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Abstract.  In this article, we investigate the free boundary problem for the classical predator-prey model with double free
boundaries. This system mimics the spread of invasive or new predator species, in which free boundaries represent the expanding
fronts of predator species and are described by the Stefan condition. For this system, the existence and uniqueness of solutions is
checked, and the behavior of positive solutions is also considered. A priori estimates for the required functions are established. For
this model, the dichotomy of spread and disappearance has been proven.

INTRODUCTION

Migration of a new or invasive species is one of the most important topics in mathematical ecology. Many mathe-
maticians have tried to develop various invasion models and investigate them from the point of view of mathematical
ecology. For example, in [1-8], population models with a free reaction-diffusion boundary are proposed in order to
understand the process of creating a new or invasive population. In fact, the spatial distribution of prey and predator is
not uniform within a fixed bounded areal, so it is more realistic to introduce reaction-diffusion equations to describe
the spatial distribution of each species. H.W. Yin et al. Investigated a modified Leslie-Gower predator-prey model
with Crowley-Martin functional response and spatial diffusion under uniform Neumann boundary conditions [11-12].
They obtained the existence of a global positive solution, as well as local and global asymptotic stability of constant
equilibria. In addition, they found the presence and absence of intermittent positive stable states.

Our main goal is to investigate the long-term behavior of a predator-prey model with a Leslie-Gower free boundary.
In this article, we consider the following model:

To find functions u(z,x), v(¢,x), s(¢), A(¢) in the domain (D C Q) Q= {(r,x): 0<¢t <T,—L<x<L},D={(t,x):
0<t<T, h(t) < x < s(t)} satisfying the conditions

u,=uxx+clux+u(l—u)—v(u+m), (t,x) € Q, (1)
Vi = dvi+ cove + kv (1 uﬁ:g), (t,x) €D, 2)
u(0,x) =up(x), —L<x<L, 3)

v(0,x) = vo(x), —so <x<s0, 4)

uy(t,—L) =u(t,L)=0, >0, 5)

v(t,h(t)) =v(t,s(t)) =0 >0, (6)

§(0) = —unles(r)), >0, ™

h(t) = —pve(t,h(t)), t>0. ®)
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where - free (unknown) boundaries /4 (t), s (¢), which represent the front of propagation, is determined together with
the functions u(z,x), v (z,x); d— diffusion coefficient, so, L, i, m, ¢;(i = 1,2), a and b- are positive constants.

The initial data (ug,vo) satisfy:

i ug (x) € C?H¥[—L, L), ug (—L) = 0, ug (L) = 0;

0<up(x) <M, -L<x<L;

ii. v (x) € C*F¥[—s0,50], vo(—s0) = 0, vo(s0) = 0;

0< VQ(X) <M, —sop < x < 59.

Here and in what follows, M will denote constants depending on the data of the problem.

A similar problem was studied in [9,10, 16-18].

A PRIORI ESTIMATES

In this section, we establish some a priori estimates of Schauder type that will be used to prove the global solvability
of the problem. At the same time, the principles of maximum and comparison theorems are widely accepted.

There are various methods for obtaining a priori estimates. In this paper, we will apply the method of obtaining a
priori estimates proposed by S.N. Kruzhkov [13]. Therefore, we will adhere to the notation adopted in [13].

Lemma 1 Let u(t,x),v(t,x),s(t) be a solution to problem (1) - (8). Then

0<u(t,x) <M, t>0, Or,
0<V(I,X)SM2, t>0, DT,

0<s(t)<M;, O0<h(t)<My, t>0,
where M3, My are constants depending on [,d k,M,M,.

We will establish Holder norm bounds | - |11 and | - |2 ¢ in D7 and Q7.
For each equation of the system, we formulate the corresponding problem

uxx"'bl(uavvux)_ut:oa QT7
M(O,X) = MO(X)v —L<x< L7 (9)
ux(t,—L)y=u(t,L)=0, 0<¢<T,

xx"‘bZ(“VVx)_Vt 0, Dr,
=vo(x), —s0<x <0,

\/

v(0,x
v(t,h(t)) =v(t,s(t)) =0, 0<t<T, (10)
$(t) = —px(t,s(t)), 0<t<T,
h(t) = —uve(t,h(t)), 0<t<T,
where by (u,v,uy) = crux +u(l —u)—v (Hm) bo(u,v,vy) = czvx—i—kv( — u'%) .

Under these assumptions on the initial data, we can assume that ug(x) = 0, vo(x) = 0.

