3 38



bim

Hasanov A., Ergashev T.G., Tulakova Z.R., Euler type integral representations... R

probably completed the classification of all possible degenerate second-order hypergeometric functions for
three variables. The study also includes an analysis of systems of partial differential equations associated
with these 395 functions. In addition, particular solutions of some systems of differential equations near the
origin were found, if such solutions exist (for details, see [I3]).

A unification of hypergeometric series in three variables was introduced by Srivastava [14] who defined a
general triple hypergeometric series F'(3) [x,y, 2] by

@) | (@) 2 (b)) (0);(b") : (c)5(c); (") N Tyt At
FO | (0): g5l = (s (s ) ©0| = 30 Aoy ) 18
m,n,p=
where, for convenience,
A B B B c o ooH
1;[1 (aj)m+n+p 1;11 (bj)m+n ]-:[ (b >n+p H (bj)p+m ]-;-[1 (C])m 1;[1 (Cj)n ]-;-[1 (CJ)p
A(x7y7 Z) = JEv JG é/ G// JH ]H’ ]H” I
1T (€ minip 1L 00 min I1 (7)., T1 (97) . IT (Ry),,, 1 (B5), 1T (R)
=1 j=1 j=1 Pzt prm iy j=1 j=1 P
and, as also in the definition, (a) abbreviates the array of A parameters ay, ..., a4, with similar interpretations

for (b), (t/), (b"), et cetera.

In this paper we will establish integral representations for the general hypergeometric function in three
variables F'®[z,y, 2] and the following confluent hypergeometric functions:

al n+p aQ) ( ) (a4)17l,m,ynzp7
Cl m+n( )pm'n'p'

oo
Ea (a1, a2, a3, a4; ¢1, 25, Y, 2) E
m,n,p=0

oo

Z (al)n+P(a2)m§a3) ( )P m, n_p

Eas (a1, a2, a3, a4 ¢1,c252,y, 2) = (emin ey
m,n,p=0 €1)mAnC2)pNu-ne-p:
o0
al as as Q4
Eoq (a1,a9,a3,a4;¢1,02;2,y,2) = Z ( ()n-;—p( ()mg ):n(' ')nxmyan)
m.mp=0 C1 )m+nlC2 meLp
o0
ai a2)m\a3
E25 (a17a27a3;clac2;xayaz) = Z (( ))”er(( %m(' )'m'xmynzp,
momp=0 C1)m+n(C2)pM:n:p:
o0
a a2)m\a3
Eog (a1, a2, a3;¢1,c2; 2,9, 2) = Z (( ))nﬂji )) (‘ ?n'xmy"z”,
o p=0 C1)m+n\C2 pmnp
(o]
a1 a9 as
E27 (a17a27a3;01702;x3yaz): Z (( ))""!‘PE )m(' ')P'xmynzp,
m,n,p=0 €1)m+nC2)pM:Tip:

(al)n+p(a’2)n(a3)p 2™ 5P

o0
Eosg (a1, a2, a3;c1,c2; 2,9, 2) = Z (

y'z
mao 1) m+n(c2)pmintp! ’
oo
a a
Eog (a1,a2;c1, 05,9, 2) = Z ( )( 1)77.Z-p() 2)71, ,Imyn2p7
o p=0 C1)m+4n(C2)pM:n:p:
oo
aq as)n
Eso (a1, az5¢1,¢053,y,2) = Z (1)t ), "y,
S — (¢1)m+n(c2)pmintp!
oo
a1 a2)p
Eg1 (a1, a2;¢1, 005 2,9, 2) = Z ( ( )n+p§ ), ] ,l’mynzp7
o (1 Ymn (c2)pm!nlpl
oo
a
E32 (a;Cl,CQ;[IJ7’y,Z) = Z (C ) ( ()ngmln' |x7nynzp7
m,n,p=0 1)m+4n(C2)pM:T:P:
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o0
ai ag as
Ess (a1, a9,a3;¢1,c0;2,y,2) = Z (@1)n-+p( )nﬂ)(' |)7'nxmynzp’
m,n,p=0 (Cl)m-i-n(CQ)pm.n.p.
o0
Eas (a1, a2;c1,¢257, Y, 2) = Z (al)’”rp(a?)n:rp' a2,
m,n,p=0 (¢1)mn(c2)pminip!

ZOO (@1)m-+n(a2)n+p(as)
Ess (a1, a2, a35¢1, 252,y 2) = P nﬂ)l f ;nxmynzp’
(€1)m+n(c2)pm!nlp!

mvnvp:()
o0
ai as as
Esg (a1, a2, a3;¢1,¢0;,y,2) = Z (a1)mn( )n+p'( |)'pxmynzp’
m,n,p=0 (€1)m+n(c2)pm!nlp!
o0
ay as
Es7 (a1, a2;¢1,¢252,9,2) = Z (() )m—i—(n() )n'+z; : myn P
m,n,p=0 C1)m+4n(C2)pM:NL:p:
o0
ai a2 as
Ess (a1,a9,a3;¢1,c;,y,2) = Z (( )v)wrp(( );L+p(' |)7'n My D,
m,n,p=0 C1)m+4n(C2)pM:T:P:
o0
(al) L+ (CLQ) n
Eso (an,azic1,e0i2,9,2) = ) (c1) m(p) by P,
g \CL)mn(C2)pninip:

o (@) (@2)m(a)
2 3

Eyo (a1, a2,as;¢1,c25%,y, 2) = Z Lo m, ] ,nffmynzpa
(€1)m+n(c2)pm!nlp!

m,n,p=0

)
3 (a1)m+ntp(az)m(as),

E41 (a17a'27a'3;cl702;$’y5z) = (Clgn - (I)CQ) ’I;’Ln"n'plp'rmynzpa
m4n pTin:p!

m,n,p=0
00

Eas (a1, a2;¢1,¢0;2,y,2) = E

m,n,p=0

(al)m+n+p(a2)m My 2P,
(€1)mn(c2)pm!nip!

oo

al) ag)
Ey3 (a1, a2;¢1,¢2;2,y,2) = E : ((Cl) n:rn(z:)( mﬂ?:;. Ty 2P,
m+n(C2)pM:n.p:

m,n,p=0

 (@)men(a2)nsp(as)
1 2 3
Eg2 (a1, a2, a3;¢1, 2, ¢332, 9, 2) = E (cl)mch) (cz;rpm'n';:' "y aP,
m n P A v

m,n,p=0
[e%S)
a1 as
EGS (aly @2;C1,C2,C3;T,Y, Z) = Z (Cl)( ()67:;71((83)>:;:'2'p' mmynzp’
m n pIM:1p!

m,n,p=0

o0
(a1)min+p(az)m(as)
Boa (a1, @2, 05301,02, €5 2,9:2) = ) (01):(02):(03):m!n!];2xmynzp’

m,n,p=0
oo

Ees (a1, az;c1,c,03;7,y,2) = Z c

m,n,p=0

(al)m+n+p(a2)m ZL,Tnynzp
1)m(02)n(63)pm!n!p! ’

oo

. . _ (a)m+n+17 m, n_p
E66 (a/a Cl,CQ,Cg,x,y,Z) — Z (Cl)m(CZ)n(C3)pm!n!p!x Yy z,

m,n,p=0
oo

Ee7 (a1,az;c1,¢2,¢3;2,y,2) = E

m,n,p=0

(a1)7n+n+P(a2)m+n xmynzp
(c1)m(c2)n(c3)pm!nip!

