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Euler type integral representations for

the Kampé de Fériet functionsTuhtasin G. Ergashev, Anvardjan Hasanov,Tursun K. Yuldashev
(Presented by V. Ryazanov)Abstrat. In this paper, the Kamp�e de F�eriet funtions of arbitraryorder and their Euler type integral representations are studied. The gen-eral form of the integral representations for a Kamp�e de F�eriet funtionare proved. Conditions, under whih these representations are expressedin terms of produts of two generalized hypergeometri funtions, arefound. The examples are identi�ed in whih the integral representationof the Kamp�e de F�eriet funtion ontains an elementary funtion or aknown seond order hypergeometri funtion in two variables.2010 MSC. Primary 33C20, 33C65; Seondary 44A20..Key words and phrases. Kamp�e de F�eriet funtions; Euler typeintegral representations, generalized hypergeometri funtions, seondorder hypergeometri funtion in two variables..

1. IntroductionA great interest in the theory of hypergeometri funtions (that is,hypergeometri funtions of one, two and more variables) is motivatedessentially by the fat that solutions of many applied problems involvingthermal ondutivity and dynamis, eletromagneti osillation and aero-dynamis, quantum mehanis and potential theory are obtainable withthe help of hypergeometri (higher and speial or transendent) fun-tions [5,28,29℄. Suh kinds of funtions are often alled speial funtionsof mathematial physis.It is known that hypergeometri series F (a, b; c; z) (see, equation (2.3))were studied by Leonhard Euler. However, the �rst full systemati treat-ment was given by Carl Friedrih Gauss in 1813. In the nineteenth en-tury, Ernst Kummer (1836) and Bernhard Riemann (1857) proposed aReeived 08.05.2023ISSN 1810 � 3200. © Iíñòèòóò ïðèêëàäíî¨ ìàòåìàòèêè i ìåõàíiêè ÍÀÍ Óêðà¨íè



486 Euler type integral representationsfundamental haraterization of the hypergeometri funtions by meansof di�erential equations. The great suess of the theory of hypergeomet-ri series in one variable stimulated the development of the orrespondingtheory in two or more variables. Appell has de�ned, in 1880, four series,
F1 to F4 (see, equations (2.4)�(2.7)), all of whih are analogous to Gaus-sian hypergeometri funtions F (a, b; c; z). Piard has pointed out thatone of these series is intimately related to a funtion studied by Pohham-mer in 1870. Piard and Goursat also onstruted a theory of Appell'sseries, whih is analogous to Riemann's theory of Gauss' hypergeometriseries. P. Humbert has studied on�uent hypergeometri series in twovariables (see, equations (2.8)�(2.14)). An expansion of the results of theFrenh shool together with referenes to the original literature are to befound in the monograph by Appell and Kamp�e de F�eriet [3℄, whih isthe standart work on the subjet. This work also ontains an extensivebibliography of all relevant papers up to 1926.A great merit in the further development of the theory of the hy-pergeometri series in two variables belongs to Horn, who gave a generalde�nition and order lassi�ation of double hypergeometri series. He hasinvestigated the onvergene of hypergeometri series of two variables andestablished the systems of partial di�erential equations whih they sat-isfy. Horn investigated in partiular hypergeometri series of order two.He found that, apart from ertain series, whih are either expressiblein terms of one variable or are produts of two hypergeometri series ofone variable, there are essentially 34 distint onvergent series of seondorder.The four Appell series were uni�ed and generalized by Kamp�e deF�eriet in [24℄. He de�ned a general hypergeometri series in two vari-ables. However, the notation introdued by Kamp�e de F�eriet for hisdouble hypergeometri series of higher order was subsequently abbrevi-ated by Burhnall and Chaundy in [9℄. Srivastava and Panda in [38℄ gavethe de�nition of a more general double hypergeometri series (than theone de�ned by Kamp�e de F�eriet) in a slightly modi�ed notation and an-nouned some groups of onditions on the parameters, under whih theKamp�e de F�eriet series onverges in a non-empty set. Interesting resultsin this diretion have been obtained by many authors (see, for example,the works [10, 11, 13, 25�27, 30, 36℄).Many speial funtions appear as solutions of di�erential equations orintegrals of elementary funtions (for instane, see, [1,20�22,33℄). There-fore, tables of integrals usually inlude desriptions of speial funtions,and tables of speial funtions inlude most important integrals; at least,the integral representations of speial funtions. Symmetries of di�eren-tial equations are essential to both physial and mathematial sienes.



