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K 100-n1eTuio akagzeMukKa
Axanemun Hayk Pecnybsmku Y30ekucran
BOPUCA AHUCNIMOBUNYA BOHIAAPEHKO

19 oktabpsa 2023 roga ucnosauaock 100 jer co jJHA POXKICHUS OJHOIO U3 KPYIHEHTITHX
OTEYECTBEHHBIX YUCHBIX, 3aC/IYKEHHOTO JIesdTe s HayKu Y 30eKucTana, akajieMuka Akae-
Mun HayK Pecnybsimku Y36ekucraH, JOKTOpa (DU3HKO-MAaTEeMaTHIeCKUAX HAyK, mpodeccopa
Bopuca Anncumosnua Bonmgapenko.

Nmsa Bopuca AancumoBrnda BoHZapeHKO MIIPOKO H3BECTHO HE TOJBKO B Y 30eKHCTaHe,
HO u 3a pybexkom. Kak ydensiit b.A. Bonmapenko BHec 3Ha4UTeIbHBIH BKIa B MATEMATH-
YeCcKWil anajn3 u Teopuio Gpyukiuii, nuddepeHnuagibubie YpaBHEHNST U MATEMATHIECKY IO
TEOPUIO YIPYTOCTHU, TUCKPETHYIO MATEMATHKY U KOMOMHATOPHBINA aHAJINS.

Bopuc Armcumosna pogmics B 1923 roxy B r. Jasmekanoso Bamkupcekoit ACCP, a
B 1928 roay cembs Bongapenko nepeexasia B Tamkent. [locsie okonuanus B 1942 rojy
cpemueit mkosibl Ne 7 ropona Tamkenta, B.A. Borgapenko OblLT IpuU3BaH B apMUiO 1 3a-
qucjieH B TalllKeHTCKOe BOECHHOE MEeXOTHOE YUMJIUIIE. Y YacTBOBAI B 004X Ha PA3JTMUHBIX
dporTax Bropoit Mupopoii poitubl. [locsie nemobmmmsamuu B 1948 roxy B.A. Bormapenko
HOCTYNIIT Ha (BU3UKO-MaTeMaTHIecKuil pakyabreT CpeHea3snaTcKoro rocy1apcTBeHHOTO
YHUBEPCUTETa, KOTOPBIH ycrmenno okoHYWI B 1953 roay mo cneruanabnoctu «MatemaTn-
Kay.

Caoio TpynoByio gesteabiocTs b.A. Borngapenko madan B 1953 r. B Uncturyre Ma-
reMaruki U Mexanuku (HbiHe Mucruryr maremaruku uM. B.M. Pomanosekoro AH PV3).
Paboras B JOKHOCTAX MJIAJIIIET0 HAYYHOTO COTPYAHUKA, YUYEHOI'O CeKpeTapsd HHCTUTYTA,
CTapIIero HAyYHOTO COTPYIHUKA, OH Ha OCHOBE ILJIOJOTBOPHBIX HAYYHBIX HCCJICIOBAHUN B
00JacTH CIIeMUuATbHBIX (DYHKINI MaTeMaTHIecKo# (DU3NKN U UX MPUJIOKEHHH K PENeHuI0



KJIACCHYECKUX 33/l MaTeMaTHu4ecKoil Teopun ynpyrocru B 1962 r. 3amuTus KanuaaT-
cKky10, a B 1970 1. TOKTOPCKYIO AUCCEPTAINM.

B 1972 r. B.A. Bonmapenko mepeines Ha IeJarornveckyio padory B TalmkeHTCKmit
MHCTUTYT WHKEHEPOB YKeJIE3HOIOPOXKHOI0 TpaHciopTa, re 10 1980 r. 3aBejoBas kade/i-
poit «Teopermyeckas MexaHUKay, IMPOJIOJXKAd HaPs/Ly C YCIHENTHONH MPernogaBaTe bCKoil,
IJIOJIOTBOPHYIO HAYYHYIO PAbOTy MO aKTyaJbHBIM ITPOOJeMaM MATEeMATUKHA ¥ MEXAHUKH,
a TaKzKe YUTaJl He TOJBKO Y4eOHble, HO W CIelraJbHble MUKl JEKIUil IO TeopeTuye-
CKOIl MexaHHuKe H ee mpuioxkeHusM. B 1974 r. B.A . BorngapeHko ObLT yTBEPXKIEH B YIEHOM
3BaHUU 11POGECCopa.

B 1980 r. B.A. Bomgapenko Obl1 mnpuriameHd Ha paboTy B Y30eKCKOe HayqHO-
IpPOM3BOACTBeHHOE o0bennHenne «Kubepmernkas Akamemun HayK Y30ekucrana. B VH-
CTUTYTe KMOEPHETUKHU OH 3aHUMAaJI JIOJIZKHOCTH 3aBejIyoniero jaboparopueit « Hucjiennpie
METO/IbI», 3aMECTUTE/IS JUPEKTOPA UHCTUTYTA 10 HAYKE, & TaKKe 3aMECTUTE/Id IeHepaib-
rHoro aupekropa Y3HITO «Kubepuerukay. B Tom ke H ¢ 1993 mo 2012 roast B.A. Bon-
JIAPEHKO SBJISAJICS BEIYIUM HAYUHBIM COTPYIHUKOM Ja0OPATOPHU « AJTTOPUTMUBAIUS.

Hayunas nesarenbrocts B.A. Bongapenko MEOTO0Opa3Ha n OXBATHIBAET HECKOJIHKO Ha-
NpaBJIeHHi COBPEMEHHOI MATEMATHKHN, MEXaHUKU U KHOEPHETHKY. SHAYUTEIEH er0 BKJIa]
B MaTeMaTWYeCKHil aHAIM3 U Teopuio MYHKIWH, Tuddepernaibable YpaBHEHUS U Ma-
TeMAaTHIeCKYI0 TEOPUIO YIPYTOCTH, TUCKPETHYIO MATEMATUKY M KOMOMHATODHBIN aHAINS.
Pe3yabTaThl HAyYHBIX UCCTIETOBAHUIN, TTOTYICHHBIC 33 MHOTHE TOMBI, OMyOJUKOBAHBI UM B
0TedecTBEHHOM 1 3apy0exkuoil negaru. Ceeirre 200 HAyIHBIX PAOOT, B TOM YHUCIe 12 MOHO-
rpacduii 1 y4ebHO-MeTOIUICCKUX MOCOONil, CopepzKaT TPUHIUITHAJIHLHO HOBBIE PE3YJIHTATHI
B II€PEYNCIeHHBIX BBIIIe HAPABJIECHUIX MATeMATHKH, MEXAaHUKU W KHOEPHETUKH.

[Tepsag u3 mouorpaduii B.A. Bongapenko «Ilosmrapmonndeckue noanaombr» (1968)
COCTaBUJIa OCHOBY €TI0 JIOKTOPCKOI JTUCCEPTAIIMT U MOCBAIIEHA TEOPUH HOBOTO KJIacca Clie-
MUAJTBHBIX MIOJTMHOMOB ¥ CIIENUATBHBIX (DYHKIINN U UX MPUJIOKEHUSIM K PelleHu o KJIaCcCh-
YeCKWX 3aJ/1a9 MaTeMaTu4decKoit Teopun ynpyroctu. B monorpadun «KsazunommaoMmuain-
Hble (DYHKIUA U UX MPUIOKEHUs K 33Ja9aM Teopuu yupyrocrus (1978) u3ydueHbl OCHOBBI
TEOPUM HOBOI'O KJIACCA CHENUAIbHBIX (DYHKIIHNI, HA3BAHHBIX KBa3UIOJUHOMUAJILHBIME, U
paspaboranbl 3OGHEKTUBHBIE METO/IbI UX TPUMEHEHUS K PEIICHUIO CJOKHBIX U ITPaKTHYe-
CKHU Ba’KHBIX 3a/1a4 CTATUKHN U JTUHAMHUKHI T€OPUHU YIPYTOCTH.

Boabmoit nuks nay4ansrx nccaegopanuii b.A.BorgapeHko cBs3aH ¢ U3ydYeHHEeM IOJTh-
rapMOHUYECKHX, TOIYBOJHOBBIX H JAPYTUX HOJUJIUHEHHBIX JuddepeHImabHbIX ypaBHe-
Huii. OO0CHOBAaB BayKHOCTb PACCMOTPEHH IOJMINHERHbIX ypaBHeHni, Bb.A.Bonmaperko
MOCTaBHJ W HWCCJAe0Ba aHaaorH 3a71ad Kommu, Punbe, I'ypca, Hukonecky m HOBBIX 3a-
nad g TakuxX ypapHerwit. Vv 6bLr pazpaboTaHbl onepaTopHble MeTOABI U TUCKPETHBIE
AJITOPUTMbI [IOCTPOEHUS TOYHBIX M HPUOJUZKEHHBIX PEIIeHUN YKAa3aHHbIX YPaBHEHMI CO-
nepxkarcsa B kaurax b.A.Bongapenko «Oneparopubie aaroputMbl B nudepeHuabHbIX
ypaBaenusix» (1984) u «BasucHble cHcTeMbl TOMMHOMUATIBHBIX ¥ KBA3HITOTMHOMUATLHBIX
pellieHnii ypaBHeHUil B 4aCTHBIX MTPOU3BOAHBIX» (1987).

Mmuorue u3 pesyapraroB B.A.Bongapenko moaydeHbl Ha OCHOBE METOIOB JMCKPETHOM
MaTeMaTUKN, B TOM YHCJIe METOJIOB KOMOMHATOPHOTO aHa/ju3a u Teopuu ducen. [lyrem
BBeJIeHNs] HOPMAJIN30BAHHBIX -JIATUHCKUX KBaJIPATOB OH M3YYHUJ TEOPETUKO-YUCJIOBbIE U
KOMOMHATOPHBIE CBOMCTBA TaK HA3BIBAEMBIX apudMeTHIecKuX (PpaKTAIbHBIX CTPYKTYD,
COCTABJICHHBIX U3 BbIYETOB KJIACCMYECKUX U HOBbIX KOMOMHATOPHBIX YMCEJI 110 HPOCTHIM,
CTEMEHSIM TTPOCTHIX W COCTABHBIM MOJYJIAM. DTHM BOMPOCAM MOCBAIIEH Psi/T OCHOBOIIO IATa~
forux pabor B.A.Bongapenko, B Tom ancsie Mmororpadus « O000IeHHbIe TPEYTOIBHUKT U
nupamusl [lackansy (1990) u kuura «Generalized Pascal Triangles and Pyramids, theis



Fractals, Graphs, and Applications» (USA, Santa Clara: Fibonacci Association, 1993),
rpuzkabl nepen3ganiag B CIITA dubonauanenoit Acconnamnmei.

B nocnenaune nBa necsrunerns b.A.BoHgapeHKo BBesq B pacCMOTpeHUe HOBBIM KJacc
HNOJMJIMHEHHBIX yPaBHEHUIT, TpeoOpa3oBaB CUCTEMBI THHEHHBIX THddepeHTnaIbHBIX YPaB-
HeHUil B BeKTOpHO-MaTpuuHble nuddepeHnanibabie YpaBHEHUs, COMEpIKAIUe CTeNeHn
MaTpui-oneparopoB. Hambojiee 1moJIHO u3ydeHbl MOJUJINHEHHbIE BEKTOPHO-MATPUYHBIE
YPaBHEHUS CTATHKY U JUHAMAKNA TEOPHUH YIIPYTOCTH, MTOTUINHEITHbIe BEKTOPHO-MATPHUIHBIE
YPaBHEHWS JIBUKEHUS BI3KOIIACTHIHBIX CPeJl U JPYTHe MOTIHHeHbIe ypaBHEeHHsT, 0000-
MAINe KIACCHYeCKre MaTeMaTH4ecKre MOJIeTH, CBSI3aHHbIe C 3aJadaMH MeXaHUKU
u Maremarwdeckoit dusuku. s BBegennnix ypasuenuit B.A. Bomgapenko moctpom
BEKTOPHO-MATPUYHDIE TTPEICTABICHUS UX TOUHBIX PelleHnit u pa3padborast 3pdheKTuBHbIE
KOMOMHATOPHBIE AJTOPUTMbI TOYHOTO M HPUOJMZKEHHOTO PEIleHns] KOHKPETHBIX 33/1a4.
[Tony4yennbie pe3yabTaThl ObLIN OMYOJUKOBAHBI B OPUTHHAJIBHBIX U O030PHBIX CTATHAX, B
TOM YHCJIe B MPECTUXKHBIX 3apPYOeKHBIX U3TAHUIX.

Hayumbie uccienoBanus B.A. Borngapernko, onyO//MKOBAHHBIE B €10 KHUTAX W CTATHSX,
IITITPOKO UCTOJIB30BATUCH ACTUPAHTAMI W COMCKATEISIMU YUEHBIX CTeleHeil, a TaK¥kKe CIie-
MUAJUCTAME JIJIsI PENeHns] KOHKPEeTHbIX 3aa4. [1ox ero pykoBogcTom 3armuineno 10 kaH-
JIIATCKUX JUCCEPTAIAil, & 10 PSAAY JOKTOPCKUX OH SIBJISLICA HAYIHBIM KOHCYJIHTAHTOM.
Kuuru n nayunsie crarbu b.A. Borjapenko motydniu npu3Hanue 3apyOezKHbIX yIeHbIX,
npuvIeM MHOTHE U3 er0 OCHOBOIMOJIATAIONINX Pe3YIbTaTOB BKJIIOYEHBl B KHUTH 3apyOe’KHBIX
YYIEHBIX, B TOM YHCJe B yIeOHbIe MOCOOUS MO CHEeUAIbHBIM (DYHKIIUAM MATeMaTHIeCKON
puzuku, KOMOMHATOPHOMY aHAJIN3Y U MeXaHuke JedopmMupyeMoro Tepaoro reaa. C 1972
r. b.A. Borgapenko — wien AMePHKAHCKOTO MaTeMaTH4Ieckoro obmectsa, ¢ 1993 r. co-
rpyaandaer ¢ Pubonauunenoit Acconmanmeir CIITA, aBasieTcst perenzenToM n pedepen-
TOM Psifia 3apyOeKHBIX HAYIHBIX KypHAJTOB. B.A. BoHIapenKo BBHICTYIAI C JEKIUAMA B
yuupepcuterax l'epmanuu, Pymbinnu, Boarapun, FOrocnasun u Kunpa, a Takxke ¢ jmo-
KJIQ/[AMU HA MHOTUX HAY9HBIX MEXKIYHAPOJIHBIX C'be3/1aX U KOH(pEPEHIUsIX.

O B.A.Bougapenko u ero HaydHOIl 1eATeIbHOCTH OMYOINKOBAaHBI 0O30PHBIE CTATHU B
oTedecTBeHHOI n 3apybexxnoit nevaru. Tak, Mexynapoansiii Buorpadudeckuit nentp B
KemGpumxke (Aurius) sraoant B.A. Bougaperko B unciao 100 Hanbosiee BbIIAIONHXCS
yaerbix Mupa 3a 2008-2012 roasl. B kaure «The Golden Fond of Science of Uzbekistans
(Tamikent, 2011) OH BKJIIOYMEH B YMCIO yueHbIX 30101010 donga Y3sbekucrana. Kparkue
ONMCAHUS €r0 HAYUIHON JAeATeTbHOCTH COMEPKATCS B PA3IUYHBIX IHIUKJIONEINIECKAX U
JIPYTUX U3TAHUSAX.

3a MI0JOTBOPHYIO HAYYHYIO JIEATEIbHOCTH W IOATOTOBKY HAYYHBIX KajapoB B.A.
Bonnaperko B 1983 I. mpHUCYK/IeHO MOYETHOe 3BaHWE «3acIy:KEHHBIH JedTelb HAyKu
V3bekucrtanay, B 1984 1. oH OBLT U3OpaH WIEHOM- KoppecmouzeHTOM, a B 2000 1. —
akaieMukoM Akagevun Hayk PecrmyOnuku Y306ekucran. Byaydnm BerepaHoM BOWHBI U
BETEPAHOM-BBITYCKHIUKOM TAITKEHTCKOTO BBICIIETO OOIIEBONCKOBOTO KOMAHIHOTO Y UM/IH-
ma, B.A.Borgapenko 6bL1 HArpaXk/JIeH IBYMs ODJCHAME H JBAJIATHI0 MEJIAISIMU, B TOM
qucie MeJalbio «2iKacopars.

KoanekTuB peakosuiernu >KypHajaa «IIpobaeMbl BBIYHCAUTEIbHON U mpH-
KJIQJTHOI MaTeMaTUKW» MMOCBAIMIAET HACTOAIINH BBIMYCK CBETJION naMmsaTu Bopu-
ca ArucumoBudya BoHIapeHKO — BBIJAOIIEroCsd YYIE€HOTO C MUPOBBIM HMEHEM,
3aCJy2KEHHOT0 AedaTrenid Hayku Pecnybaunku Y30eKucTaH, 3a00TJIMBOTO HACTAB-
HUKA U IPEKPACHOTO CKPOMHOTO Y€JIOBEKA.
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JPOBHAYd MATEMATNYECKAS4 MO/IEJIb
C.B. AYBOBCKOI'O 1 SKOHOMUWYECKUWE IMNKJIbI*

12 Maxapos /I.B., “?Ilaposux P.H.
danil.makarov.pk@yandex.ru; romanparovik@gmail.com
'Kamuarcknii rocyapersennblii yauBepcurer umenn Buryca Bepurra,
683032, Poccus, r. Ilerponasnosck-Kamuarckuit, yi. [lorpanuunag, 4;
?Hanmonasibablil yHusepcurer Y3bexucrana umenn Mupso Yiyroeka,
100174, Y3bekucran, Tamkent, yi. YuuBepcurerckas, 4.

B pabore mpesmioxkena u MCCAEIYETCS pEIUTAPHAS MATEMATHIECKAST MOJENb ISt
onmcanus dKOHOMUYIecKnx 1uk/a0B (pumanbix Bogn H.JI. Kommparnesa). Maremarnwe-
cKasi MOJieJib siBjigercst 06001eHneM n3BecTHo kiaccuueckoit mogenu C.B. dybosckoro,
KOTOpast XapakTepu3yeT BianMomgelicTsrue 3¢hpeKTUBHOCTH HOBBIX TEXHOJIOTHI 1 3 dek-
TUBHOCTH OCHOBHBIX (GoHA0B (hoHmo0TIaqM). DTO B3AUMOAEHCTBUE JAETCH ¢ MOMOIIBIO
CHUCTEMBI HEeJIMHENHBIX OOBIKHOBEHHBIX MU DepeHInaIbHbIX YPABHEHUN C MTPOW3BOIHBI-
MU ApobHBIX mopsaakoB. O6o0IeHe BRIOUIAET B cebst yuer 3(h@eKTOB HACIEICTBEHHO-
cTu (maMsiTH), BHEIIHEro BO3/EHCTBUs (MPUXOJ MHBECTUIWH B OCHOBHBIC (DOHJIBI W HO-
BBIX YIPABJEHUYECKUX TEXHOJOTHWH B MHHOBAINN), 3aBUCUMOCTH HODMBI HAKOILJICHUS OT
scpdexkTupHocTn dhormooTAadn. IIpetoxkentuas 0000meHHAsT MaTeMAaTHIECKass MOJIE/Th B
CUJTYy HEJIMHEHHOCTH UCCJIEIOBAIACEH € TIOMOIIILIO YUCAEHHOr0 MeToma A mamca-Bardopra-
Mynrona n3 cemeiicTBa NMPEeIUKTOP-KOPPEKTOP. UHUCIEHHBIN aJropuTM ObLT peanrn30BaH
B cpelie KoMiboTepHOoit ajirebpel Matlab, 6bu1u mocTpoens! ociuIorpaMMbl U (Da30BbIE
TPAEKTOPUH [PU PABIUYHBIX 3HAUEHUSIX APAMETPOB MATEMATUIECKON MOJEIN, a TAKKE
GyHKIINE HOPMBI HaKOILIeHUS OT 3ddexTuBHocTu. llokazano, 9To AMHAMUYECKAs CHU-
creMa MOXKeT 00/1aaTh XaO0THIECKUMY U PeryAaApHbIME pexkuMmamu. OUeHb BasKHO, 9TO
B OOJIBIITUHCTBE CJIYUAEE PETYJSPHBIE PEXKUMBI TTPEICTABISIOT cOo00i Ha (a30BOH ILIOC-
KOCTH TIPeJieJIbHbIE TTUKJ/IbI, KOTOPhIE MOXKHO CONOCTABUTH C SKOHOMUYECKUMU ITUKJIAMHU.
Hanuuue adppexkros namsaTu B paccMaTpuBaeMoil JUHAMUIECKONH CUCTEME YKA3BIBaeT Ha
TO, YTO BBIXOJ HA TPEe/bHBIE ITUKJIBI MOYXKET OKA3ATHCS JTOCTATOYHO OJITAM.

Korouesbie cioa: K-Bosabl, 9ucaeHHOE MOMAEIUPOBAHUE, YKOHOMUYUECKUE IUKJIBI U
KPHU3UCHI, OCITA/LIOIPAMMBI, (Pa30Bble TPAECKTOPUMN.

Huruposanue: Maxapos /[.B., llaposux P.U. [Ipobuas maremaruyueckas mojgesnsb C.B. Jly-
6oBCKOrO U 3KOHOMUYIECKHE TUKIBI // IIpobeMbl BEIYHCAUTEIBHOM U TPUKJIATHON MaTe-

matukn. — 2023. — Ne5(52). — C. 8-25.

1 Bsenenue

B pa6ore B.E. Tapacopa [1| 6bl1 mpoBeser 0630p Jureparypbl, 0Koao 260 ucTod-
HUKOB, KOTOPBIH ObLI MOCBAIIEH MPUIOKEHHIO IPOOHOTO HCUYUCTIEHHS B SKOHOMHKE. Tam
JKe OBLIM PAacCMOTPEeHBI pabOThl PA3IUYHBIX ABTOPOB, KOTOPbHIE HCIOJIB30BAIN JIPOOHOE
UCYUC/IeHue Jad onucanusg AudpepennuaibubiX Moje el SKOHOMUKH C yYeTOM HaC/Ie/l-
CTBEHHOCTH HJIA MaMATH. D(OMEKTH TaMATH B IHHAMAYIECKON cucTeMe yKa3bIBAIOT Ha TO,
YTO TEKYIIee ee COCTOSTHHUS 3aBUCUT OT IIPEIbIIYIMUX COCTOSHUN W Ipeapicropun. Takue
9pPeKTB MOTyT OBITH YUYTEHBI IMPH MCCICIOBAHUNA IKOHOMUUIECKUX KPH3UCOB M IUKJIOB,
KOTOPbI€ BO3HUKAIOT IIPpU OIIpEAC/ICHHbIX YCJ/JIOBUAX B 3aBUCHUMOCTH OT IIPpEeAbICTOPUU. He

*Pabora soironnena B pamkax rpanra [Ipesnnenta PO NeM/I-758.2022.1.1
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ucKodeHneM spisiorcs auuanbie Boaubl H.J1. Kongparsesa uian K-osusr |2]. Oun xo-
POIIIO OIHMCHIBAIOT WHHOBAIIMOHHDBIE CUCTEMbBI, KOTOPbIE XapaKTePU3yIOT B3PbIBHOW TEXHO-
JOTHYeCKHii pocT (IPOPHIB) SKOHOMUKN MPU BHEIPEHUH WHHOBAIMIA, CTAIMIO 3aMe JIeHIs
M BBIXOJIA HHHOBAIINY W3 YKOHOMHKH [3].

CymecTBYIOT, Ha HAI B3IV, HECKOJIBKO MAaTEeMATHIECKHX MOJeJeil I ONUCAHUS
9KOHOMHMYECKNX IIMKJI0B KoHaparbeBa, KOTOpbIE MOy YU/IM HauOOJIbIIee PaCpOCTPaHeHne
W IpuBesieHbl B paborax [4, 5|. B Hacrosiieit pabore Mbl OCTAHOBHMCsI HA, MaTeMaTHIECKON
mogesn C.B. Jly6osckoro [4]. Takoit BRIGOD CBA3aH ¢ TeM, YTO HECMOTPsI Ha CBOIO HeJIH-
HelfHOCTh, JaeT Hojiee TPOCTOe MOHUMAaHUE B BOIpPOce O (DOPMUPOBAHUH IKOHOMUIECKUX
IUKJIOB U KPU3UCOB. DTO MO3BOJIsIET JaTh H0Jiee TOHATHYIO WHTEPIPETAINIO Pe3yIbTaTOB
MOJTETUPOBAHUS.