Note, that the confluent hypergeometric functions Eos — E43 and Ego — Eg7, except the functions Eq4, Eog,
Es3o, Ess and Eyg, were first introduced by Jain [IT]. The confluent hypergeometric functions Eqy, Eog, Eso,
Ess and E4g are found in [I5] (for details, see [12], [13]).
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2. Euler type integral representations
Theorem 2.1. If Re (8) > Re («) > 0, then the following integral representation formulas

o [ 2@ 0000 00160 ]

€)(9); (6)5 (6") () (W) (W)
} / e | G 68 Y et o
FO L e i ]
B e e R
P L 00 ]
= / 1= g tr® | S i) et . e
PO | 2 5685 iy o]
- ferumgrenn | @O OOy s uc
are valid. Hereinafter, k = M)I;((g)a)

Proof. The equalities (19) to ) follow easily from the definition of the triple series , if we use the
formula (5 for calculatmg the beta function. O

Corollary 2.1. If Re (B) > Re (a) > 0, then the following integral representation formulas are valid:

1
Eog (o, a1,a9,as3;¢1,¢2;2,y,2) = fi/fafl (1- f)ﬁf&fl Eaz (B, a1, az,a3;c1, ca; 2, y&, 2€) dE, (23)
0
E22 (a17a27a37a4;ﬂ,02;$7yaz)

1

= ﬁ/ﬁa_l (1= Py (ag; a; 2€) Fa (ay, az, a3 8 — a, ca;y (1 — €) , 2) dE, (24)

0

1
Eas (a1, ,a3,a4; 3, ¢;1,9y,2) = / e (1= )P Ry (an, a3, 045 8 — a, ¢y (1 =€), 2) dE, (25)

1
£ - z
Eos (a1, a2, 0, a4; B, ¢;2,y, 2) /f/ 1F1 (a2; 8 — ayx — x€) o F (a1, aq5 ¢ dg,
) 1—y§ 1 -y

1
a—1 1— B—a—1
E22 (al,ag,a3,a;c,ﬁ;x,y,z):/i/g (i_zi-ial

0

Ei <a17a27a3;0§1_%§,$> dg, (27)
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1

Ea3 (o, a1,a2,a3;c1,¢2; 2,9, 2) = fi/fa_l (1- f)ﬁf&fl Ea3 (B, a1, a2, as; c1, ca; 2, y&, 2€) d§,
0
1

a—1 1— B—a—1
E23 (alaaaa3aa4;5702;z7yaz):H/f ( 5)

(1 —=z§)™

\Ill (alaa4;0236 - OZ;Z,y(l - 5)) dé-a

1

a—1 1— B—a—1
Eos (a1, a2, a3, a;¢, B2, y, 2) :’1/6 (izgal B <a2,a1,a3;c;x, 1_y25> dg,
0

1

Eos (@, a1, a0,a3;¢1,¢2;2,y, 2) = ﬁ/ﬁa_l (1= &) "By (8, a1, a2, as; 1, co; @, y&, 2€) dE,
0

1
a1 (] _ g)f-a-1
E24 (al,a,ag,a4;6,02;x,y,z)Zﬁ/g (f_xz))(ls

\Ill (a17a4;6 —Q,C2;Y (1 - f) 7Z) d£7

1

E25 (Oé,al,ag; C1,C2;1,Y, Z) = K’/ é_a_l (1 - g)ﬁiail E25 (57 ap,az;cy, 02;x7y§7zé-) dga
0
1

a—1 1— B—a-1
E25(a17a7a3;5762;‘r3y72):K//5 ( 5)
0

0=zt s (a1;8 — a,e3y (1 =€), 2) dE,

1

Egs (o, a1,a2;¢1,¢2;2,y,2) = /‘5/50‘71 (1- 5)57&71 Ea6 (8, a1, az; ¢, co5, Y&, 2€) dE,
0
1

E26 (alaa7a3;57c;xayaz) = H/ez££a71 (1 - 5)[3_0‘—1 \Ijl ((11,(13;5 -, Gy (1 - €) 7Z) dfa
0
1

Eor (@, a1,a2;¢1, 0052, y, 2) = ﬁ/ﬁa_l (1 =67 " " Eyr (B, a1, a9; ¢1, ez, Y&, 2€) dE,
0

1
E27 (a17a7@335a0§$,y72) = ﬁ/exgga_l (1 - g)ﬂ_a_l \Ill (alaa3;c75 — 052,y (1 - 5))d€7
0

1
a _ o fetta-git e Y
E27(a17a2,a,c,ﬂ,x,y,z)—H/ (1_25)(11 ¢2 a27a17c7w71_26 d§7
0

1

Eos (o, a1, a0;¢1,¢0; 2,9y, 2) = H/fafl (1- f)ﬁf&fl Eog (B, a1, az; ¢, c25 4, y&, 2€) dE,
0
1