T.G. Ergashev, A. Hasanov, T.K. Yuldashev 487Therefore, the theory of integral representations is losely related to thetheory of speial funtions for ertain topis in mathematial physis. Forexample, in the works [6, 15℄, some Kamp�e de F�eriet funtions are stud-ied, thanks to the properties of whih, the authors manage to obtain asolution to boundary value problem for a di�erential equation in expliitform.Integral representations are very important in the study of appliedproblems. Integral representations an be useful when solving integralequations with funtions in kernels, when alulating the value of expliitsolutions to some applied problems. For evaluations and extensions ofresults on Euler type integrals, we refer to the paper [39℄. Also, in thisregard, it is notied that the general sexti equation an be solved interms of Kamp�e de F�eriet funtion (see, [12, 34℄). Therefore, well-knownreferene books [17,31,32℄ are highly respeted among applied sientists,in whih seond-order hypergeometri funtions are onsidered, mainlyin one and two variables. Hasanov and Ruzhansky, in 2019, onstrutedEuler-type integral representations for 205 seond order hypergeomet-ri series in three variables [19℄. However, there are very few works onintegral representations of hypergeometri funtions when their order ex-eeds two. We note only work [18℄, in whih 18 integral representationsare onstruted for some Kamp�e de F�eriet funtions of the fourth order.In this paper we obtain the Euler type integral representations for theKamp�e de F�eriet funtions of arbitrary order.
2. PreliminariesWith a view to introduing formally the Gauss' hypergeometri se-ries and its generalizations, we reall here some de�nitions and identitiesinvolving the Beta funtion B(x, y), Gamma funtion Γ(z) and Pohham-mer's symbol (λ)n.The Gamma funtion Γ(z) is de�ned by the integral

Γ(z) =





∞∫
0

tz−1e−tdt, Re(z) > 0,

Γ(z + 1)

z
, Re(z) < 0; z 6= −1,−2,−3, ...

(2.1)The de�nition (2.1) was used by Euler and there are other de�nitions ofthe Gamma funtion (see, for instane, [14℄).



488 Euler type integral representationsThe Beta funtion is de�ned by the following integral representation
B(α, β) :=

1∫

0

tα−1(1− t)β−1dt =
Γ(α)Γ(β)

Γ(α+ β)
, Reα > 0, Reβ > 0. (2.2)A funtion

F (a, b; c; z) ≡ F

[
a, b;
c ;

z

]
:=

∞∑

k=0

(a)k(b)k
(c)k

zk

k!
, c 6= 0,−1,−2, ... (2.3)is known as the Gaussian hypergeometri funtion.In the Gauss' hypergeometri series F (a, b; c; z) there are two nu-merator parameters a, b, and one denominator parameter c. A naturalgeneralization of this series is aomplished by introduing any arbitrarynumber of numerator and denominator parameters. The resulting series

pFq

[
(ap) ;
(bq) ;

z

]
≡ pFq [(ap) ; (bq) ; z] :=

∞∑

k=0

p∏
j=1

(aj)k

q∏
j=1

(bj)k

zk

k!is known as the generalized Gauss' series [14, p. 182℄, or simply, the gen-eralized hypergeometri series. Here p and q are positive integers or zero(interpreting an empty produt as 1), and we assume that the variable
z, the numerator parameters a1,..., ap, and the denominator parameters
b1, ..., bq take with omplex values, provided that bj 6= 0, −1, −2, ... ;
j = 1, ..., q.Gauss' series (2.3) in the present notation is

2F1(a, b; c; z) ≡ F

[
a, b;
c ;

z

]
:= F (a, b; c; z).The double Appell hypergeometri funtions are de�ned as following[2℄:

F1

(
a, b, b′; c;x, y

)
=

∞∑

m,n=0

(a)m+n(b)m (b′)n
(c)m+nm!n!

xmyn, (2.4)

F2

(
a, b, b′; c, c′;x, y

)
=

∞∑

m,n=0

(a)m+n(b)m (b′)n
(c)m (c′)nm!n!

xmyn, (2.5)
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F3

(
a, a′, b, b′; c;x, y

)
=

∞∑

m,n=0

(a)m (a′)n (b)m (b′)n
(c)m+nm!n!

xmyn, (2.6)