Theorem 1 Assume that u(t,x),u.(t,x) are continuous in Qr and suppose that u(x,t) is a solution for the problem
en

| (,%)] < Ci(My), (2,x) € O an
Moreover, if the weak second derivatives iy, u;, are in L>(Qr), then there exists & = a(M,s), such that
u14a,0; < C2(My,Cy). (12)

Additionally, assume that, u(z,x) satisfying (9) in Qr, is continuous with its derivatives u;, uy, ux, and |ul|, a0 <o
Then,

|"‘|2+a,QT SC3(M17C13C2)' (13)
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Proof. The estimates (11)-(13) for (¢,x) € Q are immediate consequences of the results of [5].
In the case of problem (10), a priori estimates are constructed as follows. Estimates in the interior of the domain

are established as in the case of problem (9). Further, replacing T =t¢,y = Al T?i",f(r) — :ngzgg 5o, we straighten out

the boundary. Then domain D7 is mapped to domain Q = {(7,y) : 0 < T < T,0 <y < 1} and for the function
w(t,y) = v(t,u,s(7),h(T)), we obtain an equation with bounded coefficients and the right-hand side. By the results
of [13], we establish estimates for |wy|,|w|4y up to the right boundary. Estimates for the highest derivatives are
obtained from the results for linear equations [14,15].

Now let us prove that the free boundaries do not cross the lateral boundaries in the considered time interval. First,
we get a new representation for the free boundary. Integrating (2) over D, we obtain

! s(n) | ' s(1) b
/dn l(dv(:—l——mzvz) . d§+k/dn v(l— Y )dz;:o,
2 ¢ u+a

0 0 0 0

J 50 s(t) t s(n) b
1%

Se0-h) = [w@ads— [vooagrrfan [ (1= Ve (14

=50 h(t) 0 —h(n)

Theorem 2 Let u(t,x), v(t,x), s(t), h(t) be a solution to (1)-(8). Then g(t) < L, where g(t) = |s(t) — h(t)| > 0.
Proof. We use relation (9):

s(7) ' s(m) 50

Lo+ [vegazx fan [v(1-2Yag= [wiae.
h

u a
h() 0 (m) =50
Here,
d t s
ek [an [vin&az <k
0 0
50
where K = [ vo(§)dE.
%o
s(n)
In the same way, taking into account the inequalities 0 < [ v(n,&)d& < Ma(s(n) —h(N)),
h(n)

t
d
L0 ks [ g(man <.
0
we have

g() <mn [ g(man,
0

g(t)y=me™ < L.

Theorem 2 is proved.
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% 1{11;13 2 (Comparlson principle) Let u(t,x), v(z,x), s(t), h(t)) be a solution to problem (1) - (8) with initial data
Up(x

a) Suppose that (w(t,x), z1(t), 61(t)) satisfies

t — dwyx — cowy > kw(1 — %), t>0, & (1) <x<zr),
W(tazl(t)) =0, W(l‘,51(t)) =0, >0,

S a(t) = —puw(t,zi (1), 1>0.
61 (t) < _l'LWx(t751 (t))u t>0.

ow(t,x) 2 v(t,x) for x € [h(1),s(1)].
b) Suppose that (9(t,x),z2(t),6,(¢)) satisfies
0,
(t

B — dOh — 20 <kO(1 = 37252) >0 &(1) <x<2(),
B(1,8,(1)

, ) =0, 9(t,22(t)) = S,a >0,
2(t) < —uO(1,20)), Sa(1) = —udi(t,8:(1)), 1> 0.

If 9(0,x) < vo(x) in [-L,L], { %z((%))éil((o())j, then
o{ ZZ(())é s(t) fort > 0.

ht)
o (t,x) < v(t,x) for x € [h(1),s(1)].

SOME QUALITATIVE PROPERTIES OF SOLUTIONS

Theorem 3 Let u(t,x), v(t,x), s(t), h(t) be a solution to problem (1) - (8). If s > L, then

; llm Sup M(t,x) u(x) N ; 1lm sup u(t .x) M( )
m supvit.x < m supvit.x >
¢ h p ( ) — ( ) t h p ( ) - L)( )

where i(x), u(x), ¥(x), v(x) upper and lower solutions to the problem.

Theorem 4 Let u(t,x), v(t,x), s(t), h(t be a solution to problem (1) - (8). If Seo < L, then 1im;_, oo sup u(t,-) > i(x)
forxe[—L,L] and iy SUP v, e sy = O-

UNIQUENESS AND EXISTENCE OF A SOLUTION

Let’s use the representations for the unknown boundary (14).

Theorem 5 Let conditions i.- ii hold., Lemma 1 and Theorem 2. Then the solution to problem (1) - (8) is unique.

Proof. We first establish the result for smaller values of ¢, and then extend the proof to the general case of 0 < 7 < co.
Assume that s (¢),h; (t),u; (x,7),vi(x,2) and s2(¢),ha(t),u2(x,1), va2(x,t) are the solutions of the problem (14) and

let { yi(t) = max(h (1), ha(t)), { z1(r) = max (s (1), 52(1)),
yz(l‘) = min(h1 (l‘),/’lz(l‘)), Zz(l‘) = min(s1 (t)7 Sz(t)).
Then, each pair satisfies the identity (14).
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Subtracting, we obtain that

2(t) yi(t) 21(t)
L0 - ex(0) ~ ) - m0) £ [ 010.8) - wa(rENag+ [ Gz [ w(Enag

yi(t) () 2(t)

-10)) ram)
+[an [ (o0 -poag+ [an [ peoae
0 yi(m) 0 z(mn)

where u;,v;(i = 1,2) are the solution between y(¢) and h(t).