a—1 1— B—a-—1
E28 (a17a27a;036;x7y72)zﬁ/£ ( g) EQ <a1,a2;c;1y£,x> d€7
—Z
0

(1—=)"
1

Eag (a,b;c1,c0;2,y,2) = "f/§&71 (1- f)ﬁ_a_l Eag (8,b; c1, co5 , Y&, 2€) dE,
0
1

E29 (CL, Q; ﬁ,C;x,y, Z) = H/eﬂffga—l (1 - 5)5_11_1 \112 (CL, 6 —o,GY (1 - f) ) Z) dg)
0
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1
E30 (aa b; C1,C2;2,Y, Z) = ’{/ fa_l (]— - g)ﬁiail E30 (ﬂv ba C1,C2; T, yga Zf) dga (44)
0
R
a= — z
E ; ; = F —a;z (1 — F c; d 4
30(a,a,ﬁ,c,x,y,2) HO/ (1_y§)a 0 1(5 Oé,l'( 5))1 1(avcvl_y£) 53 ( 5)
1
Esi (a,byc1,c052,y,2) = "f/ e (- f)ﬁ_a_l Es1 (B,b; c1, co5 2, y&, 2€) dE, (46)
0
e -
E31 (%%Qﬁ?%%z) = KJ/ (1_Z€)a ¢3 <a,C;1_yZ£,$) d&a (47)
0
1
Esz (o c1,c052,9, 2) = /i/ €21 (1— &) Eag (B ¢1, a3 2, Y€, 2€) dE, (48)
0
1
Es3 (o, a2, a3;¢1, 25 2,y, 2) = ﬁ/fa_l (1— &)~ Bz (8, ag, as; 1, ¢o; 2, Y€, 2€) dE, (49)
0
1
Es3 (a1, a2,058,¢c;2,y,2) = 5/6155(%1 (1- f)ﬁiail Fy(ar,a2;8 —o,c;y(1 =€), 2)dE, (50)
0
1
Esy (a,a,b;c1,c052,y,2) = "9/ f‘kl (1- f)ﬁiail Es4 (B,b; c1, co; 2, y&, 2€) dE, (51)
0
1
Ess (a1, o, a3;¢1,¢2; 2,9, 2) = "f/ e (- f)ﬁ_a_l Ess (a1, B, as; ¢, co; 2, y&, 2€) dE, (52)
0
[eat—gP! (1-¢
Ess (a1, a2, 0;8,¢;2,y, 2) :"f/ (1= 26" ¥y <a2,a1;ﬁ—a,c;y1_x£,z> dg, (53)
0
1
E36 (ala «a,a3;C1,C2;T,Y, Z) = ’%/ 504—1 (1 - g)ﬂ_a_l E36 (G/l, 57 as;C1,C2; T, y§7 Zf) d&’ (54)
0
A
= — z
E36 a,ag,a;;;ﬂ,c;w,y,z :"{/ew5 a F<a27a3;c; ) d§7 95
( ) ) (1-y&™ 1—yg (55)
1 a—1 1 B—a-1
Ese (a1, a2, 05¢, 85 2,y, 2) = /‘5/ : (i __z?)az Py <a17a2;65 1_yZ§»x> dg, (56)
0
1
Es7 (01,04;01,02;177%2) = /‘5/50‘71 (1 - 5)570‘71 Ez7 (a175;01702;3€ay§725) dg, (57)
0
S
o= — z
E aab;/87c;$7yyz :/{/emg F <b707 ) dfa 58
37 ( ) J (1 ye) B 1—yé (58)
1
Ess (a1, o, a3;¢1,¢2; 2,9, 2) = "@/§a_1 (1— &)~ Bag (a1, B, as; 1, e 2, Y€, 2€) dE, (59)
0
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1

a—1 1— B—a—1
Egg(aha%a;ﬁ,c;x,y,Z)25/5 ( g)
0

(1 —z5)™
1

Esg (a1, a;¢1,¢2;2,9,2) = /f/50‘71 (1- 5)570‘71 Esg (a1, B;c1, co3 @, 9§, 2€) dE,
0
1

E40 (04702»@35017025%%2') = H/§a71 (1 - é‘)ﬁ_o‘_l E40 (B7a27a’3;01782;x£7y§725) dfa
0
1

Eui (o, a2,a3;¢1,¢0;2,y,2) = ﬁ/ﬁa_l (1= &) "By (8, as, as; c1, ca; €, y€, 2€) dE,
0
1

et T _y
E41 (ahag,a;cl,ﬁ;x,y,z):lﬁ/ (i_zg))th (bl @1,@2;@1725,1725 d{,
0

\Ijl <a27a1;c75_a; 1_72‘1:5,1/(1 _£)> df»

1

a— _ \B—a—1 _
E41 (a17a7a3;ﬁ7c;$7y72) = ’%/5 : (1 é-) \Ijl <a1>a3;c7ﬂ — O : y(lg)> df,
0

(1—z6)™ 1—26 1—ax€

1
Eg (a,bjc1,c052,y,2) = 'f/f(kl (1- 5)570471 E42 (B,b; c1, c2; €, Y&, 2€) dE,
0

! a— B—a—1
E42 (a,a;ﬂ,c;w,y,z):li/f 1((11_ g) \IIQ <a;ﬂa70;y(1€) z >d§7
0

z€)* 1—z& 1 —a¢
1

Eys (a,bye1,c0;2,y,2) = H/&OH (1— &) Byz (B, b; ¢1, a3 €, Y€, 26) dE,
0
1

Ee2 (a1, a,a3;¢1, ¢, c3;,y,2) = ’f/§a_1 (1— 6P Egy (a1, B8, as; 1, ¢, 3; 7, Y&, 2€) dE,
0
1

— B—a—1
ga 1 l—f
E62 (al,a27a;6,02,03;$7y,2):I’i/ ( )
0

(1—=z)™

Y
v Loz —2— 2 ) d
1 <a27alac27c3a1x£72) 57

1

E63 (alu «;C1,C2,C3;,Y, Z) = K’/ fa_l (1 - g)ﬁiail E63 (a175; C1,C2,C3; T, y§726) dga
0
1

Ee3 (o, b;c1, ¢, 03,9, 2) = H/f‘kl (1- f)ﬁiail Ee3 (8,b; c1, c2, ¢35 26, 9§, 2) dE,

0
1
_ —a—1
E64(04,02,03;61,02,03;11773172):H/fa L1 = &)~ By (8, az, as; 1, ¢, c3; €, Y€, 2€) dE,
0
1

ela—-gi
(1—ag)"

z
vy <a17a3;02703;y )df,

E64(alaaaa3;57627c3;z7yvz):K/ 1—1'5’1—1'6

1

E65 (Oé, b7 C1,C2,C3;T, Y, Z) = K/ ga—l (1 - g)ﬂ_a_l E65 (57 b7 C1, C2, C3; x§7y€7 Zg) d&a
0
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1
a—1 1— B—a—1 2
Ees (a,; B8, ¢2, 352, 9, 2) :5/5 ((1_32)(1 Wy (0;62763%1_1/33571_1,5> dg, (76)
0
1
Ee6 (o 1, c2, ¢35 2,9, 2) = ’i/ €271 (1— &) Egs (B; c1, ea, ¢35 2, yE, 26) dE, (77)
0
1
Ee7 (a’b;01,02,03;1177y7z) = "5/50‘71 (1 - f)ﬁ_a_l Eer (5713; 01,02,03;135,%725) dg. (78)
0

Proof. The equalities to follow easily from the definition of the series which are in the single

integrals, if we use the formula for calculating the beta function. To give an example, by definition of
the Humbert function ¥y, in the right-hand side of the integral we have

1

o B—a—1
L = fi/5 1-9 ‘I’1<a17a3;c,5—a; z y(1_§)>d€
0

(1_$§)a1 1*$§7W
1
- (al)p+ ((13)p é‘a—l (1 _ g)ﬂ—a—i-n—l
= n n . p
KD 1,0 - i / = zgyoirrn % (79)
p,n=0 P 5
Using in the Taylor expansion
L S (V)m
= m 1
(]__t)u Z m) t, |t| <1 (80)
m=0
we obtain
1
= (a1),4, (a3), (a1 +p+n) -
I =k pTn p ml‘m nzp/ at+m—1 1— B—a+n 1d. 81
1 mnz,p:_o (c), (B —a),minlp! Y / & (1-¢) ¢ (81)