2 IlocranoBka 3aga4n

{ b (t) = =An (y () = (¢) (z (£) = 1) (y (t) = y") + b1 cos (wit) ,x (0) = a, (1)
oy (1) =n(y () (1 —n(y(0))y* () (= () — x") + 6y cos (wat) ,y (0) = b,

rae x (1) — 3bdeKTUBHOCTD HOBBIX TeXHOJIOrH, KOIMMUIMEHT TPy1o3aTpar IPOU3BO-
JUTEJBHOCTH Ha HOBBIX DABOYMX MecTax K CpeJHell mpom3BoguTesbHOCTH, Y (1) — 3d-
dbekTHBHOCTH OCHOBHBIX (DOHJIOB (HOHIO0TIAYN WJIH KAMUTAIOOTAAYa) OPraHU3aIUT, 1
— dyakuug or GOHIOOTIAYN UMEET CMBICJI HOPMBI HAKOILUICHHUS, BAJIOBOE HAKOILICHHE B
JIOJISX BAJIOBOTO BHYTpeHHero npoaykra (BBIT), A — mapamerp, onpeessiioniuii u3 craTu-
CTHKHI BPEMEHHOIO PSAJa, @, b — MOJOKATeNbHbIE KOHCTAHTHL, OIPeACISIONINe HauaIbHbIe
yenosust, t € [0,T] — mekymiee BpeMmsi paccMaTpuBaemoro mporecca, I > 0 — Bpems
MoJlesiupoBanus, (z*,y*) — KOOPAMHATBI TOYKH paBHOBecusi cucrteMbl (1), 07,02, wr,ws
3aJaHHBIC OJOKATEILHBIC KOHCTAHTHI, KOTOPBIE ONpeIeIdi0T BHEIIHIe BO3IeiCTBHE HA
cucremy (1). Onepatopsl ApoGHBIX TPOU3BOIHBIX B cucreme (1) ompenessiorcst mo dhop-
MyJIaM:

tLa(r)dr
Clx(t) = 0 1
bz (¢) F(l—oq ft )M st (2)
1 tl’(T)dT
2x(t) = 0<ay < 1.
Otx() F(l—ozg)f(t ,7_)&2’ Q2

Omneparops! apobHOTO NuddepennupoBanus (2) NOHUMAIOTC B cMbicIe [epacuMoBa-
Kamyro [6, 7] u ux cBoiicTBa MOKHO H3yYUTh B KHUTaX [8,9].

Bamernm, 9To B ciaydae, Korja B cucreme (1) a; = as = 1, a Takzxke Korjga 6; = 6 = 0
1 HOpMa HaKOILJIeHUd 1 ABJAACTCA ITIOCTOAHHOU, TO MBI ITIOJIy9a€M MaTeMaTU1€CKYIO MOJE/Ib
C.B. Hdy6oBckoro, Koropast ObLia u3ydeHa B ero pabore [4]. Dra Mmoaesb ¢ MaTeMaTuaecKoit
TOYKH 3peHust onuchiBaeT Juuubie BosHbl H. /1. Konapareesa (K-BOJIHBI) SKOHOMUIECKAX
Kpusncos u nukJaoB. Ciayuaii, korga B cucreme (1) oy, ap Ipou3BoJIbHbBIE, 01 = 0 1 HOpMa,
HAKOIUICHUSI T SIBJISIACH HOCTOSIHHOI Obl1 pacemorpen B pabore asropos [10] u Gblia
pazpaboTana JJIs ee HCCJIeI0BAHUs KOMIbIOTepHAs mporpaMMa Ha s3bike Phyton [11].

Jpobuas auaamudeckast cucrema (1) siasiercst 0606IIeHneM paHee N3BeCTHON MOJesTH
C.B. /Iy6oBcKoro, KOTOpoe BKJIIOYAET CJAEAYIONIHe 0COOCHHOCTH:

1) Hopma Hakorienust n — dyukius or ahdexrusrocTu houmoorsadn y (t);

2) yd4er BHEIIHErO [ePUOJUIECKOro BosueicTBus st 3bGEKTUBHOCTH HOBBIX TEXHO-
aoruit x (t) u addexrusnoctu dongooraadn y (t).

3) yuer 3bdeKTOB HACTEJACTBEHHOCTH (MAMSTH) € MOMOIIBI0 MPOU3BOAHBIX TPOOHBIX
OPSAIKOB (2).
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Jaum HeKoTOpbIe TOSICHeHUS! K [IePEYUCIeHHBIM BbIIe 0cobeHHOCTAM Mogesn (1).

B pab6ore [12| nokazano, 9410 HOpMa HAKOIJIEHUS WJIH JOJSI YHCTHIX HHBECTHIHA 3a-
Bucut o dhougooTaaqn. Ilpuiem Takas 3aBECEMOCTH HOCUT OOPATHO IIPOIIOPIUOHATBHBII
xapakTep. B wactnocTn, yBesmdenne HOpMbl HAKOILIEHUsI OKA3bIBACT YIHETAIOIIee BO3Ieii-
cTBUE Ha (DOHIOOTIAYY, IPUBOIUT K 3aMOPAXKUBAHUIO €€ POCTa U yCyTyOaseT najaenue. B
HacTosIeil paboTe Mbl OY/I€M UCIIOJIb30BATH CJIEAYIOINLYI0 3aBUCUMOCTH HOPMbI HAKOILIE-
HUSA OT (POHTOOTIATH:
li(la — 1)

y(t)

rae [; > 0,1y > 0 — ko3 PuImeHThI, KOTOPhIe ONPEJIEIAITCA U3 CTATUCTHIECKNX JTaHHBIX.

n(y(t) = (3)

BHrerHee nepronueckoe Bo3jeiicteue wHa cucremy (1) o6ycJOBIEHO TeM, 9TO OHA IT0-
JIydaeT HOBbIe TEeXHOJIOTUH W WHBECTHUIUH U3 BHE, UTO, HA HAII B3IV, OTpaykaeT 0oJee
PEAJINCTUIHYI0 KAPTUHY B PACCMATPUBAEMOM SKOHOMHYECKOM Iporecce. B macrosmeit
pabore MBI BLIOpAIN B KAYeCTBE BHEITHErO BO3MEHCTBHUS MepHoandecKue (DYHKIHH C aM-
NIATYAaMA 01, 0g ¥ 9aCTOTAMU 1, (P COOTBETCTBEHHO.

Yaer 3deKToB HACIEICTBEHHOCTH YKA3bIBAET, HA TO, 9TO cucTeMa (1) MoxKeT MOM-
HUTH OKa3aHHOE Ha Hee BO3JeHCTBHE. DTO 0O3HAYAET, YTO H3MeHeHUs 3(DPEKTUBHOCTH HO-
BBIX TEXHOJIOIUil u (POHIOOTIAUN ITPOUCXOIUT HE MIHOBEHHO, & C HEKOTOPOH 3a1eprKKOii
(curyanus ornokenHOTo 3bderra). C Toukn 3peHns MaTeMaTuku, 3G dexT maMsTi MoxK-
HO OTIMCATh C MTOMOIIBIO WHTETrPo-aud depeHInaabHbIX ypaBHennii. B ciaydae, korjga siapo
uHTerpo-auddepeHnuajIbHOr0 YpaBHeH s IPEICTaBIgeT cODOi cTeeHHYIO0 (PYHKIUIO, TO
MBI MOZKEM [epeiTH K MOHATHIO JIpobHOil mpoussoanoii [8,9|. Hanmuuue crenennoil ¢yHK-
UU O3HAYAET, 9TO CHCTEMa MOCTEIEeHHO 3a0biBaeT 00 OKA3aHHOM Ha Hee BO3jeiicTBuMm.

3 Meroanka pernienus

B cuity Toro, uro cucrema (1) siBisiercst HeJMHEHHOI, TO B Ka4ecTBe METOIUKH Pellie-
HHsT HeOOXOMMO BBIOpATh YuCIeHHbI MeTox. B pabore [10] 6b11 penioken qHCI€HHBIT
AJITOPUTM, OCHOBAaHHBIN HA HEJOKAJIbHOII IBHOI KOHEYHO pa3sHOCTHOH cxeme. OqHAKO, Ta-
Kagd YUCJEHHAS CXeMa CXOIUTCS YCJIOBHO U UMeeT OTpaHMYeHHe Ha IMArl PAcYeTHOH CEeTKH.
[TosroMy GbLT BEIOpaH MHOTOMATOBBIH MeTos A mamca-Bamdopra-Moyrrona (ABM), ko-
TOPBII ObLT AJIAITUPOBAH JIJIsl PEIIeHus cucTeM JApOobHbBIX JuddepeHiinajibHbIX Y paBHeHU
¢ APOGHBIME TTPOM3BOAHBIMEU BUA ¢ yaeToM GopMya (2) u ObLT pean30BaH B CTAThe aB-
Topos [13|. Bosee noapobro m3yunrh meroq ABM u ero cBoiicTBa MOXKHO B CJIEJIYIOIINX
paborax [14-16].

Meton ABM oTHOCHTCS K THILY YUCJIEHHBIX METOIOB CEMEHCTBA IPEIUKTOP-KOPPEKTOD
U IIPUMEHSIeTCs [IjIsl Pelrenust HejnHeitubix auddepennuaibubix ypapaenunii. [Ipemmoio-
KuM, 910 uckombie dbyakun  (t),y () obaagaror HeoOXoquMoil TaakocThio. Ha paBHO-
MepHoit cetke ¢ mmarom 7 = T/ N BBegem cerounsie dynkunn b 4, yb 4, k=0,..,N —1,
KOTOpBIe ByayT ompeensaTbes mo dopmyie Anamca-Bamdopra (npeaukropy):

701 k ‘
Py = 00+ gy 2 e (s (2 = 1) (05 = ") + By c0s wair),
p T i 2 * . (4)
o =00+ ) W( (1= ) 92 (35— 2°) + 8y cos (wn7))
\ 0§7k+1 =k—-—7+1D)" = (k=75 i=1,2.

Hnst koppekropa (dopmyaa Axamvca-MoyaToHa) oy duM:
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(~Mmeinalyy ()~ 1) (s — 0°) + 8 cos (arm (5 + 1)) +

Tpy1 = xo + K k . ,
wH 0 o+ > le‘,k+1 (=Anjzj (z; — 1) (y; — y*) + 01 cos (w1j7))
J=0

(5)

2 .
(nk+1 (1= npg1) (q)” (2h, — ) + 82 cos (wor (k + 1))) +
Yk+1 = Yo + Ko 9

+ijk+1 (nj(l n;j) y; (z; —a:)+5gcos(w2j7')> ;

aq a2

K, = m,[(g = m, BecoBble KodbbumenTol B (4) onpeaesasorcs 1o
dopmy.e:
kot — (b — ay) (k+1)" ,7=0,
T B GRS ) N CE ) RARECEF R VS R AN
pj,k+1 - 1’ 7] =k + 17
i=1,2.

Hnst merona ABM cnpaseuBa ciaeyoiias Teopema [15].
Teopema. Ecim 95z, (t) € C*[0,T], (1 =z (t) , 20 =y (t),i = 1,2) Torga

max |z; (t;) — x| = O (THmimai) : (6)
1<j<k

JlokazaTesbCTBO T€OPEeMbl OCHOBAHO HA METOJe MATeMAaTHYECKON WHIYKIIMH U IIPUBE-
JeHo B crarne [15].

Bamerum, 9TO B CJydae, KOrjga a; = ag = 1 ¢ yderom (6) mosydaem KIacCHYeCKUit
metos;, ABM Broporo mopsiika TouHoctu. B pabore aBropos [13] 6bLH mOATBEpIKIEHBI
PE3YIBTATH MO OIEHKe BBIUUCAUTENBHON TouHocTH MeToga ABM cornacuo yerosuio (6),
a TakKzKe BTOPOil MOPI0K TOYHOCTH B KJACCHYECKOM CJIydae IpU o = Qg = 1.

4 Pe3yabTaThl 1 X 00CyXKJieHUE

Pesysbrarsl aucjaeHHoro anaiusa JpoOHON jAuHAMUYIECKOl cucrembl (1), a Takzke HX
BU3ya/n3alng ObljIa NOJIydYeHa B cpejie KoMIbioTepHoit MaTemaruku Matlab. Paccmorpuwm,
HEKOTODBIe Pa3IHdHble CJIydar, KOTOphle MOTYT BOSHHKHYT B paMkax mogesn (1).

ITpumep 1. Knaccuueckast momens C.B. Jly6osckoro (a; = ag = 1,00 =0 =0un —
noJioKuTeIbHast KoucranTa [4]). BosbMeMm 3HaueHus mapamerpos mogenn (1) u3 paborsi
C.B. [y6osckoro [4]: n = 0.2,2* = 1.3,y* = 0.5,7 = 100, 7 = 0.2.

C momorrpio gncaeraoro aaropuryma ABM (4), (5) mocrponm octimsutorpamMmbl 1 hazo-
Bble TPAEKTOPHH MPU PA3INIHBIX 3HAYeHUAX A = [2.25,2.5,2.75] u Haua AbHBIX 3HAUCHUSX
xo = [1.35, 1.4, 1.45] upu durcupoBannom 3uadeHun yo = 0.5.

Yucaennsiit arroputm ABM npusesnen nuxke B Buje dynknun ABMDubovskiyClas.m
Ha sg3bike Matlab.

function [x,y]=ABMDubovskiyClas(T,tau,lambda,n,Init)
N=round(T/tau); a=zeros(N,N); b=zeros(N,N); xp=zeros(1l,N); yp=zeros(1,N);
x=zeros(1,N); y=zeros(1,N); x1=1.3; y1=0.5; xp(1)=Init(1); yp(1)=Init(2);
x(1)=xp(1); y()=yp(1); a(1,1)=1,b(1,1)=1;
for i=1:N

a(l,i+1)=1"2-(i-1)*(i+1); b(1,i+1)=1i"2-(i-1)*(i+1);

a(i+1,i+1)=1; b(i+l,i+1)=1;
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for j=2:1
a(j,i+1)=(i-j+2) "2+ (i-j) ~2-2%(i-j+1)"2;
b(j,i+1)=(i-j+2)~2+(i-j)~2-2%(i-j+1)"2;

end

end

for k=1:N-1
p=1:k;
xp (k+1)=xp (1) +taursum( (-lambda*n*xp (p) . * (xp(p)-1) .*(yp(p)-y1)));
yp(k+1)=yp (1) +tauxsum((n* (1-n) *yp(p) .~2.*(xp(p)-x1)));
x(k+1)=x(1)+tau/2*(-lambda*n*xp (k+1) .* (xp(k+1)-1) .*x(yp(k+1)-y1)+. ..
sum(-lambda*n*x (p) . *(x(p)-1) .*(y(p)-y1)*a(p,k+1)));
y(k+1)=y(1)+tau/2* (n*x(1-n) *yp(k+1) . 2. % (xp(k+1)-x1)+. ..
sum(n* (1-n) *y(p) .~2.x(x(p)-x1)*b(p,k+1)));

end

end

Pesynprar padorsr dynkiun ABMDubovskiyClas.m npuBejeH B CJIeJyIOIeM Koje Ha
a3pike Matlab.

[x1,y1]=ABMDubovskiyClas(100,0.2,2.
[x2,y2]=ABMDubovskiyClas(100,0.2,2.
[x3,y3]=ABMDubovskiyClas(100,0.2,2.
£=0.01:0.2:100;

figure(1)

subplot(2,2,1)
plot(t,x1,’b’,t,x2,°r’,t,x3,’g’)
xlabel(’t?); ylabel(’x’);
title(’a’)
legend([’\lambda=2.25,x_0=1.35’],[’\lambda=2.5,x_0=1.4’],
[°’\lambda=2.45,x_0=1.45"])

subplot(2,2,2)

plot(t,yl,’b’,t,y2,’r’,t,y3,’g’)

xlabel(’t?); ylabel(’y’);

title(’6’)
legend([’\lambda=2.25,x_0=1.35’],[’\lambda=2.5,X_O=1.4’],
[’\lambda=2.45,x_0=1.45])

subplot (2,2, [3,4])

plot(x1l,y1,’b’,x2,y2,’r?,x3,y3,’g’)

xlabel(’x’); ylabel(’y’);

title(’c?)
legend([’\lambda=2.25,x_0=1.35’],[’\lambda=2.5,x_0=1.4’],
[’\lambda=2.45,x_0=1.45"])

25,0.2,[1.35 0.5]);
5,0.2,[1.4 0.5]1);
75,0.2,[1.45 0.5]);

2

Busyanmszanus pe3yapTaToB MOAETUPOBAHUS IPUBEIEHBI HA puc. 1.

Ha puc. 1la u 6 npuBeaennbl ocru/iorpamMmmbl Jjist Kiaccuaeckoit mojesn C.B. Jly6os-
CKOT0, KOTOPBIe OBLIM UM Oy deHbl B cTaThe [4]. Mbr 31ech MozkeM HabI01aTh KOJIeOa s
C TOCTOSTHHOM aMILIUTY 10, & TOYKa TOKost (¥, y*) AJist COOTBETCTBYOIIEl 3aMKHy Tast (ha-
30BOii TpaeKTOpHUel Ha3bBaeTCs MeHTPoM (puc.lc).
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a 6
1.45 : : : : 0.56
/\=2.25,x0=1.35 /\=2.25,x0=1.35
14 A=25x =14 | 1 0.54 A=25x =14
)\=2.45,x0=1.45 /\=2.45,x0=1.45
1.35 \ 1 0.52 ﬁ
< 1.3°¢f 1 > 05
1.25¢t 1 0.48 |
121 1 0.46 |
1.15 : : : : 0.44 : : : :
0 20 40 60 80 100 0 20 40 60 80 100
t t
Cc
0.56 T T
/\=2.25,x0=1 .35
0.54 - )\=2.5,x0=1.4 —
A=2.45x =145
0.52 - s
> 05 ]
0.48 |- s
0.46 |- s
044 | | | | |
1.15 1.2 1.25 1.3 1.35 1.4 1.45

X

Puc. 1 Pesynaprarel Momenuposanus B pamMkax kiaaccuaeckoit mogenn C.B. Jly6osckoro: a) oc-
mtorpaMma (x (t) ,t); 6) ocumstorpamma (y () ,t); ¢) dasosas tpaekropus (z (t),y (t))

OyiHOl M3 TJIABHBIX IeJjieil paboThl — BBIACHUTD NPH KaKUX 3HAYCHUAX IapaMeTpoB
Jpo0HO# crcTeMbl (1) BO3MOXKHO CYIIECTBOBAHUS 3aMKHYTHIX (DA30BBIX TPAEKTOPHIA, KO-
TOpBbIe TPUBOJAT JINOO K TPAEKTOPUAM TUIA MEHTP JUOO0 K MpeaeTbHBIM IUKIaM. PaccmoT-
puM cHavasa npumep IpoOHO cucTeMbr (1), KOrma OTCYyTCTBYeT BHEIITHee B3auMOIeiCTBIE
51 = 52 = O

IIpumep 2. [Ipobuas mogens C.B. Jly6osckoro. Bosbmem mapamerpbr Mogenn (1)
caenyomuMu: 01 = 0o =0, n = 0.2, A =2.25, z* = 1.3,y* = 0.5,7 = 500, 7 = 0.04.

Jns aucaennoro ananusa Japobuoit mogean (1) ¢ momompio anrropurma ABM GbLia
paspaborana Ha g3bike Matlab dynknusa ABMDubovskiyFrac.m:

function [x,y]=ABMDubovskiyFrac(T,tau,alpha,delta,phi,par,Init)
alphal=alpha(1); alpha2=alpha(2); deltal=delta(l); delta2=delta(2);
phil=phi(1); phi2=phi(2); n=par(1l); lambda=par(2);

N=round(T/tau); a=zeros(N,N); b=zeros(N,N); x=zeros(1,N); y=zeros(1,N);
xp=zeros(1,N); yp=zeros(1,N); x1=1.3; y1=0.5; xp(1)=Init(1); yp(1)=Init(2);
x(D=xp(1); y(D=yp(1);

for i=0:N

a(l,i+1)=i~(alphal+1)-(i-alphal)*(i+1)~(alphal);
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b(1,i+1)=i~(alpha2+1)-(i-alpha2)*(i+1)~(alpha?2);

end

for i=1:N

a(i+1,i+1)=1;

b(i+1,i+1)=1;

for j=2:1
a(j,i+1)=(i-j+2)~(alphal+1)+(i-j)~(alphal+1)-2%(i-j+1)~(alphal+1);
b(j,i+1)=(i-j+2)~(alpha2+1)+(i-j)~(alpha2+1) -2 (i-j+1)~(alpha2+1);
end

end

for k=1:N-1

p=1:k;

xp(k+1)=xp(1)+tau~(alphal) /gamma(alphal+1)*. ..

sum( ((k-p+1) .~alphal-(k-p)."alphal) .*(deltal*cos(phil*p*tau)-...
lambda*n*xp (p) . *(xp(p)-1) . *(yp(p)-y1)));
yp(k+1)=yp(1)+tau~(alpha2)/gamma(alpha2+1)*. ..

sum( ((k-p+1) .~alpha2-(k-p) ."alpha?2) .*(delta2+*cos(phi2*p*tau)+. ..

n* (1-n) *yp(p) . ~2.x(xp(p)-x1)));

x(k+1)=x(1)+tau~(alphal) /gamma(alphal+2)*. ..
(deltal*cos(phil*(k+1)*tau)-lambda*n*xp(k+1) .*x(xp(k+1)-1) . x(yp(k+1)-y1)+...
sum((deltal*cos(phil*pxtau)-lambda*n*x(p).*(x(p)-1) .*x(y(p)-y1))*a(p,k+1)));
y(k+1)=y(1)+tau~(alpha2)/gamma (alpha2+2)*. ..

(delta2*cos (phi2* (k+1)*tau)+n*x (1-n)*xyp(k+1) .~2 . * (xp(k+1)-x1)+. ..
sum( (delta2+*cos(phi2*p*tau) +n* (1-n)*y(p) . 2. % (x(p)-x1) ) *b(p,k+1)));
end

end

Hasee OyjieM U3MEHATH CHA4YaJ/Ia 3HAYEHHS [TapaMeTpa v npu (PUKCUPOBAHHOM (ro, &
3aTeM Ha 000poT: OyeM MEHATH 3HAYCHHS apaMeTpa (vp TPU (DUKCUPOBAHHOM 3HAYEHUU
7.

B nmepBom ciyuae mpumenenue dbyuknun ABMDubovskiyFrac.m mpeacTaBieHO B BUIC
KOJIa IIporpamMMbl Ha g3bike Matlab:

[x1,y1]=ABMDubovskiyFrac(500,0.04,[1 1],[0 0],[0 0],[0.2 2.25],[1.35 0.5]);
[x2,y2]1=ABMDubovskiyFrac(500,0.04,[0.9 11,[0 01,[0 01,[0.2 2.25]1,[1.35 0.51);
[x3,y3]1=ABMDubovskiyFrac(500,0.04,[0.8 1],[0 0],[0 0],[0.2 2.25],[1.35 0.5]);
t=0.001:0.04:500;

figure(1)

subplot(2,2,1)

plot(t,x1,’k’,t,x2,’-.k?,t,x3,’--k’)

xlabel(’t?); ylabel(’x’);

title(’a’)

legend([’\alpha_1=1, \alpha_2=1’],[’\alpha_1=0.9, \alpha_2=1’],
[’\alpha_1=0.8, \alpha_2=1’1)

subplot(2,2,2)

plot(t,yl,’k’,t,y2,’-.k’,t,y3,’--k?)

xlabel(’t?); ylabel(’y’);

title(’67)

legend([’\alpha_1=1, \alpha_2=1’],[’\alpha_1=0.9, \alpha_2=1’],
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[’\alpha_1=0.8, \alpha_2=1°1)

subplot (2,2, [3,4])

plot(x1l,yl,’k’, x2,y2,’-.k’,x3,y3,’--k’)

xlabel(’x’); ylabel(’y’);

title(’c?)

legend([’\alpha_1=1, \alpha_2=1’],[’\alpha_1=0.9, \alpha_2=1’],
[’\alpha_1=0.8, \alpha_2=1°1)

Busyammsamusa pe3y1bTaToB MOJIEIUPOBaHUS MTPUBEIEHO HA PHUC.2.

047 I I I L I I I I
1.25 1.26 1.27 1.28 1.29 13 1.31 1.32 1.33 1.34 1.35

Puc. 2 Pesynbrarsr mogennposanus B pamkax apobuoit mogesn C.B. Tybosckoro: a) ocuumiio-
rpamma (z (t),t); 6) ocmtorpamma (y (t),t); ¢) dasosas Tpaekropus (z (t),y (t))

Ha puc.2 mbl BujguMm, 910 B cjiydae, KOIJia CHCTEMA HCIIBITBIBACT COOCTBEHHBIN KOJIe-
OaHus W 3HAYEHUS TApPAMeTPa (v YMEHbBINAIOTC, TO KOIeOaTe/IbHbIH PeyKuM nMeeT 3aTy-
Xalomuii xapakrep puc.2a,0, a Ha $Ha30BoOil MIOCKOCTH TOUKe TOKos (™, y*) Ha3bBaeTCs
YCTONYIUBBIM (DOKYCOM.

Pacemorpum apyroit caydait. 3adukcupyeM 3HadYeHHe ITapaMeTpa (v, a 3HAYCHUd Ha-
pameTpa ag Oyaem m3MmeHsTh. Kom Ha s3pike Matlab mpuBenen HmzKke, a BU3YyaIn3aIIHSs
Pe3y/IbTATOB MOJIEJIMPOBAHNS MIPUBEICHA, HA PUC.3.

