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Abstract

In this paper, Appell and Lauricella hypergeometric functions are investigated, and their
known properties are applied to the solution of the Neumann problem for a three-dimensional
degenerate elliptic equation. Fundamental solutions of the considered equation are expressed
in terms of the Lauricella hypergeometric function of three variables, and an explicit solution
of the Neumann problem in the first octant is obtained by means of the Appell hypergeometric
function of the second kind. A decomposition formula for the Lauricella function is used to
determine the order of singularity of the fundamental solutions. To justify the correctness of
the obtained solution to the Neumann problem, an expansion formula for the Appell function
is applied. The uniqueness of the solution of the posed problem is proved by the abc -method
(a variant of the energy method).
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1. Introduction
The theory of the degenerate equations is one of the rapidly developing parts of the modern theory of partial
differential equations, which has many applications in aerodynamics and gas dynamics [1] and irrigation
problems [2]. It is known [3] that in the formulation of local and nonlocal boundary value problems and
construction of their explicit solutions, the main role are played fundamental solutions of the considered
equations. Fundamental solutions [4] for the degenerate partial differential equations contain hypergeometric
functions and therefore further investigations depend on the properties of appropriate hypergeometric
functions.

In particular, boundary value problems for the degenerate elliptic-hyperbolic equation
signy|y|muxx + uyy = 0, m > 0 (1)

were the subject of interest of many mathematicians, such as Tricomi, Gellerstedt, Holmgren, Frankl, Pulkin
and others. In the case of negative parameters m < 0, a degenerate partial differential equations of type (1)
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are usually called equations of the second kind. At present, interesting results [5], [6] have been obtained for
the degenerate PDE of the second kind as well. It is known that the fundamental and other solutions of the
equation (1) are closely related to the Gauss hypergeometric function and its properties.

In 1970, Copson [7] constructed fundamental solutions of the biaxially-symmetric potential equation

uξξ + uηη +
2α

ξ
uξ +

2β

η
uη = 0, ξ > 0, η > 0, 0 < 2α, 2β < 1 (2)

in explicit forms via the Appell hypergeometric function F2.

The equation (2) is related to a degenerate equation of elliptic type

signy|y|muxx + xnuyy = 0, m > 0, n > 0, x > 0 (3)

which is a natural generalization of the Gellerstedt equation (1). The theory of boundary value problems for
the equation (3) was developed in the last quarter of the twentieth century [8], [9]. In recent years, regular
and generalized solutions to problems for a degenerate hyperbolic equation of the second kind with two lines
of type change (in case −1 < m < 0, y<0 in equation (3)) have been constructed in explicit forms [10].

The three-dimensional analogue of the equation (2) in the form

uξξ + uηη + uζζ +
2α

ξ
uξ +

2β

η
uη +

2γ

ζ
uζ = 0, 0 < 2α, 2β, 2γ < 1 (4)

has been studied in sufficient detail. Omitting a huge amount of papers on local and nonlocal problems for
the singular elliptic equations, we note some works which are close to the present work. In the paper [11],
fundamental solutions of the equation (4) are constructed, and in [12], [13], [14], [15], [16], [17], the unique
solvability of the local, nonlocal and mixed problems for the equation (4) in a semi-infinite parallelepiped
and a parts of unit ball are investigated. In the works [3], [18], the Neumann, Dirichlet and mixed (with the
Dirichlet-Neumann conditions) problems for one four-dimensional degenerate elliptic equation are considered.

In this paper, we first investigate Neumann problem to a following three-dimensional degenerate equation

Eα,β,γ(u) ≡ ymzkuxx + xnzkuyy + xnymuzz = 0, m > 0, n > 0, k > 0 (5)

in the octant x > 0, y > 0, z > 0. In the recent paper [19], a solution to Dirichlet problem in the first octant
for equation (5) is constructed in the explicit form.

The paper is organized as follows: First, we give some preliminary information, which will be used in what
follows. Second, we find fundamental solutions for the equation (5). In the rest of the paper we formulate the
problem and investigate it. Finally, we state our main result as a theorem.

2. Gauss, Appell and Lauricella hypergeometric functions and their properties
Gauss hypergeometric function is defined as following [20, p.56, Eq. 2.1(2)]

F (a, b; c; z) ≡ F

[
a, b;
c;

z

]
=

∞∑
m=0

(a)m (b)m
(c)m

zm

m!
, |z| < 1, (6)

where a, b, c and z may be real or complex, (λ)0 = 1, (λ)n = λ(λ + 1)...(λ + n − 1), n = 1, 2, ..., is a
Pochhammer symbol.

For the Gauss hypergeometric function the transformation formula [20, p. 64, Eq. 2.1(22)]

F (a, b; c;x) = (1− x)−bF

(
c− a, b; c;

x

x− 1

)
(7)

and summation formula [20, p. 61, Eq. 2.1(14)]

F (a, b; c; 1) =
Γ(c)Γ(c− a− b)

Γ(c− a)Γ(c− b)
, Re(c− a− b) > 0, c ̸= 0,−1,−2, ... (8)

are valid.