Next, applying to the integral in the definition of beta function , relations and 7 we get

P@lB-a) <~ (@)minip(@)m(as)p
INC)) 2 (B)mn(c)pm!ntp!

m, n . .
Ilzli 'y Zp:E41(a17a;a375707x7yaz)'

m,n,p=0
The integral representation is proved. O
Theorem 2.2. If Re(a) > 0 and Re (8) > 0, then the following integral representation formulas
5 (D) (V)5 (07) : (¢) 50, ()3 B, ()5
F(S) (a) ( ) ) s & g )
{(e)r%i(g)ﬂgﬁ;(g”):(h)ﬂhﬂ;(h”); niE

1

a—1 1 a):(b);«a ’b’;b//:c;c/;cu;
—) / 11— g)f F<>m e+ 8,00 00 5 5 4y 21 - 5)] P

= fetamertre | O i - e | a9
)
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Proof. The equalities and follow easily from the definition of the triple series , if we use the
formula for calculating the beta function. |

Corollary 2.2. IfRe(a) > 0 and Re(B) > 0, then the following integral representation formulas are valid:

1
Eo (a1, a2, Bic1,c05 2,9, 2) = )\/5“_1 (1 =€) Esg (a1, o + B, ag; 1, ca; 7, y€, 2 (1 — €)) dE, (84)
0

1

E22 (a17aa57a49017025$ay72) = )\/50(—1 (1 - £)ﬂ71 E36 (Oé + 670417044;C17C2;.’17£,y (1 - f),z) dga (85)
0
1

E22 (a,ﬁya37a450170251’ay73) = )\/é—(){—l (1 - g)ﬂ_l E41 (Oé + 67(137(1430170%115755 (1 - €)azé—> dé-) (86)
0
1

E23 (al,ag,ag,a4;a + 5705%%3) = )‘/60/_1 (1 - f)ﬂ_l F(ag,ag,;Ot;I‘f) \Ill (a17a4;c,ﬁ; Zay(l - g)) d£7
0

(87)

1

Ea3 (a, B, a3,a45¢1,c23 2,9y, 2) = /\/5(%1 (1- f)ﬁ_l By (a+ B,a3,a45¢1,c0;0 (1 =€)y, 26) dg,  (88)
0
1

Ea4 (a1, a2, 0, Bsc1,c052,y,2) = /\/f(k1 (1- 5)5_1 Ess (a + B,a1,a2;c1,c0; 28,y (1 =€), 2) dE, (89)
0
1

Eo4 (o, B, a3,a45¢1,c23 2,9y, 2) = /\/5(%1 (1- 5)571 Eyo (o + B,a3,a4;c1,c0;w (1 = &)y, 26) d§,  (90)
0
1

Eo4 (a1,a2,a3,a4;00+ B, ¢;,y,2) = A/f(kl (1- f)ﬂi1 F(ag,a3;a;28) Yy (a1, a4; 6,¢y (1 = &), 2) dE,
0
(91)
1

Egs (a1,a2,as;a 4 B, ¢;2,y,2) = A/éa‘l (1— &7 F(az, a310:28) U3 (a1; B, ey (1 — &), 2) g, (92)
E25 (a765a;01702;xay5z) = )\/5[3’—1 (1 - g)a_l E42 (O[ + ﬂaa;cl7c2;m£ay (1 - E) , 2 (1 - g)) dg’ (93)
Eq6 (a1, a2,a3;0+ B,¢;2,y,2) = A/fa_l (1- f)ﬁ_l 1F1(ag; 0528) Wy (a1, a3; 8, ¢y (1 =€) ,2)dE,  (94)
1
Egs (a,a, By c1,¢05%,,2) = A/ﬁa_l (1—&)° " Byr (a4 By a5 ¢1, c0526,y (1 =€), 2) dE, (95)
0
E26 (Oé,ﬁ,a;cl,CQ;l',y,Z) = )\/Eﬁ_l (1 - g)a_l E42 (Oé + 6;%01702;335’9 (1 - f),Z (1 - g)) d&’ (96)