[x1,y1]=ABMDubovskiyFrac(500,0.04,[1 1],[0 0],[0 0],[0.2 2.25],[1.35 0.5]);
[x2,y2]=ABMDubovskiyFrac(500,0.04,[1 0.9],[0 0],[0 0],[0.2 2.25],[1.35 0.5]);
[x3,y3]1=ABMDubovskiyFrac(500,0.04,[1 0.8],[0 0],[0 0],[0.2 2.25],[1.35 0.5]);
£=0.001:0.04:500;

figure(1)

subplot(2,2,1)
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plot(t,x1,’k’,t,x2,’-.k’,t,x3,’--k’)

xlabel(’t’); ylabel(’x’);

title(’a’)

legend([’\alpha_1=1, \alpha_2=1’],[’\alpha_1=1, \alpha_2=0.9°],
[’\alpha_1=1, \alpha_2=0.81)

subplot(2,2,2)

plot(t,yl,’k’,t,y2,’-.k’,t,y3,’--k?)

xlabel(’t?); ylabel(’y’);

title(’6?)

legend([’\alpha_1=1, \alpha_2=1’],[’\alpha_1=1, \alpha_2=0.9°],
[’\alpha_1=1, \alpha_2=0.81)

subplot (2,2, [3,4])

plot(x1,y1,’k’, x2,y2,’-.k?,x3,y3,’--k’)

xlabel(’x’); ylabel(’y’);

title(’c?)

legend([’\alpha_1=1, \alpha_2=1’],[’\alpha_1=1, \alpha_2=0.9°],
[’\alpha_1=1, \alpha_2=0.8])

0475 I L L I I I L L I
1.25 1.26 1.27 1.28 1.29 13 1.31 1.32 1.33 1.34 1.35

Puc. 3 Pesynbrarsr mogenupoBanus B pavkax apobuoit mogesm C.B. JTy6osckoro: a) ocummmo-
rpamma (z (t),t); 6) ocimtorpamma (y (t),t); ¢) dasosas Tpaekropus (z (t),y (1))

Ha pwc.3, TakzKe Kak Ha prc.2 MBI BUJIUM 3aTyXalolie KoJeOaHus, TOUYKa TOKOS TaK-
Ke sgBjigercd yeroiuusbiM pokycom. Vexojg u3 3aTyxaoiero Ko/iebare/ibHOIo pekKuMa,
MBI MOZKEM CJIeJIATh BBIBOJ, O TOM, YTO HaJudne namsaTu B cucteMme (1) mpu ycaoBum or-
CYTCTBUS BHEITHETO BO3JEHCTBUS HE MPUBOJMT K 3aMKHYTOM (pa30BOii TpaekTopuu, T.€. B
cucTeMe OTCYTCTBYeT aBTOKoIebaTenbHBIN pexkuM. [losTomy cyimecTBoBaHUE 3aMKHYTOM
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TPAEKTOPUU BO3MOXKHO JIMIIL [PU BHEIIHEM BO3/elicTBuu. PaccMoTpum Tenepb npumep,
B3ATHI 13 paboThl aBTopos [10].

[Mapamerpsr BoIOEpeM ciemytomumu: 07 = 0,09 = 0.5, = 0,009 = 1.5,n = 0.2,
A =2.25,a; = as = 0.1. Ha puc.4 npusejiena pa3zoBasi TpaeKTOpus i TOTO CJAYUad.

[x1,y1]=ABMDubovskiyFrac(500,0.04,[0.1 0.1],[0 0.51,[0 1.5],[0.2 2.25],
[1.35 0.5]); plot(xl,yl,’k’)

xlabel(’x?); ylabel(’y’); title(’®a3oBasg TpaekTOpHa’)
legend([’\alpha_1=0.1, \alpha_2=0.1, x_0=1.35, y_0=0.5"]1)

dasoBas TpaeKkTopus
T T T

09k u,1=0.1, (12=0.1, X0=1 .35, y0=0.5 |

0.8

0.7

0.6

>~05F

0.4 r

03r

0.2

0.1

0
1.25 1.3 1.35 1.4 1.45 1.5 1.55

Puc. 4 ®azosaa tpaekropus (z (t),y (t)) mia gpobuoit momenn (1).
Mozkno 3aMeTuTh, 4TO (ha30Bask TPACKTOPUS 3/1€Ch BBIXOJUT HA NPE/EIbHBINR UK.

®asoBble TpaeKTopum
T T T

1 T T
x0=1 .35, y0=0.5
08l x0=1 4, y0=0.45 |
x0=1 .45, y0=0.4
0.6 1
> 041 1
0.2 1
0 |- -
_02 Il Il Il Il Il Il Il Il Il

1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2 2.1 2.2

Puc. 5 ®azoBbie TpaeKTOPUH, TOJIYIEHHBIE TPU PA3JIUIHLIX 3HAYEHUSIX HATATBLHBIX YCIOBUH.
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Ha puc.5 npusegeno cemeiicTBo (azoBbIX TPAEKTOPUIA, MOJTYUYEHHBIX DU PA3JIAIHBIX
HAYATHHBIX 3HAYEHUAX. ITH (PA30BBIE TPACKTOPUH MOKA3BIBAIOT, ITO MPeIeTbHbI TTHKJT
Hpe,[[CTaBJIeHHbeI Ha pI/IC4 HE dBJIdeTcd yCTOfIqHBbIM. ECJH/I B34Th HAYaJIbHBIC 3HAYECHUA
BHYTPH 9TO HPEJEIbHOTO MUKJIA, HApuUMep, 3uadenne (o = 1.4,yy = 0.45), To dazosas
TPAEKTOPHS BBIXOAUT Ha JAPYTOM MpeaeTbHBIH MUK ¢ OoJbIeil opOuToil — KpacHas da-
30Bast TpaekTopud Ha puc.5. Ormerum, 4ro 3hHEKTUBHOCTL HOBBIX TeXHOJIOrUil T (t) u
3beKTUBHOCTD OCHOBHBIX (GOHIOB Y (t) BeyT cebs pasHOHAIDABIEHO.

Jlasee MBI MOYXKeM YBHJETH, UTO IIPHU JaJbHeHIeM yBeJInIeHNN Ha9a IbHOTO 3HAUEHUS
10 OCH a0CITUCC U YMEHBIIeHUH HAYAIbHOIO 3HAYCHHS 10 OCH OPIMHAT, MBI IIOJIYIUM JIPY-
roif mpegeabHbINH UK OISThH ¢ Oosee Go/blIeil opouToOil — cuHsgast ¢a3zoBas TPACKTOPHUI
Ha puc.5. MOXKHO Tak:Ke OTMETUTh, YTO ITU IPeJe/ibHbIe IUKJIbl KAcalTcs JPYyT JIpyra,
3AMOJIHAS IJIOTHO (PA30BYIO MJIOCKOCTD.

Pacemorpum apyroit mpuMep, TporpaMMHBINH KO, 4711 KOTOPOT'O TIpUBeEIeH HUZKE.

[x1,y1]=ABMDubovskiyFrac(500,0.04,[0.4 0.4],[0 0.5],[0 1.5],[0.2 2.25],
[1.35 0.5]);

[x2,y2]=ABMDubovskiyFrac(500,0.04,[0.6 0.6],[0 0.5],[0 1.5],[0.2 2.25],
[1.35 0.5]);

[x3,y3]1=ABMDubovskiyFrac(500,0.04,[0.8 0.8],[0 0.5],[0 1.5],[0.2 2.251,
[1.35 0.5]);

t=0.001:0.04:500;

figure(1)

subplot(2,2,1)

plot(t,x1,’k’,t,x2,’r’,t,x3,’b?)

xlabel(’t?); ylabel(’x’);

title(’a’)

legend([’\alpha_1=0.4, \alpha_2=0.4’],[’\alpha_1=0.6, \alpha_2=0.6"],
[’\alpha_1=0.8, \alpha_2=0.8"1)

subplot(2,2,2)

plot(t,yl,’k’,t,y2,’r’,t,y3,’b?)

xlabel(’t?); ylabel(’y’);

title(’6?)

legend ([’\alpha_1=0.4, \alpha_2=0.4’],[’\alpha_1=0.6, \alpha_2=0.6"],
[’\alpha_1=0.8, \alpha_2=0.8"1)

subplot (2,2, [3,4])

plot(x1l,yl,’k’, x2,y2,’r’,x3,y3,’b’)

xlabel(’x’); ylabel(’y’);

title(’c?)

legend([’\alpha_1=0.4, \alpha_2=0.4’],[’\alpha_1=0.6, \alpha_2=0.6’],
[’\alpha_1=0.8, \alpha_2=0.8’1)

Ha puc.6 npuBeena Busyaan3aius pe3yabTaToOB MOAEINPOBAHNIS IPU PA3JINIHBIX 3HA-
YeHHSIX MapaMeTpoB: a; = ay = 0.4, a1 = as = 0.6,a7 = ay = 0.8. MbI BuAUM BBIXO/T
Bcex (Ha30BBIX TPACKTOPHUil Ha IpefenbHble NUKIB puc.6. lIpum ymenbmennn s3nadennit
HapaMeTPOB (v; U (vo NpeJebHble IUKJIB UMeIOT Bee OOJIBIIYIO OPOUTY.

Kpowme Toro, Mbl BujiuM, 4TO IPU yMEHbIICHUH 3HAYCHUN IIapaMeTpPOB (] U (g TAKIKe
YBEJINYUBAETCS BPEMs BBIXOJA HA IIPeJeIbHBIN NUKJI. DTO YKa3blBaeT HA TO, YTO B CH-
creme (1) Bosumkaer spdekT namsaTu, T.e. s CTabHIN3AIN KOJIebaTebHBIX PesKIMOB
HEOOXOIMMO BpeMsl.
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0 100 200 300 400 500

1 T T

=04, 0,=0.4
,=0.6, 2,=0.6 |
«,=0.8, 0,=0.8

0.8

0.6

0.4

0.2

Puc. 6 ®azosnie TpaekTOopunU, MOJIYUIEHHBIE TPU PA3JIUIHLIX 3HAYCHUIX TAPAMETPOB (] U (2.

Pacemorpum craefyronuit 6oee obmuii mpuvep (puc.7). 3HaueHUs MapaMeTpPOB Bbi-

Bepem: 07 = 1,01 = 3 uw d3 = 0.5,09 = 1.5, a ocTajbHBIEe TapaMeTpbl OCTaBUM 6e3
U3MEeHEHHSI.
a
25
n1=0‘4‘ 0220.4
0120‘6‘ nZZU.G «,=0.6, 02:05
2|

n‘:(} 8, a .8

0120 8, 0220 8
[ T I

X 15

0.5
0 100 200 300 400 500
t t
[+
1.2 T T T T
{11:0.4, ()2:0.4

1r u1:0.ﬁ, uZ:U.B b

o8l {11:0.8, ()2:0.8 |
> 06 1

04 1
02 1

0 I I I I I I I | I

0.6 0.8 1 12 1.4 1.6 1.8 2 22 24 26

Puc. 7 ®azoBnie TpaekTOpUN, TOJIYIEHHBIE IPU PA3JIUTHBIX 3HAUEHUIX TAPAaMETPOB: ap U 2 .
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Hasnm4ue Baemrero Bo3eiicTBust B Bu/ie TapMOHUYECKUX (DYHKIMI ¢ yI€TOM HAC/IE/I-
CTBEHHOCTH 3HAYUTEIBHO YCJIOKHAIOT XapakTep Kojebanuii (puc.7a,6) u ¢hopmy hazoBbix
Tpaekropuii (puc.7c). Popma hazoBhIX TpaekTopuii Gosee moxoka Ha dburypsr Jlncca-
2Ky, KOTOpbIe BCTpedalorcsd B TexHuke. OaHako 3a cdeT dddekra namMsaTu 3TH (DUTYPHL
JIOBOJTBHO CWJIBHO JehopMUPOBAHBI. TakyKe MBI BHJIMM, YTO COXPAHSETCS TEH/IEHIUS W3
HPEJbIYIUX TPUMEPOB — [PU YMEHBIICHUN 3HAYEHUR (v U (Vg YBEJUYUBACTCS BPEMsi
BBIXO/Ia HA TPee/IbHbI MUKJI, & TAKKE ero opouTa.

ITpumep 3. Paccmorpum apobuyio mogens C.B. JIyboBCKOTO ¢ y4eToM 3aBUCUMOCTH
HOPMBI HAKOIUTEHHsT OT (DOHIOOTIAYN COTIACHO COOTHOIIeHUO (3). sl YuCIeHHOTO pe-
meHust cucreMbl (1) B 9TOM caydae 6bita paspaborana dyukius ABMDubovskiyFracny.m
B Matlab:

function [x,y]=ABMDubovskiyFracny(T,tau,alpha,delta,phi,par,Init)
N=round(T/tau); alphal=alpha(l); alpha2=alpha(2); deltal=delta(l);
delta2=delta(2); phil=phi(1); phi2=phi(2); lil=par(1); 12=par(2);
lambda=par(3); tau=T/N; a=zeros(N,N); b=zeros(N,N); xp=zeros(1l,N);
yp=zeros(1,N); x=zeros(1,N); y=zeros(1,N); x1=1.3; y1=0.5;
xp(1)=Init(1); yp(1)=Init(2); x(1)=xp(1); y(1)=yp(1);

for i=0:N

a(1l,i+1)=i~(alphal+1)-(i-alphal)*(i+1)~(alphal);
b(1,i+1)=i"(alpha2+1)-(i-alpha2)*(i+1)~(alpha2);

end

for n=1:N

a(i+l,i+1)=1; b(i+1,i+1)=1;

for j=2:1
a(j,i+1)=(i-j+2)~(alphal+1)+(i-j)~(alphal+1)-2*(i-j+1)~(alphal+l);
b(j,i+1)=(i-j+2)~(alpha2+1)+(i-j)~(alpha2+1) -2 (i-j+1)~(alpha2+1);
end

end

for k=1:N-1

p=1:k;

xp(k+1)=xp(1)+tau~(alphal) /gamma(alphal+1)*. ..

sum( ((k-p+1) .~alphal-(k-p)."alphal) .*(deltal*cos(phil*p*tau)-...
lambda* (11*(12-1) . /yp(p)) .*xp(p) . * (xp(p)-1) .x(yp(p)-y1)));
yp(k+1)=yp(1)+tau~(alpha2)/gamma(alpha2+1)*. ..

sum( ((k-p+1) .~alpha2-(k-p) ."alpha?2) .*(delta2+*cos(phi2#*p*tau)+...
(11%(12-1) . /yp(p)) . x(1-(11%(12-1) . /yp(p))) . *yp(p) . ~2. * (xp(p) -x1)));
x(k+1)=x(1)+tau~ (alphal) /gamma(alphal+2)*. ..
(deltal*cos(phil*(k+1)*tau)-lambdax*(11x(12-1)./yp(k+1)) .*...
xp(k+1) . x(xp(k+1)-1) . x(yp(k+1)-y1)+. ..
sum((deltalxcos(phil*p*tau)-lambda*(11*(12-1)./y(p)) .*...

x(p) . *x(x(p)-1) .x(y(p)-y))*a(p,k+1)));
y(k+1)=y(1)+tau~(alpha2)/gamma (alpha2+2)*. ..
(delta2*cos(phi2* (k+1)*tau) +(11*(12-1) ./yp(k+1)) .*. ..
(1-(11%(12-1) . /yp(k+1))) .*xyp(k+1) .~ 2. % (xp(k+1) -x1)+. ..

sum( (delta2+*cos(phi2*p*tau)+(11%(12-1)./y(p)) .*...

(1-(11*%(12-1) . /y(P))) .*xy(p) .~2.*(x(p)-x1) ) *b(p,k+1)));

end

end
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Pacemorpum gacrublii ciay4daii (kiaaccnaeckast mogenb C.B. JIy6oBckoro), a mMEHHO KO-
ria o = ay = 1,01 = 02 = 0 u mocrpoum ¢ nomorpio pynxiun ABMDubovskiyFracny.m,
NPUBEJIECHHON BbIIE, (pa30Bble TPACKTOPUN B 3aBUCUMOCTH OT PA3JINYHBIX 3HAYCHU [| U
ly. Pe3yapTaThl MOIeTMpOBaHNE MIPUBEIeHB Ha pHUC.S.

1.35003 0.50003
1.35002 0.500025
1.35001 0.50002
x 135 > 0500015
| /
134999 f |

0.50001

1.34998 ‘J 0.500005 {
I\ |

1.34997 05 -
0 100 200 300 400 500 0 100 200 300 400 500

050003 T

0.500025

0.50002

> 0.500015 |-

0.50001 [~

0.500005

I
05
1.34997 1.34998 1.34999 135 1.35001 1.35002 1.35003

Puc. 8 ®azosnie TpaekTopuu, MOJIYyICHHBIE TTPU PAJUIHBIX 3HAYECHUAX TaPAMeTpoB: [y u ly .

Ha puc.8c Mbl Busmm 3aMKHYTBIE (ha3oBble TPACKTOPUH, TOYKa, MOKOst (2, y*) — menTp.
MoKHO OTMETHTD CJie/IyIoliee, YTO IPU U3MEHEHUH 3HaYeHuil [ u [, KOTOpbIe TPUBOIMAT
K YBEJUYEHUIO YUCIUTENs] B COOTHOIIeHNH (3) HAOII0MaeTCst POCT aMILTUTY/, KOTeOaHui
U yBesmdeHre OpOUT (PazoBBIX TPAEKTOPHUi. DTOT caydail COOTBETCTBYET POCTY HOPMBI
HAKOTLJTEHU 4.

Pacemorpum coyuaii apobuoit mogesn C.B. ly6osckoro (1). 3nauenus mapameTpos
NpUBEJEHBI B CJAETYIONEM TPOTPAMMHOM KOJE.

[x1,y1]=ABMDubovskiyny(500,0.04,[1 11,[3 0.51,[1 11,[0.6, 1.1, 2.25],
[1.35 0.5]);

[x2,y2]=ABMDubovskiyny (500,0.04,[0.9 0.91,[3 0.51,[1 11,[0.6, 1.1, 2.25],
[1.35 0.5]);

[x3,y3]=ABMDubovskiyny (500,0.04,[0.8 0.8],[3 0.51,[1 11,[0.6, 1.1, 2.25],
[1.35 0.5]);

£=0.001:0.04:500;

plot(x1,yl,’k’, x2,y2,’r’,x3,y3,’b’)

xlabel(’x’); ylabel(’y’);

title(’®a3oBbe TpaekTOpuU’)
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legend([’\alpha_1=1, \alpha_2=1’],[’\alpha_1=0.9, \alpha_2=0.9°],
[’\alpha_1=0.8, \alpha_2=0.8’],’Location’,’southeast’)

Busyajuzaius pesy/ibraTtoB npuBejeHa Ha puc.9.

®dasoBble TpaekTopumn
0.54 T T T

0.53 -

0.52 -

0.51

05

0.49

048 > a1=0.9, az=0.9 b
01:0.8, a2:0.8

0.47 I I I I I . .
1.2 1.25 1.3 1.35 1.4 1.45 1.5 1.55 1.6

X

Puc. 9 ®a3oBbie TpaeKTOPUH, IOy YeHHBIE TTPH PA3JIUIHBIX 3HAUECHUIX TAPAMETPOB (v U (g TIPH
durcupoanubix 3uadenndax [ = 0.6 u lp = 1.1.

Mpr BuuM, 9T0 TpU BKJIOUEHUE BHEITHErO BO3eHCTBUs CO 3HAYEHHIAMH TapaMeTpPOB
01 = 3,00 = 1,01 = 0.5, = 1 HabmogaeTcss BHIX0 (DA3OBBIX TPACKTOPUN HA TIPEIe/b-
HbIIA IIHUKJL. OTMGTI/IM, qTO (bOpMa IIpeaeJIbHbIX IMUKJIOB OTJINYaE€TCAd OT paHee IOJIYIYCHHbIX,
9TO CBA3AHO C BJUIHIEM HOPMbI HAKOILIEHU KaK PYHKIUU OT dougooraaqdn. [Tpuyem sra
06paTHO MPOTMOPIMOHATIBHAST 3aBUCUMOCTD (3), deM Gosbiie OHIO00TIAUA, TeM MeHbIIe
HOpMa HAKOILIeHUs. 3/1eCh TaKyKe MOYKHO 3aMeTHUTh, 9TO 3(PPHEeKTUBHOCTH HOBBIX TEXHOJO-
ruit x (t) 1 3pHeKTUBHOCTH OCHOBHBIX (DOHIOB Y (1) BeAyT cebs OMMHAKOBO: JIUOO BMECTe
BO3pacraloT, J1ubo BMecTe yObIBaIOT.

®dasoBble TpaekTopuun

0.54

0.53

0.52 -

0.51

> 05

0.49

0.48 -

a,=1, a,=1,1,=06,1,=1.1
a,=09, 2,=0.9,1,=0.4,1,=1.3
@,=038, 0,=0.8,1,=02,1,=1.7

0.47 -

0.46 I I I . . . .
1.2 1.25 1.3 1.35 1.4 1.45 1.5 1.55 1.6

X

Puc. 10 Dazosbie TpaekTOpuu, MOJYIEHHBIE TPU PA3IUUHBIX 3HAYCHUIX MAPAMETPOB (] U (vg,
aTakxke [ = 0.6 mly = 1.1.
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Ha puc.10 npusegennsr (a30Bbie TPAGKTOPUH HPHU PA3JIUYHBIX 3HAYECHUSX ITapPaAMeT-
POB (1 U (g, a Takxke 1 = 0.6 u [y = 1.1. OcTajnpHble 3HAYEHNS TAPAMETPOB BO3bBMEM 13
npebAyIero npuMepa. BuiHO, 9TO B 9TOM CJIydae oOIas TeHIeHIUS COXPAHIETCS KaK 1
B IIpeIblayIeM ciaydae. OHAKO MBI BUJIUM, 9TO (DA30BBIe TPACKTOPHH 3/I€Ch OTJIMYAIOTCS:
bosee n1epopMHPOBAHBI U OPOUTHI DoJiee yBeandensl. Ha puc.9 u puc.10 ¢ ToukH 3peHus
9KOHOMUKH MOYKHO 3aMETHUTh CJIeJIYIOIIee: CHA4Ya/1a HEKOTOPOe BpeMs HeOOXOIUMO CUCTEeMe
BBINTH HA TPeIebHBI UK/ Ha MPEIeIbHOM IUK/Ie TPOUCXOAUT OIHOBPEMEHHBIH POCT
3P HEKTUBHOCTH HOBBIX TEXHOJIOTHH 1 3(PpHEKTUBHOCTH OCHOBHBIX (DOHJIOB; Yepe3 HEKOTO-
poe BpeMs ITPOUCXOUT OJHOBPEMEHHBIH CIa ] 9TUX MOKa3aTe/ e, KOTOPbIi YCHIUBAeTC B
pe3yabTaTe YBeJInYeHUus HOPMbI HAKOILJIEHU; TOC/Ie/IHee 03HAYAET, YTO TOPMOZUTCS POCT
GOHIOOTIAYMN U YCKOPIETCA ee MaIeHue.

5 3akJiroudyeHue

B pabore nposemeno ucciaegoanus npodnoit momesaun C.B. JIy6osckoro (1), koropas
yaIuThiBaeT 3HGMEKTh MaMsITH, BHEITHEE BO3AEHCTBHE W O0OPATHYIO 3aBUCHMOCTH HOPMBI
Haxorerns or dpoumooraaun (3). Heobxomumo ormeruts, 1to apobuas mogens C.B. y-
6oBckoro (1) Ge3 BHENTHEro BO3JEHCTBHsA, T.e. B YCJOBHSIX COOCTBEHHBIX KOJEOAHUI He
00/1a1aeT aBTOKOIeOaTeIbHBIME pexKuMaMu. [1o09ToMy 3aMKHYTBIE TPACKTOPUH MOTYT BO3-
HUKATh B JpoOHO# cucTeme (1) B cIyvae BHENTHETO BO3AEHCTBUsI, HAIPUMED, EPHOIHYe-
CKOTO BO3JeiicTBUSA. 3/16Ch BO3HUKAIOT MPeIeTbHbIE IUKJ/IbI, KOTOPhIE HEe BCEI1a SIBJISIIOTCS
yeTOHauBeiMu. DPPEKT MaMATH YBEJIMINBACT BPEMs BBIXOJA HA TIPeIEJIbHBII MUK, T.€.
BBIXO/I Ha IIPeJIe/IbHBIH IMUKJI IIPOUCXOIUT ¢ HEKOTOPOit 3aaepkKoii. Hammune obpaTHoii 3a-
BHCHMOCTHU HOPMBI HAKOILJIEHHS OT (DOHIOOTIAYH IIPUBOIUT K JeOPMAIUU TPEIeTbHBIX
IUKJIOB U U3MEHEHHIO pa3MepoB ux opOuT. C TOUKM 3peHusi IKOHOMUUIECKOH MHTEepIpe-
TAIUMU PE3Y/IbTATOB MOJIEIUPOBAHUS MOXKHO OTMETHUTDH CJIE/YIONee: YBEJINUCHHEe HOBBIX
TEXHOJIOTUH WK YIPABIEHIECKUX PENIeHU, a TAKZKe JTOMOMHATETHHBIX HHBECTUTIAN TTPH-
BOJINT K CTAOWMIM3ANNK MPOTEcca; Hajaudne (haKTOPOB, MPEMSITCTBYIONINX K TOJIYIeHUIO
MOMEHTAJbHOr0 3pdeKTa OT BHEIPEHUS HOBLIX TEXHOJOTHI U JTONOJHUTEIHHBIX HHBECTHU-
U, TPUBOJUT K CUTYAIIMH OTJI0XKEHHOI'O SKOHOMUUIeCKOro ] eKTa; yBeandenne HOpMbI
HAKOILIEHWS] HPUBOJIUT K cTarHanuu (pOHJI00TIA4YN U K ee majieHnio. Bee nepednciiennbe
3aKOHOMEPHOCTH HE MPOTUBOPEYAT W3BECTHBIM SKOHOMHUIECKHUM mporeccam. [1pemoxken-
Hasl MaTeMAaTUIeCKasi MOJIE/Ib MOZKET OBITH TPUMEHEHA K OMUCAHUIO PABTUIHBIX IKOHOMU-
YeCKUX IUKJIOB U KPU3UCOB.