F4

(
a, b; c, c′;x, y

)
=

∞∑

m,n=0

(a)m+n(b)m+n

(c)m (c′)nm!n!
xmyn, (2.7)where, in all de�nitions (2.4)�(2.7), as usual, the denominator parameters

c and c′ are neither zero nor a negative integer.The standard work on the theory of Appell series is the monographwrote by Appell and Kamp�e de F�eriet [3℄. This monograph ontainsan extensive bibliography of all relevant papers up to 1926 year (by, forexample, L. Pohhammer, J. Horn, �E. Piard, and �E. Gursat). See [14,pp. 222�245℄ for a review of the subsequent work on the subjet; see alsoBailey [4℄, Exton [16℄, Slater [35℄, Srivastava and Karlsson [37℄.Seven on�uent forms of the four Appell series were de�ned by Hum-bert [23℄, and he denoted these on�uent hypergeometri series in twovariables by the following formulas
Φ1 (α, β; γ;x, y) =

∞∑

m,n=0

(α)m+n (β)m
(γ)m+nm!n!

xmyn, |x| < 1, (2.8)

Φ2

(
β, β′; γ;x, y

)
=

∞∑

m,n=0

(β)m (β′)n
(γ)m+nm!n!

xmyn, (2.9)

Φ3 (β; γ;x, y) =

∞∑

m,n=0

(β)m
(γ)m+nm!n!

xmyn, (2.10)

Ψ1

(
α, β; γ, γ′;x, y

)
=

∞∑

m,n=0

(α)m+n (β)m
(γ)m(γ′)nm!n!

xmyn, |x| < 1, (2.11)

Ψ2

(
α; γ, γ′;x, y

)
=

∞∑

m,n=0

(α)m+n

(γ)m (γ′)nm!n!
xmyn, (2.12)

Ξ1

(
α,α′, β; γ;x, y

)
=

∞∑

m,n=0

(α)m (α′)n (β)m
(γ)m+nm!n!

xmyn, |x| < 1, (2.13)
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Ξ2 (α, β; γ;x, y) =
∞∑

m,n=0

(α)m (β)m
(γ)m+nm!n!

xmyn, |x| < 1, (2.14)where the denominator parameters γ and γ′ are neither zero nor a nega-tive integer. A hypergeometri funtions de�ned in (2.8)�(2.14) are alledHumbert funtions.Just as the Gauss' series F (a, b; c; z) was generalized to pFq by inreas-ing the numbers of the numerator and denominator parameters, the fourAppell series were uni�ed and generalized by Kamp�e de F�eriet [24℄. So, heobtained a general hypergeometri series in two variables (see, [3, p. 150,eq. (29)℄). The notation introdued by Kamp�e de F�eriet for his doublehypergeometri series of superior order was subsequently abbreviated byBurhnall and Chaundy [9, p. 112℄. Srivastava and Panda [38℄ (see,also [37, Setion 3.1℄) gave the de�nition of the more general doublehypergeometri series (than the one de�ned by Kamp�e de F�eriet) in aslightly modi�ed notation
F p:q,kl:m,n

[
(ap) : (bq) ; (ck) ;
(αl) : (βm) ; (γn) ;

x, y

]
=

=
∞∑

r,s=0

p∏
j=1

(aj)r+s

q∏
j=1

(bj)r

k∏
j=1

(cj)s

l∏
j=1

(αj)r+s

m∏
j=1

(βj)r

n∏
j=1

(γj)s

xr

r!

ys

s!
, (2.15)where, for onvergene,(i) p+ q < l +m+ 1, p+ k < l + n+ 1, |x| <∞, |y| <∞,or(ii) p+ q = l +m+ 1, p+ k = l + n+ 1, and

{
|x|1/(p−l) + |y|1/(p−l) < 1, if p > l,

max {|x| , |y|} < 1, if p ≤ l.Although the double hypergeometri series de�ned by (2.15) reduesto Kamp�e de F�eriet series in the speial ase: q = k and m = n, yet it isusually referred to in the literature as the Kamp�e de F�eriet series.
3. Integral Representations

Theorem 3.1. Let p, q, k, l, m and n be non-negative integers. If
Re(α) > 0 and Re(β) > 0, then the following integral representation
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formulas are valid

F p : q+1;k+1
l+1: m ; n

[
(ap) :

(αl) , α+ β :
(bq) , α;
(βm) ;

(ck) , β;
(γn) ;

x, y

]
=

Γ (α+ β)

Γ (α) Γ (β)
×

×
1∫

0

tα−1(1− t)β−1F p:q;kl:m;n

[
(ap) :
(αl) :

(bq) ;
(βm) ;

(ck) ;
(γn) ;

xt, y(1 − t)

]
dt, (3.1)

F p : q;k+1
l+1:m;n

[
(ap) :

(αl) , α+ β :
(bq) ;
(βm) ;

(ck) , β;
(γn) ;

x, y

]
=

Γ (α+ β)