E27 (Oé,ﬁ,a;ChCQ;J?,y,Z) = )‘/65_1 (1 _g)a_l \Ill (Oé“rﬁ,ﬂ@Cg,CﬁZ(l _g) ,J?f—i—y(l _f)) df’ (97)
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1
E27 (al,ag,ag;a + 5,6;%%2) = )\/ga—l (]- - 5)371 1F1 (a2;a;‘r§) \Ijl (a17a3;6,5§27y (1 - 5)) dév (98)
0
1
Eos (a1,a2,a3;a + B, ¢;2,y,2) = >‘/5a*1 (1— 6" o1 (a;2€) Py (ass az, a3; 8, c;y (1 =€), 2) d,  (99)
0
1
E29 (&,6;01762;x7yaz) = A/€B71 (1 - f)a_l \112 (OZ + ﬂ;clch;xg +y(1 - f),Z (1 - 5)) dé.a (100)
0
1
Egg (a,b;a 4 B, c35m,y,2) = A/Ea_l 11— P (o a€) Us (a3 Boeiy (1 - €),2)dE,  (101)
0
1
Eso (a,b;a+ B, c352,y,2) = )\/50‘_1 (1- f)’@_l oF1 (= 0528) Uy (a,b; By e35y (1 =€), 2) dE, (102)
0
1
Es1 (a,b;a+ B,¢;2,y,2) = A/ﬁ“_l (1= &)P 7 oF) (= a;28) Uy (a, by ¢, B; 2,y (1 — €)) dE, (103)
0
1
B (aiat fewyz) = A [ €7 1= R (i) G (fay (1-).2)d6 (104
0
1
Egg (al, as, as; + Ba c T, Y, Z) = )\/50471 (1 - 5)571 1F1 (a3; awrf) F4 (ala az; 6; Gy (1 - 5) 72) dé-, (105)
0
1
E33 (Oé,(l,,@; C1,C2; T, Y, Z) = A/§a71 (1 - E)ﬁ_l E43 (a + /87(1; C1,C2;T (1 - f) ’yg, Zf) d€7 (106)
0
1
B (abia+ fca02) = A [ €7 (1070 (i) Fiabifreiy (1 -9, 2) s, (107
0
1
E35 (%0475301702333’9’2) = )\/6(1—1 (1 - 5)6_1 \Ill (Oé + ﬁ,a;C]_,CQ;J} (1 - g) + y§7zé-) d£7 (108)
0
1
E35 (a17a27a3;a + 5705«%',%2) = )\/ga_l (1 - é-)ﬁil E62 (a1,a27a3;a,/8,0; .’L'é-,y (1 - 5)72) dé-? (109)
0
1
Ess (o, a, B;c1,c032,y,2) = )\/5(171 (1= &) Bug (a+ B, a5 ¢1, ca3 26, y€, 2 (1 — €)) de, (110)
0
1
E36 (0,1, ag,a3; ¢ + ﬂ,c;l‘,y, Z) = )\/£Q71 (1 - 5)6_1 E62 (a23 ai, as; 0757 a2,y (1 - 5) ’:175) df, (111)
0
1
Es7 (a,b;a+ B,¢;x,y,2) = )\/50‘71 (1—6)° " Egs (a, b, B,c;a&,y (1 =€), 2) dE, (112)
0
1
E38 (Cl, aaﬁ; C1,C2; T, Y, Z) = A/ga—l (1 - g)ﬂ_l E43 (Oé + Bva/; C1,C2; yg?m (1 - g) ’ Zg) d§7 (113)
0
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1
E38 (a7ﬂ7a;cla02;xvyvz) = )\/ga—l (]— - 5)371 EGO (a + ﬁva; Cl;CQ;xgvy (1 - 5) 725 (1 - 5)) dév (114)
0
1
Esg (v, B5c1, c05 2,9, 2) = )\/ﬁa_l (1 -6 " Hy (a+ Bcea,c1526 (1 =€),z +y (1 - €)) de, (115)
0
1
E39 (CL, b, o+ 5, c, Ty, Z) = )\/ga71 (1 - S)ﬁil E63 (a7b; a, C, 5; 1'57 2%} (1 - 5)) dEa (116)
0
1
Eyo (a, o, Bic1, ¢35, y,2) = )\/fa_l (1= 0, (a,a + Bcr, 0526 +y (1 - €), 2) dE, (117)
0
1
Eyo (a1,az,a3;a + B,¢;2,y, 2) = )\/an (1 - 6" ey (a1,a2,a3; 0, B, ¢; 26,y (1 — €) , 2) dE, (118)
0
1
Eq (a,a,B5c1,c0;2,y,2) = )\/ga_l (1- 5)671 Eeo (a + 3, a; ¢y, c2; 28, y€, 26 (1 = £)) dE, (119)
0
1
Eu (a1, a2, a3, + B, c; 2,9, 2) = /\/5"‘_1 (16" " Eoa (a1, a2, a3; a, ¢, B; €, 2,y (1 — €)) dE, (120)
0
1
E42 (a; b; o+ /3, CT,Y, Z) == )\/fafl (1 - f)ﬁ71 E65 (av ba «, 6; C; xE,y (1 - g) 9 Z) df, (121)
0
1
Eys (o, Bsc1,c0i,y,2) = )\/fa_l (1 =67 Bor (a4 B e, ;26,46 (1 — €), 26 (1 = €)) dE, (122)
0
1
E43 (CL, b,Ol + ﬁ,C;l’,y,Z) = )\/606*1 (1 - 6)5_1 E67 (avb; C7ﬁ7a;zay(1 - 5) amé-) d&, (123)
0
1
E62 (alaavﬁ;01762763;m7yuz) = )\/ga_l(]- - £)ﬂ71E67 (O[ + 57(]‘1;01702763;‘% (]' - é-) 7y£7’zf) dé-? (124)

0

1
Ee2 (o, B,as;¢1,¢2,¢3;2,y,2) = )\/fa_l(l —&)" "Eeg (a4 B, a3; 2, ¢1, 33y (1 — €) 26, 2 (1 — §))dé,
0

1
Ee3 (a, B5c1, 2, ¢35 2,9, 2) = /\/fa%@ — &) Brg (a4 Bi oy c1y339€ (1 =€), 26, 2 (1 — €)) de,
0

1

E64 (avﬁvaf};ClaCQvCB;mvva) - )\/ga_l(]- - 5)571E69 (O[ + 57013;01’02703;‘%5 (1 - 5) ayé-vzf) dé-?
0

1
E65 (a>5§01702703§$7yaz) = )\/504—1(1 - 5)6_1}370 ((X + 6;61562563;]}5 (1 - g) )y§72§) d&a
0
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1

Ee7 (o, B;c1, 2, ¢35 2,9, 2) = )\/fa_l(l — &) Br1 (a+ Bier,ca,ca5 06 (1 - €),yE (1 - €),26) dE,  (129)
0
where Ego, Eg1, Eg9, E7o and E7; are confluent hypergeometric functions defined in |12, [T5] [13]:

oo

Z (al)m+n+2p(a2)m m. n

X P
(€1)mn(c2)pm!nip! b=,

Eeo (a1, a2;¢1,¢2;2,y, 2) =

m,n,p=0
o0
(a) 2
E61 (a;Cl,Cg;x7y,Z) = Z (C ) ”’(L;‘T;'i'/n{;'n' 'x’mynzp’
m,m,p=0 1)m+n(C2)pT:n:p:
o0
2 az)n
Ee (a1, az;¢1,¢2, ¢35y, 2) = Z e () zm+n+p)( ), "y,
a0 m(c2)n(c3)pminlpl
= (a)2 ™ P
+n+ y"z
Ero (o5 c1,c0,03;2,9,2) = ) W Tl ol
S —— 1)m\C2),(C3 b:
oo
(Ubl 2m+2
E71 (al,ag;C1,C2;$7y,2«') = Z (C) ( ))m{g ;L+T::’7L'n' | mynzp
m.np=0 1)m\C2)n\C3 p:

Proof. The equalities (84]) to (129) follow easily from the definition of the series which are in the single
integrals, if we use the formula (5)) for calculating the beta function. To give an example, by definition of
the Humbert function Wo, in the right-hand side of the integral (100f) we have

1

I A/Eﬁ*(l—U“%(a+6;c1,c2;ace+y(1—£>,z<1—§>)d§

(o)
(@ +5) ) )
= 0D e €T 00 ey o e (130)
kop—=0 \ Lk \“2 p: ),
Using in (130) a famous relation |16, p. 52|
> T )= Zoww v,
k=0 m,n=
we obtain
1
(@ + B)mtnt B
=A m+n+p xmynzp/gﬁ—kmﬂ 1—¢ atn+p . 11
m% 0 m+n( ) min!p! / ( ) (131)

Next, applying to (|131)) the definition of beta function , relations and @, we get
I = )\F(COF(B) i ( (D)n+p(B)m

o+ B) 1)y (€), mintp!

a™y" 2’ = Eagg (a, Bic1, 22,y 2) -
m,n,p=0
The integral representation is proved. ]
3. Double and triple integral representations
Theorem 3.1. The following double integral representation formulas are valid:

T'(a1 +a2)T (as + aq)
['(a1) T (ag) T (as) T (aa)

Egs (a1, as, a3, as;c1,c2;2,y, 2) =

1 1
X //5“1 LA =)™ o=t (1 — )™ Eys (a1 + az, as + ag; 1, ¢2; 2, y, 2) dédn, (132)
0 0
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Re(a1) > 0,Re (az) > 0,Re(as) > 0,Re (a4) > 0;

