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ABSTRACT ARTICLE HISTORY
Fundamental solutions of a two-dimensional degenerate elliptic Received 9 May 2025
equation have recently become known which are expressed via Accepted 3 December 2025
the Appell hypergeomgtric function. The main re.sult of the present COMMUNICATED BY
paper is the construction of fundamental solutions for a class of M. Ruzhansky
multidimensional degenerate elliptic equations. These fundamental
solutions are directly connected with multiple hypergeometric func- KEYWORDS
tion of Lauricella and their properties. In this paper, new properties of Multidimensional )
the Lauricella hypergeometric function are established, which allow degenerate elliptic equation;
finding fundamental solutions of the considered equation in explicit ~ fundamental solutions; -
forms. In addition, the properties of the constructed fundamental ?aunse”‘:’ hypergeometric .
N . X . unction; expansion formula;
solutions, which are necessary in the future for sol\{lng boundary power order singularity
value problems for a multidimensional degenerate elliptic equation,
are investigated. 2020 MATHEMATICS
SUBJECT CLASSIFICATION
33C65; 33C90; 35J70

1. Introduction

Special functions are used for solving many problems of mathematical physics [1, 2].
These include the Gauss hypergeometric series, Bessel and Hermite functions, Lauricella
hypergeometric functions, etc. The Hermite functions are actively applied in algorithms
and information systems that are used in medical diagnostics [3]. The Bessel functions
are used in solving a number of problems of hydrodynamics, radiophysics, and thermal
conductivity [4, Part 2]. Some functions that are used in astronomy can be arranged in
hypergeometric series [5, Chapter 3]. Multidimensional hypergeometric functions are used
in the superstrings theory [6].

The study of boundary value problems for degenerate equations is one of the important
directions of the modern theory of partial differential equations. In the formulation and
construction of local and nonlocal boundary value problems, the main role is played by
fundamental solutions.

Existence and properties of fundamental solutions for the Tricomi equation
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YUy + Uy =0

have been studied by several authors. An exposition of the known and new results on the
fundamental solutions for the Tricomi operator together with references to the original
literature are to be found in the triad of the works by Barros-Neto and Gelfand [7-9] which
is the standard work on the subject. These results are extended, with small modifications,
to the generalizations of the Tricomi equation:

ym”xx + uyy = 0

and

n
" Z Uy + 1y =0,
j=1

where m is a positive real number (for details, see [10]). Two explicit fundamental solutions
for the Tricomi equations are later used by many researchers to study various problems for
a mixed-type equation [11]. In this direction, more interesting results are found in [12].

Fundamental solutions of the elliptic equations with two singular coefficients are
expressed by the second Appell function F,, and when the dimension of the equation and
the number of singular coefficients exceed two — by the first Lauricella hypergeometric
function FIE‘”) with three and more variables. Fundamental solutions of the elliptic equation
with two lines of degeneration

Yty + X1y, =0

are written out in terms of the Appell function F; in explicit forms [13] and found successful
application in potential theory [14]. The fundamental solutions of the three-dimensional
singular elliptic equation [15] are also applied to the solution of boundary value problems
in the first octant of the unit ball [16, 17].

In the work [18], all 16 fundamental solutions of the four-dimensional degenerate
elliptic equation

y’”zktluxx + x”zktluyy + x”ymtluzz + x”y’”zkuﬁ =0, m>0n>0k>01>0

in the domain R := {(x,y,2,t) : x > 0,y > 0,z > 0,¢ > 0} are constructed in the explicit
forms.
Recently, the fundamental solutions for a degenerate elliptic equation

n+2p >0 m+ 2q -

0 (1)
n—+2 m—+ 2

in a domain R% = {(x,y) : x > 0, y > 0} were built and expressed by Appell’s hypergeo-
metric function F, of two variables [19].

We also note several works in which fundamental solutions of the Helmholtz equation
with one, two, three or more singular coefficients are constructed in explicit forms (see,
respectively, [20-23]). In the work [24] the application of hypergeometric functions to the
construction of particular solutions higher-order partial differential equations is discussed.
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The purpose of the present paper is to construct fundamental solutions in explicit forms
for the multidimensional analogue of Equation (1) which are expressed through the mul-
tiple Lauricella hypergeometric function FIE\") (see Section 4). Therefore, first we will list

the well-known (Section 2) and new (Section 3) properties of the Lauricella function FI(L‘").

