
Numerical simulation of soil water dynamics: transient flow

The relation between ψm  and the unsaturated hydraulic conductivity k(ψm) or 
the differential soil water capacity C(ψm) causes the differential equation 
(DE) t b t l li !(DE) to be strongly non-linear!

 There are no analytical solutions available to solve the DE for initial and   
boundary conditions found under field conditionsboundary conditions found under field conditions.

 So:  numerical solutions will be needed to solve the DE: 

- finite difference solutions of the DEfinite difference solutions of the DE

- finite element solutions of the DE

There are different methods to solve the non-linear DE, example 1D-vertical: 

1.  Use time steps ∆t and depth compartments ∆z small enough so k(ψm) and p p p g (ψm)
C(ψm) can be assumed constant during the time step ∆t (explicit and 
implicit numerical solutions)
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Finite difference methodsFinite-difference methods

partial differential equations
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 Transform into finite-difference equations

(ψ  )

Time and space discretisation: time steps ∆t and depth
compartments ∆zco pa e s

Approximate terms in
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Taylor theorem: 
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- assuming second and higher powers of Δt can be neglected  errors are of order O(Δt )

thus : numerical solutions are an approximation of the true solution due to the neglection of

tt 
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- thus : numerical solutions are an approximation of the true solution due to the neglection of 

rest-terms



Central differential quotient: 
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Error:  - order O of the approximation
- approximation in time and space due to discretisation



Explicit and implicit  Finite-Difference Methods 
Notation:
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Explicit scheme with explicit linearization: 
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Spatial discretization: 
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rearrange:
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Boundary conditions:

infiltration

- at the top  flux q0

t th b tt  d t t bl 0

evaporation
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- at the bottom  groundwater table ψm = 0

 prescribe ψm e.g. ψm = -50cm



The solution of the top nodal point:

0q
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Solution for the bottom boundary condition

• N-2

• N-1
N is known, so N-1 is the last 

node for which the equation 
must be solved

• N
must be solved.

   jjj

















































 









 11 1

2
1

12

2
111

1
1 z

k
z
t

z
k

z
t N

j
Nj

N

j
N

j
Nj

N

j
N

j
N



9



Stability and convergence

Explicit linearization means that Δz and Δt should be taken small enough to 
secure an accurate numerical solution.

- time step Δt : Δt is choosen so, that the water content change  Δθ of any 
compartment in 1 timestep is less than 0.001 (cm³/cm³)

th iththus:                                       with
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- space increment Δz : depends on how accurate the solution is wanted. A
smaller Δz gives a better resolution and solution

qi

smaller Δz gives a better resolution and solution 

normally:   1 < Δz  < 10 cm

in parts of the profile where the changes of θ and ψ
are small,  Δz can be larger (deeper parts of the profile)
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Numerical Model: explicit scheme
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Boundary conditions: 
explicit

11
z = 0 and t ≥ 0 :   rainfall and evaporation
z>0  and t ≥ 0     :   root water uptake S(z,t)
zN(t) and t ≥ 0     :  e.g. given water table depth zN(t)



Spatial discretization:
 

Implicit scheme with explicit linearization:
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Upper boundary condition: solution for the 1th node
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Lower boundary condition: solution for the node N-1 • N-2
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Numerical Model:
Implicit scheme ∆t
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Boundary conditions: 
z = 0 and t ≥ 0 :  Rainfall N and Evaporation Ea

Initial conditions: 
- θ(z,t=0)

N N

16
z >0  and t ≥ 0  :  root water uptake S(z,t)
zN(t) and t ≥ 0     :  e.g. given water table depth zN(t)

- ψ(z,t=0)



Solving systems of linear equations:
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      imjimjimj DCA
  11111 General iteration eq. :      

i
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i
i

i
i BBB

  11 

+1 th d ( +1)th i ti f
1j

Ge e a te at o eq

m, m+1 = mth and (m+1)th approximation of i

is satisfied for all i = 1, 2,  …, n       mj
i

mj
i

111if
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11 DCB jj 
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1
21

1
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1. node: 
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1. Iteration m=1:
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1 2 – (N-1) nodes

     
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1

2 1 1. Iteration m=1:

iii BBB
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1. Iteration m= 4:       ij
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2. Direct methods: e.g. Gauss elimination 

If we have N-1 internal mesh points, we have the following system of 
linear equations:

12111 ducub 

ducubua 

(1)

(2)

1
11   u  j

2322212 ducubua 

ducubua  (i)

(2)

iiiiiii ducubua   12

11121   NNNNN dubua

(i)

(N-1)

 a‘s b‘s c‘s and d‘s are known

11121 NNNNN ( )

 a s,  b s,  c s  and  d s  are known
 elimination: u1 from eq.2

u2 from eq.3
etc

20
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Assume the following stage of elimination: 

1111   iiiii Sucua

ducubua 

Eliminating u leads to:

iiiiiii ducubua   11

Eliminating ui-1 leads to:         

1
1

1 


 





 ii
iiii

ii
i

Saducucab
1

1
1 








 i

iiii
i

i a
ducu

a
b

or Sucu or

1iiCa

iiiii Sucu 1

with
1

1




i

ii
ii

Cab



11 b
dS 

21and
1

1




i

ii
ii

SadS


11 dS 



The last pair of simultaneous equations are:   

and 
21222   NNNNN Sucu

db 11121   NNNNN dubua

Elimination of uN-2 leads to:

Saca

or:
2

21
11

2

21
1 ][









 

N

NN
NN

N

NN
N

Saducab


or: 

111   NNN Su
S

By backward substitution we
will find the unknown ui:   1

1
1




 

N

N
N a

Su

22 1
1

 iii
i

i ucSu
 i=N-2, N-3,….,1 



Time-depth-curves: 
a method to visualize the vertical movement of water in the soila method to visualize the vertical movement of water in the soil

N
Data needed to : - generate time-depth-curves

- calculate the water balance
of water-parcels between

N
Ei    Ea Ta

p
time-depth-curves

are:
- Precipitation N  (cm(d)
- Interception Ei (cm/d)
- actual Evaporation Ea(cm/d)
- root water uptake as a function of

time and depth S(z,t)  (cm³/cm³.d)
- volumetric water content as a function

of time and depth θ(z,t)  (cm³/cm³.d)
f ff R ( /d)- surface runoff Roff (cm/d)
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Time-depth-curves of:

- Loess soil
- Summer wheat crop

GW t bl t 2 5- GW-table at 2.5 m
- Period: Sept - Aug 

Water balance of :
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Time-depth-curves of:

- Loess soil
- Summer wheat crop

GW t bl t 2 5- GW-table at 2.5 m
- Period: Sept - Aug 

Water balance of :
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time

δt = k

s
δx = h

30(Smith, 19
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