I'(a1 +a @ jo2-
E23(al,az,as,a4;61,62;$7y72)—F((Clll)r(;))l—‘( (s —a1) //€ 1 2~

as—1 _ ca—ag—1 _
Xn (L= Dy (ay +a27a3;61;x(1 5)7 v
(1— zgn)™e 1—zén "1 -2y

Re(a1) > 0,Re(az2) > 0,Re(c2) > Re(a4) > 0;

) d&dn,

r (0,1 + ag) 1 an—1
E N N = z€n (L1 2
23 (a1, a2, as, as; c1, €23 2, Y, 2) T (@) T (a2) T (a2) T (c2 — aa) //el € - X
N ) S p(1-8) 4t
(1= z&p)™ " 1—26n’ 126
Re(a1) > 0,Re (az) > 0, Re(cQ)>Re( 1) > 0;
1

r ((IQ + as —|— a4
. . _ 1 a471
Eos (a1, a9, a3, a4;¢1,2;2,y,2) = f‘“” X
T (ag
0

xntataa=d (1 — )27  Byg (ag + ag + aa, arser, co526n (1 — 1)y, 2 (1 — €) ) dédn,
Re (az) > 0,Re(as) > 0,Re (a4) > 0;

) d&dn,

=1 <a1 + ag,c1 — a1 — az,as;cy;

T'(c c —az—
E24(al,az,a3,a4;01,C2§$7y’2):F(GQ)F(%)F((;a2a4 //ﬁa2 H el x

na471 (1 _ 77)01—&2—(14 1 ( P )
F; scg; —————— | déd

T (A-ya-gn T\ T a gy ) 4
Re(cl)>Re(a2)>ORe(01)>Re(a2+a4)>O Re (aq) > 0;

T _
E24 (al,az,ag,a4;01702;x,y,z) = F(Cga)llj_(aa ZB +a4 /\/fa3 ! a4 ! X
1 3

xn® (1 =) Wy (a1 + ag, a3 + ag; er, e0; 7€ (1 — 1) +y (1 — &) n, 2n) dédn,
Re(a1) > 0,Re (az2) > 0, Re(ag) > 0,Re (as) > 0;

F(CLQ +Cl3 +a4

. . — 1 a4—1

E24 (al,CLQ,a3,CL4,C17C2,$7y,z)— P(a €a3 X
2

e (1 — ) *2 7 By (a2 + as + as, ax; e, ca3 260 (1 — ), yn (1 — €) , z) dédn,
Re (az) > 0,Re (az) > 0,Re (a4) > 0;
1

. . _ F(al +a2)1—‘ as— 1 a1—1
Eos (a1, az,a3;¢1,¢2; 2,9, 2) = T (1) T (a2) T (as) T (1 — a3) O//f X
ne (1 —p) Tt y(1-9(1-n) z(1—5)) ded
e T—aén  1—atn ) 4
Re(a1) > 0,Re(az2) > 0,Re(c1) > Re(as) > 0;

r + _ _
Es5 (a17a27a3;cl702;x’y72) = T ((E?l as + 0,3 //gag 1 al 1 nag—l (1 _ n)al-‘ras 1 v

U, (a1 + ag;c1 — ag, co;

XE53 (al + az +a3701a027$§7l (1 - 77) 7y(1 - g) (1 - 77)7'2(1 - g) (1 - 'I’]))dgd’l’],
Re (al) > 0,Re ((ZQ) > 0,Re (ag) > 0;

(133)

(134)

(135)

(136)

(137)

(138)

(139)

(140)
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r( 11
a1 + az) 1 ) -1
E . . — az— 1
26 (a17a27a37017627x7y7z) F(al)F(a2)F( —Cl3 J/g X
az—1 1— c1—az—1 1— 1—
Xn ( 77) a1+a L2 <a1 +ag;c; — 03,02; xf( 77) , Z( E) >dfd77a (141)
(1 —yn +y&n] ™ L—yn+yén' 1 —yn+yén
Re(a1) > 0,Re(a2) > 0,Re(c1) > Re(as) > 0;
r _
Eo7 (a1, az,a3;¢1,c0;2,y,2) = T (@1 +a2 +a3 //fa1 ! )4t x
(a1)T
xp®te =t (1 — )T Hy (a1 + ap + ags ez, c1526n (1 — ), 2 (1 — €) + yén) dédn, (142)
Re (al) > O Re (ag) > 0 Re (ag) > O
I'(a1 +a2 02 // 1 ) -1
E . . — az— 1
27(@1,(12,(13,61,C2,I17,y,2') F(al)F( 2)F( 2-@3 € X
asfl 1 _ (!2—(1.3—1 _
><77 ( ) aita 1Fy (a1 + az;cy; 7565 'l O) d&dn, (143)
(1 — zn + 2€n]" 7% 1 —2n+ 28
Re(a1) > 0,Re(az2) > 0,Re(az) > 0,Re(c2) > Re(as);
11
F(a1 +a2)F(62) // 1 as—1
E . . — al 1 _ 2
28 (a15a25a3a61562;1‘7y72) F(al)F(ag)F(ag)F Cg—ag) 5 ( 5) X
as=1 (] —p)c2" %! 1 dye(1—
S n?z—i—a z, (Gl mraztl v ( 52),93 dédn, (144)
(1 —z&m)™™™ 2 2 (1- 5)
Re(a1) > 0,Re (az) > 0,Re(c2) > Re(az) >
11
I'(ci+c)T // 1 ) -1
E . . — c1— 2
28 (alaa2aa3vclac37‘ray7z) F(ag)F(cl)F( 03—a3 )/ § X
R ) S y(1-¢)
F ; F seg; ———— | déd 145
X (1 — Z"))al 041 (Cla x§) a1, a2;C2; 1_ 2 f 1, ( )
Re(cl)>0Re(02)>0 Re (c3) > Re(a3) > 0;
r _ _
Eog (a1, az,a3;¢1,c2;2,y,2) = (e + = + a3 //5“1 1 “2 1 nalﬂrl (- 7])“3 1X
F(al
1
by (B +”22+“3 e (- O (-0 den. (140
Re (a1) > 0,Re (az2) > 0,Re (as) > 0;
[(c)T // b—1 1y
E b; ] = 1— zE a
31 (a,byc1, 252,y 2) I‘(a)F(b)F(cl—a (ca — b) € 3
X (1= " A=) (1= 26) " oFy (1 — a;x (1 — n)) dédn, (147)
Re(c1) > Re(a) > 0, Re(CQ) > Re (b) > 0;
1
I' (a1 +C2 Cd // 1 % -1
E b: . — C1— 2
31(0‘7 761+CQ,C3,(E,y,Z) F(Cl)r( ) 3—b g X
0 0
x”b_l(l_”)cs_b_l Fy (c1;26) 1F (a YEZN ey (148)
1—zn)" 081 L TS) 1 | @5 €25 7 — m,
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Re(c1) > 0,Re (c2) > 0,Re(c3) > Re (b) > 0;