2. Multiple hypergeometric functions

The Gauss hypergeometric function can be represented by the following series [25, p. 56,
Equation 2.1(2)]

F(a,b;cz) EF|: ‘Cl"b; z] = ZM&) lz| <1, 2)

— (©,, m!
where (1), is a Pochhammer symbol: (), =A(A+1)---(A+n—-1), n=12,...;
(Ao =1
If Rec > Reb > 0, we have Euler’s formula [25, p. 56, Equation 2.1(10)]
I'(c)

1
e — N b—171 _ pc—=b—177 _ —a
F(a,b;c;2) = F(O) (= b) /o 77 (1 —1) (1 — tz)~"dt. (3)

We observe that Euler’s integral (3) transforms into an integral of the same type if we put
s = 1—t. From this we obtain a transformation formula given by Euler

>

F(a,b;c2) = (1 — z)_bF (c —a, b L) . (4)

The two functions F(a, b; ¢; z) and F(a’,b'; ¢’; z) are said to be contiguous when one of the
three differencesa’ — a, b’ — b, ¢’ — cisequal to 1, the other two being zero. Three hyper-
geometric functions, contiguous two by two, are linked by a linear equation. There are
fifteen relations of Gauss between contiguous functions [25, p. 56, Equation 2.8(31)-(45)
].

Three functions F(a, b; ¢; z), F(a’,b'; ;5 z), F(a”, b”; ¢; 2) such that the differences a’ —
a b —b,cd —cad —a b’ —b,” — ctake one of the three values —1, 0, 1 are still linked

by a linear equation; there are

of these relations; here is an example [26, p. 3]

b
Fla+ 1,b;¢z) — F(a, b;c;2) = —zF(a+ 1,b+ 1;¢ + 15 2). (5)
c

The great success of the theory of hypergeometric functions in one variable has stimulated
the development of the corresponding theory in two or more variables. Appell [27] has
defined in 1880 four functions F; to Fy, which are all analogues to Gauss’ F(a, b; ¢; x). For
instance, the second Appell function F; has a form

. 0 m ,n
Fz[ a, bla b2) x,y} — z (a)m+ﬂ (bl)m (bz)fl x_y

o = R <1 6

m,n=0 (Cl)m (Cz)n m! n!

The following relation between contiguous hypergeometric Appell functions

F, |: a+1,by,by; x’y:| _ B |: a, by, by; x)y:|

€1, €25 €1, €25
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b : b ;
_ _1sz|: a, by + 1, by; x, ] 2}’ |: a, by, by + 1; X, i| )

1 1+ 1c3 L0+ 1

is known [26, p. 21].
Burchnall and Chaundy [28] gave an expansion of double hypergeometric function F,
in series of simpler hypergeometric functions:

a, by, by; <~ @ (b)), (b),
F2|: C1,C2; x,yi| o ; r(c1), (c2), %

xxyFla+rb +rca+nx)Fla+nrnby+rco+rny). (8)
Lauricella hypergeometric function [29]
™ (4 bicx) = F® | @b
F,’ (a,b;cx) =F, |: o x:|
()«

—Z()uqH (c)Jki-l . D lgl<nLneN (9)
Wk ™ j=1

k|=0

is a natural generalization of the classical Gauss hypergeometric function (2) and the
Appell function (6) to the case of many complex variables and their corresponding complex
parameters. Hereinafter

=(b1,...5bn),ci=(ct,. . hen), Xi= (X1, . X)) N={1,2,..., };

bl:=b1+---+by, |c|i=c14+ - +cu
k:=(ki,....ky),|k|l:=ki+---+ky, ki >0,...,k,>0.

The integral representation [26, p. 115, Equation (5)]

an)(a,b;c;x):g[r( C]_b }/ /H &1 — )T —]

X 1—Z§jxj déy - -dé, Re(bj) >0, Re(ci—b) >0, j=T,n (10)

is easily obtained from the series (9) by using Euler’s integral of the first kind for the
beta-function. One- and two-dimensional analogues of the integral representation (10)
are found in [25] (see, Equation 2.1(10) and 5.8(2), respectively).

Hasanov and Srivastava [30] proved that for all # € N\{1} is true a recurrence formula

FI(L‘”) (a,b;c;x)

i k(a)|k/ (b)) | (b2)ky - - - (b)k,

oo kel knl(en ()i, -+ (en),

x k2B E (a4 K] by + K er + K51
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x FU'D (a4 Kby 4 koo by 4 knsca Koo+ KnsXa %), (11)

where |K'| :=ky + - - + kj.
Lauricella function F = FIE\") (a,b; ¢; x) verifies a system of n second-order linear partial
differential equations [26, p. 117]:
0%F 2F oF
(1= xp) — —xk 2ok Xi——— + [exk — (a+ b + 1) x] —
k (1 — xi) o k 2 =1tk i oo [ck — (a+ br + 1) x] o )

oF _
—by Zle,j;ékxja —abiF =0, k=1,n.
)