The two functions F (a, b; c; z) and F (a′, b′; c′; z) are said to be contiguous when one of the three differences
a′ − a, b′ − b, c′ − c is equal to ±1, the other two being zero. Three hypergeometric functions, contiguous two
by two, are linked by a linear equation. There are fifteen relations of Gauss between contiguous functions [20,
p.56, Eq. 2.8(31) – (45)].
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Three functions F (a, b; c; z), F (a′, b′; c′; z), F (a′′, b′′; c′′; z) such that the differences a′−a, b′− b, c′− c, a′′−a,

b′′ − b, c′′ − c take one of the three values −1, 0, 1 are still linked by a linear equation; there are
26 · 25
1 · 2

of
these relations; here is an example [21, p. 3]

F (a+ 1, b; c; z)− F (a, b; c; z) =
b

c
zF (a+ 1, b+ 1; c+ 1; z).

Using the definition of the Gaussian function, it is easy to prove the contiguous relation

F (a, b+ 1; c+ 1; z)− F (a, b; c; z) =
a(c− b)

c(c+ 1)
zF (a+ 1, b+ 1; c+ 2; z). (9)

The great success of the theory of hypergeometric function in one variable has stimulated the development of
corresponding theory in two or more variables. Appell [22] has defined in 1880 four functions F1 to F4, which
are all analogues to Gauss’ F (a, b; c;x). For instance, a second Appell function F2 has a form

F2 (a, b1, b2; c1, c2;x, y) ≡ F2

[
a, b1, b2;
c1, c2;

x, y

]
=

∞∑
m,n=0

(a)m+n (b1)m (b2)n
(c1)m (c2)n

xm

m!

yn

n!
, |x|+ |y| < 1.

For the Appell hypergeometric function, the differentiation formula [21, p. 19, Eq. (20)]

∂m+n

∂xm∂yn
F2

[
a, b1, b2;
c1, c2;

x, y

]
=

(a)m+n (b1)m (b2)n
(c1)m (c2)n

F2

[
a+m+ n, b1 +m, b2 + n;

c1 +m, c2 + n;
x, y

]
, (10)

the transformation formula [20, p.232, Eq. 5.11(8)]

F2

[
a, b1, b2;
c1, c2;

x, y

]
= (1− x− y)−aF2

[
a, c1 − b1, c2 − b2;

c1, c2;
x

x+ y − 1
,

y

x+ y − 1

]
(11)

are valid.

The concept of a double hypergeometric series can be extended to triple sums. Such series were first studied by
Lauricella [23], whose name they carry. Lauricella defined the four functions. In the region |x|+ |y|+ |z| < 1,
one function is

F
(3)
A

[
a, b1, b2, b3;
c1, c2, c3;

x, y, z

]
:≡ F

(3)
A (a, b1, b2, b3; c1, c2, c3;x, y, z) =

=

∞∑
m,n,p=0

(a)m+n+p (b1)m (b2)n (b3)p
(c1)m (c2)n (c3)p

xm

m!

yn

n!

zp

p!
=

=

∞∑
n,p=0

(a)n+p (b2)n (b3)p
(c2)n (c3)p

F (a+ n+ p; b1; c1;x)
yn

n!

zp

p!
= (12)

=

∞∑
p=0

(a)p (b3)p
(c3)p

F2 (a+ p, b1, b2; c1, c2;x, y)
zp

p!
. (13)

For Lauricella hypergeometric function, the differentiation formula [21, p. 19, Eq. (20)]

∂m+n+p

∂xm∂yn∂zp
F

(3)
A

[
a, b1, b2, b3;
c1, c2, c3;

x, y, z

]
=

(a)m+n+p (b1)m (b2)n (b3)p
(c1)m (c2)n (c3)p

×

×F
(3)
A

[
a+m+ n+ p, b1 +m, b2 + n, b3 + p;

c1 +m, c2 + n, c3 + p;
x, y, z

]
(14)

is valid.

Appell states the system of partial differential equations which is satisfied by the function u ≡
F

(3)
A (a, b1, b2, b3; c1, c2, c3;x, y, z) ([21, p. 117]):
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 x(1− x)uxx − xyuxy − xzuxz + [c1 − (a+ b1 + 1)x]ux − b1yuy − b1zuz − ab1u = 0,
y(1− y)uyy − xyuxy − yzuyz − b2xux + [c2 − (a+ b2 + 1)y]uy − b2zuz − ab2u = 0,
z(1− z)uzz − xzuxz − yzuyz − b3xux − b3yuy + [c3 − (a+ b3 + 1)z]uz − ab3u = 0.

