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Euler-type integral representations for the Kampé de Fériet
functions

1. Introduction

F (a, b; c; z)

F1 F4

F (a, b; c; z)
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2. Preliminaries

B(x, y)
Γ(z) (λ)n

Γ(z)

Γ(z) =


∞∫
0

tz−1e−tdt, Re(z) > 0,

Γ(z + 1)

z
, Re(z) < 0; z 6= −1,−2,−3, ...

(2.1)
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B(α, β) :=

1∫
0

tα−1(1− t)β−1dt =
Γ(α)Γ(β)

Γ(α+ β)
, Reα > 0, Reβ > 0. (2.2)

F (a, b; c; z) ≡ F

[
a, b;
c ;

z

]
:=

∞∑
k=0

(a)k(b)k
(c)k

zk

k!
, c 6= 0,−1,−2, ..., (2.3)

F (a, b; c; z) a b
c

pFq

[
(ap) ;
(bq) ;

z

]
≡ pFq [(ap) ; (bq) ; z] :=

∞∑
k=0

p∏
j=1

(aj)k

q∏
j=1

(bj)k

zk

k!

p q
z a1 ap b1 bq

bj 6= 0, −1, −2, ... j = 1, ..., q

2F1(a, b; c; z) ≡ F

[
a, b;
c ;

z

]
:= F (a, b; c; z).

F1

(
a, b, b′; c;x, y

)
=

∞∑
m,n=0

(a)m+n(b)m (b′)n
(c)m+nm!n!

xmyn, (2.4)

F2

(
a, b, b′; c, c′;x, y

)
=

∞∑
m,n=0

(a)m+n(b)m (b′)n
(c)m (c′)nm!n!

xmyn, (2.5)

F3

(
a, a′, b, b′; c;x, y

)
=

∞∑
m,n=0

(a)m (a′)n (b)m (b′)n
(c)m+nm!n!

xmyn, (2.6)

F4

(
a, b; c, c′;x, y

)
=

∞∑
m,n=0

(a)m+n(b)m+n

(c)m (c′)nm!n!
xmyn, (2.7)

c c′
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Φ1 (α, β; γ;x, y) =

∞∑
m,n=0

(α)m+n (β)m
(γ)m+nm!n!

xmyn, |x| < 1, (2.8)

Φ2

(
β, β′; γ;x, y

)
=

∞∑
m,n=0

(β)m (β′)n
(γ)m+nm!n!

xmyn, (2.9)

Φ3 (β; γ;x, y) =

∞∑
m,n=0

(β)m
(γ)m+nm!n!

xmyn, (2.10)

Ψ1

(
α, β; γ, γ′;x, y

)
=

∞∑
m,n=0

(α)m+n (β)m
(γ)m(γ′)nm!n!

xmyn, |x| < 1, (2.11)

Ψ2

(
α; γ, γ′;x, y

)
=

∞∑
m,n=0

(α)m+n

(γ)m (γ′)nm!n!
xmyn, (2.12)

Ξ1

(
α, α′, β; γ;x, y

)
=

∞∑
m,n=0

(α)m (α′)n (β)m
(γ)m+nm!n!

xmyn, |x| < 1, (2.13)

Ξ2 (α, β; γ;x, y) =
∞∑

m,n=0

(α)m (β)m
(γ)m+nm!n!

xmyn, |x| < 1, (2.14)

γ γ′

F (a, b; c; z) pFq

F p:q,k
l:m,n

[
(ap) : (bq) ; (ck) ;
(αl) : (βm) ; (γn) ;

x, y

]
=

∞∑
r,s=0

p∏
j=1

(aj)r+s

q∏
j=1

(bj)r

k∏
j=1

(cj)s

l∏
j=1

(αj)r+s

m∏
j=1

(βj)r

n∏
j=1

(γj)s

xr

r!

ys

s!
, (2.15)

p+ q < l +m+ 1, p+ k < l + n+ 1, |x| < ∞, |y| < ∞

p+ q = l +m+ 1, p+ k = l + n+ 1,{
|x|1/(p−l) + |y|1/(p−l) < 1 p > l,
max {|x| , |y|} < 1 p ≤ l.
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q = k m = n

3. Integral representations

Theorem 3.1. Let p, q, k, l, m, and n be non-negative integers. If Re(α) > 0 and Re(β) > 0, then
the following integral representation formulas are valid:

F p : q+1;k+1
l+1: m ; n

[
(ap) :