1 1
_ . _ (e +e) [ (c1) // -1 ca—1
E35 (CL17CL27(13701+CQ,63,IE,y,Z) - F(C]_)F(CQ)F(CL?,)F(C]_ _a3) 5 (1 5) X
0 0

R /) S y(1-¢)
v ; et 14
X (1 — xé-n)al 1| a2, a1;C2,C3; 1_ xé-n ) 2 dgd’l’], ( 9)
Re(c1) > 0,Re(ecz) > 0,Re(c1) > Re(az) > 0;
I (c1) INEY
E . . —
36 (a1, a2, a3; c1, c2; 7, Y, 2) T (a)T (c1 —a1) T (az) T (ca — az) X
11
x [ feten et @ g e T (L g ) de, (150)
0 0
Re (Cl) > Re (al) > O Re (CQ) > Re (CL3
11
I (c1+c2) // (1= gy
Esg (a1, as2,a3;¢1 + co,c3;2,y,2) = “a- T x
36 (a1, a2, as;c1 2,03, T, Y, 2) T (c1)T (c2) T (a3) T (c3 — az) / Of
as—1 (1 _ cz—az—1
e, (al,az,cz,cl, risy) 5) g, (151)
Re(c1) > 0,Re(c2) > 0,Re(c3) > Re(ag) >
1
F(Cl)r( // 1 ('—a —1
E . . — a3z — 1 3
38 (a1, a2, a3;c1,c2; 7, y, 2) T ()T (a3) T (1 —a3) T (cs — a1) / 3 X
ai=1(1 _ cz—a1—1
T Ea ) = 151 <a2;61 — as; y( I £)> d&dn, (152)
(T—a)™ ™ (1 -2 —2n)™ —a§ —an

Re(c1) > Re(as) > 0,Re(c2) > Re (al) > 0;

1 1
F (Cl + 62) F (Cl) // 1 co—1
E . . — C1 1 _ 2
38 (a13a2;a3acl +027C3,l’,y,2) F(C])F(CQ)F(CL?,)F(C] _a3) f ( 5) X
g (1= )= :
v ; j— 1-— déd 153
X (1_-/17677)(11 1| a2,0a1;5C3,C2; 17$§n’y( 6) 5 1, ( )

Re(c1) > 0,Re(c2) > 0,Re(c1) > Re(az) > 0;

11

. . _ r (a’l + a2) I (Cl) ar—1 (1 _ ¢\a2—1

E38 (a17a27a3,cl702,m,y,z) - F(al)F(GQ)F(Clg,)F(Cl —Cl3) //5 (1 5) X
0

Nt (- , C28(1—-8 y(1-¢§(1—n)
X (1= nen) 7o Hr <a1 + ag; ¢z, c1 — as; (1260’ 1= zén ) d&dn, (154)

Re (a1) > 0,Re (a2) > 0,Re(c1) > Re(ag) > 0;
1

=

I'(a+0b) (c —|—c _
Egg(a,b;cl+02,03;x,y,z): F(EZ)F( 1 2 //ga 1 X
0
X0 (1 =)= Erg (a4 by es, ca, 1526 (1= €),y (1 — €) (1 — 1) , x€n) dédn, (155)

Re(a) > 0,Re(b) > 0,Re(c¢1) > 0,Re (c2) > 0;
1

I'(ci +c o — e
E40 (a15a25a3;cl —‘rCQ,Cg;l',y,Z) = P((LQ)FECi —GZ))F(CQ) //g ! 1(1_5)62 ! X
0 0
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Ifm\ stitute.
f Matheratics.

az—1 (1 _ c1—az—1 1—
x 1 /) ar Uy | a1, as;cg,c3; y 5), z
(1 —axn) L—afn’'1—afn

Re(c )>Re(a2)>0Re( ) > 0;

1
I' (a1 —|—CL2 —|—Cl3 a—1
Eyo (a1,az,a3;¢1,¢c2;2,9,2) = ( gureTl(1-¢" x
0

) d&dn,

T (a1

)™ (1 =) Hy (a1 + a2 + as;cl,cmxf n(1—n)+y& (1 —&)n, 260 (1 —n)) dédn,
Re(a1) > 0,Re (az2) > 0,Re (as) > 0;
1

F(Cl) // 1 c —az—1
E . . — az— 1—az
41 (a13a2aa3vcla627‘r7y72) F(ag)F(cl—ag)F( Cz—ag / g X
a371 1 _ 62,(13,1 _
1 1) a 1F1 a1;01*a2;7y(1 ¢)
(1—a&—2n)" I —x§—2zn
Re(c1) > Re(az2) > 0,Re(c2) > Re(az) > 0;
1 1

I' (a1 + a2) // L( yaz 1
E ; ; = “ X
41 (al7a27fl3701702,$ayaz) F(al)F(ag)F(ag) 027(13 f
0 0

(L= S R I S
X (1 26n) Hg (fh +az;ci; (- en) T- Z@?) d&dn,

Re (a1) > 0,Re (az) > 0,Re (02) > Re (a3) > 0;

I'(ci+¢ ye=
E41(a17a27a3;01+027C3;$»y72):F(C)F(( L i o //'EC1 Y 271
2 1 — 2

) d&dn,

_ c1—az—1

A k) N z  y(1-¢
X v ; ;

(1—55677)(11 1| @1,0a3;C3,C2; 1-$§7’]7 1_ 1‘577

Re (Cl) > 0 Re (CQ) > 0 Re (Cl) > Re ((12) > O,

F p_
E42(a,b;01+02,03;$,y72)=F(C) 01+ch D) //fcl o 2=1
2 1—

) d&dn,

(1)t o y(1-9 oz
8 (1 —axfn)” %<a’62’63’ 1—aén’ 1—a€n

Re(c1) > 0,Re(cz) > 0,Re(c1) > Re(b) >0

11
L(c)T (e
. . _ a 1 (’1—113—1
E¢2 (a1, a2, a3;¢1,¢2,¢3; 2, Y, 2) = (c2—a o X
2 — 1)
00

) d&dn,

I'(a1)T (a3) T (c1 — as)

a1—1(1 _ ,\¢c2—a1—1 _
n“ " (1-n) E Fy (az;%’(le)) dedn,

(1= (1 — 26 —yn)* §—uyn
Re (Cl) > Re (a3) > O Re (CQ) > Re (al) > O

I'(a1 +a a o=
Ee2 (a1, a2,a3;5c1,¢2,¢3;2, 9y, 2) = F(al)(Fl(az)IQ“)( (1 — as) //5 . 27

A ) ye(1-¢ =z2(1-¢)

déd

8 (1 — a&n)™r 7t (1—agn)®” 1—agn > s
Re (Cl) > O,Re (02) > O,Re (Cl) > Re (ag) > O,

Hr <a1 + ag; ¢z, c3;

(156)

(157)

(158)

(159)

(160)

(161)

(162)

(163)