HeobxoauMo OoTMETUTH, UTO CJAEAYIOMNUM STAIOM IIPOIOJIKEHUS HACTOAIIEH paboThl
SABJIAETCH 33/a49a OLPEJIeJIeHU IePUO/Ia COOTBETCTBYIONIEI'0 IKOHOMUYECKOr'0 UK C yUe-
TOM 3KCIEPUMEHTATHHBIX JAHHBIX SKOHOMUYIECKUX TUKI0B. OMEHUTH TePHo] SKOHOMUIIe-
CKOT'O IUKJTa MOXKHO ¢ oMotibio cevennii [Iyankape. 31ech Takyke BO3MOKHBI TIOSIBJIEHU ST
00paTHBIX 3aJ1a4 J/Isi YTOUYHEHNUA 3HAYEHUN BayKHBIX HAPMETPOB MOJIEJH 110 UMEIOIIIMCS
9KCIIePUMEHTAIBHBIM JaHHBIM. Jlamee uMeeT ompeieseHHbId CMBIC O0DOOIIUTL JIPOOHYIO
mozesib C.B. Jly6osckoro (1) Ha cirydail 3aBUCHMOCTH HOPSJIKOB JIPOOHON LPOU3BOHOMN
0T BpeMeHu. D10 Oymer 03HAYATh, 9T0 (P PEKT maMaTH U3MeHsIeTcs BO Bpemenu. Mero-
JIOM HCCJIeIOBAHUS TaKO# MPOOHON CHCTeMBbl, TakKe MoxkeT siBiserca meronx ABM (4),
(5), KOTOPBIH MOYXKeT ObITh AJANTUPOBAH JIJIs PEIlleHHsT MOTO00HBIX CHCTEM.

OTae bHBI HHTEPEC MOXKET MPeICTaBIITh KadeCcTBeHHOe HUCCIeIoBaHue TpobHON Mo-
aesn C.B. [ly6osckoro (1), Hanpumep, ucc/ie0Banust, CBS3aHHbIE ¢ BOIPOCAME yCTONYN-
BOCTHU TIPEJIEJbHBIX UK/IOB, MOCTPOSHUS UX (PpaKTaIbHON Pa3MEPHOCTH, UCCIEI0BAHNE
OudypKAIMOHHBIX JUATPAMM WU MTOCTPOeHNe DOJiee TeTaIbHBIX KapT U aTJacoB JTHHAMMU-
YeCKUX PEKHMOB, 10 aHAJIOTHH ¢ paboToii [17].
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Background: The paper proposes and studies a hereditary mathematical model for
describing economic cycles (long waves of N.D. Kondratiev). The mathematical model is
a generalization of the well-known classical model of S.V. Dubovsky, which characterizes
the interaction between the efficiency of new technologies and the efficiency of fixed
assets (capital productivity). This interaction is given by a system of nonlinear ordinary
differential equations with derivatives of fractional orders. The generalization includes
taking into account the effects of heredity (memory), external influences (the arrival of
investments in fixed assets and new management technologies in innovation), and the
dependence of the rate of accumulation on the efficiency of capital productivity. The
effects of heredity are characterized by a property of a dynamic economic system, in
which its current state depends on previous ones and, from a mathematical point of view,
is described using the apparatus of fractional calculus. Memory effects here manifest
themselves in the fact that changes in the efficiency of new technologies and capital
productivity do not occur instantly, but with some delay, characterizing a delayed effect.
External influence on the system is described using harmonic functions, which give the
arrival of investments into the system with some frequency, as well as the arrival of new
management technologies.

Methods: The proposed generalized mathematical model, due to nonlinearity,
was studied using the Adams-Bashforth-Moulton numerical method from the predictor-
corrector family. The numerical algorithm was implemented in the computer algebra
environment Matlab; oscillograms and phase trajectories were constructed for various
values of the parameters of the mathematical model, as well as functions of the accumu-
lation rate on efficiency.

Results: It is shown that a dynamic system can have chaotic and regular modes. It
is very important that in most cases regular regimes represent limit cycles on the phase
plane that can be compared with economic cycles. The presence of memory effects in the
dynamic system under consideration indicates that reaching limit cycles may take quite
a long time.

Concluding Remarks: It should be noted that the numerical ABM method, which
was used in the article, can be applied to a more general mathematical model when the
orders of fractional derivatives are functions of time.

Keywords: K-waves, numerical modeling, economic cycles and crises, oscillograms,
phase trajectories.
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AJITOPUTMU3AIINSI ITAPAMETPNYECKON
NAEHTUONKAINN MOAEJIN MACCOIIEPE/IAYN
KNCJIOPOJA B KOJIOHHOM BNMOPEAKTOPE

Kabuavdocaros A.C.
kabildjanov@yandex.ru
Harmmonansublit mccieioBaTesbCKuit yHUBEPCUTET « TalKeHTCKUi WHCTUTYT
MH>KEHEPOB UPPUTAlNN U MEXaHU3AIUN CEJILCKOT'0 X034fCTBaY,
100000, ¥36ekucran, Tamkent, yia. Kapu Huazuit 39.

PaccmoTpen Meros onpejiesienust 06beMHOT0 KoM MUITHEHTA MACCOEPETAIN KUCIO0-
po/ia B IPAMOTOYHOM KOJIOHHOM OUOpEaKTope, OCHOBAHHBIN HA aHAJIM3€ TIEPBOrO MOMEHTA
KPUBO# OTKJIMKA HA CTYIEHYATOE BO3MYIIEHNE U MCIIO/Ib30BaHun AudPy3uoHHON MOIe-
JIV TI0 Ta30BOM U KBa3mKuaKoi (aze. [IpuBoagarcs pe3yrbTaThl BEIYUCIATETLHOTO YKCIIe-
pUMeHTa oTpefeaeHnst 00beMHOT0 KO3 PUIIMEeHTa MACCCOTIepeadn KUCJI0Poaa B Cpese
makera MATLAB 2023. OcymecTBiaeHa olleHKa CTEIIeHH aJeKBATHOCTA MaTEeMaTHIECKO
MOJIEJIA PSIMOTOYHOTO KOJIOHHOTO OHOPEeaKToOpa [JIsi YCTAHOBUBIIIErOCS PEKUMA PabOThI
pU HaAEHHOM 0O6beMHOM KO3 DUTIMEeHTE MaccoTepeadn KUCI0POIa.

KoroueBbie caoBa: OumorexHoJIOrmyueckre mporeccol, auddy3uoHHas MOLE b, 00beM-
HBI KO3 uImenT maccomepeaadn, MepBbiii MOMEHT, KOI(M@MUITMEHT MapaMeTpPuIecKoi
4yBCTBUTEJBHOCTH, MUHUMU3AIIUS.

IurupoBauue: Kabusvdicarnos A.C. ATTOPUTMUBAIINS TTAPAMETPAIECKON UICHTHDH-
Kaliu MOJIEJTH MacColepeadn KUCI0poaa B KOJIOHHOM GuopeakTope // IIpobiaemer BbI-
YUCAUTENBHOM 1 npukaaaHoit maremaruku. — 2023. — Ne5(52). — C. 26-36.

1 Bsenenue

[[Iupokoe pacupocTpaHeHHe B MHKPOOMOJOTHIECKOH MTPOMBIILICHHOCTH ITOJIY THIH
a3po0HBIE TTPOIECCHl MUKPOOMOTOTHIECKOIO CHHTE3a, OCYIIECTBAIEMble B MPSIMOTOUHBIX
KOJOHHBIX Grnopeakropax [1-3]. CrpykTypHas ¢xema MOTOKOB B MPSIMOTOYHOM KOJIOHHOM
buopeakTope npuBegaeHa Ha puc. 1. 2ZKuakoit dpa30ii, mocrynaroieit Ha BXo/ OnopeakTopa,
ABJIgeTCS MUTATeIbHBIN cyOcTpaT, a ra30Boii (ha30i-BO3/IYX, co/lepzKaliuil 1a3000pa3HbIit
KUCJI0poa. B OGmopeakTope HaxomsTcs KBasmKHIAKas (asa, coaeprKallas TUTATeTbHbII
cyOCcTpaT, TpOAYKTH MHKPOOHOJIOIMIECKOTO CUHTE3a W OJHOK/JIETOYHBIE MHKPOOPTaHM3-
Mbl, & TaKKe ra3oBas (a3a-BO3/lyX B JIUCIEPIUPOBAHHOM Bujie. MexK iy KBa3UKUJIKON U
ra3oBoil (razaMu MPOMCXOAUT MACCOOOMEH, Ha KOTOPBI BAUSIET MUAPOINHAMUYIECKAS 00-
cTaHoBKa B buopeakTope. Tak, 4acTb KHCJIOPOJa U3 ra3oBoil (ra3pl abcopOupyer B KuJl-
KYI0, & HEKOTOpPbIe MPOAYKTH MeTabou3Ma (HAIpUMep, YIIEKHCIbIH Ta3) J1ecopOoupyoT
B ra3oByIo ¢a3y ¥ BMecTe ¢ Heil BHIBOJAATCS U3 OHOpeakTopa.

Bwmecre ¢ ruapogunaMukoil, MaccOOOMEHHBIE MPOIECCHI COCTAB/ISIIOT 9aCTh MAaKpPOKHU-
HETUIECKOr0 yPOBH O6uopeakTopa. Onpemenienne ONTUMAIbHBIX PEZKUMOB U yIIPABICHUE
paboroit OmopeakTopa MpeIyCMATPUBAET HAJWYNE MATEMATHIECKOW MOJIEIN, OTHUCHIBA-
OIeHl IPOIecChl, MPOUCXOMAIIHE, B TOM YHCJEe, U HA MAKPOKHHETHIECKOM YPOBHE €TI0
dbyuknuonuposanus [4-6|.

Onoit u3 33,124, BOSHUKAIONIMX [IPUA MOCTPOCHUH MO/ MAKPOKMHETUKN OMOPEAKTO-
pa MPUMEHHUTETHHO K a9POOHBIM ODMOTEXHOIOTHIECKUM MPOTIECCAM, ABJISIETCSA OTIPe Ie/IeHIe
obbemMHOTO KO3 duIlmenTa Macconepeadn KUCJaI0poia B KUIKOCTD 110 SKCITEPUMEHTATb-
HBIM JTAHHBIM.
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Puc. 1 Cxema mpaMoTOIHOTO KOTOHHOTO OropeakTopa L - xkunkas ¢aza; G - razopas daza

2 IlocTranoBka 3aga4n

Hamnbomnee mosHO rUAPOINHAMUKY TPAMOTOYHOTO KOJOHHOTO OMOPEAKTOPa ONUCHIBAET
nuddysnonnasa mogens [4,5]. TlpuvernTesbHO K ABYXDa3HON cHCTEMe «Ta3-KHIKOCTh>
C YY€TOM I'UJIPOIMHAMUKH, a0COPOIUT KUCJIOPOa U CKOPOCTH TOTPeOIeHNsT pACTBOPEHHO-
ro KUCJOPOoJa MuUKpoopranuzmamu jiuddy3nonnas Mojesb Jjid ra3oBoit n Kujkoi ¢as
OuopeakTOpa MMeeT BUI:

9Cq #?Ce  9Cq .
o "oz ez @Cem W

_ _ 1
100y 0*Cr, oCy, ’ (1)

= das + ay +a5ég—éL — Qg
a Ot 072 07 ( )

_ D¢ _ kralL _ Dy _ _ kraL _ * 0
rie a1 = wip, G = Sig, 03 = grigs G4 = —loas = gEor, ag = 46,7V L/ WO,

a =W,/ Wg, Z =z/L, Cp = %o\p, Co = %, t = (7 - Ge3pa3MepHbIe BEJIUYUNHBL;
Cq, Cr- KOHIIEHTpAIUN KUCJIOPOIA BGFaSOBoy”I u }IC{;I/I,ZLKOI"/'I dazax; D - koaddunmerTs oce-
Boit nudpdysum; ¥ - koncranta ¢$a3zoBoro pasHosecus; L - BbicoTa OmopeakTopa; W -
CKOPOCTDH TIOTOKA; ( - coAepKanue (pasbl B GHOPEAKTOPE; ¢, T - MOTPeOIeHIe KHCIOPOIA
MUKDOOPTAHU3MaMH; 2z - oceBasi Koopaunarta; § = W /L - BpeMmst npeGbiBanus rasa; 7-
spems, ¢; G, L - nHJIeKChI, OTHOCAIIIeCHd K ra30BOH 1 Kujakoii ¢gpazam coorsercrenno; C°
- KOHIIEHTpaIisi KUCJI0PO/Ia Ha BXO/e OHopeakTopa.

['panuvnble U HAaYaJbHBIE YCJIOBHA JIId HPAMOTOYHOTO JBH2KeHHS (a3 B KOJOHHOM
OropeakTOpe UMEIOT BUI:

® 'DaHHUYHbIC YCJIOBHA

7 =0 Cr(0,1) = C} + a3 5 ¢
Co(0,t) =1+ a; %< : (2)
o dCr(1,t) _ dCqg(1,t)
Z=1 =gl =0
® Ha4vaJIbHbI€ YCJIOBHA
Ca(Z,0) = C1(Z,0) = 0. (3)

Konmenrparust kucjopoaa B XKuJIKoi (aze Ha BXxoge OMOpeakTopa MPUHUMAELTCS PaB-
HOHI HYJIIO.
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YVpaBHeHus, ONUCHIBAIOIINE JIMHAMUKY KHUCJIOPOJIHOIO JIATYMKA, UCIOJIb3YEeMOI'O JIJIs
oIrpesieieHns KOHIIEHTPAIINY KUCA0POJa B OHOpeakTope, UMEOT BHJI;:

dCDF _ C_YL(Za t) - C_’DF

Elt ~ BTD_F (4)
dCepn Cpr — Ciy
dt BTEM
C HAYaJIbHBIMU yCJIOBUSIMU
Cpr(0) = Crm(0) =0, (5)
rie Cpp = %%;; Cey = Cgé”; Cpr - KOHIEHTPAIINSA KUCI0POoAa B TU(dDY3NOHHON TLIEHKE

naranka; Crys - KOHIEHTpAIMsS KUCIOPoaa B MeMOpaHe NaT4uuKa; Tgy, - 3amna3AbiBaHue,
BBI3BAHHOE MEMOPAHON JATUNKA; Tpp - 3alla3/IbIBaHKe, BbI3BAHHOE TU(MDY3UOHHON ILICH-
KO JTaTYHKA.

Merox, oupegenenus kpa MoxKeT ObBITh OCHOBAH HA QHAJIU3E IIEPBOIO MOMEHTa KPHUBOI
OTKJIMKa Ha CTYyIleH4YaTO€ BO3MYIIEHNE.

[TepBbiit MOMeHT KpuBOil OTKJINKa Mojenun (1) onpemessiercs myTeM HCHOJTb30BAHUSI
npeobpasoBanus Jlamnaca u, 3areM, quddepeHnupoBaHua OTHOCUTEIBHO KOMILIEKCHOTO
nepeMennoro s. Oupejenenne kpa CBOIUTCS K PEIICHHUIO 331a9H

F(kpa) = (1 = pf (kra))” — min | (6)

kra€ef

rue ,u? - IePBbIH MOMEHT 3KCIEPHUMEHTAJbHBIA KPUBOH OTKJIUKA; ,ulT(kLa) - LIePBbIA MO-
MeHT KpUBOil oTKInKa Teoperndeckoii mogen; 2 = {kra € R| kpamim < kra < kpamax} -
MHOZKeCTBO JIOIYCTUMBIX DeIlleHU.

3 Meron perneHud

[Tpumenus npeobpaszosanue Jlamiaca K mogenn (1), moaydnm:

&>Ce  dC - =
a7~ az ~ (@90 +ali=0 7)
d2C dC ~ ~ 7
aay—— — o~ — (aas + 5)Cp + aa;Co — aag = 0

rjie s - nepemennas Jlamraca.

Ob1riee perrieHre HEOTHOPOIHON crucTeMbl auddepeHnnaabHbIX ypaBHernuii (7) ¢ rpa-
HUYHBIMA (2) YCTOBUSIME MOYKET OBIThH IOJYUYEHO B BHJE CYMMbI ODIIEro perteHus OTHO-
poHoli cucrembr AudepeHIMaTbHBIX ypaBHeHuil (vag = () U YACTHOTO pelleHust

Co =Cgo + Cq (8)
~ ~ ~ J
Cr=Cro+Cy
I MHIEKCH «0» U «9I» O3HAYAIOT 00Iee W YACTHOE pellleHne HeOJHOPOAHON (MHIeKC H)
cucteMbl iuddepeHInaIbHbBIX yPaBHEeHUI.
O01mee perreHne OTHOPOAHOM cucTeMbl Aud HepeHnnaIbHBIX YPABHEHUN UMeeT BUI;:

- 4
Cao = Y Aiei?
. T ) (9)
Cro = Z Bie/\iz

=1
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rjie \; - KOPHH XapaKTePUCTHIECKOTO YPABHEHUSI

CL1>\z2 — )\2 — (CL2 + S) a9
aas aazA? — al; — (aas + s)

det = 0. (10)

Ucnosp3yst TpaHudHble YCIOBHS (2), MOXKHO MOJIYYUTh KOHCTAHTHI HHTErPUPOBAHMUSI
A;, By; i = 1,4 U3 pellleHus] CUCTeMbI YpaBHEHU

Hb—0 =0, (11)
rae
M1(1 — al)\l) M2(1 — (11)\2) Mg(]_ — al)\3) M4(1 — al)\4)
H— 1-— (13)\1 1— (13)\2 1— (13)\3 1-— CL3)\4
)\1M1€>\1 )\2M2€>\2 )\3M36>\3 )\4M4€>\4
)\1€>\1 )\2€>\2 /\36)\3 )\46/\4
By 1
| B2 , |0
A R
By 0
M, — Ai oza5+s+oz)\i—oza3)\f; - T
Bi aas

IIpu onpenenennu gactaHOro pemrennst Cog u Cry UCIOIB30BAICA METOIOM HCKJIIO-

deHust Hem3BecTHBIX [7]. VI3 mepBoro ypasHenusi cucreMbl (7) ONpeIesIsinch BblParKeHHst
7 dC'L dQCL
A OL7 47 0 dZ2

~ aq d2éG 1 dég (CLQ + S) =

Cr= a—2 172 +a_2 17 + @ Ca; (12)
dC d3C 1 d*C, dC
dr__@dle  1d0Cs | (a+5)dC. (13)
dz a9 dz3 a9 dz? (05} dz

dZ2 ~  ay dZ% ' ay dZ3 as  dZ?’

KOTOPBIE MOJCTABJISIACH BO BTOpOe ypaBHenue cucteMsbl (7). Tlocie npeobpasoBanuii OKOH-
4aTe/bHO ObLIO NOLy4YeHO JAudpepeHinajibHOro ypaBHeHue 4eTBepToro nopsiiKa

2 Y 4 M 3 2
dCL _aldCG 1dCG+(CL2+S>dCG (14)

@Ce | (a1 + )dsCG + ( + + + )d2CG
aayas 74 al\ay as a73 o203 aass (0% aayas aiS 472 (15)
dCq _
—(aas + as + aas + S)ﬁ — (aass + ags — s%)Cq = aasag.

[Moacrasus s = 0 B ypasuenne (15), MOXKHO 3anuCaTh

d*C, d3C, d*C. dC
—alagﬁf + (a1 + ag)ﬁf + (a2a3 -1+ a1a5)7§ — (CLQ + a5)d—ZG = Q20¢. (16)

Yactroe pemrenne Cgy OMpPenesyioch METOIO0M MOa00pa MPaBOH YaCTH HCXOTHOTO
HEOHOPOIHOTO JinHeliHoTo auddepeHnaj bHOro ypaBHenus. Tak Kak B MpaBoil dacTu
ypaBHEHHSA CTOUT KOHCTaHTa, moabop mpousBoauica B Bujge Cay = A.
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4 3 2
Haxomuauch npons3BojiHbie d dczﬁq =0, d d%%‘{ =0, d dCZg” = (0, KOTOpBIE MOJACTABJISAINACH

B ypasHenue (16), B pesyabrare dero ObLIO MOJIYIEHO

Q206
(05} + as

dz

dCorq = — (17)

s=0

Uurerpupyst obe yactu ypaHenusi (17), MOJYUYIIN YaCTHOE PEIIeHUe JJTs1 KOHIIEHTPa-
KM KUCJIOPOAa B ra3oBoil daze

(18)

Ioacrasmsia ypasuenus (17) u (18) B ypasuenue (12), HAXOIUM YaCTHOE PENICHUE JJIsT
KOHIIEHTPAIMH KUCJIOPO/Ia B YKHIKOI hase
ag CLQCLGZ

Cra=— -
as+as as+as

(19)

s=0

Takum 06pa3oM, HeONHOPOIHASA cucTeMa nuddepeHuaIbHbIX ypaBHeruil (aag # 0)
npu s = 0 umeeT obOIIee pelIeHue BHJIA:

_ 4
CG = Z Aie)‘iz - A5
Y : (20)
CL = Z Bie’\iZ - B5 - B6
i=1
e Ao = S5 By = S By = gt
HpI/IMeHI/ITeJIbHO K KHCJOPOJHOMY JAaTUYUKY MO2KHO 3allUCaTb
= CL(Z 8) =
CE]M Z,S = - :hSCL Z,S, 21
( ) (1+BTEMS)(1+ﬁTDFS) ( ) ( ) ( )
rie h(s) - nzobparkenne nepexonHoii HbyHKIHH.
ITepBriit MoMeHT otmipeessieTcst 1o (pbopmyiie
T )
= 7 7 ) 22
Hq ds 0 ( )

Ucxong u3 (20) u (21) BoITeKaetT, 9To

dh(s) < .
== [# (Z Bie"” — By — Ba) +

i=1

4 4
+h(5) E EeAZZ + h(S) E B,L Z€AZZE‘| ‘
i=1 i=1 s=0

9 i 4B; dA;
Oynxmusg Cpa(Z, 5) ABIAeTCA HeABHON H3-3a HAIMYHS WICHOB R el B

Kosbdurnuentom napaMeTpuaecKoil TyBCTBHTEIBHOCTH HA3BIBAETCH BEIHINHA, OIIPe-
JejsieMast BeIpazkenueM |8]

of
p=0 8p

d
lim dzs(p) _ &

= 24
p—0 dp dp (24)

ox

- [pen]

p=0
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rie z5(p) - perenue Hekoroporo ypasuenusi f(x,p) = 0; f,x - BeKTOpa; p - CKaIAP.
IIpuvenus (24) x ypasuenusm (9) u (20), mosydnm

d/\z _ (CLl + O{Cl,g)/\i(())? — (1 + O./)AZ(O) — (CLQ + aa5) (25)
ds |,_, « [4a1a3)\i(0)3 — 3(a1 4 az)\i(0)? 4+ 2(1 — agas — aras) A (0) + ag + as)’
rae A\;(0) - perrenne ypasuenns (9) mpu s = 0.
Onupasich ua ypasuenus (20) u (24), MOXKHO 3aIIHCATD
db OHbdM;  OHbd)
bl B i i 26
ds| L1 oM, ds | 0N ds ] ’ (26)
rie
(1 — al)\i)Bi _MialBi
OHbD B 0 OHbD B —a3B;
8MZ s=0 o )\ieAiBi ) a>\z o - (1 4 )\Z)M’LeAZBZ )
0 a0 (1+ )\i)eAiBl- o0
dM; 1 d\;
= —|1 1 —2as\; . 27
ds |,_, «aa { o ashi) ds } s0 (27)
YpapHenue (21) IPUBOAUT K BBIPAKEHUTO
dh(s
d( ) = —B(Tem + ToF)- (28)
s s=0

OcuoBbiBasich Ha ypaBHeHHAX (23), (25) - (28) MOXKHO MOTYIUTH MEPBBI MOMEHT TEO-
peruveckoii byHKIMA OTKJIUKA.
DKCIEPUMEHTAIBHOE 3HAYEHUE TIEPBOr0 MOMEHTA ONPEJIE/ISeTCs U3 BbIPAKEHHs]

i / (G55 — Coonr ), (29)
0

rjae CF), - 3HaYeHHe KOHLEHTPALMKU KUC/JA0pPOoJa B MeMOpaHe JIaTdHMKa B CTAllMOHAPHOM
COCTOSHWN.

4 AJaropmrMmsanus U IIPOrpaMMHAs PeaIn3alusi

Biiok-cxema asropurMma perenns 3aaaun (6) npusejena ma puc. 2.

Pemenne 3amaun ompemenernss o0beMHOr0 Ko3(MUIMEHTA MacCComepe adn KHCI0PO-
J1a B IPAMOTOYHOM KOJIOHHOM OHODPEAKTOpPe B COOTBETCTBHU C ONUCAHHON METOINKOMN
OCYTIECTBIAIOCHh Ha KoMmubioTepe ¢ mporeccopoM Intel12th Gen Intel(R) Core(TM) i9-
12900K, 3187 MI'nm u oneparusHoii namaTbio oobemom 32,00 I'B.