(15)

In investigation of the boundary-value problems for the degenerate elliptic equations, we need decompositions
for hypergeometric functions of several variables in terms of simpler hypergeometric functions of the Gauss
and Appell types [24]. The familiar operator method of Burcnall and Chaundy [25] has been used by them
rather extensively for finding decomposition formulas for hypergeometric functions of two variables in terms
of the classical Gauss hypergeometric function of one variable. The Appell function F2 has an expansion [25]:

F2

[
a, b1, b2;
c1, c2;

x, y

]
=

∞∑
r=0

(a)r (b1)r (b2)r
r! (c1)r (c2)r

xryrF

[
a+ r, b1 + r;

c1 + r;
x

]
F

[
a+ r, b2 + r;

c2 + r;
y

]
. (16)

Following the work [25], Hasanov and Srivastava [26] introduced operators generalizing the Burcnall-Chaundy
operators and found expansion formulas for many triple hypergeometric functions, and they proved recurrent
formulas when the dimension of hypergeometric function exceeds three. For instance, we have [26, Eq. (14)]

F
(3)
A

[
a, b1, b2, b3;
c1, c2, c3;

x, y, z

]
=

∞∑
i,j,k=0

(a)i+j+k(b1)j+k(b2)i+k(b3)i+j

i!j!k!(c1)j+k(c2)i+k(c3)i+j
xj+kyi+kzi+j×

×F

[
a+ j + k, b1 + j + k;

c1 + j + k;
x

]
F

[
a+ i+ j + k, b2 + i+ k;

c2 + i+ k;
y

]
F

[
a+ i+ j + k, b3 + i+ j;

c3 + i+ j;
z

]
. (17)

In addition, the following relations between four contiguous Appell functions [21, p. 21]

b1
c1

xF2 (a+ 1, b1 + 1, b2; c1 + 1, c2;x, y) +
b2
c2

yF2 (a+ 1, b1, b2 + 1; c1, c2 + 1;x, y)

= F2 (a+ 1, b1, b2; c1, c2;x, y)− F2 (a, b1, b2; c1, c2;x, y) (18)
and between five contiguous Lauricella functions [27]

b1
c1

xF
(3)
A (a+ 1, b1 + 1, b2, b3; c1 + 1, c2, c3;x, y, z)

+
b2
c2

yF
(3)
A (a+ 1, b1, b2 + 1, b3; c1, c2 + 1, c3;x, y, z)

+
b3
c3

zF
(3)
A (a+ 1, b1, b2, b3 + 1; c1, c2, c3 + 1;x, y, z)

= F
(3)
A (a+ 1, b1, b2, b3; c1, c2, c3;x, y, z)− F

(3)
A (a, b1, b2, b3; c1, c2, c3;x, y, z) (19)

are valid.

Applying (9) and (12), we get new relation for the contiguous Lauricella functions

F
(3)
A (a, b1 + 1, b2, b3; c1 + 1, c2, c3;x, y, z)− F

(3)
A (a, b1, b2, b3; c1, c2, c3;x, y, z) =

=
a (c1 − b1)

c1 (c1 + 1)
xF

(3)
A (a+ 1, b1 + 1, b2, b3; c1 + 2, c2, c3;x, y, z) . (20)

We note that multidimensional analogous of the expansions (16), (17) and contiguous relations (18), (19) are
found in [28] and [29], respectively (see, also [30], [31]).

The above formulas for the Appell and Lauricella hypergeometric functions are valid within the unit circle
and the unit sphere, respectively. If the variables of these functions extend beyond the specified domains,
then analytic continuations of the hypergeometric functions are used [32], [33]. Confluent forms the multiple
Lauricella hypergeometric functions have also important applications [34].

3. Fundamental solutions of a degenerate three-dimensional elliptic equation
The first half-quarter of the three-dimensional Euclidean space R3 is denoted by

D = {(x, y, z) : x > 0, y > 0, z > 0} .
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Consider a degenerate three-dimensional elliptic equation (5): Eα,β,γ(u) = 0 in domain D.

Let (x, y, z) and (ξ, η, ζ) be two points of the domain D. We seek the solution of the equation (5) in the form

u = r−2δω (ρ, σ, θ) , (21)

where ω is a new unknown function,

α =
n

2 (n+ 2)
, β =

m

2 (m+ 2)
, γ =

k

2 (k + 2)
, δ = α+ β + γ +

1

2
;

q =
n+ 2

2
, p =

m+ 2

2
, l =

k + 2

2
; ρ = −4xqξq

q2r2
, σ = −4ypηp

p2r2
, θ = −4zlζl

l2r2
;

r2 =
1

q2
(xq − ξq)

2
+

1

p2
(yp − ηp)

2
+

1

l2
(
zl − ζl

)2
.

It is obvious that
0 < 2α < 1, 0 < 2β < 1, 0 < 2γ < 1; q > 1, p > 1, l > 1.