(αl) , α+ β :
(bq) , α;
(βm) ;

(ck) , β;
(γn) ;

x, y

]
=

Γ (α+ β)

Γ (α) Γ (β)
×

×
1∫

0

tα−1(1− t)β−1F p:q;k
l:m;n

[
(ap) :
(αl) :

(bq) ;
(βm) ;

(ck) ;
(γn) ;

xt, y(1− t)

]
dt, (3.1)

F p : q;k+1
l+1:m;n

[
(ap) :

(αl) , α+ β :
(bq) ;
(βm) ;

(ck) , β;
(γn) ;

x, y

]
=

Γ (α+ β)

Γ (α) Γ (β)
×

×
1∫

0

tα−1(1− t)β−1F p: q ; k
l:m+1;n

[
(ap) :
(αl) :

(bq) ;
(βm) , α;

(ck) ;
(γn) ;

xt, y(1− t)

]
dt, (3.2)

F p : q+1;k
l+1: m ; n

[
(ap) :

(αl) , α+ β :
(bq) , α;
(βm) ;

(ck) ;
(γn) ;

x, y

]
=

Γ (α+ β)

Γ (α) Γ (β)
×

×
1∫

0

tα−1(1− t)β−1F p:q;k
l:m;n+1

[
(ap) :
(αl) :

(bq) ;
(βm) ;

(ck) ;
(γn) , β;

xt, y(1− t)

]
dt, (3.3)

F p : q ; k
l+1:m;n

[
(ap) :

(αl) , α+ β :
(bq) ;
(βm) ;

(ck) ;
(γn) ;

x, y

]
=

Γ (α+ β)

Γ (α) Γ (β)

1∫
0

tα−1×

× (1− t)β−1 F p: q ; k
l:m+1;n+1

[
(ap) :
(αl) :

(bq) ;
(βm) , α;

(ck) ;
(γn) , β;

xt, y(1− t)

]
dt. (3.4)

Proof. Equalities (3.1)–(3.4) follow easily from the definition of the Kampé de Fériet series (2.15) if
we use formula (2.2) for calculating the Beta function.

Example 3.1. The following Appell and Humbert functions are expressed by the elementary and
Humbert functions, respectively, as follows:

F1(a, α, β;α+ β;x, y) =
Γ (α+ β)

Γ (α) Γ (β)

1∫
0

tα−1(1− t)β−1 [1− xt− y(1− t)]−a dt,
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Φ1(a, α;α+ β;x, y) =
Γ (α+ β)

Γ (α) Γ (β)

1∫
0

tα−1(1− t)β−1Ψ1 [a, b; b, β;xt, y(1− t)] dt.

Example 3.2. The following Kampé de Fériet functions are expressed by the Appell and Humbert
functions as follows:

F 1:2;2
2:0;0

[
a :

c, α+ β :
b, α;
− ;

b′, β;
− ;

x, y

]
=

Γ (α+ β)

Γ (α) Γ (β)

1∫
0

tα−1(1− t)β−1F1

[
a, b, b′; c;xt, y(1− t)

]
dt,

F 1:2;2
1:1;1

[
a :

α+ β :
b, α;
c ;

b′, β;
c′ ;

x, y

]
=

Γ (α+ β)

Γ (α) Γ (β)

1∫
0

tα−1(1− t)β−1F2

[
a, b, b′; c, c′;xt, y(1− t)

]
dt,

F 0:3;3
2:0;0

[
− :

c, α+ β :
a, b, α;
− ;

a′, b′, β;
− ;

x, y

]
=

Γ (α+ β)

Γ (α) Γ (β)

1∫
0

tα−1(1− t)β−1F3

[
a, a′, b, b′; c;xt, y(1− t)

]
dt,

F 2:1;1
1:1;1

[
a, b :
α+ β :

α;
c ;
β ;
c′ ;

x, y

]
=

Γ (α+ β)

Γ (α) Γ (β)

1∫
0

tα−1(1− t)β−1F4

[
a, b; c, c′;xt, y(1− t)

]
dt,

F 1:2;1
2:0;0

[
a :

c, α+ β :
b, α;
− ;

β;
−;

x, y

]
=

Γ (α+ β)

Γ (α) Γ (β)

1∫
0

tα−1(1− t)β−1Φ1 [a, b; c;xt, y(1− t)] dt,

F 0:2;2
2:0;0

[
− :

c, α+ β :
b, α;
− ;

b′, β;
− ;

x, y

]
=

Γ (α+ β)