This system contains as special cases: for n = 1 the hypergeometric equation of Gauss; for
n = 2, the system of equations of Appell (see, Equation 2.1(1) and 5.9(10) in [25]).
Appell and Kampé de Fériet [26] have demonstrated a series of propositions concerning
system of the form which lead to the following result: the integrand of the system (12)
verified by the function Fé") depends linearly on 2" arbitrary constants.
To obtain the general integral of system (12), it is sufficient to note that it does not change
form when the change is made to

Fo it o,

where 11, 43,..., 4, are having some suitable values:

/11 12 13 A‘i’l—l )Ln
1 {0 0 ,0 ... 0 O
1—0¢ 0 0 0 0
0 l1—¢c O 0 0
n . ...
0 0 0 l1—¢, O
1—C1 1—C2 0 0 0
n(n—1) 0 l—¢ 1—c¢ 0 0
1.2 0 ..
0 0 0 l_cn—l l_cn
1 {1—¢cg 1=¢g 1—¢3 -+ 1—=cyu1 1—cy

We deduce the 2" particular integrals [26, p. 118]:

I{FX’!)[ a>b1)~--)bn; X],

C17~'-)Cn;

. xi_ngn) [ a4+1-— c,b1+1—c1,b2,b3,...,bu X:|,

2= C1,62,C35 .- 5 Cs
a+1—cpb,ba+1—c2,b3,...,by x]
b

1—62 n
C1,2 - CZ,CS,. . ')C}‘l;

) [ a4+ 1—cubr,.. . by, by +1—cp; ]
X|,
Cl,...,Cn_l,z—Cn;
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( a+2—c—cbi+1—cp,
1—¢; 1—c n

X, %, 2FA) by+1—cp,b3,...,b,; x|,
2_C1)2_C2’C3’~~')CH;

a+2—c—cpbi+1—c1,bp,. ..,

xi_clx;_C”F/&”) bu_1,bn+1—cy; X |,
n(n—1) | 2—c6 s n—1,2 — Cp
1.2 | [ at+2—c—cab,bh+1—0,
xé_czxé_csFﬁ‘n) bs+1—c3,b4,...,by X |,

C1,2—0C2,2—C3,C45...,Cp3
I - a+2_cn—1_cn>bla-~-;bn—2>
—cp—1 l—c n
Xy_1 Xn "Fy bp1+1—cp—1,bp+1—cns x|,
C1,~-->Cn—2’2_cn—1a2_cn§

_ _ at+n—c—---—cyb 1—c¢g,...,b 1 —cy;
l[x% c1,..x,11 angn)[zi‘Cl"ul’z_cn; n» 01 + 1 n+ n X:|.

When none of the numbers 1, 43,..., 4, is equal to an integer, we obtain the gen-
eral integral of the system (12), by multiplying these 2" particular integrals by arbitrary
constants, then by adding them together.

By virtue of symmetry of the function FX’) with respect to the parameters by,..., by,
Cl>-.» ¢p and variables xi,. .., Xy, it is possible to group the above linearly independent
solutions of the system of hypergeometric Equations (12). As a result, a number of solutions
of the system (12), which are necessary to further studies, will decrease. Thus, all solutions
of the system (12) are expressed by the formula:

k =67 () a+k—ZJI~<:1Cj,b1—}—1—C1,..., L
ok(x) = H[x] ]FA b +1 —Ck,bk+1,...,bn; x|, k=0,n (13)
j=1 2= Clrever2 = ChksCht1>- - ->Cns

The factor Hf:l in (13) means 1 if k = 0, also the sum Zf:l =0ifk = 0.

3. New properties of Lauricella function

Theorem 1: . The following relation between contiguous Lauricella functions:

n
b:
FI(A‘”) (@a+1,b;6x) — FX’) (a,b;¢x) = E —ijFIEl") (a+ 1L,b+ejc+e;x) (14)
c
=17

is valid, where ej := (0,...,1,...,0) denote the vectors with jth component equal to 1 and
the others equal to 0.

Proof: In cases n = 1 and n = 2 the relations (5) and (7) are known.
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Let us prove the relation (14) for any natural numbers n. By virtue of the definition (9),
we have

Fl(qn) (a+1,b;6x) — Fl(qn) (a,b; ¢ x)

S * T (B
= |k|Z:O [(@+ Dy — @] l} |:(Ci)]]; 7(—1,}
b;
= - Z |k|(a)|k|H[( i x':|'
|k| 0 ( ) ki k

Then applying the following easily-derivable identity

Dk X; J)k—i—lx b, A
Z Ikl(a)|k|H[( D k'} Z()llirlz(]) Kk K 11_[ |:(Cz)k F}

[k|=0 |k|=0

and elementary properties of the Pochhammer symbol:
@1 = ala+ Dugy - (bj)g ) = bi(0j + Dy (6) 1y = 6(G + s
we get the assertion (14) of Theorem 1. |

Remark 1: In cases n = 2 and n = 3 the contiguous relations (7) and (14) with applica-
tions to the theory of the boundary value problems for the singular elliptic equations are
found respectively in [16] and [17].