Substituting (21) into the equation (5), we obtain a system of differential equations of hypergeometric type ρ (1− ρ)ωρρ − ρσωρσ − ρθωρθ+ [2α− (α+ δ + 1) ρ]ωρ − ασωσ − αθωθ − αδω = 0,
σ (1− σ)ωσσ − ρσωρσ − σθωσθ+ [2β − (β + δ + 1)σ]ωσ − βρωρ − βθωθ − βδ ω = 0,
θ (1− θ)ωθθ − ρθωρθ − σθωσθ+[2γ − (γ + δ + 1) θ]ωθ − γρωρ − γσωσ − γδ ω = 0.

(22)

Comparing the system (22) with the system (15), according to Lauricella’s hypergeometric function theory
[21, p.117], we obtain 8 particular solutions of the degenerate elliptic equation (5). One of these solutions
looks like:

V (x, y, z; ξ, η, ζ) = κr−2δF
(3)
A (δ;α, β, γ; 2α, 2β, 2γ; ρ, σ, θ) , (23)

where κ is constant, which is determined when solving boundary value problem for the equation (5).

Lemma 3.1. The constructed function (23) has the following property:

∂V

∂x

∣∣∣∣
x=0

=
∂V

∂y

∣∣∣∣
y=0

=
∂V

∂z

∣∣∣∣
z=0

= 0. (24)

Proof. Using the differentiation formula (14) for Lauricella hypergeometric function F
(3)
A , we calculate the

partial derivative with respect to x of the function V :

∂V

∂x
= −δκr−2δ−2F

(3)
A (δ;α, β, γ; 2α, 2β, 2γ; ρ, σ, θ)

∂r2

∂x
+

+
δ

2
κr−2δF

(3)
A (δ + 1; 1 + α, β, γ; 1 + 2α, 2β, 2γ; ρ, σ, θ)

∂ρ

∂x
+

+
δ

2
κr−2δF

(3)
A (δ + 1;α, 1 + β, γ; 2α, 1 + 2β, 2γ; ρ, σ, θ)

∂σ

∂x
+

+
δ

2
κr−2δF

(3)
A (δ + 1;α, β, 1 + γ; 2α, 2β, 1 + 2γ; ρ, σ, θ)

∂θ

∂x
.

A contiguous relation (19) allows us to simplify the expression of this derivative to the form

∂V

∂x
= −2δκ

q
xq−1 (xq − ξq) r−2δ−2F

(3)
A (1 + δ;α, β, γ; 2α, 2β, 2γ; ρ, σ, θ)−

−2δκ

q
xq−1ξqr−2δ−2F

(3)
A (1 + δ; 1 + α, β, γ; 1 + 2α, 2β, 2γ; ρ, σ, θ) .

Next, by virtue of (20), we obtain
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∂V

∂x
= −2δκ

q
x2q−1r−2δ−2F

(3)
A (δ + 1;α, β, γ; 2α, 2β, 2γ; ρ, σ, θ)−

− αδ(δ + 1)κ

q(1 + α)(1 + 2α)
xq−1ξqρr−2δ−2F

(3)
A (δ + 1;α+ 1, β, γ; 2α+ 2, 2β, 2γ; ρ, σ, θ) .

Hence, since q > 1, then
∂V

∂x

∣∣∣∣
x=0

= 0. The remaining statements in (24) are proved similarly. □

Lemma 3.2. If 0 < 2α, 2β, 2γ < 1, then a function V has a singularity of the order
1

r
as r → 0.

Proof. Due to the expansion (17), the particular solution (23) can be reduced to the form

V = κr−2δ
∞∑

i,j,k=0

(δ)i+j+k(α)j+k(β)i+k(γ)i+j

i!j!k!(2α)j+k(2β)i+k(2γ)i+j
ρj+kσi+kθi+jF

[
δ + j + k, α+ j + k;

2α+ j + k;
ρ

]
×

×F

[
δ + i+ j + k, β + i+ k;

2β + i+ k;
σ

]
F

[
δ + i+ j + k, γ + i+ j;

2γ + i+ j;
θ

]
. (25)

Using the autotransformation formula (7) for the Gaussian hypergeometric function, from (25) we obtain

V (x, y, z; ξ, η, ζ) =
1

r
· r−2α

1 r−2β
2 r−2γ

3 V ∗ (x, y, z; ξ, η, ζ) , (26)

where

V ∗ (x, y, z; ξ, η, ζ) = κ

∞∑
i,j,k=0

(δ)i+j+k(α)j+k(β)i+k(γ)i+j

i!j!k!(2α)j+k(2β)i+k(2γ)i+j
×

×
(
1− r2

r21

)j+k

F

(
α− β − γ − 1

2
, α+ j + k;2α+ j + k;1− r2

r21

)
×

×
(
1− r2

r22

)i+k

F

(
β − α− γ − 1

2
− j, β + i+ k;2β + i+ k;1− r2

r22

)
×

×
(
1− r2

r31

)i+j

F

(
γ − α− β − 1

2
− k, γ + i+ j;2γ + i+ j;1− r2

r23

)
, (27)

where
r21
r22
r23

 =

(
1

q
xq

+
−
−

1

q
ξq

)2

+

(
1

p
yp

−
+
−

1

p
ηp

)2

+

(
1

l
zl

−
−
+

1

l
ζl

)2

.