Γ (α) Γ (β)

1∫
0

tα−1(1− t)β−1Φ2

[
b, b′; c;xt, y(1− t)

]
dt,

F 0:2;1
2:0;0

[
− :

c, α+ β :
b, α;
− ;

β;
−;

x, y

]
=

Γ (α+ β)

Γ (α) Γ (β)

1∫
0

tα−1(1− t)β−1Φ3 [b; c;xt, y(1− t)] dt,

F 1:2;1
1:1;1

[
a :

α+ β :
b, α;
c ;

β;
c′;
x, y

]
=

Γ (α+ β)

Γ (α) Γ (β)

1∫
0

tα−1(1− t)β−1Ψ1

[
a, b; c, c′;xt, y(1− t)

]
dt,

F 1:1;1
1:1;1

[
a :

α+ β :
α;
c ;
β;
c′;
x, y

]
=

Γ (α+ β)

Γ (α) Γ (β)

1∫
0

tα−1(1− t)β−1Ψ2

[
a; c, c′;xt, y(1− t)

]
dt,

F 0:3;2
2:0;0

[
− :

c, α+ β :
a, b, α;
− ;

a′, β;
− ;

x, y

]
=

Γ (α+ β)

Γ (α) Γ (β)

1∫
0

tα−1(1− t)β−1Ξ1

[
a, a′, b; c;xt, y(1− t)

]
dt,

F 0:3;1
2:0;0

[
− :

c, α+ β :
a, b, α;
− ;

β;
−;

x, y

]
=

Γ (α+ β)

Γ (α) Γ (β)

1∫
0

tα−1(1− t)β−1Ξ2 [a, b; c;xt, y(1− t)] dt.
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Corollary 3.1. Let Re(α) > 0 and Re(β) > 0. If p = 0 and l = 0, then the Kampé de Fériet function
defined in (2.15) can be represented as an integral of the product of two generalized hypergeometric
functions, viz.

F 0: q+1;k+1
1: m ; n

[
− :

α+ β :
(bq) , α;
(βm) ;

(ck) , β;
(γn) ;

x, y

]
=

Γ (α+ β)

Γ (α) Γ (β)
×

×
1∫

0

tα−1(1− t)β−1
qFm

[
(bq) ;
(βm) ;

xt

]
kFn

[
(ck) ;
(γn) ;

y(1− t)

]
dt,

F 0: q;k+1
1:m; n

[
− :

α+ β :
(bq) ;
(βm) ;

(ck) , β;
(γn) ;

x, y

]
=

Γ (α+ β)

Γ (α) Γ (β)
×

×
1∫

0

tα−1(1− t)β−1
qFm+1

[
(bq) ;

(βm) , α;
xt

]
kFn

[
(ck) ;
(γn) ;

y(1− t)

]
dt,

F 0: q+1; k
1: m ;n

[
(ap) :

(αl) , α+ β :
(bq) , α;
(βm) ;

(ck) ;
(γn) ;

x, y

]
=

Γ (α+ β)

Γ (α) Γ (β)
×

×
1∫

0

tα−1(1− t)β−1
qFm

[
(bq) ;
(βm) ;

xt

]
kFn+1

[
(ck) ;

(γn) , β;
y(1− t)

]
dt,

F 0: q ; k
1:m;n

[
(ap) :

(αl) , α+ β :
(bq) ;
(βm) ;

(ck) ;
(γn) ;

x, y

]
=

Γ (α+ β)

Γ (α) Γ (β)
×

×
1∫

0

tα−1(1− t)β−1
qFm+1

[
(bq) ;

(βm) , α;
xt

]
kFn+1

[
(ck) ;

(γn) , β;
y(1− t)

]
dt.

Example 3.3. The following integral representations of the Appell and Humbert functions are
known [7,8]:

F3(a, b, α, β;α+ β;x, y) =
Γ (α+ β)

Γ (α) Γ (β)

1∫
0

tα−1(1− t)β−1 (1− xt)−a [1− y + yt]−b dt,

Φ2(α, β;α+ β;x, y) =
Γ (α+ β)

Γ (α) Γ (β)

1∫
0

tα−1(1− t)β−1extey(1−t)dt,

Φ3(α;α+ β;x, y) =
Γ (α+ β)

Γ (α) Γ (β)

1∫
0

tα−1(1− t)β−1ext0F1 [−;β; y(1− t)] dt,
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Ξ1(a, α, β;α+ β;x, y) =
Γ (α+ β)

Γ (α) Γ (β)

1∫
0

tα−1(1− t)β−1(1− xt)−aey(1−t)dt,

Ξ2(a, α;α+ β;x, y) =
Γ (α+ β)

Γ (α) Γ (β)
×

1∫
0

tα−1(1− t)β−1(1− xt)−a
0F1 [−;β; y(1− t)] dt.