Further, using the ideas and results of [7], the proof of the theorem is completed.

Theorem 6 Let the conditions of Lemma 1 and Theorems 5 be satisfied. Then there exists a solution u(x,t) €
C*7(Dr), v(x,t) € C**7(Qr), s(t) € C'*7([0,T]), h(r) € C'Y([0,T]) of problem (1) - (8).

To prove the existence of a solution to problem (1)-(8), we use the Leray — Schauder theorem [6,8].

11.

12.
13.

14.

15.
16.

17.

REFERENCES

D. Asrakulova, A. N. Elmurodov, " A reaction-diffusion-advection competition model with a free boundary," Uzbek Mathematical Journal
65(3), 25-37 (2021).

. Y. Du, H. Matsuzawa, M. Zhou, "Sprading speed and profile for nonlinear Stefan problems in high space dimensions," J. Math. Pures Appl. 103,
741-787 (2015).

. AN. Elmurodov, "The two-phase Stefan problem for parabolic equations," Uzbek Mathematical Journal 4 , 56-67 (2019). DOI:
10.29229/uzmj.2019-4-6

. J.O. Takhirov, M.S. Rasulov, Problem with free boundary for systems of equations of reaction-diffusion type, Ukrainian Math.J., 69(12),
1968-1980 (2018).

. R-H. Wang, L. Wang, Z.-C. Wang, "Free boundary problem of a reaction-diffusion equation with nonlinear convection term," J.
Math.Anal.Appl. 467, 1233-1257 (2018).

. M.X. Wang, "The diffusive logistic equation with a free boundary and sign-changing coefficient," J. Differ. Equ. 258, 1252-1266 (2015).

. (CZ.(I)-II.S\)Vu, "The minimal habitat size for spreading in a weak competition system with two free boundaries,". J.Diff. Equat., 259, 873-897

. L. Zhou, "An evolutional free-boundary problem of a reaction-diffusion-advection system," Proceedings of the Royal Society of Edinburgh,
147(3) 615-648 (2017).

. Y. Liu et al. "Biological invasion in a predator—prey model with a free boundary," Boundary Value Problems 2019:33 (2019).

. M.X. Wang, Y. Zhang, "Two kinds of free boundary problems for the diffusive prey—predator model," Nonlinear Anal.: Real World Appl., 24,

73-82 (2015).

H.W. Yin et al., "Pattern analysis of a modified Leslie-Gower predator-prey model with Crowley- functional response and diffusion," Comput.

Math. Appl. 67(8), 1607-621 (2014).

Y. Zhang, M. Wang, "A free boundary problem of the ratio-dependent prey-predator model," Appl.Anal. 94(10), 2147-2167 (2015).

S. N. Kruzhlgov, "Nonlinear parabolic equations with two independent variables," Transaction of the Moscow Mathematical Society. , 16,
329-346 (1967).

O.A. Ladyzenskaya, V.A. Solonnikov, N.N. Uralceva, Linear and Quasi—linear Equations of Parabolic Type. Translations of Mathematical
Monographs, Vol. 23 (AMS, Providence, RI, 1988).

C.V. Pao Nonlinear Parabolic and Elliptic Equations (Plenum Press, New York, 1992).

A.A. Abdullayev, T.G. Ergashev, "Poincare-tricomi problem for the equation of a mixed elliptico-hyperbolic type of second kind," Vestnik
Tomskogo Gosudarstvennogo Universiteta, Matematika i Mekhanika, 65 , 5-21 (2020).

A. Abdullayev, M. Hidoyatova, "Exact method to solve finite difference equations of linear heat transfer problems," AIP Conference Proceed-

ings, 2402, 070021, (2021), DOI: 10.1063/5.0071430.
. A. Abdullayev, M. Hidoyatova, "Innovative distance learning technologies," Journal of Critical Reviews, 7(11), 337-339, (2020).

020042-5

3pd'v299510°S L~ 2¥0020/Z16586L L/729951.0°6/S901 0/10p/spd-sjoe/doe/die/Bio-die sqnd;/:dny wouy pepeojumoq


https://doi.org/10.29229/uzmj.2021-3-3
https://doi.org/10.1016/j.matpur.2014.07.008
https://doi.org/10.29229/uzmj.2019-4-6
https://doi.org/10.1007/s11253-018-1481-4
https://doi.org/10.1016/j.jmaa.2018.07.065
https://doi.org/10.1016/j.jmaa.2018.07.065
https://doi.org/10.1016/j.jde.2014.10.022
https://doi.org/10.1016/j.jde.2015.02.021
https://doi.org/10.1017/S0308210516000226
https://doi.org/10.1186/s13661-019-1147-7
https://doi.org/10.1016/j.nonrwa.2015.01.004
https://doi.org/10.1016/j.camwa.2014.02.016
https://doi.org/10.1016/j.camwa.2014.02.016
https://doi.org/10.1080/00036811.2014.979806
https://doi.org/10.17223/19988621/65/1
https://doi.org/10.17223/19988621/65/1
https://doi.org/10.1063/5.0071430
https://doi.org/10.1063/5.0071430