Let us show that the function V ∗ (x, y, z; ξ, η, ζ) is bounded at r → 0. Applying the summation formula (8)
to each hypergeometric function included in the expansion formula (27) after passing to the limit, we obtain

lim
r→0

V ∗ (x, y, z; ξ, η, ζ) =
Γ (2α) Γ (2β) Γ (2γ) Γ (δ − α) Γ (δ − β) Γ (δ − γ)

Γ (α) Γ (β) Γ (γ) Γ3 (δ)
I(α, β, γ),

where

I(α, β, γ) =

∞∑
i,j,k=0

(α)j+k (β)i+k (γ)i+j (δ − β)j (δ − γ)k
(δ)i+j+k (δ)j+k i!j!k!

. (28)

Using the famous properties of the Pochhammer symbol, we transform an expression I(α, β, γ) defined in
(28). Applying the summation formula (8) and the definition (6) of the Gauss hypergeometric function several
times, we obtain

I(α, β, γ) =

∞∑
j,k=0

(α)j+k (β)k (γ)j (δ − β)j (δ − γ)k
(δ)j+k (δ)j+k j!k!

F (β + k, γ + j; δ + j + k; 1) =
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=
Γ(δ)Γ(δ − β − γ)

Γ(δ − β)Γ(δ − γ)

∞∑
k=0

(α)k (β)k
(δ)k k!

F (α+ k, γ; δ + k; 1) =

=
Γ2(δ)Γ(δ − α− γ)Γ(δ − β − γ)

Γ(δ − α)Γ(δ − β)Γ2(δ − γ)
F (α, β; δ − γ; 1) =

Γ2(δ)Γ(δ − α− β − γ)

Γ(δ − α)Γ(δ − β)Γ(δ − γ)
.

Hence,

lim
r→0

V ∗ (x, y, z; ξ, η, ζ) =

√
πΓ (2α) Γ (2β) Γ (2γ)

Γ (α) Γ (β) Γ (γ) Γ (δ)
. (29)

Thus, by virtue of (29) out of (26) at r → 0, we finally have the estimate

|V (x, y, z; ξ, η, ζ)| ≤ C

r
, (30)

where C is a constant.

An inequality (30) proves that the function V (x, y, z; ξ, η, ζ) at r → 0 has a singularity of the order 1/r and,
therefore, it is a fundamental solution of the equation (5). □

4. Statement of the Neumann problem and the uniqueness theorem
We introduce the following notation:

D = {(x, y, z) : x > 0, y > 0, z > 0} , D = {(x, y, z) : x ≥ 0, y ≥ 0, z ≥ 0} ,

S1 = {(x, y, 0) : x > 0, y > 0, z = 0} , S2 = {(x, 0, z) : x > 0, y = 0, z > 0} ,

S3 = {(0, y, z) : x = 0, y > 0, z > 0} , R2 =
1

q2
x2q +

1

p2
y2p +

1

l2
z2l.

Neumann problem. Find a solution u (x, y, z) of the equation (5) from the class C
(
D
)
∩

C1 (D ∪ S1 ∪ S2 ∪ S3)C
2 (D) that satisfies the conditions

∂u (x, y, z)

∂z

∣∣∣∣
z=0

= ν1 (x, y) , (x, y) ∈ S1, (31)

∂u (x, y, z)

∂y

∣∣∣∣
y=0

= ν2 (x, z) , (x, z) ∈ S2, (32)

∂u (x, y, z)

∂x

∣∣∣∣
x=0

= ν3 (y, z) , (y, z) ∈ S3, (33)

lim
R→∞

u (x, y, z) = 0, (34)

where ν1 (y, z) , ν2 (x, z) , ν3 (x, y) are given functions, and for sufficiently large values of R the inequalities
are satisfied

ν1 (x, y) =
ν̃1 (x, y)(

1 + 1
q2x

2q + 1
p2 y2p

)1/2−γ+ε1
, ν̃1(x, y) ∈ C(0 < x, y < ∞), (35)

ν2 (x, z) =
ν̃2 (x, z)(

1 + 1
q2x

2q + 1
l2 z

2l
)1/2−β+ε2

, ν̃2(x, z) ∈ C(0 < x, z < ∞), (36)

ν3 (y, z) =
ν̃3 (y, z)(

1 + 1
p2 y2p +

1
l2 z

2l
)1/2−α+ε3

, ν̃3(y, z) ∈ C(0 < y, z < ∞), (37)

ε1, ε2, ε3 are sufficiently small positive numbers.