[Iporpammuas peaju3aius aJropurMa OlIpe/ie/eHns 3Ha9eHus K,a OCyIIeCTBIIsI-I1ach
B cpeae MATLAB 2021b.

Ompenenenne KopHeil \;; i = 1,4 XapaKTepHCTHUECKOTO YPaBHEHH (10) ocyrects-
JISLJIOCH C WCIOJIb30BaHueM BCTpoeHHON dyukiuu roots. Koncranrsl mHTErpMpoBaHus
B;; i = 1,4 oupejesiaiuch u3 pemienust cucrembl ypasuenuit (11) npu nomonu yHk-
nun linsolve [9]. Pemenne 3amaqan (6) oCyIecTBIsIOCh METOIOM <«30J0TOTO CEICHUSTY C
3ajannoii TounocTrio [10)].
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Hagamo

Beog

HCXOQHBIX
AAHHEDE

Brraucienne [ | HC-
NOIB2VE ypaeHeHHE (29)

33703TE HAYATEHOE
ZIHAYEHHE A;d

:—I

BeIMHCISHHE @) —dy

Pemenre ypaeHeHH: (9) B
(20) npr s = 0 = EEraHECICeHES
M .m2 ypaenesnsa (10)

Bremaucaenne db. [ ds . He-
NoaIe3va ypaeHeHHue (26)

BeHascIHTE HOEBOE
FHaY9eHHE A;d

BemmcaeHHe [ H3
vpaeHeHH#A (23

BrrOog
3HaAYEHHT
mra

Puc. 2 bBiok-cxema ajropurMa onpejesienns 3HadeHus kra

UcxosHble mapaMeTpbl W Pe3yIbTaThl penieHus 3aja4du (6) Ipu TOYHOCTH pelieHwusl
e = 0.0001 npuBeensl B Tabsmie 13 u pucynke 3.

I[Tposepka ajiekBarnoctu guddysuonnoit mojeu (1) npu kra = 0.04835¢~! ocymecrs-
JISLTIACH JIJIs1 YCTAHOBUBIIIEIOCS PEXKUMa, paboThl GHOpeakTopa 88% =0; 8@% = 0> [IPH BbI-
HOJTHEHUY YCJIOBHSA, ITO KOHIEHTPAIUS PACTBOPEHHOTO KHCIOPO/IA MPEBBINIACT KPUTHIE-
CKOE 3HAYeHHe JJIsT KYJIbTHBUPYEMBIX MUKDPOOPraHW3MOB. IIpu 3TOM, ¢ y4eToM pe3yJib-
TATOB, MIPUBEJIEHHBIX B Tabauie 1, cucrema ypasHeHuil (1) mepenucbBaeTcs CJ1eIyonmmM
obpazom

) _
0.06%% — %% —0.4884(Ce — C1) =0
_ _ 30
0*C, a0y, - (30)
03462 — o+ 10.3308(Ce — Cr) — 5.641 = 0

[Tporpammuas peanusanus mofean (30) ocymecrsisiiack B cpenre MATLAB 2021b ¢
ucnonb3osarnem pacrmpenust SIMULINK [11, 12]. Cxema momenpoBanus npuBeieHa Ha,
pucyake 4. llomydennble B X0Jle MOJeTMPOBAHUS Pe3yJIbTaThl IPUBEJIEHBl HA PUCYHKE 5.
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Ta6auna 1 Ncxoaabie mapaMeTpsl U pe3yabTaThl pemennd 3ajgaqan (6)

Hcexomusie nannsie Pesynerater

W, =0.15w/c a=0.1733
W, =0.026 M/c f=003c"
D, =004x7 /¢ 4 =0.060
D, =004 /¢ a, =0.4884
L=5u a; = 03462
p; = 0.1 a, =-1
o, =09 a; =10.3308
¥ =033 ag =5.6410
qgﬁx: 30 ammone O, / 14 A=[0 17.2050 6.8019 -4.4513]
€% =9.375 o / 7 A=[-0.9549 0.0000 0.0000 -0.0356]
7-05 B=[-0954 0.0000 0.0000 0.3758]
T, =36 B5=-0.1273
T, =046 ¢ B6=-05214

5 M, =1.198
= 1198 F =1.296-09
ki, =0.01¢™ k,a=0.04835 ¢
ka, . =0.1c"

Mpacgpuen nameHeHA MNepRoro MoOMEHTa ;;I{I'_i
13 L] T L T L T T T T

16

14

1.2

1(2)

0.8

k'_a.=l].{r1
k a= 004835 ||

0.4

— I':Lil=ﬂ.1

0.2 . : . : : . : : :
] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Z

Puc. 3 I'padbuku usMeHnenus: mepBoro MOMEHTA 0 BBICOTE OHOpEaKTOpa
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L’ 1666667

S/

¥
¥
|

B.14

L
wp O
B.14

¥

—  2.8885

|

wﬂY
-

Puc. 4 Cxema MojeupoBaHus npoiecca abcopbIinu KUCJI0po/ia B YCTAHOBUBITUMCS peXKUMe O1O0-
peaxkTopa

0.6} | - :
0.4} | ! ! ./CI l
O.ZI . ! ! | |

0 0‘2 0.4 0:6 018 17

Puc. 5 IN'padurn u3menenns KOHIEHTPAIMT KUCIOPOIA B TA30BOHM W XKuIKOM (a3ax mo BbICOTE
fropeakToOpa

HOﬂyquHbIe B X04€ BHU3YaJIbHOI'O MOJCJIMPOBaHUA PE3YJ/IbTaTbl CPaBHUBAJIUCL C 9KC-
IMepuMEHTaJIbHBIMHU JaHHBIMU 110 CPpEJHEKBaAPAaTUY€CKOMY OTKJIOHCHHIO

N
— ]2 D _ M)?
£ = N:E%(C&J CM)”, rne N - 06beM BHIGOPKH 9KCHEPUMEHTATIBHBIX U PACUETHBIX
1=

JaHHBIX; O, M - uHIAEKCH, 0003HAYAIONIHE YKCIIEPUMEHTAIbHBIE H PACUeTHbIE JaHHbIEe, CO-
OTBETCTBCHHO. HpI/IMeHI/ITeﬂbHO K Cepur HaTYPHbBIX W BbIYUCJIHUTE/IbHBIX 9KCIICpUMEHTOB
cpejqHee 3HAYEHWE CPEJIHEKBAAPATHIECKOTO OTKJIOHeHd cocTaBuao 0.0143, 9o Haxoaurca
B IIpejieiaX MOTPENTHOCTH u3Mepenus mputopa (+3.5%).
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5 3akJrouyeHue

A IeKBaTHOCTD MATEMATHYECKON MOJIE/IN [POIecca MaccoOOMeHa 10 KUCJIOPOIY B KO-
JIOHHOM TPSMOTOYHOM OHOpeakTope ¢ HalJIeHHBbIM 10 OIMMCAHHON MeTO/IHKe O00beMHBLIM
KO3 DUIHEHTOM Maccorneperadn KUCI0poaa MOATBEPKIeHA cepreiil HATYPHBIX W BBIUHC-
JINTEJIBHBIX dKCIepuMeHToB. CpelHeKBaIpaTHIecKoe OTKIOHEHNe MOIEJTBHBIX pPe3y/IbTa-
TOB OT 9KCIIEPUMEHTAIbHBIX JAHHBIX He IMPEBBICHIO IIPEIe/Ibl 33JaHHOM HOIPEITHOCTH U3-
MepuTeabHoro npubopa 3,5%. Takum 0Opa3oM, MOKHO CIEJIATH BBIBOI, YTO ONHUCAHHBII
BBIIIIE AJTOPUTM U €r0 MPOrpaMMHAas Peaan3alius M03BOISIOT 3PMOEKTUBHO PertaTh 3a,1a-
49y OIpeJe/eHus 3HaUeHHsI 00 beMHOTro Ko3dhduimenTa Maccomnepeadn KUcjaopoaa B KO-
JIOHHBIX OMOpeakTopax.
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A method for determining the volumetric oxygen mass transfer coefficient in a once-
through col-umn bioreactor based on the analysis of the first moment of the response curve
to a stepwise perturbation and the use of a diffusion model for the gas and quasiliquid
phases is considered. The results of a computational experiment for determining the
volumetric mass transfer coefficient of oxygen in the environment of the MATLAB 2023
package are presented. The degree of adequacy of the mathematical model of a once-
through column bioreactor for the steadystate operation mode with the found volumetric
oxygen mass transfer coefficient has been assessed.

Keywords: biotechnological processes, diffusion model, volumetric mass transfer coeffi-
cient, first moment, parametric sensitivity coefficient, minimization.

Citation: Kabildjanov A.S.2023. Algorithmization of parametric identification of the
model of oxygen mass transfer in a columned bioreactor. Problems of Computational and
Applied Mathematics. 5(52): 26-36.
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MATEMATUYECKA{4Ad MOAEJIb 3AJAYN OUNJIBTPAIINN

CTPYKTYPUPOBAHHBIX ®JIONJ0B B TPEXCJIOTHOM
IIJIACTE

Karowmos III., Bexwanos III.3., Busadyaaraesa III.C.
sherzodbekjonov@gmail . com
TarrkeHTCK it TOCYIAPCTBEHHBIN TeXHUIECKWH YHUBEPCUTET,

100095, ¥Y3berncran, TarmkenT, ya. YHUBepcuTeTCKadA, 2A.

Pabora mocesiena K moCTpOeHHEe MAaTEMATHIECKOH MOJIETN U pa3paboTKu ajropuT-
MOB PEIIEHUs IPOLECCa HEJNHEHHONW duabTpanuu CTPYKTYPUPOBAHHBIX (DJIIOUIOB B CJI0-
WCTBHIX CBA3AHHBIX Ccpemax. M3yuena nuHaMWKa W3MEHEHUS AABJICHUS B IJIACTAX U KOJIM-
YeCTBO MEPETOKOB MEXKJY CJAOSIMU B 3aBUCHMOCTHU OT XaPAKTEPUCTUKY IJIACTA U (DIOUIA.
Pazpaboran gucjienHble ajJropuTMbl Ha OCHOBE IOTOKOBOI'O BAPUAHTA PA3HOCTHBIX ypaB-
HeHuil /i1 TpOBeJeHNS BBIUYUCIUTEIBHOTIO SKCIEPUMEHTA.

KoroueBbie cjoBa: moTOK, TOPHUCTAd CPEA, MHOTOCJORHOCTD, CTPYKTYPUPOBAHHOCTD,
MOJIEJTh, AJTOPUTM, YUCJTEHHOE pPeIeHue.

Huruposanue: Karomos Ill., Bexwanos HI.3., 3uadyaraesa Il.C. Marematuueckas
MOJIeJIb 33/1a4u (DUJIBTPALMK CTPYKTYPUPOBAHHBIX (DJIOMJI0B B TPEXC/I0iiHOM 1iacre [/
[Tpo6sieMbl BHIYUCIUTENBHON 1 UK HON MaTeMarnku. — 2023. — Ne5(52). — C. 37-43.

1 Bsenenue

[Ipomecc buabTpaIuu B MHOIOILIACTOBBIX CJIOUCTHIX CpelaX UMeeT OIpee/eHHbIe HC-
ropun [1-3], u Tpebyer TATENBHOrO U3yUeHuss. DT paboThl B OCHOBHOM MOCBSIIIEHBI K
HMPOIECCY JBUKEHNE HbIOTOHOBCKUX (DJIFOMIOB KaK /st OMHOMA3HBIX, TAK 1 MHOTO(Da3HBIX
caydaen. [lopucTbie cpeibl, KOTOphIe COAepP:KaTh B cebe (DJITonI0B, NMEOIINne Pa3InIHbIe
JINHEHHbIE W HeJIMHEeTHbIe XapaKTePUCTHKU B OCHOBHOM M3YYalOTCAd MaTeMaTHICCKUMHE MO-
JICTHPOBAHUEM, OIUCHIBAIONINE MPOIECC U3MEHEHNe COCTOSHHE IBHKYIIUXCS (DJIIOUI0B 1
BJIMSTHUE WX, Ha CTPYKTYPbhI CIJIOIIHONW CPE/Ibl.

OOBIYHO peasibHBIE IIOPHUCTBIE CPEJIbl PACCMaTPHBAIOTCI KaK MHOIOCJIOWHBIE W OHHU
COCTOSITh U3 W30JUPOBAHHBIX (TUAPOJAMHAMUIECKUIT HECBA3AHHBIX ), U HEHM30TMPOBAHHBIX
(cBsi3aHHBIX) cpel. [UApOINHAMUIECKH CBSI3aHHBIE CPeIbl OOBITHO MOJEJIUPYET KAK MHO-
rOCJIOIHBIE, T/Ie MOTYT IMPOUCXOIUTH B3aUMHBIE IMEPETOKH MEXKIY COCEJTHUMHU ILJIACTAMH.
B mporecce paspaboTKi MHOT'OCJOHHBIX MECTOPOKICHHI BEJIUIHHBI MEPETOKOB MEYKIY
IJIACTAMH BJIUSIOT Ha 00bEMBI JIOOBIYN U3BJIEKaeMbIX (DJIon10B. Ecu miacTsl He cBA3aH-
HbIE, TO NEPETOKH MEXK/IY IIJIACTAMH He ITPOMCXOJUTD, & CBA3b MEXKJIY HUMH IIPOUCXOIUTD
10 CTBOJIY BEPTHKAJbHON CKBaxKHHBI. Koraa B 9THUX IIacTax, HavaabHOE ILIACTOBOE JIaB-
JIEHHE PE3KO OTJIMYAETCH, TO B CTBOJIE CKBAXKUHBI MOI'YT IIPOMCXOAUTH, IIepepacipeieie-
HUe, TOJH BeJIMIUHBI 1e0UTOB, HAYIUX OT 3THX cjaoeB. CaegoBaTeIbHO, MATEMATHIECKIE
MOJIEJTH TIPOIECCa (DUIBTPAIIMH B MHOTOCJONHBIX IJIACTAX MOTYT OBITH PA3JUIHBIMU W
KazKJIblil M3 MOCTPOEHHBIX HOBBIX MOJIE/Ie HMeeT CBOEro Ha3HadYeHUs B HAYYHOH JuTepa-
type. CyIIecTBYeT, pa3JIudHble CIIoCOObI, MOJAETUPOBAHNE ITUX ILIACTOB U OHU OIHMCAHDLI B
paborax [1-4]. Mojesaun B 91X paboTax MOCTPOCHHBIE JIJIs HBIOTOHOBCKUX (DJIIOUJIOB OT-
JIUYAIOTCA APYT OT ApPyra TeM, 9TO, (pUIbTpaIii BCIEJICTBHE XapaKTEePUCTHKHU TOPHCTEN
Cpeabl W JABUKYIINEro B HeM (pJIIONIa, CUIBHO OTIMYIAIOTCS B KaykKJIOM CJI0€, TI0 OTHOIIe-
HHUIO K COCeJIHEeM JpyruM IntactaM. IIpomece duibrpanun HedTH U ra3a orHOCIIeiicd K
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HBIOTOHOBCKUM M HEHBIOTOHOBCKHUM THIIAM B MHOTOILJIACTOBBIX CHCTEMaxX HU3y4eHa W pa-
Gorax [5-8|. CymecTByer emié MHOTOUHCICHEBIE PAGOTHI, 0030p KOTOPBIX MOXKHO HAHTH B
paborax [7-12|, u3yuatorniue mpornecca duabTpaiiun QIIONI0B TOTIHHSIONIEHCS Pa3Ind-
HBIM 3aKOHAM W HCCJeAYIONINe Pa3Hble aCleKThl IIOCTPOeHe MAaTeMATHIeCKUX Mojiesaeil u
METOJIOB UX pelleHUs.

2 IlocTranoBka 3aga4n

PaceMoTpuM CJTOUCTBIH (TPeXCIOMHBINR) MIACT COCTOAIIEH W3 XOPOIIO MPOHUIAEMOTO
(obaactb €)y), cocepcTByOIUe (CHU3Y H CBEPXY) IJIOXO MPOHUIAEMBIME MIacTaMu (06-
nactu Qq u ). peanonaraercs, 910 B 061acTH {3 TOPU3OHTAIBHON XapaKTEPUCTUKU
J1aCTa, IPeob1a aeT HA HECKOJIBKO MOPSIOK YeM BEPTUKAJIbHBIE, a B COCETHUX BEPXHUX
" HUKHUX TJIACTaX OHU UMeeT 0OpaTHbie XapaKTePUCTUKH, KOTOPbIE MO3BOISIET CUYUTATD,
910 B 00aactu )y ABuzkerue (hJIIOUIA IIPOUCXOIUT 0 TOPU3OHTAIN & B JAPYIUX 00JaCTIX
Q1 u Q3 1o BeprukaJu. Jomyctum uto B obstactu (s mMeeTcs HeJIMHEeHHbIe CTPYKTYPUPO-
sauublil duons [12,13] a B coceqaux obmactsax 2y u {13 HBIOTOHOBCKUI HECTPYKTYPUPO-
BaHHbIN (JIIONI.
3aauy MOXKHO MaTeMATHYeCKH MOJIEIUPOBATH TaK: HEOOXOAMMO HANTH HEIpPepPBIBHBIE
dbyuxmun U; (x, 2z, t) (i =1, 3) u Uy (2, t) a TakzKe HEM3BECTHBIE TPAHUIIBI TTOBHKHBIX
300 Ry (x, t) u Ry (x, t) u3 ciaeayromeit cucteMbl auddepeHnuaibHbIX ypaBHEHNI.

9 AN oy,

E (Xe (|VUy]|, Be) E) + %01E|z:h1 — SOQEL’:}” =
5U (1)

:Mea—;, 1€, 2€(Q; D), t>0, e=1,3

0z 0z ot

C Ha4YaJIbHbBIMHI

0 Uy, Uy, S
—<802A,—1 (2) 2 l) = My Sy 2€ (2, Q); 7=1,2; t>0, (2)

U (l’, 0) =Uop (fL’), U2'y—1 (:Ev 2 0) =Up (ZE, Z)a (/7 = m) ) (3)
141 FpaHH‘IHbIMH
oU,
a1X1 (|VU2| ) 51) _|m:xo =1y (t) ) (4)
oU.
a2X1 (\VU2’ 53) 2| L =1 (t) ) (5)
oU; oU
a1 (2) 5=1 g =0 aps(2) -l g, =0 (6)
x € [zg, L] x € [zo, L]
a TaK>XKe YCJIOBI/IHMI/I Ha FpaHHLLaX 30H:
oU. oU.
x1 (|VUs|, B1) 2|ac ri—0 = X2 (|VUs], 52) 2 |x R1+0> (7)
oU. oU.
X2 (|VUs|, B2) 2|w Rra—0 = X3 (|VUa|, 53) 2 |;c Ro+05 (8)
U2 (.ZU, Z, t) |Z‘:Re—0 = U2 (CE7 Z, t) |$:Re+07 €= ]-7 27 (9)

rjae pyHKIud

Xe (IVUa|, Be) = {ka/p2 (1 = Bovo/ [VU2|), @ € (xo; R1 —0);
(kg . IVUQD/ (,UQ (62 + IVUQD), xr e (Rl +0; RQ — ); kg/lug, T € (RQ +0; L)}
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OIIMCHIBAET 3aKOH (DUJIBTPAIUU CTPYKTYPUPOBAHHBIX (DJIIOUJIOB, COOTBETCTBEHHO JIJIsi
TeX TPeX 30H COOTBETCTBEHHO
a; (2 =0, 4) mapaMeTphl COOTBETCTBYIONINE K PAa3MepHOCTH YpaBHEHNUIH,

©29-1(2) = B0 (B2y—1 + |VUay-1]) / (VUzy—1), v =1,2.

31ech pa,—1(2) byuknus, cogepzxariie B cebe Ko3(DOUIIEHTH MOIIHOCTH, TPOHUIAC-
MOCTH M BA3KOCTH (DUIIOHIa JJIst IUI0X0 MPOHUIAeMbIX racToB [8-13]. Ilpu xemanuu ero
MOYKHO PacCMaTpHBaTh Kak rumepbonndeckne 3asucumoct. Tak kax 3amada (1) - (9) B
O0IIEeM CJIyHdae siBJISIeTCsl KBA3UHEJMHEHHBIMU 33/a9aMU OTHOCSIIEHCsE K BTOPBIMU KPae-
BbIMHU 3aJa9aMU Y PpaBHEHU A MaTeMaTHYECKOM q)I/I3I/IKI/I TO aHaJIUTUYICCKOE pelneHue CTpoOuT
IOYTH HEBO3MOXKHO.

3 Meroa penienus

H106Bl TOCTPOUTH BBIYHCINTEIbHBIE AJTOPUTMbI JTsi perenust 3agaqu (1) - (9) upu-
MEHSIEM CHAYAJIA METOJ UTEPAIUU JJIs JHHCAPU3AINN HEeTUHEHHBIX YJICHOB yDABHEHHIA.
3nech nuneapusoBanmblie ypasaenus (1) — (9) ¢ wrepanuoHHBIME TapaMmeTpaMu (s) He
IPUBOIUTCS CUATASA MX U3BECTHBIMH. Jlajiee BBOIUM IOTOKH:

oU, OUsy 1
We = Xe (‘VUQ‘ s Be) %7 Woy = P2y—1 (Z) 8—27 (10)
u ypasuenus (1) — (2) upumer Bua. Torga 3amada (1) — (9) npumer Bug
oW oU- _—
ax +w1|z:h1 _W2’z:h2 :Mea_;ue: 173 (11)
aw27_1 aU2'y—1 T
02 2v—1 825 y Y ) < ( )
Yeqosue (4) — (8) 3amumrercs Tak
W le=sy = Y0(t), a2Wh [o=ay = 11 (1), (13)
apWwi =0 = O, azWws . H3 =0 (14)
x € [zg, L] x € [zg, L]

Jasbueiinue jieficrBus j1aéM B OIMCATE/IHHOM BH/IE:

Unrerpupyem no x ypasaenue (11) Ha wHTepBasie [r;;x;.1| a ypaBuenne (12) Ha ns-
TepBaJie [z;; Zj+1] B OJHOBPEMEHHO HPUMeHseM MeTOJ IPAMBIX 10 t (¢, = s - T).

[Ipu 9TOM MOJIYyYIMM CHCTEMY CETOYHBIX PA3HOCTHBIX yPaBHEHUI OTHOCHTEJBHO MOTO-
KOB (we);€ , (wgv_l)f M UCKOMBIX (DYHKIHI ¢ COOTBETCTBYOIIUMI HAYATHHBIME U KPAEBBI-
MU, & TAK2KE FPAHUIHBIMU YCJOBUAMU OTHOCHTEILHO 1II0TOKA. Jasiee mojry YeHHbIe TI0TOYHO
Pa3HOCTHBIE KPAEBbIE 3aa49M PENIaeTCs ¢ MPUMEHEHHEM MOTOKOBOTO BapHAaHTa Pa3HOCT-
Hoit nporonku [14 — 16] .

[Iporornounsie KO3(hMHUIHEHTH BBIBOJAUTCS ¢ UCHOJIb30BAHUEM CETOUYHBIX YDABHEHU 1
IpUpaBHUBaHUEM OAJTAHCOBBIX COOTHOIIEHU B OCHOBHOM 3a/1a4e U MOTOYHBIX PA3HOCTHBIX
BbIPAzKEHUN 1OJIyYeHHOM U3 COOTBETCTBYIONIUX ypPaBHEHUU u Kpaesbix ycjoBuil. [Tocrpo-
EHHbIE AJTOPUTMbI IO3BOJISET BBIYUCJIUTD 3HAYEHUE M MCKOMBIX (DYHKIMiIT ¥ 1mOTOKa B
y3aax cerouHoii obractu. Ha rpannmnax 30u R; (1) uCHOIb3yst paBeHCTBO MOTOKOB OIPe-
JIeJISTeTCs TIPOTOHOYHBIE KOI(DMUITHEHTHI U Jlajiee BBITUC/ISIeTCs HOABUZKHbIE HEU3BECTHBIE
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I'paHulbl 9TUX 30H. HeO6XOﬂI/IMO OTMETHUTDb 4YTO AJid YyJIaBJIMBaHWE I'PaHUIbI ITIOABU2KHBIX
30H, HAWJIYYIIHME METOJaMU CIUTAETCS MeTOJ| «9eJTHOIHbIX» nTeparnuil [16], a upu rpy-
6BIX Imarax CeTKun H€O6XO,ZLI/IMO OPpUMEHATH METO/J U3MCHAIOINX MNIaroB CETKHU B OIpe/le-
JIEHHBIX OKPECTHOCTAX TOJBUZKHBIX I'PAHUI. TOTHOCTD BHYUCIHTEILHBIX CXeM Ha TIpejiee
OMh*+71).