Theorem 3.2. Let p, q, k, l, m, and n be non-negative integers. If

Re (α) > 0, Re (β) > 0,Re (λ) > 0, Re (µ) > 0, (3.5)

then the following double-integral representation formulas hold true:

F p : q+2 ;k+2
l+2: m ; n

[
(ap) :
[αl] :

(bq) , α, λ;
(βm) ;

(ck) , β, µ;
(γn) ;

x, y

]
=

Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)

×
1∫

0

1∫
0

f(s, t)F p: q ;k
l :m;n

[
(ap) :
(αl) :

(bq) ;
(βm) ;

(ck) ;
(γn) ;

X,Y

]
dsdt, (3.6)

F p : q+1;k+1
l+2: m ; n

[
(ap) :
[αl] :

(bq) , α;
(βm) ;

(ck) , β;
(γn) ;

x, y

]
=

Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)
×

×
1∫

0

1∫
0

f(s, t)F p: q ; k
l :m+1;n+1

[
(ap) :
(αl) :

(bq) ;
(βm) , λ;

(ck) ;
(γn) , µ;

X,Y

]
dsdt, (3.7)

F p : q ;k
l+2:m;n

[
(ap) :
[αl] :

(bq) ;
(βm) ;

(ck) ;
(γn) ;

x, y

]
=

Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)
×

×
1∫

0

1∫
0

f(s, t)F p: q ; k
l :m+2;n+2

[
(ap) :
(αl) :

(bq) ;
(βm) , α, λ;

(ck) ;
(γn) , β, µ;

X,Y

]
dsdt, (3.8)

F p : q+2 ;k
l+2: m ;n

[
(ap) :
[αl] :

(bq) , α, λ;
(βm) ;

(ck) ;
(γn) ;

x, y

]
=

Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)
×

×
1∫

0

1∫
0

f(s, t)F p: q ;k
l :m;n+2

[
(ap) :
(αl) :

(bq) ;
(βm) ;

(ck) ;
(γn) , β, µ;

X,Y

]
dsdt, (3.9)

F p : q ;k+2
l+2:m; n

[
(ap) :
[αl] :

(bq) ;
(βm) ;

(ck) , β, µ;
(γn) ;

x, y

]
=

Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)
×

×
1∫

0

1∫
0

f(s, t)F p: q ;k
l :m+2;n

[
(ap) :
(αl) :

(bq) ;
(βm) , α, λ;

(ck) ;
(γn) ;

X,Y

]
dsdt, (3.10)
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F p : q+1 ;k+2
l+2: m ; n

[
(ap) :
[αl] :

(bq) , α;
(βm) ;

(ck) , β, µ;
(γn) ;

x, y

]
=

Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)
×

×
1∫

0

1∫
0

f(s, t)F p: q ;k
l :m+1;n

[
(ap) :
(αl) :

(bq) ;
(βm) , λ;

(ck) ;
(γn) ;

X,Y

]
dsdt, (3.11)

F p : q+2 ;k+1
l+2: m ; n

[
(ap) :
[αl] :

(bq) , α, λ;
(βm) ;

(ck) , β;
(γn) ;

x, y

]
=

Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)
×

×
1∫

0

1∫
0

f(s, t)F p: q;k
l :m;n+1

[
(ap) :
(αl) :

(bq) ;
(βm) ;

(ck) ;
(γn) , µ;

X,Y

]
dsdt, (3.12)

F p : q ;k+1
l+2:m; n

[
(ap) :
[αl] :

(bq) ;
(βm) ;

(ck) , β;
(γn) ;

x, y

]
=

Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)
×

×
1∫

0

1∫
0

f(s, t)F p: q ;k
l :m+2;n+1

[
(ap) :
(αl) :

(bq) ;
(βm) , α, λ;

(ck) ;
(γn) , µ;

X,Y

]
dsdt, (3.13)

F p : q+1 ; k
l+2: m ;n

[
(ap) :
[αl] :

(bq) , α;
(βm) ;

(ck) ;
(γn) ;

x, y

]
=

Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)
×

×
1∫

0

1∫
0

f(s, t)F p: q ;k
l :m+1;n+2

[
(ap) :
(αl) :

(bq) ;
(βm) , λ;

(ck) ;
(γn) , β, µ;

X,Y

]
dsdt. (3.14)

In all equations (3.6)–(3.14), for convenience and brevity of writing, we used the notations [αl] :=
[(αl) , α+ β, λ+ µ], X := xst, Y := y(1− s)(1− t), and f(s, t) = sα−1(1− s)β−1tλ−1(1− t)µ−1.