The uniqueness of the solution. One can readily check the validity of the following relation:

uE(v)− vE(u) = ymzk
∂

∂x

(
u
∂v

∂x
− v

∂u

∂x

)
+ xnzk

∂

∂y

(
u
∂v

∂y
− v

∂u

∂y

)
+ xnym

∂

∂z

(
u
∂v

∂z
− v

∂u

∂z

)
.
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We denote by DR the finite part of the region D, bounded by the planes x = 0, y = 0, z = 0 and the
half-quarter part

SR :=

{
(x, y, z) :

1

q2
x2q +

1

p2
y2p +

1

l2
z2l = R2, q > 1, p > 1, l > 1

}
of the higher-order ellipsoid.

Let DR,ε be a sub-domain of DR at a distance ε > 0 from its boundary and cos(N, x)dS = dydz,
cos(N, y)dS = dxdz, cos(N, z)dS = dxdy, N is the outer normal to ∂DR,ε.

Integrate both sides of above given equality on the domain DR and use the classical formula of Gauss-
Ostrogradsky: ∫∫∫

DR,ε

(uE(v)− vE(u))dxdydz =

∫∫
∂DR,ε

[
ymzk

(
u
∂v

∂x
− v

∂u

∂x

)
cos(N, x) +

+xnzk
(
u
∂v

∂y
− v

∂u

∂y

)
cos(N, y) + xnym

(
u
∂v

∂z
− v

∂u

∂z

)
cos(N, z)

]
dS.

Using the equality

uEα,β,γ(u) + ymzku2
x + xnzku2

y + xnymu2
z = ymzk

∂

∂x
(uux) + xnzk

∂

∂y
(uuy) + xnym

∂

∂z
(uuz) ,

we obtain ∫∫∫
DR,ε

uE(u)dxdydz +

∫∫∫
DR,ε

[
ymzku2

x + xnzku2
y + xnymu2

z

]
dxdydz =

=

∫∫∫
DR,ε

[
ymzk

∂

∂x
(uux) + xnzk

∂

∂y
(uuy) + xnym

∂

∂z
(uuz)

]
dxdydz.

Applying again the formula of Gauss-Ostrogradskii to this equality and letting ε → 0, we get∫∫∫
D

(
ymzku2

x + xnzku2
y + xnymu2

z

)
dxdydz =

∫∫
S1

xnymτ1(x, y)ν1(x, y)dxdy+

+

∫∫
S2

xnzkτ2(x, z)ν2(x, z)dxdz +

∫∫
S3

ymzkτ3(y, z)ν3(y, z)dydz +

∫∫
SR

uC[u]dSR, (38)

where τ1(x, y) = u(x, y, 0), (x, y) ∈ S1; τ2(x, z) = u(x, 0, z), (x, z) ∈ S2; τ3(y, z) = u(0, y, z), (y, z) ∈ S3;
C(u) = ymzkux cos(N, x) + xnzkuy cos(N, y) + xnymuz cos(N, z).

Theorem 4.1. The Neumann problem (31) – (34) for equation (5) can have at most one solution.

Proof. To prove the uniqueness of the solution, as usual, we suppose that the problem has two v, w solutions.
Denoting u = v − w we have that u satisfies homogeneous Neumann problem (ν1 = 0, ν2 = 0, ν3 = 0,
lim

R→∞
u = 0). Further we have to prove that the homogeneous problem has only trivial solution. In this case

from (38) one can easily get ∫∫∫
D

(
ymzku2

x + xnzku2
y + xnymu2

z

)
dxdydz = 0.

Hence, it follows that ux = uy = uz = 0, which implies that u is a constant function. Considering condition
(34), we conclude that u(x, y, z) ≡ 0 in D. □

5. Existence of a solution to the Neumann problem
Consider a function

u (x, y, z) = −
∞∫
0

∞∫
0

ν1 (t, s) t
nsmV (x, y, z; t, s, 0) dtds−

−
∞∫
0

∞∫
0

ν2 (t, s) t
nskV (x, y, z; t, 0, s) dtds−

∞∫
0

∞∫
0

ν3 (t, s) t
mskV (x, y, z; 0, t, s) dtds, (39)
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where V (x, y, z; ξ, η, ζ) is a fundamental solution defined in (23). By virtue of (13), from (39) we get

u (x, y, z) = u1 (x, y, z) + u2 (x, y, z) + u3 (x, y, z) , (40)

where

u1 (x, y, z) = −κ

∞∫
0

∞∫
0

ν1 (t, s) t
nsm

r2δz0
F2

[
δ, α, β;
2α, 2β;

− 4xqtq

q2r2z0
,−4ypsp

p2r2z0

]
dtds, (41)

u2 (x, y, z) = −κ

∞∫
0

∞∫
0

ν2 (t, s) t
nsk

r2δy0
F2

[
δ, α, γ;
2α, 2γ;