Γ (α) Γ (β)
×

×
1∫

0

tα−1(1− t)β−1F p: q ; k
l:m+1;n

[
(ap) :
(αl) :

(bq) ;
(βm) , α;

(ck) ;
(γn) ;

xt, y(1 − t)

]
dt, (3.2)

F p : q+1;k
l+1: m ; n

[
(ap) :

(αl) , α+ β :
(bq) , α;
(βm) ;

(ck) ;
(γn) ;

x, y

]
=

Γ (α+ β)

Γ (α) Γ (β)
×

×
1∫

0

tα−1(1− t)β−1F p:q;kl:m;n+1

[
(ap) :
(αl) :

(bq) ;
(βm) ;

(ck) ;
(γn) , β;

xt, y(1 − t)

]
dt, (3.3)

F p : q ; k
l+1:m;n

[
(ap) :

(αl) , α+ β :
(bq) ;
(βm) ;

(ck) ;
(γn) ;

x, y

]
=

Γ (α+ β)

Γ (α) Γ (β)

1∫

0

tα−1×

× (1− t)β−1 F p: q ; k
l:m+1;n+1

[
(ap) :
(αl) :

(bq) ;
(βm) , α;

(ck) ;
(γn) , β;

xt, y(1 − t)

]
dt. (3.4)

Proof. The equalities (3.1)–(3.4) follow easily from the definition of the
Kampé de Fériet series (2.15), if we use the formula (2.2) for calculating
the Beta function.Next, we give some examples where the Kamp�e de F�eriet funtionsan be represented as an integral of elementary funtions or as an integralof known hypergeometri funtion.
Example 3.1. The following Appell and Humbert functions are ex-
pressed by the elementary and Humbert functions, respectively,

F1(a, α, β;α + β;x, y) =

=
Γ (α+ β)

Γ (α) Γ (β)

1∫

0

tα−1(1− t)β−1 [1− xt− y(1− t)]−a dt,
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Φ1(a, α;α + β;x, y) =

=
Γ (α+ β)

Γ (α) Γ (β)

1∫

0

tα−1(1− t)β−1Ψ1 [a, b; b, β;xt, y(1 − t)] dt.

Example 3.2. The following Kampé de Fériet functions are expressed
by the Appell and Humbert functions

F 1:2;2
2:0;0

[
a :

c, α + β :
b, α;
− ;

b′, β;
− ;

x, y

]
=

=
Γ (α+ β)

Γ (α) Γ (β)

1∫

0

tα−1(1− t)β−1F1

[
a, b, b′; c;xt, y(1 − t)

]
dt,

F 1:2;2
1:1;1

[
a :

α+ β :
b, α;
c ;
b′, β;
c′ ;

x, y

]
=

=
Γ (α+ β)

Γ (α) Γ (β)

1∫

0

tα−1(1− t)β−1F2

[
a, b, b′; c, c′;xt, y(1− t)

]
dt,

F 0:3;3
2:0;0

[
− :

c, α+ β :
a, b, α;
− ;

a′, b′, β;
− ;

x, y

]
=

=
Γ (α+ β)

Γ (α) Γ (β)

1∫

0

tα−1(1− t)β−1F3

[
a, a′, b, b′; c;xt, y(1 − t)

]
dt,

F 2:1;1
1:1;1

[
a, b :
α+ β :

α;
c ;
β ;
c′ ;
x, y

]
=

=
Γ (α+ β)

Γ (α) Γ (β)

1∫

0

tα−1(1− t)β−1F4

[
a, b; c, c′;xt, y(1− t)

]
dt,

F 1:2;1
2:0;0

[
a :

c, α+ β :
b, α;
− ;

β;
−;
x, y

]
=

=
Γ (α+ β)

Γ (α) Γ (β)

1∫

0

tα−1(1− t)β−1Φ1 [a, b; c;xt, y(1 − t)] dt,
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F 0:2;2
2:0;0

[
− :

c, α+ β :
b, α;
− ;

b′, β;
− ;

x, y

]
=

=
Γ (α+ β)

Γ (α) Γ (β)

1∫

0

tα−1(1− t)β−1Φ2

[
b, b′; c;xt, y(1 − t)

]
dt,

F 0:2;1
2:0;0

[
− :

c, α+ β :
b, α;
− ;

β;
−;
x, y

]
=

=
Γ (α+ β)

Γ (α) Γ (β)

1∫

0

tα−1(1− t)β−1Φ3 [b; c;xt, y(1 − t)] dt,

F 1:2;1
1:1;1

[
a :

α+ β :
b, α;
c ;
β;
c′;
x, y

]
=

=
Γ (α+ β)