Proof. The theorem statements follow easily from the definition of the Kampé de Fériet series (2.15)
if we use twice formula (2.2) for calculating the Beta function (2.2).

p, q, k, l, m n

Example 3.4. The following Kampé de Fériet functions are expressed by the double integral of the
Appell and Humbert functions:

F 1:3;3
3:0;0

[
a :

c, α+ β, λ+ µ :
b, α, λ;

− ;
b′, β, µ;

− ;
x, y

]
=

=
Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫
0

1∫
0

f(s, t)F1

(
a, b, b′; c;X,Y

)
dsdt.

F 1:3;3
2:1;1

[
a :

α+ β, λ+ µ :
b, α, λ;

c ;
b′, β, µ;

c′ ;
x, y

]
=

=
Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫
0

1∫
0

f(s, t)F2

(
a, b, b′; c, c′;X,Y

)
dsdt.
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F 0:4;4
3:0;0

[
− :

c, α+ β, λ+ µ :
a, a′, α, λ;

− ;
b, b′, β, µ;

− ;
x, y

]
=

=
Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫
0

1∫
0

f(s, t)F3

(
a, a′, b, b′; c;X,Y

)
dsdt.

F 2:2;2
2:1;1

[
a, b :

α+ β, λ+ µ :
α, λ;
c ;

β, µ;
c′ ;

x, y

]
=

=
Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫
0

1∫
0

f(s, t)F4

(
a, b; c, c′;X,Y

)
dsdt.

F 1:3;2
3:0;0

[
a :

c, α+ β, λ+ µ :
b, α, λ ;
− ;

β, µ ;
− ;

x, y

]
=

=
Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫
0

1∫
0

f(s, t)Φ1 (a, b; c;X,Y ) dsdt.

F 0:3;3
3:0;0

[
− :

c, α+ β, λ+ µ :
b, α, λ;
− ;

b′, β, µ;
− ;

x, y

]
=

=
Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫
0

1∫
0

f(s, t)Φ2

(
b, b′; c;X,Y

)
dsdt.

F 0:3;2
3:0;0

[
− :

c, α+ β, λ+ µ :
b, α, λ;
− ;

β, µ;
− ;

x, y

]
=

=
Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫
0

1∫
0

f(s, t)Φ3 (b; c;X,Y ) dsdt.

F 1:3;2
2:1;1

[
a :

α+ β, λ+ µ :
b, α, λ;

c ;
β, µ;
c′ ;

x, y

]
=

=
Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫
0

1∫
0

f(s, t)Ψ1

(
a, b; c, c′;X,Y

)
dsdt.

F 1:2;2
2:1;1

[
a :

α+ β, λ+ µ :
α, λ;
c ;

β, µ;
c′ ;

x, y

]
=

=
Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫
0

1∫
0

f(s, t)Ψ2

(
a; c, c′;X,Y

)
dsdt.
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F 0:4;3
3:0;0

[
− :

c, α+ β, λ+ µ :
a, b, α, λ;

− ;
a′, β, µ;

− ;
x, y

]
=

=
Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫
0

1∫
0

f(s, t)Ξ1

(
a, a′, b; c;X,Y

)
dsdt.

F 0:4;2
3:0;0

[
− :

c, α+ β, λ+ µ :
a, b, α, λ;

− ;
β, µ;
− ;

x, y

]
=

=
Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫
0

1∫
0

f(s, t)Ξ2 (a, b; c;X,Y ) dsdt.

F p :2;2
l+2:0;0

[
(ap) :

(αl) , α+ β, λ+ µ :
α, λ;
− ;

β, µ;
− ;

x, y

]
=

=
Γ (α+ β) Γ (λ+ µ)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫
0

1∫
0

f(s, t)pFl

[
(ap) ;
(αl) ;

X + Y

]
dsdt.

Here, for convenience and brevity of writing, we used the notations f(s, t) =
sα−1 (1− s)β−1 tλ−1 (1− t)µ−1, X := xst, and Y := y(1− s)(1− t).