Remark 2: The contiguous relation (14) first occurs in [31], where thanks to this rela-
tion, the solution of the generalized Holmgren problem for the multidimensional singular

elliptic equation is found in explicit form.

Let’s determine some necessary notation:

k+1 n
Alllm) =" myj, Bi(k,n) = Zm,k+ Z Mk
i=l j=i i=k+1
n n n n
A5(0,0) = B,(0,0) = 0; |my| :zzzmi,j, M, ::HH(mi,j)!,

i=2 j=i i=2 j=i

wherek,n e N,k <mle N\ {1}y mj e NN{0}(2 <i<j<n);N={L2,...,}. Here-
inafter, >/ |, > , denote zeroif m = 0 orn = 1.

Theorem 2: The following expansion formula holds for alln € N

( = (@) as () 11 (k) By (o)
1) . _ 2(n,n 2 (k,n
F,’ (a,b;¢x) = E M | |

paliegl GO 03)

[my,|=0
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By(kn) | @+ Aax(k,n), b + Ba(k, n);
XH[ F|:ck+Bz(kn) "]] (15)

where F(a, b; ¢; 2) is the Gaussian hypergeometric function defined in (2).

Proof: We carry out the proof by the method of mathematical induction. In the casen = 1
the equality (15) is obvious (A»(1,1) = B,(1,1) = 0).

Let n = 2. Since A5(1,2) = A2(2,2) = B(1,2) = B,(2,2) = my, := r, we obtain the
formula (8).

So the formula (15) works at # = 1 and n = 2.

Now we assume that for n = s the equality (15) holds:

(a)Az (5,5)

o0
) . . _
Fy'(a,bys ... 5 bgc1s oo C X105 Xs) = Z M.

|ms|=0

2 (D) Bys) Bk g [ a+ Ax(k,s), b + By (k, s); Xk:|-

(16)
Pl (ck)Byhs) ¢ ck + Ba(k,s);

Let n = s 4+ 1. We prove that the following formula

(s+1
FA )(a, bl, e b5+1;61, cee o Cep15X15 .0 ,xs+1)

o0
. z (a)Az(s—Hs—H)H(bk)Bz(kS-H)

megr]=0 Mqiq! Pl I(Ck)Bz(ks-H)

s+1
o foz(k,s—i-l)F[ a+ Ax(k,s+1),bx + Ba(k,s + 1); } (17)

Pl ¢k + Ba(k, s+ 1);

is valid.
We rewrite the Hasanov-Srivastava’s formula (11) in the form

s+1
Fg )(a, bl, e b5+1;61, v Cs15X1 - - - ’xs-l—l)

o0

B Z (@) 4,(1,541) (D1 By (1,5+1) (02) s = = = (Bsg1) mar
maa! - Mo 11(C1) By (1,s41) (€2)mas = (s 1) iy

m32,...,;M2,5+1=0
% sz(l s+1)xm22 M2t a+Ax(1,s+1),by + M(1,s + 1)
1 2 s+l c1+ Ba(1,s+ 1);

Ay(1, 1), s 3
y ng) a+Ax(1,s+1),by +my, bsr1 + mosp1 Sor Ko (18)
2+ My, .. Cspl + M 5415

By virtue of the formula (16) we have

FO [ a+Ay(1L,s+1),by +moo, ..., bep1 + mosp1;

X2 o5 Xst1
C2+MmMp2,.. .5 Coq1 + Most1;
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o0

B > (a+A2(Ls + 1) a,s41,541) H (b + 2083 k.11 xBabst)
mjj! (Ck + M2 k) Bs(ks+1) *

Mii=0(3<icj<st)
8 ﬁF[ a+Ax(1,s+ 1) + As(k,s + 1), by + ma + B3 (k,s + 1); } (19)
Py ¢k + mak + B3(k,s + 1);
Substituting from (19) into (18) we obtain
F/(f“Ll)(a, bly b 3C e oo G 13 XD -+ 25 X5 1)
_ i (a)A2(1,5+1)+A3(s+1,5+1) pas (bk)mz,k+B3(k,s+1)xmz,k+Bs(k,s+1)
=0y mpeses i m;! iy (Ck)my B (ks
y ﬁF[ a+ Ay(Ls+ 1) + As(k,s + 1)be + mog + By (ks + 1); k].
cx + mak + Ba(k,s + 1);
Further, by virtue of the following obvious equalities
Ay(L,s+ 1)+ As(k,s+ 1) = Ax(k,s+1), 1<k<s+1,seN,
myk + Bs(k,s+ 1) = Ba(k,s+1),1 <k <s+1,seN,
we finally find the equality (17). Q.E.D. |

Theorem 3: Let a, by, c be real numbers, where ¢ #0,—1,—2,...and a > |b| > 0 and
¢k > by. Then forn = 1,2, ..., the following limit correlation is true

lim [—F(”)( bC'l—fl(g) l_f”(g))]
e—0 | glbl ™4 4D G e 2 e

_T(a—b) H [L&(O)F”" r (Ck):|

I'(a) I (ck — by)

where fi(¢) are arbitrary functions with fi(0) # 0 (k = 1,n).