BBI/I,ZLy OI'paHuYeHUd Ha 06'1:)61\/[ CTaTbIO, ITIOCTPOCHHBIC BBIYUC/JIUTC/IbHBIC aJI'OPUTMbI U
HOCIeIOBATCJBHOCTH UX BLIYHACACHHI 31¢CHh HE MPUBEICM.
HOCTpoeHHbIe BBIUCJ/JINTEJIbHBIC aJITOPUTMbI aHpO6I/IpOBaH npu CJaeAyInuX rumoreTnve-
CKHX JIAHHBIX:

a; =1, ag =1, g (t) =20T/c, 1 =20T/c, k1 = ks = 0,005,
ks = 0,15 p=1{0,01; 0,1}; nu= {0,018 0,015};m = 0,016,
my = 0,28, ms = 0,016, uy = 1.
OTnenbHBIE PE3YILTATEL PACTETA IIPUBEICHBI HA PUC. 1 U 2 Tae JaHO KPUBLIE H3MEHe-
HUd JaBjeHus 1 PYHKIUU HePeTOKa B BePXHEM ILJI0X0 HPOHUIaeMoM 1iacre. Ha pucynke
3 JlaHO KPUBLIE H3MEHeHHe JaB/IeHUe B XOPOIIO NPOHUIAEMOil IIacTe B THIepOOIHYeCcKOil

anmpokcnMannu. B Tabanie 1 gaHo u3aMeHeHne JaBaeHnsT B XOPOIIO MTPOHUIIAEMOM 001a-
ctu {)y a B TabimIie 2 NpuBeIeHa BeJIUYUHBI IIepPeTOKa U3 IepeMblukd {13 B 001acTh ().

Usfxyt

—

0 [ 1 1 t
d1 0,2 03

Puc. 2 Kpusbie m3menenne HyHKIIAN Iepe-

Puc. 1 Kpusnie uamenenuns: man-
roka u3 obsiactu (3 B obsracru o npu t =

JeHwe B epeMbrike (06acTh (13)

st ={0,1; 0,2;0,3; 0,4.} ={0,1; 0,2;0,3; 0,4.}

AHAJIOTHYHO U 1Tt 06TacTH €y Anasoruuno u jura odbnacru

Puc. 3 Kpusbie naMeneHus: TeMia yMeHbIIIEHUE JraBjenne B obactu (la.
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Tabsuna 1.
xt 0 0,25 0,5 0,75 1
0,1 0,93023 0,94341 | 0,96232 | 0,94342 | 0,93023
0,15 0,89321 0,90320 | 0,92651 | 0,90321 | 0,89320
0,2 0,85403 0,86451 | 0,88322 | 0,86451 | 0,85402
0,25 0,81630 0,82613 | 0,84352 | 0,82612 | 0,81631
0,3 0,78421 0,79121 | 0,81821 | 0,79120 | 0,78421
Tabaumna 2.
bt 6=0 B =10"* B =103 B =10"2 B=10"1
0,01 0,12132 0,11223 0,10112 0,09216 0,07408
0,05 0,18203 0,16312 0,13214 0,11314 0,09832
0,10 0,21203 0,18112 0,16251 0,14251 0,11506
0,15 0,25120 0,22542 0,20431 0,18311 0,14817

4 3akJrdyeHue

Pesysibrarsl pacdera moKa3blBaeT 4TO IIPU CTPYKTYPUPOBAHHOM 3aKOHE (DUIbTpalun
B o0s1acTH {2y B 30HAX ¢ OOJBIIOM IPAANEHTOM AABICHUN, IIPOUCXOAUTH OBICTPOE YBeInYe-
HIe nepeTokoB duonaa n3 obmactu Qu (3. A B aHOMaIbHBIX IPYTUX 30HAX HADIIOIAETCS
YMEHBITEHHOE KOJMIEeCTBO IIEPETOKOB. Perympysi, BeIMdnHaAMHI EPETOKa MEKIY ILIacTa-
MH IIyTeM YIpaBIeHHs MPOIBUKEHHEM I'DAHUIL 30H MOXKHO JOCTHYIb HAMOOJIBIILYIO OTOOD
u3 obaactu §2s.
AHanIu3 TpoBeIeHHBIX YMCIEHHBIX Pe3YIbTATOB PACUeTa IMOKA3aI0 YTO IpeI0KeHHbIe Ma-
TEeMATUICCKHE MOJEIN ¥ BBIYMCJIUTEIbHBIE AJTOPUTMBI MOYKHO HCIHOJIb30BATH /I OLIpPe-
JIeJIEHIHU Te0JI0TO - MPOMBICJIOBBIX JaHHBIX, HA dTale IMPOEKTHPOBAHUE M IPH PaspaboTKe
peaJTbHBIX MECTOPOKIECHUI HMEIOIINe TaKKe YKe CTPYKTYPHbBIE MPU3HAKN, KaK 1 /1 (DJIo-
U3 TaK U JJIsI MOPUCTOH CpeIbl XapaKTePUCTUKH KaK B M3JI02KeHHOM HCXOMHOM 3amade.
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The work is devoted to the construction of a mathematical model and the develop-
ment of algorithms for solving the process of nonlinear filtration of structured fluids in
layered coupled environment. The dynamics of pressure changes in formations and the
number of flows between layers depending on the characteristics of the formation and
fluid studied. Numerical algorithms have been developed based on the flow variant of
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difference equations for conducting a computational experiment. Computational algo-
rithms have been tested on hypothetical data and the calculation results are presented
in the form of a graph and a table expressing the dynamics of pressure curves in the
middle formation and bridges, as well as the number of flows from poorly permeable to
well permeable formation.

Keywords: flow, porous environment, multi-layering, model, algorithm, numerical so-
lutions.
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The article discusses the issue of creating and solving a numerical model of the fil-
tration process of groundwater interacting with surface water in areas with repeated
cropping. Studying this process using mathematical modeling and finding its solution is
an urgent task. Before presenting the solution of the article, scientific articles related to
mathematical and numerical modeling have been sufficiently studied and analyzed. In
the studied aquifer, the values of underground indicators and water level indicators were
obtained in relation to the lower horizontal impermeable layer and the mathematical
model of gr. The movement of water in aquifers was described by a special derivative
nonlinear differential equation of parabolic type. Computational experiments have shown
that irrigation water is the main factor that has a significant impact on groundwater lev-
els.
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1 Introduction

In addition to external factors, additional irrigation water also affects the change in
groundwater levels in re-cultivated, that is, irrigated lands. The main tasks of hydro-
geology are forecasting the hydrodynamic and hydromechanical regime of groundwater,
land development, assessment of reserves and resources of groundwater, and many others.
other aspects are closely related elements. is the only geofiltration system. The south
of Uzbekistan is an ecologically low-water region, or rather, providing water to certain
non-mountainous, relatively warm and flat lands of the Kashkadarya region. n (Kasbi,
Mirishkor, Nishon districts) in conditions of acute shortage of water resources. questions
are especially relevant. Under these conditions, one of the main sources of water supply
to reclaimed lands is groundwater formed as a result of the construction of underground
water intake structures. s (drains).

To determine the main indicators and parameters of a groundwater extraction object, a
geofiltration process in the underground hydrosphere is designed by conducting numerous
prospective experiments using mathematical models. In matters of sustainable develop-
ment of agriculture, the main goal is to increase crop yields and the quality of products
while significantly saving labor and energy resources environmental requirements, etc.

In particular, the irrigation process in the above territories is carried out using al-
most 85% of groundwater, which in turn has led to a change in the level of groundwater
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(the level has dropped significantly), especially in the summer months from the surface
layer. the volume of water reaches the water intake level, and the structures receiving
water (drainage, water pumps) do not release water. To study the hydrodynamic regime
of groundwater and pressure waters and water levels in the forecast of hydrogeological
and reclamation conditions, the following methods are mainly used: e, correlation and
regression, analytical methods, detection methods, numerical and analogue modeling.

For a comprehensive study, forecasting and management decision-making on the above
issues, a number of problems have been solved, the core of which is a mathematical model,
a well-thought-out algorithm and software products for conducting computer experiments.

Level of research. In 1856, the French hydraulic engineer A. Darcy was the first to de-
scribe the processes of groundwater geofiltration based on mathematical expressions (the
law of geofiltration) based on experimental results during leakage in laboratory conditions
[1]. Scientific research to justify these laws laid the foundation for scientific research such
as the theoretical foundations of groundwater movement and calculations of geofiltration
processes. In the scientific works of J. Dupuis, A. Thiem, K. Slichter, K. Theis, G.P.
Helmer, M. Masket and Russian scientists N.E. Zhukovsky, N.N. Pavlovsky, S.N. Nikitin,
A.F. Lebedov, A.N. Ogelvi, A.A. Krasnopolsky, groundwater is distributed throughout
the underground space, such as its presence in aquifers, during filtration and condensation
processes, zoning of groundwater, studying the patterns of their occurrence, what is their
formation, their rational use, identification and assessment of water reserves, as well as
the protection of drinking water resources for those who considered important tasks [2].

A_.LSilina-Bekchurina, N.N.Verigina, N.N.Bindeman, F.M.Bochever, [..S.Syazvin, N.I.
Plotnikov, P.Ya.Polubarinova-Kochina, [.K. Gavich in the creation of a method for assess-
ing underground conditions of water reserves, in theoretical, practical and methodological
developments in the study of regional hydrogeological systems, the use of groundwater
for drinking and use and the organization of piped water supply, analogue, mathematical
modeling after the 70s of the 20th century, that is, based on processes of numerical mod-
eling V.M.Shestakova, V.A .Mironenko, V.G.Romanin, G.E. Ershova, A.V. Leksova and
others. [3] on hydrogeological conditions - issues such as justification and prediction of
conditions quickly developed the theory of hydrogeological calculations.

To increase the yield in the regions due to repeated harvesting and providing the pop-
ulation with food, excess water is needed O. Klange, N.V. Rogovskaya, N.I. Tolstikhin,
P.F. Shvedsov, A. Movchinnikova in solving specific practical problems - field works,
cross-country studies, hydrogeological excavations. , groundwater and groundwater, ex-
perimental filtration work, observations of regime-forming elements of the underground
hydrosphere, desk processing of laboratory and field work, hydromethods of geochemical
analysis, statistical analysis and mathematical modeling [4, 5].

In the studies of N. Ravshanov, U. Umarov, I. Khabibullaev, R. Usmanov, the absorp-
tion or infiltration of irrigation water and precipitation in vadose areas find underground
groundwater evaporation, a constant groundwater level using lysometric methods, such
as [6].

In the regions of Central Asia, the study of the state of groundwater based on lysomet-
ric methods has significantly improved, and research is being carried out in this direction
by F.B. Abutalieva, N. Ravshanova, M. Salimova, N.N. Khodzhibaev, I. Khabibullaev,
K.G. Ganiev , R.N. Usmanov and many other scientists can be quoted. . To determine
the state of geological and physical processes in real time, this method has a number of
disadvantages in terms of design, methodology, speed, accuracy, and information content.
efficiency and socio-economic aspects |7].
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Currently, mathematical modeling of hydrogeological processes in EGM and computer
devices is being carried out at a rapid pace when calculating the elements of groundwater
balance. and groundwater. In the scientific works of such researchers as F.B.Abutaliev,
N.N.Khodzhibaev, U.U.Umarov, [.Khabibullaev, N.Ravshanov, Zh.Kh.Dzhumanov, P.P.
Nagevich, I.N.Gracheva , O.V. Chebotareva, in hydrogeology and engineering geology, in
reclamation hydrogeology, underground filtration in connected underground aquifers. the
amount of water is given |9].

A. Akramov, 1. Khabibullaev, N. Ravshanov, Yu.Kh. Jumanov, [.LN. Gracheva and
others have developed methods, algorithms and software systems for calculating water
consumption of wells. and flows in underground water intakes, around canals and ditches
[7, 10, 11].

developed methods for modeling, statistical analysis and multiphase correlation of
groundwater seepage processes based on lysometric observations [12]. K.K. Bisembaeva
solved the problem of calculating the balance of groundwater elements based on the use
of EGM and mathematical modeling [13].

[14] The article developed a mathematical model for monitoring and predicting changes
in groundwater levels and salt concentrations, as well as for reflecting floods, salinization
and water content. Initiative processes in the design of hydraulic structures. A qualita-
tive analysis of studies on this issue is presented. Since the process is represented by a
nonlinear differential equation, a numerical algorithm based on finite-difference schemes
was developed to solve it. Mathematical models of salt migration processes, geo

Research works have studied the current problem associated with changes in ground-
water levels and the migration of mineral salts in the soil [15-16]. The problem is char-
acterized by a system of partial differential equations and various types of corresponding
initial, internal and boundary conditions. To obtain a mathematical model of the process
under consideration, scientific works devoted to various aspects and software of the object
under study were examined in detail. Mathematical models and an effective numerical
algorithm that takes into account external sources and evaporation are proposed for a
comprehensive study of the filtration process and the process of changing the mineralized
regime of groundwater.

The above-mentioned developments and proposals are aimed at calculating individual
elements of the groundwater balance, determining the state of groundwater at which the
water exchange process in the layers and the interaction of surface water with hydrogeo-
logical processes in vadose zones are calculated. . does not increase.

In this [17] thesis, some software products in this area were studied: the geofiltration
modeling package GWF'S, created by the Russian manufacturer Geolink Consulting, “Heat
and Mass Transfer Mode”. US Groundwater Modeling Laboratory, Brigham Young Uni-
versity. MODFLOW "Hydrochemical and hydrogeological modeling"system and visual
modeling and visualization package MODFLOW "Hydrodynamic modeling"from WHI
Software (USGS), Ground Water Vist as a GWV program "Filtration properties and
geofiltration modeling"from DHI, Denmark, used for Schlumberger water The Canadian
service program for “Modeling the Geofiltration Process”, the French program Make SHE
Sesteme Hydrologique, the European program “Modeling Large Hydrological Systems” is
such a situation.

The literature review and analysis presented show that the requirements for further
research in this direction and the following can be expressed as justified policy actions:

- along with the successes achieved in modeling geofiltration processes in various con-
ditions and improving existing algorithms, it is necessary to develop a complex algorithm
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and software complex for calculating individual elements of the groundwater level in the
EGM, aimed at determining the state of groundwater; - the mathematical models be-
ing developed must take into account and describe artificial and natural factors in the
dynamics of natural conditions at the highest level;

- development of a software system that models precise natural conditions, forms
working modules of programs in the EGM, and collects initial information about the
source of the terrain;

- the results obtained on the basis of mathematical modeling must be accurate, correct,
reliable and fast, helping to make decisions on the underground hydrosphere and solve
management problems. In recent years, scientific research and analysis of literature on
the study of changes in groundwater levels in the processes of underground geofiltration
show that a number of theoretical and practical results have been obtained and methods
have been developed in this direction. Mathematical and numerical modeling plays an
important role in the study of practical issues of geofiltration.

This paper [18] proposes a mathematical model to describe the transition of ground-
water flow from confined aquifers to unconfined aquifers. In addition, we reexamined
the aquitard properties and evaluated the process flow behavior under other aquitard
conditions. Numerical analysis of new mathematical models and numerical solutions was
carried out, as well as simulations for various fractional order values.

[19] discussed the process of predicting changes in groundwater, pressurized water,
and salt concentrations in well and poorly permeable formations. A brief analysis of
scientific articles devoted to mathematical and numerical modeling of the object under
study is presented. For a comprehensive study of the process under consideration, a model
based on the finite difference method and an effective numerical algorithm have been
developed. Changes in groundwater and pressure water levels, seepage permeability, water
loss coefficient, and infiltration rates associated with groundwater levels have been studied
to have a significant impact on environmental processes. Even before the introduction of
new technologies, recommendations were developed for predicting changes in salt content
in water using an effective digital algorithm.

Formulation of the problem. Assessment of the balance of groundwater resources and
the value of their elements is based on the creation of mathematical models for solving hy-
drogeological and ameliorative problems. Real problems based on mathematical modeling
and natural geofiltration processes are almost completely reflected. When mathematically
modeling geofiltration processes, one should pay attention to the formulation of special
problems and the principles of their solution, taking into account

2 Statement of the problem

ah_a(k@

0 oh
Hor = o 8m)+a_y(kh_)+Jin_Wb_Qb+Qk_Qz+Ss (1)

y

here p is the water supply coefficient of the aquifer (a dimensionless value); x,y - spatial
coordinates, m; t - time, day; h = h(x,y,t) - the value of the level of underground water
from the impermeable layer to the soil surface, m; k = k(z,y) - filtering coefficient, (m/s).
W, - evaporation (m?3/s), Qi - absorption of water underground from channels (m?/s), Q.
- water exit from the ground (into the walls) (m?/s). @ - the amount of water extracted
from the ground, it is expressed as follows (m?3/s):

Qb(‘rv y>t) = Q(t)d(l’ — X0, Y — y0)7t 2 to (2)
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where d is the delta function:

5 if =m0, Y= 1Yo, thenﬁ (3)
ifx#x(b y#y()a then 0

to - initial calculation time: W, - evaporation from the groundwater level (m?3/s), having
the character of the area, and functions of space and time coordinates. It is expressed by
the Krylov-Averyanov formula [7]:

if h> hp, then Wy(1 — 2-)?
Wb(l‘vy,t):{ifh<hz thmoo( ) (3.1)

Here, W, is evaporation from the ground surface (m?3/s); hy, - critical of groundwater
level (maximum value), m;n - indicator that takes into account soil lithology and crop
type; Ji, - infiltration saturation of groundwater with atmospheric precipitation (m3/s).
Ss - amount of supplied water (m?®/s) during the irrigation period (Ty,,). It varies
considerably by time and region. Therefore, it is expressed as a function of coordinates
and time: J, = Ji,(2,v,1),Ss = f(z,y,1).

S, is taken into account in the model as:

S. = Zf te Tsug’7 then f(‘rvy7t) (4)
S if t ¢ Ty, then 0

Water exchange is modeled as point sources if surface water bodies in mutual water
exchange with underground water have a sufficiently small size compared to the filtration
area. If the surface of water bodies is significant, then their connection is modeled as
sources with surface.

Water exchange of streams with aquifer is expressed as follows [20]:

in the case of a canal, a river:

. hn_hQ
O = if x = xk,y = yi, then ki o (5)
Zf T % Tk, Y 7é Yk, then 0
if possible
if ©# T, yF Yz, then 0

here hy, h, - the water level of the canal (river) and the reservoir, respectively; Fj,., Fj, -
filtering resistance, they are determined by the method given in [19, 20, 7, 20]22].

We solve equation (1) on the surface G of the 20y plane. We call this surface the
filtration region and assume that it is bounded by a sufficiently smooth curve L.

The general solution of equation (1) depends on arbitrary functions. Therefore, in
order to find a single-valued solution, additional conditions are required, the nature of
which depends on the specific problem associated with the study of changes in the level
of groundwater.

One of the additional conditions is the start of certain calculations ¢y It is called the
"initial"condition, which represents the value of the groundwater level at a certain time
point. At tg = 0, we can assume that the initial condition is:

h(z,y,0) = p(z,y); (z,y) € G. (7)
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here ph(x,y)G is given and y is a sufficiently smooth function.

Boundary conditions are determined by the natural hydrogeological situation. At the
boundaries of the filtration zone, the conditions of the groundwater level or water flow or
the linear relationship between the flow and the level, i.e. type L, II, III boundary, should
be indicated.

For example, if the boundary L passes through hydroisogypsum or watercourses with
a good hydraulic connection with groundwater, that is, if the groundwater level is known
at any time, then the first type of boundary condition is given:

h(z,y,t) =¢(z,y.1), (v,y) € Lt >t (8)

where (z,y) is the function given in L.
If there is a groundwater seepage at certain parts of the boundary L, then the seepage
volume is given, i.e. qg is the second type of boundary condition:
oh
kh— =q,(t)(x,y) € L 9
= (0)(wy) )
where % L is the derivative normal to the contour; n - internal normal of the contour;
¢y(t) known function. If the boundary is impermeable, then ¢,(¢f) = 0. If the boundary
passes through a watercourse or a watershed, which causes changes in the groundwater
level due to water flow fluctuations, then a linear relationship between the waterflow in
the watershed and the groundwater level, i.e. Type III boundary condition is given:
oh
—kh— =vy(hy — h 10
ok (P, ) (10)
here v - describes the hydrogeological conditions of the relationship between groundwater
and surface water.

The above equations make it possible to model groundwater filtration processes in
irrigated lands. The solution of equation (1) conditional on (7), (8) is called the first
boundary value problem of mathematical physics, conditional on (7), (9) — the second,
and conditional on (7), (10) - the third boundary value problem.

3 Problem solution

Numerical solutions to the generated boundary value problems were developed by
F.B.Abutaliyev, I. Habibullaev and others using the finite difference scheme and local
one-dimensional sweep methods [1, 20].

We look for numerical solutions to the resulting boundary problems using the methods
developed by the above authors. First, in equation (1), the initial and boundary conditions
are switched to dimensionless variables. As a result, the following dimensionless form of
equation (1) is formed.

When filtering the resulting boundary problems, we pass through the formulas for
dimensionless variables in equation G. (1) and initial and boundary conditions.

H k X X koHo
H07 k’o’ g L? 77 L T /j,LZ Y
212 212 212
= QW= W, JE = i
2L 2L

Qz = sz’ Qk - m@k
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Here Hy, ko, L are the characteristic (maximum) levels, the filtering coefficient and the
length of the filtering region.
In dimensionless form, equation (1) can be written as:

o 9 (.0 9 (. .0n .
aT—a—£<kh a€)+an(kh an>+w (1)

where W is the algebraic sum of free terms. (W* = J;,, — W, — Qp + Q. — Q. + 55).
Since (11) is a non-linear equation, an iteration method is used to linearize it and solve
it. [1]. The linear form of (11) is as follows:

10n2 0 [ Oh? o [ Oh?
~ov _ 9 (9 9 (9 12
B OT 0€(k8€>+0n(k8n)+w (12)

To solve the equation (12), we approximate with a two-layer six-point finite difference
using the finite difference method.

n+3 n n+i n+ n+l
L (hQ)i,j - (hQ)i,j _ k’ifO-S,j(hQLefj —(ki—055+ k’i+0.5,j)(h2)i71?j + k‘i+0-5,j(h2)i+1?j n
%ij 0.5AT 22
n+i n+i nt1
kij—05(h?)i; 2 —(kij—o05+ ki,yj;0-5)<h2)i,j—21 +kijros(h?)i 4 og W,
(13)

To solve the equation (12), iterative column and row-by-row methods are used:

it k| oned
aighi il — bijhi ; * + cijhiy% = —di (14)
. 2161‘7045,'7%‘71,' . Q(kifo.S,“FkiJﬁO.S,')ﬁi,' 4 _ 2ki+0.5,‘ﬁi+1,'
Here a;; = ===, b;; = o = L, G =
dis = ( 4 2kig-os +/€z‘,j+0.5)hz',j> g 2Riios Pigon
W NAT 2 1,J 12 4,51
~ ~2 ~2 ~2
2kijros hij+1 ., B ki—05.,j hi_Lj —(ki—05,5 + ki+0.5,j)hi7]~ —kivos,; hi+1,j B
Y2 ,j+1 72
~2 ~2 ~2
ki,j—0.5 hi,jfl _(ki,j—0.5 + ki,j+0.5)hi’j _ki,j+0.5 hi’jJ’,l 9 n—l—%
- y2 + 51 n VI/’L,]
Calculations are made as follows:
In the direction of the oz:
hn-‘r% o hn-‘r% 1
ij o = Qs £ Biv, (15)
In the direction of the oy:
n+% — n+% -
hii? =Qijiih i 5+ Bijis (16)

Here are ai’j,ﬁi7j,ai7j,3i’j the threshold coefficients, which are calculated by the fol-
lowing recursive formulas:

di—1j+ ai—1;0i-1,
Y
bio1j = Gi1;0i-1,

Ci—1,j
QO = b , Bi=
i-1j — Gi-1,jQi-1j

(17)
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- Cij—1 = _ i+ @8 18
aj —— _ _ ) ﬁ] I _ _ 3 ( )
bij—1 = @1 j1 bij—1 = @1 j1

—khZ | = ~(hy, — h) - approximation of the boundary condition according to the
non- exact (non-obvious) scheme is as follows:

Along the direction of the Oz:

1 0h? _koho 2h1jh”*2 B2, — 2ho bt ? + 12, nl

3oz 7=~ T3r . = y(hohy ;* —ho)  (19)
1or |t 2h1gh”+2 Py = hi b Wy ARk~ ho) (20)
20z; "~ 2L x - e 0

Along the direction of the Oy:

1 8h2 koho 2hz 1hn+2 7%21 th Ohn+2 + TL? n+i

|y = — k 0 hohig® —h 21

9 ayl ;=0 27, 7,1 Y ( 0 0) ( )
1 Oh? koho E Jh?}_% - 7{2 — hz J— 1h 2+ hz J—1 n+ld

S| = gl &J — gEm 22
53y "=~ 2L ki ; =7(hoh; ;> —ho) (22

As mentioned above, the problem was described by means of non-linear partial dif-
ferential equations, the solution to which is conducted using an iterative method. The
convergence conditions of the iterative process are as follows:

(hiy)" — (hig)" V| < e (23)

where 7 is the number of iterations and ¢ is the given level of accuracy. [21]

Analysis of the results of numerical calculations on an electronic calculator. Analysis of
the main parameters of filtration in irrigated areas and their change ranges (according to
the level of groundwater), mathematical and software development of the studied object,
which takes into account the formation of the level after the process of underground
irrigation was implemented on the basis of supply. Below, the influence of irrigation
water on the groundwater level was observed according to the change of time.