α+ β = ξ1 λ+ µ = ξ2

Corollary 3.2. Let conditions (3.5) be satisfied. If p = 0 and l = 0, then the Kampé de Fériet function
defined in (2.15) can be represented as an integral of the product of two generalized hypergeometric
functions:

F 0: q+2;k+2
2: m ; n

[
− :

(ξ1, ξ2) :
(bq) , α, λ;

(βm) ;
(ck) , β, µ;

(γn) ;
x, y

]
=

=
Γ (ξ1) Γ (ξ2)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫
0

1∫
0

f(s, t)qFm

[
(bq) ;
(βm) ;

X

]
kFn

[
(ck) ;
(γn) ;

Y

]
dsdt,

F 0: q+1 ;k+1
2: m ; n

[
− :

(ξ1, ξ2) :
(bq) , α;
(βm) ;

(ck) , β;
(γn) ;

x, y

]
=

=
Γ (ξ1) Γ (ξ2)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫
0

1∫
0

f(s, t)qFm+1

[
(bq) ;

(βm) , λ;
X

]
kFn+1

[
(ck) ;

(γn) , µ;
Y

]
dsdt,

F 0: q; k
2:m;n

[
− :

(ξ1, ξ2) :
(bq) ;
(βm) ;

(ck) ;
(γn) ;

x, y

]
=

=
Γ (ξ1) Γ (ξ2)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫
0

1∫
0

f(s, t)qFm+2

[
(bq) ;

(βm) , α, λ;
X

]
kFn+2

[
(ck) ;

(γn) , β, µ;
Y

]
dsdt,
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F 0: q+2 ; k
2: m ;n

[
− :

(ξ1, ξ2) :
(bq) , α, λ;

(βm) ;
(ck) ;
(γn) ;

x, y

]
=

=
Γ (ξ1) Γ (ξ2)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫
0

1∫
0

f(s, t)qFm

[
(bq) ;
(βm) ;

X

]
kFn+2

[
(ck) ;

(γn) , β, µ;
Y

]
dsdt,

F 0: q ;k+2
2:m; n

[
− :

(ξ1, ξ2) :
(bq) ;
(βm) ;

(ck) , β, µ;
(γn) ;

x, y

]
=

=
Γ (ξ1) Γ (ξ2)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫
0

1∫
0

f(s, t)qFm+2

[
(bq) ;

(βm) , α, λ;
X

]
kFn

[
(ck) ;
(γn) ;

Y

]
dsdt,

F 0:q+1; k+2
2: m ; n

[
− :

(ξ1, ξ2) :
(bq) , α;
(βm) ;

(ck) , β, µ;
(γn) ;

x, y

]
=

=
Γ (ξ1) Γ (ξ2)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫
0

1∫
0

f(s, t)qFm+1

[
(bq) ;

(βm) , λ;
X

]
kFn

[
(ck) ;
(γn) ;

Y

]
dsdt,

F 0: q+2 ;k+1
2: m ; n

[
− :

(ξ1, ξ2) :
(bq) , α, λ;
(βm) ;

(ck) , β;
(γn) ;

x, y

]
=

=
Γ (ξ1) Γ (ξ2)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫
0

1∫
0

f(s, t)qFm

[
(bq) ;
(βm) ;

X

]
kFn+1

[
(ck) ;

(γn) , µ;
Y

]
dsdt,

F 0: q ;k+1
2:m; n

[
− :

(ξ1, ξ2) :
(bq) ;
(βm) ;

(ck) , β;
(γn) ;

x, y

]
=

=
Γ (ξ1) Γ (ξ2)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫
0

1∫
0

f(s, t)qFm+2

[
(bq) ;

(βm) , α, λ;
X

]
kFn+1

[
(ck) ;

(γn) , µ;
Y

]
dsdt,

F 0: q+1 ; k
2: m ;n

[
− :

(ξ1, ξ2) :
(bq) , α;
(βm) ;

(ck) ;
(γn) ;

x, y

]
=

=
Γ (ξ1) Γ (ξ2)

Γ (α) Γ (β) Γ (λ) Γ (µ)

1∫
0

1∫
0

f(s, t)qFm+1

[
(bq) ;

(βm) , λ;
X

]
kFn+2

[
(ck) ;

(γn) , β, µ;
Y

]
dsdt,

where, for convenience and brevity of writing, we used the notations f(s, t) =
sα−1(1− s)β−1tλ−1(1− t)µ−1, X := xst, and Y := y(1− s)(1− t).
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