Γ (α) Γ (β)

1∫

0

tα−1(1− t)β−1Ψ1

[
a, b; c, c′;xt, y(1− t)

]
dt,

F 1:1;1
1:1;1

[
a :

α+ β :
α;
c ;
β;
c′;
x, y

]
=

=
Γ (α+ β)

Γ (α) Γ (β)

1∫

0

tα−1(1− t)β−1Ψ2

[
a; c, c′;xt, y(1− t)

]
dt,

F 0:3;2
2:0;0

[
− :

c, α + β :
a, b, α;
− ;

a′, β;
− ;

x, y

]
=

=
Γ (α+ β)

Γ (α) Γ (β)

1∫

0

tα−1(1− t)β−1Ξ1

[
a, a′, b; c;xt, y(1 − t)

]
dt,

F 0:3;1
2:0;0

[
− :

c, α + β :
a, b, α;
− ;

β;
−;
x, y

]
=

=
Γ (α+ β)

Γ (α) Γ (β)

1∫

0

tα−1(1− t)β−1Ξ2 [a, b; c;xt, y(1 − t)] dt.
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Corollary 3.1. Let be Re(α) > 0 and Re(β) > 0. If p = 0 and l = 0,
then the Kampé de Fériet function, defined in (2.15), can be represented
as an integral of the product of two generalized hypergeometric functions,
viz

F 0: q+1;k+1
1: m ; n

[
− :

α+ β :
(bq) , α;
(βm) ;

(ck) , β;
(γn) ;

x, y

]
=

Γ (α+ β)

Γ (α) Γ (β)
×

×
1∫

0

tα−1(1− t)β−1
qFm

[
(bq) ;
(βm) ;

xt

]
kFn

[
(ck) ;
(γn) ;

y(1− t)

]
dt,

F 0: q;k+1
1:m; n

[
− :

α+ β :
(bq) ;
(βm) ;

(ck) , β;
(γn) ;

x, y

]
=

Γ (α+ β)

Γ (α) Γ (β)
×

×
1∫

0

tα−1(1− t)β−1
qFm+1

[
(bq) ;

(βm) , α;
xt

]
kFn

[
(ck) ;
(γn) ;

y(1− t)

]
dt,

F 0: q+1; k
1: m ;n

[
(ap) :

(αl) , α+ β :
(bq) , α;
(βm) ;

(ck) ;
(γn) ;

x, y

]
=

Γ (α+ β)

Γ (α) Γ (β)
×

×
1∫

0

tα−1(1− t)β−1
qFm

[
(bq) ;
(βm) ;

xt

]
kFn+1

[
(ck) ;

(γn) , β;
y(1− t)

]
dt,

F 0: q ; k
1:m;n

[
(ap) :

(αl) , α+ β :
(bq) ;
(βm) ;

(ck) ;
(γn) ;

x, y

]
=

Γ (α+ β)

Γ (α) Γ (β)
×

×
1∫

0

tα−1(1− t)β−1
qFm+1

[
(bq) ;

(βm) , α;
xt

]
kFn+1

[
(ck) ;

(γn) , β;
y(1− t)

]
dt.Next, we give some examples where the Kamp�e de F�eriet funtionsan be represented as an integral of the produt of the two (elementaryand/or known hypergeometri) funtions.

Example 3.3. The following integral representations of Appell and Hum-
bert functions are known [7,8]

F3(a, b, α, β;α + β;x, y) =

=
Γ (α+ β)

Γ (α) Γ (β)

1∫

0

tα−1(1− t)β−1 (1− xt)−a [1− y + yt]−b dt,
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Φ2(α, β;α + β;x, y) =
Γ (α+ β)

Γ (α) Γ (β)

1∫

0

tα−1(1− t)β−1extey(1−t)dt,

Φ3(α;α + β;x, y) =

=
Γ (α+ β)

Γ (α) Γ (β)

1∫

0

tα−1(1− t)β−1ext0F1 [−;β; y(1− t)] dt,

Ξ1(a, α, β;α+β;x, y) =
Γ (α+ β)

Γ (α) Γ (β)

1∫

0

tα−1(1− t)β−1(1− xt)−aey(1−t)dt,

Ξ2(a, α;α + β;x, y) =
Γ (α+ β)

Γ (α) Γ (β)
×

×
1∫

0

tα−1(1− t)β−1(1− xt)−a0F1 [−;β; y(1− t)] dt.