− 4xqtq

q2r2y0
,−4zlsl

l2r2y0

]
dtds, (42)

u3 (x, y, z) = −κ

∞∫
0

∞∫
0

ν3 (t, s) t
msk

r2δx0
F2

[
δ, β, γ;
2β, 2γ;

− 4yptp

p2r2x0
,−4zlsl

l2r2x0

]
dtds, (43)

r2z0 =
1

q2
(xq − tq)

2
+

1

p2
(yp − sp)

2
+

1

l2
z2l, r2y0 =

1

q2
(xq − tq)

2
+

1

p2
y2p +

1

l2
(
zl − sl

)2
,

r2x0 =
1

q2
x2q +

1

p2
(yp − tp)

2
+

1

l2
(
zl − sl

)2
,

κ =
1

2π
q−2αp−2βl−2γ Γ(α)Γ(β)Γ(γ)Γ(2α+ 2β + 2γ)

Γ(2α)Γ(2β)Γ(2γ)Γ(α+ β + γ)
. (44)

Lemma 5.1. If the function ν1(x, y) can be represented as (35), then the function u1 (x, y, z) defined by the
equality (41) is a regular solution of the equation (5) in the domain D satisfying the condition (34) and
boundary conditions

∂u1(x, y, z)

∂z

∣∣∣∣
z=0

= ν1(x, y),
∂u1(x, y, z)

∂y

∣∣∣∣
y=0

= 0,
∂u1(x, y, z)

∂x

∣∣∣∣
x=0

= 0. (45)

Proof. Using the differentiation formula (10) for Appell’s hypergeometric function F2, we calculate the partial
derivative with respect to z of the function u1(x, y, z). By virtue of the contiguous relation (18), we obtain

∂u1(x, y, z)

∂z
=

2δk

l
z2l−1

∞∫
0

∞∫
0

ν1 (t, s) t
nsm

r2δ+2
z0

F2

[
δ + 1, α, β;
2α, 2β;

1− r2z1
r2z0

, 1− r2z2
r2z0

]
dtds, (46)

where rz1 = r1|ζ=0, rz2 = r2|ζ=0.

Applying the expansion (16) and transformation (7) to the integrand F2 in (46) successively, we obtain

∂u1(x, y, z)

∂z
=

2δκ

l
z2l−1

∞∫
0

∞∫
0

ν1 (t, s) t
2q−2s2p−2

r2αz1 r
2β
z2 r

2γ+3
z0

P (x, y, z; t, s)dtds, (47)

where

P (x, y, z; t, s) =

∞∑
r=0

(δ + 1)r(α)r(β)r
(2α)r(2β)rr!

(
1− r2z0

r2z1

)r (
1− r2z0

r2z2

)r

×

×F

(
α− β − γ − 3

2
, α+ r; 2α+ r; 1− r2z0

r2z1

)
F

(
β − α− γ − 3

2
, β + r; 2β + r; 1− r2z0

r2z2

)
.

By virtue of the summation formula (8), it is easy to calculate a value of the integrant P (x, y, z; t, s) at z = 0:

lim
z→0

P (x, y, z; t, s) =
Γ(2α)Γ(2β)Γ (γ + 3/2)

Γ(α)Γ(β)Γ (δ + 1)
. (48)

Introduce in the integrand in (47) instead of t and s new variables
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1

q
tq =

1

q
xq +

1

l
zlξ,

1

p
sp =

1

p
yp +

1

l
zlη,

and pass to the limit at z → 0. Then, taking into account the expression (44) for the coefficient κ and the
limit value (48), we have

lim
z→0

∂u1

∂z
=

1 + 2γ

2π
ν1 (x, y)

∞∫
−∞

∞∫
−∞

dλdµ

(1 + λ2 + µ2)
γ+3/2

.

Passing to polar coordinates λ = r cosφ, µ = r sinφ, it is easy to calculate the double improper integral
∞∫

−∞

∞∫
−∞

dλdµ

(1 + λ2 + µ2)
γ+3/2

=
1

2

2π∫
0

dφ

∞∫
0

d
(
1 + r2

)
(1 + r2)

γ+3/2
=

2π

1 + 2γ
.

So,
∂u1(x, y, z)

∂z

∣∣∣∣
z=0

= ν1(x, y). (49)

Similarly, one can also verify that

∂u1(x, y, z)

∂y

∣∣∣∣
y=0

= 0,
∂u1(x, y, z)

∂x

∣∣∣∣
x=0

= 0. (50)

Now from (49) and (50) it follows that the conditions (45) are satisfied.

Next, we show that if the function ν1(x, y) can be represented as (35), then the function u1 (x, y, z) defined
by the equality (41) tends to zero at infinity.