Numerical calculations were performed for the following values of input data:
p=0.02, x =1000, y = 1000, k= 0.01, ,Q, = 0.04, Qx = 0.05, Q. =0.02, S5 =0.05

The results of computer numerical calculations are shown in Figures 1-5.
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Figure 1 at that time, the underground water level was 0.00 (the level was equalized to this
value), the irrigation water level had a value of 0.09.
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Figure 2 At this time, we can see that the surface water, that is, the irrigation water, has spread
over the irrigated area, and the underground water has reached the level. Here, the state of well
(-0.04) and zahkash (-0.02) water intake is also shown.
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Figure 3 time, we can see that irrigation water has dropped to 0.75. Since the irrigation water
affects the level, it also affects the well and the well, namely the well (-0.35) and the well (-0.19).
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Figure 4 time, we can see that the irrigation water has dropped to 0.7, and we can see that it
has reached the underground level and affected the level. (Groundwater water level increased by
0.05). Since the irrigation water affects the level, it also affects the well and the well (-0.30) and
the well (-0.16).

7

Figure 5 we can see that the irrigation water almost seeped underground, i.e. it dropped to 0.4,
and the underground water level rose to 0.02. Since the irrigation water affects the level, it also
affects the well and the well (-0.20) and the well (-0.11).

4 Conclusion

The scientific significance of the research results is that, taking into account the influ-
ence of internal and external factors on changes in the groundwater level, mathematical
models of groundwater movement in a two-layer (x and y) environment have been im-
proved, with a high level of accuracy and absolute stability. relationship with time and
spatial variables. This is explained by the development of efficient numerical algorithms
based on the non-disclosure scheme.

The practical significance of the research results is expressed in the development of a
software complex based on the presented digital calculation algorithm for monitoring and
forecasting of geofilters. Ten processes reduced the calculation time and increased the
accuracy of engineering calculations to determine the level. underground waters and their
level of mineralization, as well as mathematical and numerical apparatus was created. can
significantly reduce the size of full-scale research and minimize experimental work that
requires expensive resources in the course of computational experiments.
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Repeated crops are grown and this allows modeling and numerical solution of

subsurface filtration process in irrigated lands.

2. By using wells, it is possible to establish rational irrigation of cultivated areas.
3. It allows to model the process of providing underground water reserves by ensuring

the penetration of water from rivers and canals into the soil.

4. Tt is used to determine the array of information and prepare software products for

further research.
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YN CJIEHHOE MOJEJIMPOBAHUE ITPOLTECCA
ONJIBTPAIINN ITOA3SEMHBIX BO/ HA OPOILITAEMBIX
TEPPUTOPUAX

! Xabubyanaes H., 2 Mypodyanraes B.T., Xaxnasaposa .0.
“bmurodullayev1114@gmail.com
I TamkenreKumit (PUHAHCOBBIA MHCTUTYT,

100000, Y3bekucran, Tamkent, ya. Amupa Temypa, 60A;
2Hay4uno-ucc/ae10BaTe/IbCKHil HHCTUTYT Pa3BUTHA IH(PPOBLIX
TEXHOJIOTUHA 1 NCKYCCTBEHHOI'O MHTECJ/IJICKTA,

100125, Ysbekucran, Tamkent, M-B. By3-2, 17A.

B crarbe paccmarpuBaercs Borpoc pas3paboTKyu MOJIETH Tpoliecca (PUIbTPAIin Mo/l
3eMHBIX BOJ, B3aUMOJENHCTBYIONINX C TTOBEPXHOCTHBIMHU BOJIAMU Ha 3eMJIAX C TMTOBTOPHBI-
MU TTOCEBAMU, & TAKYKE aJTOPUTM YHUCJICHHOTO perrenud 3agaqun. VccienoBanns 1aHHOTO
TIPOIIECCA ABJIAETCA AKTYAJbHBIM HAYIHBIM HAaTpaB/jenneM. B pamMkax mpeacTaBIeHHOTO
uccaenoBanus ObL IIPOBEJIEH JIUTEPATYPHBIN aHAIN3 TeMaTudecKux mybsaukanwuii. 1lpu
UCCIEI0BAHUSIX BOJOHOCHBIX TOPU30HTOB OBLIN [MOJIYUYEHBI 3HAYEHUS TI0I3eMHBIX U YPOB-
HEBBIX MTOKa3aTesell 0 OTHOIIEHUIO K HUYKHEMY TOPU30HTAIBHOMY BOJOYIOPHOMY CJOIO,
a MaTeMaTU4YecKasi MOJEJIb IBUKEHUS MOA3EMHBIX BOJ B BOTOHOCHBIX IOPU30HTAX OIIH-
CBIBAJIACH CIIENMAJILHOM TTPOU3BOLHOM HeanHEHHOTO TudPepeHna bHOTO YPABHEHUS TTa-
pabosmaeckoro Tuta. PacuerHbie SKCIEPUMEHTHI TOKA3AJIN, YTO OPOCUTEIbHAS BOA SIB-
JISIETCS OCHOBHBIM (paKTOPOM, OKA3BIBAIOIIUM CYIIECTBEHHOE BJIUSHUE HA YPOBEHb I'DYH-
TOBBIX BOJI.

KimroueBbie cJji0Ba: Mo3eMHBIE BOJBI, MATEMATHIECKAs MOJETb, YUCIEHHOE peIleHre,
reoUIBTPAINS, THIPOTE0JIOTUYeCKHUE CUCTEMBI, YPOBEHD BOJIbI, KO3hdutimenT Gpujibrpa-
TN, WHPUILTPATIHS.

HMuruposanue: Xabubyanraes U., Mypodyasnaes B.T., Xaxnasaposa /[.0. Huciaenrnoe mMo-
JeJIIpOBaHMe Mporecca (hUIBTPAIMH TOI3EMHBIX BOJI HA OPOIIAEMBIX TEPPUTOPHIX //
[IpobieMbl BEIYHCTUTETBHOM 1 TpUKIaIHON MaTemaTuku. — 2023, — Ne5(52). — C. 44-55.
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VIIK 539.3

MATEMATNYECKA4A MOAEJIb TEQOPMAIINN

TPEXCJIOMHBIX CTEPKHEN 11PN
IIPOCTPAHCTBEHHBIX HATPY3KAX

 Anaposa III.A., *Hcmounos III.M., ®Illoxupos . A.
*shahzodaanarova@gmail.com
I Tamkenrckuit YHUBEPCUTET MH(POPMAINOHHBIX TEXHOJIOTUI NMEHU
Myxammaza asi-Xopasmuit,
100200, Ysbekucran, r. Tamkenr, yi. Avmupa Temypa, 108;
?HaMaHTraHCKUI HHKEHEPHO-CTPOUTE/IbHbIIL WHCTUTYT,

160103, ¥Y3bekucran, r. Hamanran, yi. M1.Kapumor 12.

NzBecTHO UTO, TpEXC/IOWHBIE 3JIEMEHTHI KOHCTPYKIWI HAaXOIsT Bce OOJbINee MpU-
MeEHEeHUE B COBPEMECHHBLIX OTPAC/IAX ITPOMBIIIJICHHOCTH, IIOTOMY IIOCTOAHHO BO3HUKAET
HeoHXOINMOCTEL B pa3paboTKe METO0B WX PACUETa B HOBBIX YCIOBUAX DKCILTyaTaruu. B
YaCTHOCTH, OJ(HOM M3 AaKTYaJbHbIX IIPOOJIEM $BJSETCH UCCaefoBaHue J1ebOpMaITMOHHBIX
COCTOSIHUI TPeXCIOMHBIX crpexHeil. Mexons w3 Konudecrsa nybuKaiumil mo 3Toil TeMe,
BOIIPOCAM pacdeTa HAIPAKEHHO-Te(OPMUPOBAHHOTO COCTOSHUS W KPUTHIECKUX Iapa-
METPOB yCTOWUMBOCTH TPEXCJAOWHBIX CTEPXKHEN yue/siercst bosibinoe sauManue. OHAKO,
HECMOTPHA HA aKTUBHYIO HAYIHYIO TPOPADOTKY, TO-IIPEKHEMY OCTAIOTCA HE PACCMOTPEH-
HBIMU HEKOTOPBIC BaXKHbBIC JIJId TPAKTUKU CXEMbI HAT'DY?KEHUA TpeXCﬂOﬁHbIX KOHCTPYK-
nuii. B 9T0ii CBSI3HM, MEAbI0 HAaHHON paboThl SIBJASIETCS BBIBOJ MaTEMATHIECKOH MOIEIN
I1ebOpMUPOBAHNS TPEXCAONHBIX CTEP:KHEH IIPH ydueTe Baprualuil KHHeTHIECKONH M TOTEeH-
IHMAJIBHON HEPIuil, a TakxKe pabOThl BHEMIHUX OObLEMHbLIX U IMOBEPXHOCTHBIX CHJI, JJId

4vero ObLI IpUMeHeH BapuanuoHHb npuaiun Ocrporpasckoro—laMuabToHa.

KurroueBbie cJjoBa: TpexcioilHbIil crep:kedb, npuHiun Ocrporpajickoro—l'aMusibrona,
KMHeTUYeCKasd SHEePTUs, OTeHIInalbHasd SHEPTHS.

Huruposanue: Anaposa II1.A., Hemounos HI. M., IHloxupos /. A. Maremaruueckas MO-
neib gedopmanun TPEXCAOMHBIX CTep:KHEf Ipu IPOCTPaHCTBeHHbIX Harpy3kax // ITpo-
OJ1eMbI BLIMUCIUTENLHON 1 TpuKIaanoil maremaruku. — 2023. — Ne5(52). — C. 56-82.

1 Bsenenue

3a mocienaue JecATHIETUsS 3HAYATETbHOE PACIPOCTPAHEHNEe TOJIY YU TPEXCIOMHbIe
KOHCTPYKIIUHU, COCTOSTINE U3 ABYX HECYIIUX CJIOEB U 3AlOJTHUTEN s, 0OeCTIeTUBAIONIEro X
COBMecTHYIO paboty. B ycnousx medbopMmanuu u3rnda, TpexXcJIoiHbIe KOHCTPYKITUU OKa-
3bIBAIOTCA HAanbO0JI€€ PAIIMOHAJIBHBIMEU, TO €CTh OJIU3KUMH K OIITUMAJIbHBIM C TOYKHU 3PEHUS
obecrieyeHns MUHUMYMa BECOBBIX TOKa3aTejell Mpu 33JaHHbIX OIPDAHUYEHUSAX HA MPOU-
HOCTH W KECTKOCTh.

Teoputo MHOTOC/TIONHBIX KOHCTPYKIUH MOXKHO TPAKTOBATH KaK Pe3yabrarT 0600IeHnus
KJIACCHYECKON TEOpUH TJIACTUH U 000JI0YEK B TEOPUU TPEXCJIONHBIX KOHCTPYKInii. B psije
CIyYaeB MHOTOCJIOWHBIE 3JIEMEHTHl KOHCTPYKIINH Y2Ke HeIb3sd CINTATh TOHKUMH B CMBICIIE
TUINoTe3 KJIaccudeckoii Teopun. [lpu yBennuennn qncia cioeB U TpUMeHEHUH PA3IAIHBIX
3al0JIHUTE/Ie] CYIIECTBEHHYIO POJib HAUYUHAIOT Urparh 3hdeKTol, cBg3anuble ¢ paboToit
OTJEJbHBIX €J1oeB. Kpome monepevyHbIx CABUIOB U 00KaThsd HOpMaJjeil, B MHOTOCIOHBIX
KOHCTPYKIIUAX YaCTO TMPUXOJUTCA YUUTHIBATH MOMEHTHBIE 3(PMEKTH B HECYIUX CJI0AX,
JIOKaJTbHBIe (DOPMBI IOTEPU YCTOWYUBOCTH U JP.
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CrepzKHE, MIACTUHBI U 0D0JI0YKH, UMEIOIHE CJIOUCTYIO CTPYKTYPY, OOBIYHO HAOPAHBI
U3 MaTepHajioB C CYIECTBEHHO PA3JUIHbIMU (PU3NKO-MexaHndeckuMu cBoiictamu. Hecy-
e CJIOM U3 MaTepuaJioB BBICOKOT MMPOYHOCTH U 2KECTKOCTU NMpeJHASHAYECHBI JIJIA BOCIPH-
SATHS OCHOBHOI YacTH MeXaHH4IecKoil Harpy3ku. CBA3YIOIITe CJI0U, CAyZKAIIIe it 00pa-
30BAaHUS MOHOJIUTHOI KOHCTPYKIUH, OGECIIeYHBAIOT MepepacipeieseHue yCHInii MesK Ly
HEeCyluMu CJIOAMMU. EHle OJHa I'pylllla CJIOEB IIpeJHa3dHadYeHa AJid 3alluThl OT TEIIJIOBbIX,
XUMHYECKUX, PAIUAIMOHHBIX U JPYTUX HeKeJaTeIbHbIX BO3jeiicTBuil. Takoe coueranmne
CJIOEB MO3BOJISIET 00ECIEUNTh HAJMEKHYIO PAbOTy CHCTEM B HEOJATONPUSATHBIX YCJOBUIX
OKPYZKAaIoMIeil Cpejibl, CO3/1aBaTh KOHCTPYKIIUH, COYETAIOIIHE BBICOKYIO IPOTHOCTD U YKECT-
KOCTh C OTHOCHTEJNBHO MaJIoi Maccoit [1].

Metoapl pacdera TPeXCJIOWHBIX IJIACTHH U 000JOYeK OCBelleHbl B |2, 3] mocrarodHo
noapooHo. VMeercst Takke HemMaJo paboT, B KOTOPBIX TEOPUs MHOTOCJOMHBIX IJIACTHH H
000JI09€K CTPOUTCH HAa OCHOBE I'MIIOTe3 OTHOCUTEJIbHO Xapakrepa JjiepOpMUPOBAHUY I1a-
KeTa B 1ejoM. Ha ocHOBE eMHOTO MOAX0/1a aBTOpaMU M3/0KEHA TeOPHS MHOTOCIOMHBIX
KOHCTPYKIIMH TPU MPOW3BOJBHOM YHCJE CI0EB W TPU OTHOCUTETHHO TMHPOKUX TPEJITo-
JIOXKEHUAX O CBOHCTBAX OT/ENBHOTO CJI0d. TeopHs mpuUMeHHMa He TOJBbKO K TOHKHM W
TOHKOCTEHHBIM KOHCTPYKIIMSAM, HO M K TeJaM IIPOM3BOJILHOM (bopMbl. PazBUTHI MeTOIbI
pacdera CUCTeM DPEryJjsipHOil CTPYKTYPbI, IIO3BOJILIONINE B Psijle CJIydaeB HOCTPOUTH pe-
IMeHNs, COAepIKaIllie YUCJI0 CJI0eB KaK IapaMeTp, a TaKzKe pa3BUTa TeOpus CJAOUCTHIX
KOMTIO3UIIMOHHBIX MATepUAJJIOB, TOMyUeHHAd B pe3yabTaTe IPeie;IbHOTO Mepexoja K Ch-
cTeMaM MeJKOCJOUCTON CTPYKTYPHI.

B [4] uccnenosanbl cummerpudHble TmoNepedHble KOJeOaHUsa KPYIIOil MHOIOCIOMHOI
MeTaJLUIONOJUMEPHOHN ILIACTUHBI MO, JeficTBUeM TeIIoBOTO yaapa. llimacTtuna cBsa3aHa c
Oe3prHepIMOHHBIM byHIaMenTOM Bunkiepa. Ilpeanonaraercs, 9To JuneBble MaHeH YI0-
BiieTBOp4IOT runorese Kupxroda, a gepopmupoBannas HopMaJib B sIpe ¢ HU3KOH MLJIOTHO-
CTBIO SBJISETCS MPAMOJIUMHENHON 1 HeczKuMaeMoii 1o Tojimune. [loydens ananTuIecKue
pereHus 1 JIaH UX YUCJCHHBIN aHaIn3.

HeoaHopoaubie KOHCTPYKIIMU HAIIA IMHPOKOE MPUMEHEHHe B Pa3JIUYHBIX 00J1aCTsIX
MAaIIHHOCTPOCHHS U B CTPOUTEIBCTBE, IIO9TOMY aKTyajbHa pa3pabOoTKa METOIOB UX MPOU-
HOCTHOTO pacdera MpH PasJudHbIX Harpyskax. B pabore [5| npusemenbr pesyiabraTsl mo
OJTHOKPATHOMY KBa3UCTATUYECKOMY ¥ JHHAMUYECKOMY 1e(pOPMUPOBAHUIO TPEXCIOMHBIX
9JIEMEHTOB KOHCTPYKIIN, CBI3aHHBIX ¥ HECBA3aHHBIX ¢ BHHKJIEPOBBIM OCHOBAHUEM. 3/1€ChH
paccMOTpeH u3rud ¢ pacTarKeHneM HeCHMMETPUYIHOIO 110 TOJIIIHE TPEXCJIOHHOIO CTepK-
HSI B TEMIIEPATYPHOM IIOJIE.

B [6] cucremarnyeckn n3aoxKeHbl MOCTAHOBKY M METOJIbI PEITeHN s 33/1a9 KBa3HCTATHKH
TPEXCJAOUHBIX CTepXKHEH NPAMOYIOJbHOIO CeYEeHUd C IVIAJIKOH U CTYIIEHYATON IOBEPXHO-
CTAMH. YUTeHbl (PU3HIECKH HeJHHEeHHbIe CBOMCTBA MATEPUAJIOB CJI0EB IIPH KOMILIEKCHBIX
CUJIOBBIX, TEILIOBBIX W PAAUAIIMOHHBIX BO3/AeiicTBuAX. [IpuBeen psaa aHaTuTHIECKUd pe-
[eHUH U YUCJIEHHbIH TapaMeTPpUYecKuil aHaIn3 HallPsKeHHO-/1e(pOPMUPOBAHHOI'O COCTO-
SHUSI UCCJIeJlYeMbIX CTEpPKHEN.

B nacrosimnee BpeMs MMpoKoe IPUMeHeHNnEe B TEXHUKE U CTPOUTETHCTBE MOJTY TN MHO-
TOCJIOHBIE, B TOM YHCJIE TPEXCAOWHBIE, 3JIeMEHTh KOHCTPYKIniA. CTepKHU, MIaCTHHBI
U 000JI0YKHU, UMEIONIHEe CJOUCTYIO CTPYKTYPY, IPUA OTHOCUTEIHHO MAJIOM BECe CIIOCOOHBI
00eCIIeYUuTh 3aJaHHY IO ITPOIHOCTD, XKECTKOCTD U IIPOTUBOCTOSATD PSLY APYTHX (PU3TICCKUX
BO3/leficTBUil. B ¢BsI3u ¢ 9TUM cO3j1aHKe pacdeTHbIX MO/iesieil TPeXCJIOMHbIX CTepXKHel, ¢
NpUMEeHEeHUEM Pa3JIMYHbIX KHHEMATUYEeCKUX THIOTE3 U KOMILIEKCHBIX TE€PMOCHUIOBBIX J0-
KaJbHBIX HArpPY30K, CTAHOBUTCS aKTyaJdbHOW 3ajgadeil. B [7] npuBemena mocranoBka n
[IOCTPOCHO aHAJATUYCCKOE pellleHue KPaeBol 331a4i O TEPMOCHJIOBOM HAaI'DYKEHUU TPeX-
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CJIONHOTO CTEPKHS TPAMOYTOJBHOTO HMONEPEYHOI0 CEYEeHHs CO CKUMAEMbIM 3all0JHUTe-
JIeM TIPU JIOKAJTbHBIX PABHOMEPHO PACIPeEIeIeHHBIX, CHHYCOUTAILHBIX U MapaboInaecKux
Harpyskax. Jucjiennas anpodarusi pereHus MpoBe/IeHa B CJAydae MeTasa MOJIUMEPHOro
CTePKHI.

B cBga3u ¢ mupoKuM IpHUMeHEHHEM TPEXCJIOWHBIX 3JeMEeHTOB KOHCTPYKIHM B CTPOU-
TEeJIBCTBE ¥ MAITUHOCTPOEHUN BO3SHUKAET HEOOXOTUMOCTD CO3/IaHNA aJICKBATHBIX MEXaHUKO-
MaTeMATHIeCKUX MoJeseil pacdeTra WX HaIpPsKeHHO-IeOPMHUPOBAHHOIO COCTOsdHUs. B
pabote [8] paccmorpeno medbopMEpPOBaHEE B TEMIEPATYPHOM IOJIE TPEXCJIOHHON yIpyro
MJaCTUYECKON 6aﬂKI/I CO CZKUMa€MBbIM 3alIOJTHUTEJIEM. ,ZLJIH OIIMCaHUA KUHEMATUKN HECHM-
METPUYHOT'O IO TOJIHIUHE HaKeTa MPUHATHI T'MHIOTe3bl JIOMAQHOMN JIMHUU: B TOHKHX Hecy-
IMAX CJIOSIX CIpPaBeIUBbI TUNOTE3b DepHYIIN; B C2KUMaeMOM IO TOJIIAHE 3aIlOJHUTEe-
Jie BBIIOJIHAETCA Tuiore3a THUMOIIeHKO ¢ JIMHEeHHOI allpoKcuMalueil mepeMeleHnil o
rTojinubae cjiog. Puanyueckue COOTHOIIEHUS CBA3U HAUpPsizkeHuilt u Ji jedopmanuii coor-
BETCTBYIOT TEOPUU MAJBLIX yHpyrominacrudeckux jgedopmaruii. lIzMenenne temMmneparypol
PaACCYNTHIBAJIOCH C TTOMOIIHIO (DOPMYJIbI, TOJIYIEHHON TP OCPeIHEHUN TeMJI0MU3NIECKUX
CBOMCTB MaTEePHAJIOB CJOEB IO ToJImuHe cTepxkud. CucreMa auddepeHnua bHbIX ypaB-
HeHUI paBHOBECHs MOJIyYeHA BAPHAIMOHHOM MeTOAOM. AHAIUTHYECKOe pelleHre OBbLIO
LHOJYY€HO METOJA0M YUPYI'UX PELIeHUN Jjid CJlydasl PABHOMEPHOI'0 Paclpe/ie/ieHud Helpe-
PLIBHOW HATPY3KH. BBINOIHEH €10 YUC/ICHHBIH aHaH3.

B pabore 9] cucremarndecku n3102KeHbl HOCTAHOBKU 1 METO/IbI PEIEHNUsT KDAEBbIX 3a-
Jlad, HO ONPE/Ie/IEHUIO HANPAKeHHO-1e(hOPMUPOBAHHOTO COCTOAHUS TPEXCIOIHBIX CTePK-
HEeBBIX 3JIEMEHTOB KOHCTPYKIHI TIPU OJJHOKPATHBIX U KBa3NCTATHYECKUX TIEpeMeHHbIX Ha-
I'Py3Kax B TEPMOPAJIMANMOHHBIX MOJIAX. YUTEHBl (PU3HMUYECKH HeJMHEeHHbIe CBOWCTBa Ma-
TEPUAJIOB CJIOEB TPU KOMILIEKCHBIX CHJIOBBIX, TEILJIOBBIX H PAIUAIMOHHBIX BO3CUHCTBU-
gax. [lpuBejien psiji aHAJIUTUYECKUX PEIIeHUH U YUCJICHHbIH [1apamMeTpuvecKuil aHajin3
HAIPAKEHHO-JePOPMUPOBAHHOIO COCTOSHUS TPEXCAONHBIX CTEPKHE.

B |10] paccmorpeno HanpsizkeHHO-1eDOPMUPOBAHHOE COCTOSIHHE TPEXCJIONHOTO CTePK-
H TIPHU TEHTPATBHOM C2KaTuu. Pe3y/ibTarhl aHAIUTHYECKOTO pacdeTa U YUCJACHHOTO pacye-
ta (MKD) cpaBHUBAIOTCSI ¢ 9KCIIEpUMEHTATBHBIMA JaHHBIME. [1pemoaaraercs, 9To B3an-
MOJIeHiCTBHE CJI0€B OCYTIECTB/IAETCS depe3 KOHTAKTHBIN ¢/10#. KOHTaKTHBIH c10it paccmar-
puBaeTCs KaK MOTMEPeTHO-aHU30TPOIHASL YIIPyTasd cpejia ¢ TAKUMHU TTapaMeTPaMu, 9TO eTo
MOZKHO IPEJICTAaBUTh B BUJE HADOpa KOPOTKUX YIPYI'UX CTEPXKHEH, HE CBSA3aHHBIX JIPYT
C JIDYI'OM M OPUEHTHUPOBAHHBIX HOPMAJIbHO K IMOBEPXHOCTH KOHTAKTa. [aKoe JOIyIIeHHe
MO3BOJISET TOJYUYUTh AHAJTUTUIECKOE PEllieHre 33/1a41 B 3aMKHYTOM BHU/IE, a TaKzKe n3be-
2KaTh OECKOHEYHBIX KacaTeJbHBIX HAIIPSAKeHHI Ha I'PpaHUIlE pas3jesa CJ0eB BOJU3H TOPIA
Mozenn. [lorydeHHble pe3yabTaThl pacIeTOB Ka1eCTBEHHO H KOJUYECTBEHHO COBIAIAIOT C
pe3yJibTaraMu 3KCIIepUMeHTa.