Proof: By virtue of the decomposition formula (15) we obtain

F(”)( ,b,c;l—@,...,l—@) -3 (“)Az(nn>H(bk)Bz(kn>

¢ 10 T (KB, k)

) f[ (1 _@)Bz(kﬂ)F[ a+ Az (k, n), by + By (k, n); ]@] (20)

Pl & ¢k + Ba(k, n);

Applying now the familiar autotransformation formula (4) to each hypergeometric func-
tion included in the sum (20), we get

B (b =52, 1 20
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bl Z (a)AZ(T 1) H (b) By (k) (/f - 1)Bz(k,n)
] e

M [=0 Mul 2 (@) o) [fi ()

" Ck—a-—+ BZ(k) f’l) - AZ(k’ 7’1), bk + BZ(k’ l’l); _ L
x HF[ i+ Bk, m); : fk(s)]

It should be noted here that the sum By(1,n) + B2(2,n) + - - - + Ba(n, n) has the parity
property, which plays an important role in the calculation of some values of hypergeometric
functions. In fact, by virtue of equality

n k n—1 n
ZZ mik = Z Z Mig+1,i
k=2 i=2 k=1 i=k+1

we obtain

ZBZ(k n) = ZZZmzk = ZZ Z M+ 1,i

k=2 i=2 k=1 i=k+1

which helps to calculate the limit

n e By (k,n) n e
lim — 1) = || pkkn =1,
e—0 l£[1 k (8) ]!;[1
Now we calculate the limit

RN SRR 1) _f"ﬂ)]_ S Dz
11m[ Fy (a,b,c,l . R | = Z

e—0 | glbl” 4 e M,,!
|my,|=0

—be OK)By(kmy . [ cx — a+ By(k,n) — Ay(k, n), by + By (k, n);
| | 0)] " —2=F 1l
* )] (k) By (k) [ ¢k + Ba(k, n);

Applying the summation formula [25, p. 56, Equation 2.1(14)]

Irol'(c—a-—
F(a,b;c;1) = FEE)—(;)F(LZ— Z;, Rec > Reb > 0, Re(c—a—b) > 0.

to the Gauss hypergeometric functions in the last sum and taking into account the
following previously proven equality [32, Equation (4.11)]

- (a)Az(n m 11 KBy (em) (@ — k) Ay ()= Bo (k, n _ L(a—1b) L T()
Z ! H (@) 45 (k) ['(a) H T (a—by)’

|m,|=0

we obtain the assertion of Theorem 3. Q.E.D. |

Let us introduce the notation: |x| := x; + - - - + x,,.
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Theorem 4: . Let bex; > 0,...,x, > 0.Ifc; > by > 0,..., ¢, > by, > 0and a + |b| = |c|,
then the Lauricella hypergeometric function FIE\") has a logarithmic singularity

F (@b x) ~ —— H{F(Cf) - c,} (1 - Ix])

F@ Ly T (b))

as |x| = 1 — 0. The same argument leads to the more general result, that ifc; > by > 0,...,
¢y > by, > 0anda+ |b| > ||, then

I'(a)

FXl) (a,b; C;X) ~ r (a + Ibl |C|) H |: ] CJ} (1 _ |X|)|C| |b| a (21)

as|x| > 1—0.
Note that in case n = 2 Theorem 4 is proven for the Appell function F; in [13].

Proof: Let us prove the statement of the theorem on logarithmic singularity. We assume
that the following conditions are met: ¢; > b; > 0 and a + |b| = |c|. It is known [29], that
the hypergeometric function Lauricella FIE‘") (a,b; ¢; x) converges absolutely, if x; > 0,...,
x, > 0and |x| < 1.

It is clear that the point M with coordinates x; = af /A (j = 1, n) lies on the hyperplane
|x| = 1, where A := “1 + .-+ an, a; > 0, ...a, > 0. Let us show that each point of
this hyperplane is a point of logarithmic singularity.