Using the transformation formula (11) for Appell function, we write the function in the form

u1 (x, y, z) = κ

∞∫
0

∞∫
0

ν1 (t, s) t
nsm

ρ2δ
F2

[
δ, α, β;
2α, 2β;

4xqtq

q2ρ2
,
4ypsp

p2ρ2

]
dtds, (51)

where
ρ2 =

1

q2
(xq + tq)

2
+

1

p2
(yp + sp)

2
+

1

l2
z2l.

It is easy to see that in (51) the following inequality holds

4xqtq

q2ρ2
+

4ypsp

p2ρ2
< 1, x > 0, y > 0, z > 0, t > 0, s > 0.

Let us prove the when the point (x, y, z) tends to infinity, i.e. when R → ∞, the function (51) tends to zero.
In is known from the theory of Appell functions, that if |x|+ |y| < 1, then for any values of the numerical
parameters the Appell hypergeometric function F2 is bounded:

|F2 (a, b1, b2; c1, c2;x, y)| ≤ C1, |x|+ |y| < 1.

Next, applying the representation (35) for given function ν1 (x, y), we obtain

|u1| ≤ C2

∞∫
0

∞∫
0

tnsmdtds(
1 + 1

q2 t
2q + 1

p2 s2p
)1/2−γ+ε1 [

1
q2 (x

q + tq)
2
+ 1

p2 (yp + sp)
2
+ 1

l2 z
2l
]δ . (52)

Substituting
t = (qRµ)

1/q
, s = (pRν)

1/p

for t and s in the last double improper integral (52) , we get

|u1| ≤ C3
q2αp2β

R2ε1
K (x, y;R) , (53)
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where

K (x, y;R) =

∞∫
0

∞∫
0

µ2αν2βdµdν(
µ2 + ν2 + 1

R2

)1/2−γ+ε1
(
1 + µ2 + ν2 + 2xq

qR + 2yp

pR

)δ . (54)

We will show that the double improper integral on the right-hand side (54) is bounded as R → ∞. Indeed,
using the formula [35]

+∞∫
0

...

+∞∫
0︸ ︷︷ ︸

n

xp1−1
1 ...xpn−1

n dx1...dxn

[(r1x1)
q1 + ...+ (rnxn)

qn ]
t
[1 + (r1x1)

q1 + ...+ (rnxn)
qn ]

s =

=
Γ (p1/q1) ...Γ (pn/qn) Γ (P − t) Γ (s+ t− P )

q1q2...qnr
p1q1
1 ...rpnqn

n Γ (P ) Γ (s)
, P :=

p1
q1

+ ...+
pn
qn

,

where pk, qk, rk and s are positive numbers (k = 1, n), 0 < P − t < s , and passing to the limit as R → ∞,
we will have the relation

lim
R→∞

K (x, y;R) ≤
Γ
(
1
2 + α

)
Γ
(
1
2 + β

)
Γ (δ − ε1) Γ (ε1 − γ)

4Γ (1 + α+ β)Γ (δ)
, γ < ε1 < δ. (55)

Thus, by virtue of (53) and (55) the following estimate is valid:

|u1| ≤
C3

R2ε1
, γ < ε1 < δ, R → ∞.

So, we conclude that the function (41) vanishes at infinity. □

Remark 5.1. Repeating the arguments given in Lemma 5.1, we can prove two more lemmas concerning
the functions u2(x, y, z) and u3(x, y, z) defined by the equalities (42) and (43), respectively. Thus, if the
representations (36) and (37) are valid for the given functions ν2(x, z) and ν3(y, z), then each of the functions
u2(x, y, z) and u3(x, y, z) is a solution to the degenerate elliptic equation (5) that vanishes at infinity and
satisfies the set of conditions

∂u2(x, y, z)

∂z

∣∣∣∣
z=0

= 0,
∂u2(x, y, z)

∂y

∣∣∣∣
y=0

= ν2(x, z),
∂u2(x, y, z)

∂x

∣∣∣∣
x=0

= 0,

∂u3(x, y, z)

∂z

∣∣∣∣
z=0

= 0,
∂u3(x, y, z)

∂y

∣∣∣∣
y=0

= 0,
∂u3(x, y, z)

∂x

∣∣∣∣
x=0

= ν3(y, z),

respectively.

Theorem 5.1. If the functions ν1(x, y), ν2(x, z) and ν3(y, z) satisfy the conditions (35)–(37) then the function
u(x, y, z) defined in (40) is a regular solution of the equation (5) in the domain D satisfying the conditions
(31) – (34).

Proof. The statement of the Theorem 5.1 follows from the Lemma 5.1 and Remark 5.1. □
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linéaires aux dérivées partielles. C.R. Acad. Sci., Paris 90. 1880, pp. 296-298.

23. Lauricella G. Sulle funzione ipergeometriche a più variabili. Rend. Circ. Mat. Palermo. 1983. Vol.7,
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