Theorem 3.2. Let p, q, k, l, m and n be non-negative integers. If

Re (α) > 0, Re (β) > 0,Re (λ) > 0, Re (µ) > 0, (3.5)

then the following double integral representation formulas hold true

F p : q+2 ;k+2
l+2: m ; n

[
(ap) :
[αl] :

(bq) , α, λ;
(βm) ;

(ck) , β, µ;
(γn) ;

x, y

]
=

Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)

×
1∫

0

1∫

0

f(s, t)F p: q ;kl :m;n

[
(ap) :
(αl) :

(bq) ;
(βm) ;

(ck) ;
(γn) ;

X,Y

]
dsdt, (3.6)

F p : q+1;k+1
l+2: m ; n

[
(ap) :
[αl] :

(bq) , α;
(βm) ;

(ck) , β;
(γn) ;

x, y

]
=

Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)
×

×
1∫

0

1∫

0

f(s, t)F p: q ; k
l :m+1;n+1

[
(ap) :
(αl) :

(bq) ;
(βm) , λ;

(ck) ;
(γn) , µ;

X,Y

]
dsdt, (3.7)

F p : q ;k
l+2:m;n

[
(ap) :
[αl] :

(bq) ;
(βm) ;

(ck) ;
(γn) ;

x, y

]
=

Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)
×

×
1∫

0

1∫

0

f(s, t)F p: q ; k
l :m+2;n+2

[
(ap) :
(αl) :

(bq) ;
(βm) , α, λ;

(ck) ;
(γn) , β, µ;

X,Y

]
dsdt, (3.8)
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F p : q+2 ;k
l+2: m ;n

[
(ap) :
[αl] :

(bq) , α, λ;
(βm) ;

(ck) ;
(γn) ;

x, y

]
=

Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)
×

×
1∫

0

1∫

0

f(s, t)F p: q ;kl :m;n+2

[
(ap) :
(αl) :

(bq) ;
(βm) ;

(ck) ;
(γn) , β, µ;

X,Y

]
dsdt, (3.9)

F p : q ;k+2
l+2:m; n

[
(ap) :
[αl] :

(bq) ;
(βm) ;

(ck) , β, µ;
(γn) ;

x, y

]
=

Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)
×

×
1∫

0

1∫

0

f(s, t)F p: q ;k
l :m+2;n

[
(ap) :
(αl) :

(bq) ;
(βm) , α, λ;

(ck) ;
(γn) ;

X,Y

]
dsdt, (3.10)

F p : q+1 ;k+2
l+2: m ; n

[
(ap) :
[αl] :

(bq) , α;
(βm) ;

(ck) , β, µ;
(γn) ;

x, y

]
=

Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)
×

×
1∫

0

1∫

0

f(s, t)F p: q ;k
l :m+1;n

[
(ap) :
(αl) :

(bq) ;
(βm) , λ;

(ck) ;
(γn) ;

X,Y

]
dsdt, (3.11)

F p : q+2 ;k+1
l+2: m ; n

[
(ap) :
[αl] :

(bq) , α, λ;
(βm) ;

(ck) , β;
(γn) ;

x, y

]
=

Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)
×

×
1∫

0

1∫

0

f(s, t)F p: q;kl :m;n+1

[
(ap) :
(αl) :

(bq) ;
(βm) ;

(ck) ;
(γn) , µ;

X,Y

]
dsdt, (3.12)

F p : q ;k+1
l+2:m; n

[
(ap) :
[αl] :

(bq) ;
(βm) ;

(ck) , β;
(γn) ;

x, y

]
=

Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)
×

×
1∫

0

1∫

0

f(s, t)F p: q ;k
l :m+2;n+1

[
(ap) :
(αl) :

(bq) ;
(βm) , α, λ;

(ck) ;
(γn) , µ;

X,Y

]
dsdt, (3.13)

F p : q+1 ; k
l+2: m ;n

[
(ap) :
[αl] :

(bq) , α;
(βm) ;

(ck) ;
(γn) ;

x, y

]
=

Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)
×

×
1∫

0

1∫

0

f(s, t)F p: q ;k
l :m+1;n+2

[
(ap) :
(αl) :

(bq) ;
(βm) , λ;

(ck) ;
(γn) , β, µ;

X,Y

]
dsdt, (3.14)

in all equations (3.6)–(3.14), for convenience and brevity of writing, we
used the notations [αl] := [(αl) , α+ β, λ+ µ] ; X := xst, Y := y(1 −
s)(1− t), f(s, t) = sα−1(1− s)β−1tλ−1(1− t)µ−1.
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Proof. Theorem statements follow easily from the definition of the
Kampé de Fériet series (2.15), if we use twice the formula (2.2) for cal-
culating the Beta function (2.2).Now we onsider examples for onrete positive integer numbers of
p, q, k, l, m, n.
Example 3.4. The following Kampé de Fériet functions are expressed
by the double integral of the Appell and Humbert functions

F 1:3;3
3:0;0

[
a :

c, α + β, λ+ µ :
b, α, λ;

− ;
b′, β, µ;

− ;
x, y

]
=

=
Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫

0

1∫

0

f(s, t)F1

(
a, b, b′; c;X,Y

)
dsdt.