For brevity, we denote the Lauricell hypergeometric function by FX'). Then, if b; >

0, i=1,n, then the integral representation (10) for FI(A") can be easily transformed to
the form
ST (b)) T (c; — b;
H |: (b) T (6 — &) an) (a, bic;x)
j=1 I (Cj)
—a
! ! - “ bj—1 ci—bj—1
:/ / =) T[0T @ -7 ey =
0 0 j=1 j=1

meaningful only if x; > 0,...,x, > 0,[x| < 1. Now we write x; = &jr, where §; > 0,¢1 +

-+ +¢&, = 1,0 < r < 1, and investigate the behaviour of I for r — 1 — 0. We obtain

I:kik_k/ / (tix1 + - -I—tnxn)kH[bj 1 CJ b= 1dtj]
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where

and

1 1 n
bi—1 —b.—1
Ej =/0 /0 (t1x +"'+tnxn)kH|:tj] (1 —tj)cj g dtj]
j=1

1 1 k z Cj—bj—l bi—1
:// (1—t1x1—---—tnxn)H[tj (1—14)" dtj].
0 0 =1
Now let’s put t; = 61/(ké1), ...ty = 6,/ (k&y). Then, by virtue of |c| — |[b] = g, we get
11k rka O\ & [ o1 0\
A=l [ [ (-5 g (-2) ).
klel 1 ]1;!: é:jcj bj 0 0 k ;,I;! ] kf]
where ® := 0; + - - - 4 6,,. Passing to the limit as k — o0, we obtain

N

‘ ¢j—bj
i

1 *® ., ¢j—bj—1 é I (Cj — bJ)
=, /O €Y doy | =[] G—b;
=L

n
j=1

Using the well-known asymptotic formula for the gamma function[25, p. 62, Equation (4)]:

(Cj
<

lz+a) ey

1 1

we have

@k, _ B T@+h) B o
K *"T@Tra+k T

k! ﬁ F(cj—bj) 1 ﬁ F(Cj—bj)

" T (a)k® o écj-—bj kT (a) o fjc]-—bj
ask — oo. [ |

Further, in the process of proving Theorem 4, the following lemma given by Hobson
[33] is very important.

Lemma 1: If > o2 aux", > 0 byx" both converge within the interval (—1,1), a, being
positive and such that Y o2 a, is divergent, and if b,/ay, oscillates between the limits U
and L, then the upper and lower limits of > oo byx"/ > 02 anx", as x converges to 0,
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are in the interval (L, U). In particular, if b,/a, converges to a definite limit, as n ~ oo,
>0 o bux™/ D02 o anx™ converges to the same limit, as x converges to 1. If b, /ay, diverges to
00, s0 also does D77 bux""/ D0 anx", as x ~ 1.

By virtue of Lemma 1, we have

(@)k
o0 k
k=1 Ty R %1 | T(g-b)

- - 1 - = b
r—>1-0 Zliil %rk % i fjcj j

Hence, taking into account the well-known expansion of the logarithmic function

1
In(1—r)=-— Erk,
k=1
we obtain
1 n 1" . b
I~ T H —(Ci-—h- ]) In(1 —7r)
(a) -1 écj] j
TR [ oY P P
~ T H = ‘1_]21 I (1= x])
=1L X
1 S| Tg—b
(a) | xj] j
asr—> 1—0.

Therefore, if ¢; > bj > 0, a + |b| = |c| and x; are positive (j = 1, n), then

) e A C)
F,” (a, b; ¢x) ~ — H — | In (@ —Ix),

as|x| > 1 —0.
The second statement of Theorem 4 is proved similarly. Q.E.D.

4. Fundamental solutions of a multidimensional degenerate elliptic
equation

We consider the equation
n n 2
i+1 o‘u ou
ST [x}”f ](xkp —|—pk8—> =0, O<pe<l, me>—2pr (22)
k=1 j=1,7k “k k

in the domain R’} = {(x1,...,%,) : x1 > 0,...,x, > 0}.
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Let x := (x1,...,x,) beany point and ¢ := (¢1,. . ., &,) be any fixed point of R} .
Let x and £ be two points of the domain R’} . We are looking for a solution of Equation
(22) in the form

u = Pow(c), (23)
where w is a new unknown function,
n—2 " mi + 2
P = r—Zﬂ’ = Zak, ai = k pk
2(mk+2)
r— rk " 4 mi+2 mi+2y 2
o =(01,...,0,), Of= 3 1= —2(ij —sz ) ,
o (m+2)
. a2
4 ( mjt2 ’”k+2) ( mj+2 mj+2 _
2 2 2 2
=3 +¢ x 2 =& Jk=1,n.
(mg +2)° : Z (m;j+2)* \/ !