ISSN-2181-9483 Bulletin of the Institute of Mathematics, 2025, Vol. 8, No

3 33



Hasanov A., Ergashev T.G., Tulakova Z.R., Euler type integral representations... =
. 1
Ee2 (a1,az,a3;¢1,¢2,¢c3,2,y,2) = T (@ + a2 + ad //fa1 ! €)= x
(a1)T
0
)t =H (1 — )T By (ay + ag + ag;cr, o, ca508n (1 — 1), y€ (1 — &) 2 2 (1 — €) ) dédn, (164)
Re(a1) > 0,Re (az2) > 0,Re (as) > 0;
1
F(Cl) -1 c1—az—1
E . . — a2 1 _ 1 2
64(ala02,03,017027037337%3) F(ag)F(cl—ag)F( C2_a3 /0/£ ( 5) X
77(L3—1(1 _ n)Cz—as—l ( P )
a—1F1 | a T per— dgdn, 165
(1= 2§ —yn)™ Y —x§ — (165)
Re(c1) > Re(az) > 0,Re(c2) > Re( )
I' (a1 + a2) // 1 joa1
E . . — a1 — 2
64 (Ublaa2,a37017027037$ay72) F(al)F(GQ)F( 6270,3 5 X
as—1(1 _ ca—az—1 1—
X 1 ( 77)(11_;'_@2 H7 a1 + ag;c, C3; xg ( 5)2 5 Zg dgd?% (166)
(1—yén) (1—yen)> 1 —yén

Re (al) > O,Re (az) > O,Re (62) > Re (ag) > 0.

Proof. The equalities (132 . follow easily from the definition of the associated series, if we use the
formula (bf) for calculatlng the beta function. To give an example, we shall prove the integral representatlon
(1133). a

Consider a double integral

1
as—1 co—ag—1
a 1 az—ln4 (1_77) x(l—f) yg
-1 o e 1
/€ (1 _ Zé_n)al+a2 1 (al + az,as; Ci; 1_ 2577 ) 1 2577 dfdn, ( 67)
0

||
=
O\H

where
. (a1 + as) T (co)

o F (al) P ((12) F (a4) F (CQ — (14) ’

Using the definition of the Humbert function ®;, we rewrite the double integral (167)) in the form

1 1

00 (a1 + ag)me m gourtn— 1 €)a2+m71 77a4_1 (1- n)czﬂufl

Iy =p E xmyn// —— dédn. (168)
m,n=0 (Cl)m+ m"fl' J 1725,0) 1+az+m+

Applying the Taylor expansion (80) to the integrant in (168)), we get
(a1 + a2) .y, (a3),, (a1 +az +m+n)

p m p
Py y'z
Inlp!
m,n,p=0 (Cl)mJF” menep:
1 1
o R O R B () ) (169)
0 0
Next, applying to (169) the definition of beta function , relations and 7 we get the left-hand side of
the integral representation ([133]). O
Theorem 3.2. The following double integral representation formulas are valid:
r r
Eos (a1, a2, a3, a4;5¢1,c252,y, 2) = ) I (o) X

T (al) T (ag) T ((L4> r (CQ — a4) r (01 —ap — CLQ)
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1 1 1
0 0 O

gutet (- ( _z(1-9 <>“3
X 0 sy - —— e dédndc, (170)

Re(a1) > 0,Re(az) > 0,Re(c2) > Re(aq) > 0,Re(c1) > Re(ag + az) > 0;

Eoy (a1,a2,a3,a4;¢1,¢2;2,y,2) = I' (a1 + as) I (c1)
24 1, 42,43,04,C1,C2,4,Y, F(a1)F(a2)F(a3)F(a4)F(Cl,a37a4)

1 1 1
« ///5(13 1 0«4*1 nal—l (1 _ ,'7)112*1 <a3+a4—1 (1 _ <)61*a3*a4*1><
0O 0 0

<[ =2t (1 =m)C—y(1=ng] " *1F (a1 RRCTE s ey ey smc) dédndg, — (171)

Re(a1) > 0,Re (az) > 0,Re(az) > 0,Re(aq) > 0,Re(c1) > Re(az + aq) > 0;

1 1 1
r r
Eoq (a1, a2, a3, a45¢1, 052, y,2) = (e1) U (cs) o ///61 T X
2 1
0 0 O

T (al) T (ag) Tr (a4) T (Cl —ag — a4

gt (- g
(1= 2€)™ (1= yn+yén)
Re(c1) > Re(az) > 0,Re(c2) > Re(a1) > 0,Re(c1) > Re(az + a4) > 0,Re (as) > 0;

1 1 1
F(Cl —|—CQ)F(03
Egg (a1,a2,a3;¢1 + c2, 352, 9, 2) = e T X
63 —a1
0 0 O

o i e (R wdednde,  (172)

r (al) T (ag) T (Cl) r (CQ — a3

a1 ¢ (L=

)€ (1 — &)=yl (1 — ) L Fy (ag; e1; 2€) dEdndc, (173)

(1 —yn+ y&n)™
Re(c1) > 0,Re(c2) > Re(ag) > 0,Re (c3) > Re(ay) > 0;
r( 11 1
C1 +C2 c 1 52*1
E . . — 1—
40 (alaa2,a3acl+627C37x3y72) F(ag)F(ag)F(q —CLQ 2_@3 ///5 X
00 0
1 (1 )clfazfl Cas—l (1 — C)C2*0«3*1 - déd dC (174)
xn® " (1—n = (a;c'; ) ndc,
1 —atn—yC+yed™ T Sl—xﬁn—y<+yfc

Re(c1) > Re(az) > 0,Re(c2) > Re (a3) > 0;

111

F(Cl-i-CQ)F( /// 1 C,1

E N N = e 2

a1 (a1, a2, az;¢1 + ¢2,¢3:2, Y, 2) T (c2)T (az) T (a3) T (c1 — az) T (c3 — as) ¢ %
00 0

er—a—1 §®T (1 = C)C3_“3—1
(1 — gjfrr] _ zC)al

a7t (1 —n) 11 (al; €23 %) d§dndg, (175)
Re(c1) > 0,Re(c2) > 0,Re(c1) > Re(az) > 0,Re(c3) > Re(az) > 0.

Proof. The equalities (L70) — (L75]) are proved in the same way as the proof of the Theorem 3. |
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Conclusion

As is known [I5], the list of confluent hypergeometric functions of three variables was compiled recently,
however, most of the confluent functions investigated in this paper were first introduced by Jain [IT] in 1966,
who limited himself to composing systems of partial differential equations corresponding to these functions.
At present, all linearly independent solutions are known not only for the systems compiled by Jain, but for
all PDE-systems corresponding to 395 confluent hypergeometric functions in three variables [I2]. Until now,
the scientific community is not aware of any application of the degenerate hypergeometric functions Eqs —
Eu3, Eg2 — Eg7. Therefore, in the future it is necessary to identify such applied problems, the solutions of
which would be written through the confluent hypergeometric functions studied in this work.
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