F 1:3;3
2:1;1

[
a :

α+ β, λ+ µ :
b, α, λ;

c ;
b′, β, µ;
c′ ;

x, y

]
=

=
Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫

0

1∫

0

f(s, t)F2

(
a, b, b′; c, c′;X,Y

)
dsdt.

F 0:4;4
3:0;0

[
− :

c, α + β, λ+ µ :
a, a′, α, λ;

− ;
b, b′, β, µ;

− ;
x, y

]
=

=
Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫

0

1∫

0

f(s, t)F3

(
a, a′, b, b′; c;X,Y

)
dsdt.

F 2:2;2
2:1;1

[
a, b :

α+ β, λ+ µ :
α, λ;
c ;

β, µ;
c′ ;
x, y

]
=

=
Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫

0

1∫

0

f(s, t)F4

(
a, b; c, c′;X,Y

)
dsdt.

F 1:3;2
3:0;0

[
a :

c, α + β, λ+ µ :
b, α, λ ;
− ;

β, µ ;
− ;

x, y

]
=

=
Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫

0

1∫

0

f(s, t)Φ1 (a, b; c;X,Y ) dsdt.
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F 0:3;3
3:0;0

[
− :

c, α+ β, λ+ µ :
b, α, λ;
− ;

b′, β, µ;
− ;

x, y

]
=

=
Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫

0

1∫

0

f(s, t)Φ2

(
b, b′; c;X,Y

)
dsdt.

F 0:3;2
3:0;0

[
− :

c, α+ β, λ+ µ :
b, α, λ;
− ;

β, µ;
− ;

x, y

]
=

=
Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫

0

1∫

0

f(s, t)Φ3 (b; c;X,Y ) dsdt.

F 1:3;2
2:1;1

[
a :

α+ β, λ+ µ :
b, α, λ;
c ;

β, µ;
c′ ;

x, y

]
=

=
Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫

0

1∫

0

f(s, t)Ψ1

(
a, b; c, c′;X,Y

)
dsdt.

F 1:2;2
2:1;1

[
a :

α+ β, λ+ µ :
α, λ;
c ;

β, µ;
c′ ;

x, y

]
=

=
Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫

0

1∫

0

f(s, t)Ψ2

(
a; c, c′;X,Y

)
dsdt.

F 0:4;3
3:0;0

[
− :

c, α + β, λ+ µ :
a, b, α, λ;

− ;
a′, β, µ;

− ;
x, y

]
=

=
Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫

0

1∫

0

f(s, t)Ξ1

(
a, a′, b; c;X,Y

)
dsdt.

F 0:4;2
3:0;0

[
− :

c, α + β, λ+ µ :
a, b, α, λ;

− ;
β, µ;
− ;

x, y

]
=

=
Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫

0

1∫

0

f(s, t)Ξ2 (a, b; c;X,Y ) dsdt.
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F p :2;2
l+2:0;0

[
(ap) :

(αl) , α+ β, λ+ µ :
α, λ;
− ;

β, µ;
− ;

x, y

]
=

=
Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫

0

1∫

0

f(s, t)pFl

[
(ap) ;
(αl) ;

X + Y

]
dsdt,

where, for convenience and brevity of writing, we used the notations
f(s, t) = sα−1(1− s)β−1tλ−1(1− t)µ−1, X := xst, Y := y(1− s)(1− t).Before presenting the following Corollary, we will adopt the notations:
α+ β = ξ1, λ+ µ = ξ2.
Corollary 3.2. Let the conditions (3.5) be satisfied. If p = 0 and l = 0,
then the Kampé de Fériet function defined in (2.15) can be represented
as an integral of the product of two generalized hypergeometric functions,

F 0: q+2;k+2
2: m ; n

[
− :

(ξ1, ξ2) :
(bq) , α, λ;

(βm) ;
(ck) , β, µ;

(γn) ;
x, y

]
=

=
Γ (ξ1) Γ (ξ2)

Γ (α) Γ (β) Γ (λ) Γ (µ)
×

×
1∫

0

1∫

0

f(s, t)qFm

[
(bq) ;
(βm) ;