We calculate all necessary derivatives and substitute them into Equation (22):

n
ow
ZAk +Z Z aaka I+ZCka—ak + Dw =0, (24)
k=1 I=k+1 =
where
n n . o0
Ac=Px > T] [+"] 5) ,
j=1 i=L,ij 1
n . miq 00k 00
By =2PX > [] [ 1= 50
j=1 i=L,i#j 1=
n n n 020k
=1 i=1,i#] ]
. aPa 110
+2x3 T W+ 62" PZPJ H [ 52,
j=1 i=L,i#j j=1  i=Lis#j ]

n

n n m n . op
p=x3 11120+ 3o0 11 [+ 2. x=Tls

j=1 i=Li#j =1 i=Li#j j=1
It is not difficult to calculate the derivatives (k,j = 1,n):

00 8 T ik 4 Tk (Mt myt2
Ok

Ok _ __ S e ___*
Ox (me+2)r2°k g (mg +2)r2 "k

dok 4 F(5E ;
RN TEE T GRS A G *

xk 2 _fk 2 (25)
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&0y dm T2 M 4 2mg 4 3) g,
= — X -_——
ox? (mp+2)r2 k °k (mp+2)r2 7k
2(3mi +4) "2 et 32 o M mer2\ 2
—(mk n 2) 2 k fk ok + —(mk n 2)2 r4xk k X 2 ék 2 Ok> (27)
S B e e UL
2 2) 12 %j 6 - ) 2% Ok
6xj (m]+ )r (m]+ )r
32 L mit2 mi+2y 2 .
+mx;nj(xj2 —fj ’ ) ok, JjFEKk (28)
m
]
oP 48P mjog mit2 mit2
P _ AP (T ), (29)
oxi (mj+2)r2" 7 \/ ]
2P 16B(B+ )P my [ 2 2N
2 .\~ gzJ
0x; (mj+2)"rt
4B (mj+1)P 2m;P ij—2 it
- 7 % 2% i (30)
(mj+2)r (m]—|—2)r
After some simple calculations, by virtue of (25)-(30), we find (k = 1, n)
mk+2
4x" Py (& 7
Ak=_r—2 (x—k) ox (1 —oy); (31)
4 m+1P —_
By = xr—z(r) (i’;) + (i) oo, k<L 1=1,m (32)

mk2 42

m-+1 n ; 2

+2

_ AP S a (51) (34)
i=1

2
r x]

Substituting Equations (31)-(34) into Equation (24), we get the system of hypergeometric
equations:

2w

ow

ok(l—m——ak Z % gy T 12~ Akt f o 5o
%k j=ri#k
ow

—ak 2l jak “ja_aj —axfo =0, k=1,n,

(35)

Comparing now the system (35) with the system (12), it is easy to determine the solutions
of the system (35):

I{Ff(‘:l)|: ﬁ)ala--wan; O':|,

2001, ...,20y;
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1=20, o) | B+1—=2a1,1 —ay,az,...,04
F b
o1 A |: 2—=201,200,...,20m 7

n: ............................................................
1=2anpm) | B+1—20n01,...,05-1,1 — 0p;
F b
OnFa [ 201, . .y 200152 — 203 ¢
i ﬁ+2_2a1 — 2ay,
011_20”021_2“213/&”) 1—oa,,1—a03,...,0, o,
L 2—201,2 — 202,203, ...,204;
[ B +2— 201 — 20,
all_zalaﬁ_za”FIg") 1 —01,02,...,050—1,1 — o cl,
nn—1) . | 2—201,202,...,20,-1,2 — 203
1-2 [ p 42— 2a; — 2a3,
021_20‘2031_20‘3an) a1l —az 1l — 03,04, ...,0m cl,
L 2001,2 — 20,2 — 203,204, . . . , 2003
p+2—=20,-1—2ay,,
ai_lza”_la,}_za”Fg”) 01y Onen,l — 01,1 —ay; o,
20015...,20—2,2 — 20,—1,2 — 20,3
1-20 1—2a, -(n) ﬁ"‘n—zal—"-—ZOCn,l—OCl,...,l—an;
l : . o nF )
{01 n A |:2—2a1,...,2—2an; ’

and substituting these solutions in (23), by virtue of (13), we obtain the fundamental
solutions of Equation (22) in the form

k

a(s&) =y P ] ] [(xjfj)l_pj]

j=1

s 1—a1, .01 —ag, Qg1 o Qns —
Fo | P ol k=01, (36
*FAT 2= 2a1,. .2 = 208 20041, .. 20 O 0" n (36)

where y are constants, which are determined when solving boundary value problems for
Equation (22);

58]

k n

n—2 _ Tj L —

Pr = 5 —|—k—2aj—|— E aj, k:O,n;ajzl—r—z, j=1Ln.
j=1 j=k+1

Lemma 2: The fundamental solutions qi(x;&) of Equation (22) defined in (36) have a
following properties:

0q0(x; &)

=0, j=1,nm 37
0x;j J (37)

xj:O

I
=
»

I
=
2

|
=

Qk(x;f)|xj:0 =0, j (38)
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0 ;
CUISCT) Y j=k+Ln k=Tn—1 (39)
8xj -
xJ—O
(50|, =0 j=Tn (40)

Proof: The fulfilment of the equalities (38) and (40) follows directly from the definition of
the fundamental solution (36).