X

]
kFn

[
(ck) ;
(γn) ;

Y

]
dsdt,

F 0: q+1 ;k+1
2: m ; n

[
− :

(ξ1, ξ2) :
(bq) , α;
(βm) ;

(ck) , β;
(γn) ;

x, y

]
=

=
Γ (ξ1) Γ (ξ2)

Γ (α) Γ (β) Γ (λ) Γ (µ)
×

×
1∫

0

1∫

0

f(s, t)qFm+1

[
(bq) ;

(βm) , λ;
X

]
kFn+1

[
(ck) ;

(γn) , µ;
Y

]
dsdt,

F 0: q; k
2:m;n

[
− :

(ξ1, ξ2) :
(bq) ;
(βm) ;

(ck) ;
(γn) ;

x, y

]
=

=
Γ (ξ1) Γ (ξ2)

Γ (α) Γ (β) Γ (λ) Γ (µ)
×

×
1∫

0

1∫

0

f(s, t)qFm+2

[
(bq) ;

(βm) , α, λ;
X

]
kFn+2

[
(ck) ;

(γn) , β, µ;
Y

]
dsdt,
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F 0: q+2 ; k
2: m ;n

[
− :

(ξ1, ξ2) :
(bq) , α, λ;

(βm) ;
(ck) ;
(γn) ;

x, y

]
=

=
Γ (ξ1) Γ (ξ2)

Γ (α) Γ (β) Γ (λ) Γ (µ)
×

×
1∫

0

1∫

0

f(s, t)qFm

[
(bq) ;
(βm) ;

X

]
kFn+2

[
(ck) ;

(γn) , β, µ;
Y

]
dsdt,

F 0: q ;k+2
2:m; n

[
− :

(ξ1, ξ2) :
(bq) ;
(βm) ;

(ck) , β, µ;
(γn) ;

x, y

]
=

=
Γ (ξ1) Γ (ξ2)

Γ (α) Γ (β) Γ (λ) Γ (µ)
×

×
1∫

0

1∫

0

f(s, t)qFm+2

[
(bq) ;

(βm) , α, λ;
X

]
kFn

[
(ck) ;
(γn) ;

Y

]
dsdt,

F 0:q+1; k+2
2: m ; n

[
− :

(ξ1, ξ2) :
(bq) , α;
(βm) ;

(ck) , β, µ;
(γn) ;

x, y

]
=

=
Γ (ξ1) Γ (ξ2)

Γ (α) Γ (β) Γ (λ) Γ (µ)
×

×
1∫

0

1∫

0

f(s, t)qFm+1

[
(bq) ;

(βm) , λ;
X

]
kFn

[
(ck) ;
(γn) ;

Y

]
dsdt,

F 0: q+2 ;k+1
2: m ; n

[
− :

(ξ1, ξ2) :
(bq) , α, λ;
(βm) ;

(ck) , β;
(γn) ;

x, y

]
=

=
Γ (ξ1) Γ (ξ2)

Γ (α) Γ (β) Γ (λ) Γ (µ)
×

×
1∫

0

1∫

0

f(s, t)qFm

[
(bq) ;
(βm) ;

X

]
kFn+1

[
(ck) ;

(γn) , µ;
Y

]
dsdt,

F 0: q ;k+1
2:m; n

[
− :

(ξ1, ξ2) :
(bq) ;
(βm) ;

(ck) , β;
(γn) ;

x, y

]
=

=
Γ (ξ1) Γ (ξ2)

Γ (α) Γ (β) Γ (λ) Γ (µ)
×

×
1∫

0

1∫

0

f(s, t)qFm+2

[
(bq) ;

(βm) , α, λ;
X

]
kFn+1

[
(ck) ;

(γn) , µ;
Y

]
dsdt,
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F 0: q+1 ; k
2: m ;n

[
− :

(ξ1, ξ2) :
(bq) , α;
(βm) ;

(ck) ;
(γn) ;

x, y

]
=

=
Γ (ξ1) Γ (ξ2)

Γ (α) Γ (β) Γ (λ) Γ (µ)
×

×
1∫

0

1∫

0

f(s, t)qFm+1

[
(bq) ;

(βm) , λ;
X

]
kFn+2

[
(ck) ;

(γn) , β, µ;
Y

]
dsdt,

where, for convenience and brevity of writing, we used the notations:
f(s, t) = sα−1(1− s)β−1tλ−1(1− t)µ−1,
X := xst, Y := y(1− s)(1− t).
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[10] Choi, J.J., Milovanović, C.V., Rathie, A.K. (2021). Generalized summation for-
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