To prove the equalities (37) and (39) Theorem 1 on the relation between contigu-
ous hypergeometric Lauricella functions is used. Indeed, let us consider the fundamental
solution

n

. _ —Zﬂo (Vl) ﬂO’al>~-->an; _ n_z .
qo(x;&) = yor~ TOF, |: 201, 2 01>--.,0ni|, Bo = 5 +lea]
J:

and calculate the derivative with respect to xy,..., x,:

(n)
aq0 20207 () apy o OF4” Qo
—_— = = r —F + r 0 e
ox; . Pov ox A IO ; o0y 0x;

Now using the ready derivatives (25), (26) and

0 (n)|: a,by, ..., by U} . abkF(n)|: a+ 1L,by,...,bg—1, bk + L, bgs1s ..., b U]
A b
Ck

——Fy
0oy Cls--+>Cns Clree s Ch—1>Ck + 1, Cht 15+ - > Cns

and also a relation between contiguous Lauricella functions (14) (see Theorem 1), we get

mj mj+2 . mj+2
Q0 _ 4Boyo —2ho=2, 7 <x]2FI(4") |: Po+Lai,...,0n 0:| B 512}35‘,,)})

0x; - mj+ 2 201, ...,20p;

where
w(n) _ p(n) o+ Lai,...,opu
Fam=H |:2a1,...,2a,1; g

Fm Bo+ Lay,...,aj-1,05+ Lajq1,. .., 0
— L'y . o |.
201,. .. ,206]‘_1,20Cj + 1,20Cj+1, .. 200

Since limxj_>o oj = 0, then limxj_>o PXI) = 0. Hence, the equality (37) is valid.
The equality (39) is proved in a similar way. Q.E.D. |

Lemma 3: In the case n> 2 the fundamental solutions qi(x; ) (k = 1,n) of Equation (22)

have a singularity of order Tz AT 0.
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Proof: Using the transformation for the Lauricella function FI(L‘") [26, p. 116, Equation (9)]

(n) —ap(n) o1 On
F,’ (a,b;¢01,...,0,) =1 — o F a,c—b;c ,
A ( 1 n) ( | |) A ( |0‘|—l |0_|_1)
where |o| := 01 + - - - + 0,,, we rewritten the fundamental solution g (x; &) of Equation

(22) defined in (36) in the form

k
Q&) = R | [(xjfj)l_pj]

j=1
m | Bol—a1...;1 — 0 Okg1s. o5 Ops 01 On
F — e — 41
*Fa [ 2= 200, )2 — 2000 20ks1, - > 200 R2 R (41)
where
n mi+2 mi+2N 2 m+2 mp+2
4 miz o mit2 16 M2 mc
R? = —(x-2 + &2 ) ; Op= ——— &P L k=1n
=2\ CEDE

It is easy to calculate the limit of the sum of variables of the Lauricella function in (41):

"5 2

O'] r
> 2=1-—>51-0, r-o.
R? R

Since in the representation (41) the sum of the upper parameters of the Lauricella function

FI(A”) is greater than the sum of the lower parameters, then one can use assertion (21) of
Theorem 4 to determine the behaviour of the fundamental solution g (x; £):

_ R\" 25 [T (2= 24 o 6\%!
s () TG w0 ()

j=1

I [ <%>‘“"]’

j=k+1

ie.

Gk (6 E) ~ )2/ (42)

k 2 — 20 4\ & [re) (4 7
U[F(l—a]) (Mj+2) i|j:1_Il|:r(aj) (Mj+2) i|

k+

where

Since xj > 0,¢; > 0 and m; + 2pj > 0 (j = 1, n), the last relation (42) shows that the fun-

damental solutions g (x; &) (k = 0, 1) for n> 2 have a singularity of order —asr — 0.
QE.D. ]
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Thus, the main result of this Section can be formulated as follows

Remark 3: In paper [19] it is proved that in case n = 2 the fundamental solutions of

1
Equation (22) have a logarithmic singularity In — as r — 0.
r

Theorem 5: . The functions defined in (36) are the fundamental solutions of Equation (22)
and satisfy the boundary conditions (37)-(40).

Proof: The proof of Theorem 5 follows from Lemmas 2 and 3. |

5. Conclusion

Note that using the constructed fundamental solutions (36), one can find simple and
double layer potentials, volume potentials, and also Green’s functions associated with
Equation (22), which are used in solving boundary value problems.

By the above method, taking into account new properties of the Lauricella’s hypergeo-
metric function established in Section 3, fundamental solutions of the multidimensional
degenerate elliptic equation

n n ) azu
m] .
E H [xj]—2=o, mj>0,x>0j=1n
0x
k=1 j=1,j#k k

can also be constructed.
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