B crarbe [11] pacemoTpenbr po6ieMbl pacdera TPEXCIORHOTO CTEePKHSI IPY JeHCTBUN
MI'HOBEHHO-HapacTaionux Harpy3ok. Pemrennr jpuddepeninpaibubie ypaBHeHUs KOJieda-
HUsT TPEXCJIONHOTO CTePXKHSA MPH AeHCTBAN JUHAMUYIECKHX HArpy30kK. OmpeaeneHbl Mak-
cuMaJIbHbIe KOAMD@MUIIMEHTH JHHAMUYIHOCTH MPOTrHba pK Pa3JIMmIHbIX BUIaX 3aKPEIICHU S
KOHIIOB OaJIKM, a TaKzKe IPU Hepexoje B JABYCJIOUHBIA U OJIHOpOIHBIe cTepxKHE. [IpoBee-
HBI TAKzKe pacueThl IPU PA3JIHIHBIX 3HAYCHHSX YIPYIUX XapaKTEePUCTHK HECYIIUX CJI0€B
crepxHud. [IpoanajuzupoBana 3aBUCUMOCTb 0E3PA3MEPHOIO lIAPAMETPA, 3aBUCHIIEr0 OT
BpeMeHU JIeficTBUS HArPYy3KH U NMPUBEJIEHHON YaCTOThI CTEPXKHA ¢ KOIDPUIMEHTOM JIH-
HAMHYHOCTH Tporuba. YCTaHOBJIEHO, YTO U3MEHEHUs] HAIPSIKEeHNH HEeCYNIUX CJI0EB B 3a-
BHCHMOCTHU OT 0Oe3pa3MepHOro HnapameTpa, 3aBHCAIIEr0 OT BPEMEHH JIeUCTBUA HATIPY3KH
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U [IPUBEJEHHOI 4aCTOThl CTEPXKHS, MOJI00HBI K 3aKOHY M3MeHeHus Kodduimenra jiuHa-
MHUYHOCTH.

B pabore [12] MPEJICTABJIECHBI PE3YJABTATHI UCIBITAHUN 3JIEMEHTOB TPEXCAOWHBIX KOH-
CTPYKIHII C ceTYaThIMU OOJIETrIeHHBIMU 3aII0THATEASIMA, H3TOTOBJIEHHBIMH METOJIOM TPeX-
MepHO# MevYaTH Mo TeXHOJOTUH TMOCJTONHOTO JTa3epHOT0 CHHTe3a U3 MoJnaMu1a. PaccMoT-
peHa CTPYKTypa 3aloJHUTE e, COOTBETCTBYIONIAs, TaK Ha3blBaeMbIMH HAaHTOrpaduye-
CKHM MeXaHWYeCKHM MeTaMaTepuajaM, B KOTOPBIX JBe CUCTEMbl NMAapPaJIEJIbHO PACION0-
ZKEHHBIX CTep}KHeﬁ pa3HECEHbI Ha He6OJIbH_[O€ pPacCTOdHNE U COCIUHAIOTCA IMONIEPEYHbIMU
mrudTaMu B 30HaX nepecedenus. g TaKux MaTepuaJioB U3BECTHO, YTO JIJId OITUCAHHS UX
9KBHBAJICHTHBIX MEXaHUIECKUX XaPAKTEPUCTUK HEOOXOIMMO IIPUBJICKATH HEKJIACCHIECKHE
MOJIETH TEOPHUH YIPYTOCTH, KOTOPhIe YUUTHIBAIOT HEJOKAIBLHBIX XapakTep aedopMalnii
CTPYKTYPBI MaTepuaJia 1o/l Harpy3Koii. B nannoit pabore paccMOTPEHO TPHU BapHaHTa T0-
MEPEeYHBIX COCTUHEHNN B CTPYKTYPE MeTaMaTepHaJia, P KOTOPHIX MONePeIHbIe MTH(THI
0becreYnBatoT epeiady U yCHJIHiA, 1 MOMEHTOB (JKeCTKHe COeJMHEHWs ), TOJbKO YCUIHi
(IrapHUpHbIE COeMHEHWs) WU TMPOCTO OTCYTCTBYIOT. Takue BapUaHTHI 3alOJHUTEJIEI,
COIMOCTABJIEHBI ¢ OOBIYHBIM CETYATHIM 3AIOJHHTEIEeM, B KOTOPBIM IEePeKpPeITuBaoNnecs
CTepKHU 00Pa3yioT »KECTKO CBA3AHHYIO CUCTEMY THIIA ILIOCKOH pambi. V3roroBjieHHBbIE
0bpazipl UCUBITAHBI Ha YAAPOIPOYHOCTH IO CXEMe JBYXOIMOPHOI'O YAAPHOTO M3TU0a C MC-
MOJTb30BaHUEM MAasITHUKOBOI'O KOIpPAa. YCTAHOBJIEHO, UTO IPU OJMHAKOBBIX pa3Mepax IO-
HEPEYHBIX CeYeHU CTepKHel B 3aIll0JHHTE e, HaubOoJIbIIel Hecylnel criocoOHOCTBIO MPH
yaape 001a1ai0T 00pa3Ibl ¢ TAaHTOIPAUISCKUIME 3aIOJHUTEIIMHI ¢ JKECTKUMHE ITOMeped-
HeIMU coefuHeHusMu. OaHako, 0O6pa3ipl ¢ MIAPHUPHBIMU COEIUHEHUSIMHU JIEeMOHCTPUPY-
10T HeOOBIYHbIE MEXAHU3MbI PA3PYIIeHUs, IPU KOTOPBHIX 30HA MOBPEXKICHUN OKA3bIBACTCS
HanOOJIRITIEH, & Pa3sBUTHE TOBPEXKIAEHUH TPOUCXOINT ¢ 0OPa30BaHMEM MHOYKECTBA MeJI-
KUX OCKOJIKOB, KOTOPBIE TIPENATCTBYIOT TPOXOKJICHUIO YIADHUKA HACKBO3b CTPYKTYDHI U
MOBBIIAIOT €€ VIEeAbHOE YHEPTOMOIJIONEHNe, YTO JIeJaeT TAKHE BAPUAHTHI 3alOJTHATENEeH
IMOTEeHIUAJIbHO IIePCIIEKTUBHBIMU JIJI51 CO3JaHUA YAAPOIOIJIOIAOIIUX KOHCprKHHﬁ.

2 IlocTranoBka 3aga4n
(k)y (k) (k)

B o0meit Teopuu KojiebaHWS YOPYTHX TeI MepPeMemeHus Uy , Uy , Uy  SABISIOTCA
dyHKIMEN YeThIpex mepeMeHHbIX KOOPJAWHAT T1, Ty, T3 W BPEMUHH .

YpaBHeHUd Teopus KoaeOaHUd CTep:KHell BBIBOJATCS HA OCHOBAHWH IpWHITHIA OCTpo-
rpajickoro — 'amunbrona. [lpu moctanoske u3 npunnumna OcTporpajckoro — laMmibToHa
BBIBOJIATCH ypaBHeHus Kol u rpanudHbie yCJ10BUS.

B obmem Buze Boinumem Bapuanuouubiil mpuaIun OcTtporpaackoro — LaMuibrona
[13-22]:

6/(K—H+A)dt:0, (1)

e K, Il - kunerndeckast n norennuanabuas suepruu, A - pabora BHENTHUX 00bEMHBIX U
MOBEPXHOCTHBIX CHJI.
[TepemerreHusi TOYeK TPEXCIOHHOTO crepzkHs |5, 6,9, 17-20, 22

( U1(1)2U1_(Z_C_%)%v wl) = wy, (c<z< e+ h);

wu® =uy — (z4c+2) %2 @ =w,, (—c—hy <2< —0);

w® = (1+2) (b + 5257+ (1= 2) (3o 257

w® =L (1+2)wi+5(1-2)wy, (—e<2<0);
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8u1('€) aul(k) n 61@(’“) aUS(k) + 8u1(k)
E11 = —F—; €12 = » E13 = !
1 97 12 B By 13 or 0z

ITpu pacuere Tpexc/oiiHOl cTeprKHEH BBeIeM CJeayolne 0003HATeHUS:

ity (3)

C yuerom dopmysisl (3), nmee:
((w W =u® — 2z + ca™ + oW w®) =wy, (c<2< et h);

2 —ca® —h20@) @ =y, (—c—hy <2< —¢);

W@ = 4@ _ 4l :

w® = (14 3) (bur-+ 5a0) + (1= 2) (e - ).

[

L w® =L (142w + L (1-2)w,y, (~c<2<0);

3 Meron pacdera gedopmalniui TPEXCJIOMHBIX CTepXKHeil npu

NPOCTPAHCTBEHHBIX HArpPy3Kax
Boruncienne KHUHOTHIECKONH SHEPIUN TPEXCAOMHBIX CTepyKHEH OCYIIEeCTBIIsIeM CIIeIy 0
M 00pa3zom

~oul” N
SKdt = S oul® dvdt ) sul® dvdt.
/ //pkl ot ot Bt +//Pk1 ot s Y ()
t t v - t v -

3nech uy = 0, mosTOMY

(3)
JoKdt = [ (palgt du 1) —I—paul sul? + aua—iéu?)—l—
t

v

8u3

ulV Pui? s (2) ul? (’;) ©)
_ff(p 8t2 +p 8t%6 +p 8t261+

0%ug! ul? ¢ (2) ul? ¢ (3)
+p—p— 5u3 p 50 6u —|—p (5u duvdt.

+p—5 5u(1) + pau5 dus @ 4 ,Oau“ (5u3 ) dv

o2

Buipazxenue Jij1 BHIYUCICHUS KUHETHYECKON IHEPIUU TPEXCIOUHBIX CTEpPKHEH Ipu-
HUMaeT BUJI:

[6Kdt=[[ [ Kpazé(tl) _ pza?;tl)éa(l) + pcau_(l)(;a(l) + p%alé_(tl)(ga(l) _
t Ty 2
—pza%—(tmdu(l) + pzw%—il)(b( — pre®S = fal >6a(1 pz%ag‘;l)(h(l)—i-
+pc—6°‘a(tl>5u(1) pzc 5a 280‘8?)5&(1) + pc h21 9ol )5 O

pludaD 5y (1) _ 200D 50(1) 4 pht 00D 5o 4 phE 00l 5 +P$”tl5w1>

u(2) u( u(® u( NE)
+ <p875u(2) - pzaat sa? — pcaat sa® — p%%éa(z) — pz%éu@)

+p222 @

(2) (2) (2)
8a 504(2 +pzh28a 504 pcc%ea_t(sum

6t

+pc22a 50,0) 4 peha e 5,2) p%acg_?(gu(zupz’g 2 50,(2) 1

+pch—;8g—j}5a<2>+pf8g§>5 @) 4 p2u2 oy, ) +1 (pagya N
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+ o200l 4 2pgroul) + B 2pPn el 4 p2en

2 ¢ ot ot
hy OuM ¢ (2) _ z 0uM) ¢ (2) | hoz,0ul)
o8 ! Zp=g—ou'? + sa®

Su® —

(1)
2 Par + 3 p P ouV+
_1804()5 (1) u()(')‘ (1) u()(S gau()(; (1)
+30 + 3 (P 0u+ G pZg=dal) + 2pPgoull+

2 ouD e
5 2% 0alt) 4 pgmou® —

$r2roal — 2pmsul

e 00 4 ot sut 4 B pRR 5 4 1 2p Bl ¢

+h%zpaa<1>5 ()

2000 50,(1) 4 e p0aD 5y(2) It p0al) 50(2) iy Zp&g“aum
+h14h2ip8a6; sa@ + zpau( ) Su® th,z au< )5 (1) + du 1>(5u(1)Jr
+71z_2pau< )5 + zpaqé(tn(; 2 _ %épa%(tnéa(g) _ i_jpazé_il)5u(2)+

2
%00 + 2o ou) + 2o 00l + B p 2o+

—i—%%pao‘( L5a® 4 ipag‘(t L su® — %%pao‘a—?éa@) — %i—ipao‘a—?éu@)jt
2 p 2500 ) + pPmgu®) + B p28m 50 + 22 sul+
iz p0u) 50 (1) g pOu 5y, (2) _ la p0u 50 (2) 2 p0ut) 5y (2)

Hy ot oal) — e pt

0 (2) PN
R

__hahi 2 a2 1 a2 2 R 9o ho z  9a(? 2
e a-oalt) — 2p ot 5u()+42p ot 50‘()+22cf0 8t6()_
h 2 0a(2 2 ou@ P ) 22 9u@

1 cpaat dal? — Epaat ouV — 1y cpaat dall) — ?paat du'V —

M ﬁpau@)

2z ou@ p u() 22 ou®
2 2P ot oa (1)_Ep68t 5“(2)+722 ool + 2paa oul?—
h22 ,Zz au@)(g @ 4 hQipaa<>5u()+ hihg 2

1 cpaa@)(; o 4 h22 22p8a(2)6 W

z a(2) z  9a? z Hal® a(2)
+hafu £ 0 G (1) 4 ha 20 gy — 12 p00 50(2) — he 2 p00 5y (2) 4
+IQ_3 Ha(2 )(504(2) +p8w16w +pz Bwl(sw +p8w15w _pz 8w15w2 +pz 8w15w1+

+p2 5wy + p2 28 Gy —

P 8“’1 owg + p 8t2 dwy + p (5w1 +p af dwa—

z Owsa

—pZ 22 5wy — p2 225w, — pZ 22y — pZ 2§y + pZ 8w25w2>] dxdyz‘t_
2u® 9241 hy 924D
_tffff [( S oull) — 8752 =60V + pe —dal) + phL & 5o l) —
Ty z
—pz2 3tz L 5u® 22852;1 SaV) — pzcazot‘él)éa(l) — p2la 3283‘;1)5a(1)+
+pc2a 5, (1) 2ol

a2

2 6ol + 028 “( D 5o 4 pcls 82&; Lsa® 4
o) ) 52a(D) a®

+ph_21826t21 0 W — phzl 88t2 50‘ +ph21 otz S0« +p 41 68t2l oo+
+p %8 5“’1) + <065$§ Ju® — pz 22 50(2) —

92u® 2 ha 8%2u? 2
o2 —PCTE Tooal? _p?z at2 ol —
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20(2) ) 20(2) 20/(2)
—pzZa—5u® +p 2‘98‘;2 5@ + pze? =50 + pl2 o 5o —

—pcFs— 8‘;; Lsu® 4 pzc O‘( )504(2) + pc28 ol 5,2) 4 ,och2 828‘1‘; !5 —

ph2 82 (S (2) + p };262%1;2)504( ) + p h2 9?2 a( )5 (2) + p 42 8281%;2) 505(2)+

+p8;t22 5w2> +% <pa2at21 SuM+ %p%éa(l) + ;p%éu(l)qt

+?IZ aatQ o (1)+ 82 : G ou® — %pazﬁl 0 — P 825%21 oul?+

+?25 o) 5 (2) 4 2p62a< ) su® 4+ h¥p62a<1)5a(1)+ bz, 92 5 (1)

at2 4 P o2 2 P o
hiz 8%2aM ¢ (1) | hi,8%W ¢ (2) _ hihy 8% ¢ (2) a2a<1> u®
+ %L Chp 8t;2 ((51) (_’_) p 322 (gu ( ) ;ll p 32152(1)6& ( ) 2 cp32 (1) 6( ) +
1hg z « 2 z u 1 hi 2z u 1 u 1
+ 1 P ot? oo + P ot? ou + 2 P ot? oo + ch ot? ou +

+h21 izpaai;n‘s @+ )082 (1)5 @) — 2 paz (1)5 @) — ;pazaLt(?l)(su(Q)—i_

+?2_p62u<1>5 @) 4 ipwéu(l) + h_%gpa%(l)(;au) 4 Z_2p82a(1)5u(1)+

2P a2 at2 4 cF o2 2 2P a2
HE a0l + b 2p TR u) — M 2p e sal) — b p T b
2 2 p T 60 - P bul) + B p P sl 4 2% bul +
4 2p % 00 + P u® — B pPh 60 — 2P u®)t
5 2p05m 00l — Bl dult) — e phgmdall) — B2 pPdull -
gty zpa%g(ga(n _ %pa%”(gu(z) + f a?aczé ) %506252‘;2) Su® —
2 Za50 — 2o — 2P Gt — 5 -
ol — B ou) 4 B 20200 + T ou -
— 5 pToa® + lp2pZam ) + B 2pZen el 4 b g p P ult)+
i p Tl + B2 p0ie ou®) — Bz p0e6a® — B2 Tt su ¢
h3 22 9%a(2) w w
+ZQ_29 912 5o + p 8t215w1 + P 3,521(57111 +p 8t21 dwy — P 5t21(5w2 + p 8t215w1+
+p5 LU sw, + p2 LSy — pZ L Sw, + pLL2dwy + p2 T8 5w, + pLe Suwy—

2 2 2 92
—paLow; — p2 U dun — p5SEow, — p i, + p% 0wy ) | dudydzdt.

(7)

BBoaum mpeobpazoBaHus:

://dydz, Sy://zdydz, ]y://ZQdydz. (8)
y =z Yy z Yy oz

3aecs F' — miomas monepevHoro ceueHns CTepKud, S, — CTaTHYecKnit MomenT, I,
MOMEHT HHEPIUH.



Maremaruwgeckas MOI€eIb 1ePOPMANANA TPEXCIONHBIX . . . 63

C y4eroMm BBeJeHHBIX 0003HadeHuii (8) mepenuinemM Bapuanui KAHeTHIECKONR SHEPIUH:

Jordt = [ | (pF225u) + peF 2250 4 p FA250( 4 p, 250 60V +
t

T

—I—cha%“—il)(Su(l) + pc2F80‘a—(tl>5a(1) + pc%Fa‘g—f)éa(l) + p%Fa‘g—?éu(l)ﬂL

—I—p%CF

1) h2 o) w u(2) u(2)
20+ pL PO G0+ pF2ow, ) + (pF 282 5u® — peF 22 6o~

—pi2 F222 50 + pI, 29260 — peF 292 5u® + pc? F2%2 50+

02 0 NE) h2 1902
—f-pc%FaTéoz(z) = p%FaT&L(z) + pc%FaT(Sa(Q) + pfFaT(Fa@)—i—

+pF 2825y, + L (pFagf) SulV4 ta o2 50() 4 pp2ut) 5 ()

—%pFag—(tl)éa@) + %pFacé—S)éu(l) + hz%pFacgil) saM) 4 %pFag‘S)éu(z)—

s P50l 4 T, 2050 + T, B0 — il 5

o ol oul) 50/2) 4 bp 901 5, (1) 4 %p[ 9al) 50,(1) — 2'1712/)[ 9l 5,(2) 1

227y ot 2c2P Yot y oot Y oot
hihs I 8a<1)5 (2) Fau(2)5 (1) hi F@u(2)5 (1) F@u(2>6 (2)
+i32 01, 2500 + pP 2= ou®) + BpF 250l + pF o= oul®—

e 0(2) 0(2) 0(2)
— 3 pFog=0a® — RpFo=ul) — b pP =60l — B2 pF 5= oul®+

h o (2) u(2) u(2) ()
+EpF%—0a® — c%pfyaa: dut) — %pfy%éa(l) + c%p[y%éu@)_

(2 0 (2) 0 (2) 0 (2)
—2%22 Iyaaf da® 4 %ply%: SuV) + hjc}él plyaaf da) — %ply—aaf Su@+

2
2 01,252 50 4 pF2 g, 4 pF O Gw, 4 p b 1,29 5wy — p T, 20 G0y

+pFGEows + pFGRows — p Iy S 0wy +ps L, Sows)] dul - (9)

— [ ] [(PFEE20u) + peF E52 500 + p FEE2 50D 4 pI, Ze 50 +
t x

—l—chaZa‘;‘;l) Sut 4 chFO%ZED(Sa(U - pc%Fa%él)(Sa(l) - p%Fa%él)(Su(l)—i—

FolyeFPaton ¢ o PP b0t pF P, ) + (pF P u®

82@‘;2) da® — chaz‘;‘f) SuP+

u® e
—chagt; sa? — p%Fa;; sa? + pl,

—i—pc?Fathf)éa(Q) + pc%Fa%s)éa@) — p%FazaLtf)(Su(Q) + pc%FazL;)éa@)—l—

2
S 4 o)+ (pF B+ e e+

u(V) u(1) al 2 a®
+pF%(5u(2) — h—;pF%(Sop) + %pFa{;—t;)du(l) + %pF%(SauH—

1 I a2u(1)5u(2) + ﬁp[ 824, (1) 5a(2) + ﬂp[ 82a(1)5u(1) + h% pI 92a1) 50{(1)_

2 Piy T2 227y o2 227y o¢2 42 Py T o2

— 2 pl, Lo 5u® 4 ke pp Pe 50?4 pPLuE ) 4 1 p PO 50V
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u® o) @ @

24(2) NG 24,(2) 24,(2)
— B2 pFE—oul® + FpFE—00®) — Lpl, Toou) — gk pl, Sg—oa W+

1,7 Pu® s (2) _ hy 7 2u® s (2) 4 hy o7 0%® s (1) | hohi 7 9% s (1)
+azplySEou 2 pLy 00" + 35 pl, S5 ou') + T3 pl, = oa

2
— 2201, 626";;2) ou® + i%p[y—aza‘if) sa? 4 pFa;;é’l dwy + pFa;ZZl dwy + pc%fy%éwl—

_pé[y%&@ + pF%éwl + pFa;;;& Jwy — pc%fy%&ul +pély%5w2>} dzdt.
3aecwy S, = 0.
CrpynmupyeM ecTecTBeHHbIC HadadbHble yeaosua mo sapmammn oull), su® | sab),
o Swy, dws :

J [(pF

T

1 Hu™) hi Hal) ou(® ho da(? 1 ou(?
+aply S5 + s ply 5 + pF S — S pF S5 — aply S5+

AuD) o) h daM) 1 duD) h daM)
g TP T 5 >+Z<pF RNy 2

o) 2,,(1) 2,(1) 2,,(1)
+2hTQ2PIyaat ﬂ 5“(1)d‘”‘t _tff [(pFaaﬂ +pCF88t2 +p%F86t2 > +

1 82uM) | hy 92a(1) 1 92uM) hi 82aM) 2u@
+1 (pF o+ 5 PE S + aply e + k0l e + pF s

PO —pl, O+t 1, 2 ) Gt

u? Ha(?) ho 1792 1 V) h daM)
f[(pF ot —ch ot —pfF ot >+Z <+'0F ot —i—%pF ot

1 Hu() h1 Hal) ou(?) ha Ha(?) 1 ou(?)
—aply S — 5k ply T + pF S — S + aply S5 —

o(2) 2,,(2) 24,(2) 2,,(2)
_%plyaat )] 5u(2)dx‘t_tff [(pFaatQ _pCFaatQ _p%FaatQ > +

1 92u(D) h1 92a1) 1 82u() _ 92aD)
+1 (—i—pF ot2 —i—;pF ot2 c_2pIy at2 ﬁply oz T

24,(2) 2,(2) 24(2) 20,(2)
+pF68t2 B %ppaatz + c%p[yaaﬁ _%p[yaaﬁ )] 5u(2)d:€dt;

+ph1 Fﬁ@u(1> _I_p] 8a(1)+ pC2F8ail)

hi hi dal)
2 7 o Y ot o T pcy g+

W)
J [(pCFaatl

T

+

h1 0o h: 9a®) 1 b1 ou® | hY e
+p5 el S o3 o ) + 3 (e F S+ S F g

by o7 ou® R 2 90 | b ou® hohy  10a®
2z Py S5 + 22l %5 + 5 pF 5 T PE
02 (1)
— [ [(peF i+
t t x

hi 8% 82aM) 2 1792V hi 17822
—|—p71F ot? +p[y ot? +ch ot? —i—pc71F ot? +

h1 ou(?) hohi a2 1
—2e Py + T p Ly saV

hi . 170%a®) h 92aM) 1 h1 1 02uD h? 92aD)
Tr5 P e tp P ) + g (5 pF e + 3ol S +

Ry o7 2u® | AT r 920D | Ry 192u® hghy [ 92a®
2c2 Iy ot? +402 Iy ot? + 2pF ot2 4 pF ot?

5
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u® u®  hy oul® ) dal? 2 17 9a®
/ [( PSy =g — pcF g pFF =+ ply S5 + pc F S+
X

o(2) o (2) B2 Hoa(® (D)
el PO pelg PO 4 g POSR ) g (g p P o —

(1) (1) (1) (2
—h14h2pF8%t + ha pI ou + hlcfégpl Oa o @pFau +

2c2 Py "ot Yy ot 2 ot
_2 ho ou(? h3 da(?) (2) _
+EPF O =35 p1, Y + 1501, %% ) | da dx
824(2) h2 92u(2) 5202 2 5202
_tffK pckF’ otz F oz + Iy iz TP F wz T
X
+ Ch2 9%l > h2 9% 2F32a<2> 41 Fa2u<1) _
P 12 012 012 1 012
h1h2 82aM) ho 82u®) hiho 2o 8%u(?®
pF ot2 + 2c29[y ot2 + 4c? Iy ot2 SrF ot? +
h3 82a(® 8%u(® o 2 .
+EPF G — kel e +4c2p[y ot )] oo dudt;

J [P 5) + 5 (0F S + pos 1y S pF o=

—pd 1, %) wl, — [ [ [(pF%et) + 4 (pF 2+
t x

tpE LS8+ pPo — ph 1,28 )| duwdudt;

S [(oF%2) + 5 (0F St = oy %5 +pF 5+
paly %) 5w2‘t_{f [( Faa;v?) < Faazgl_

S LTIy LTSN w)} Swodzdt.

Y o2 o2 Y o2
Boiuucjienue noreHnuabHONR SHEPIUU TPEXCJAOMHBIX CTepzKHeil:
3
J1ldt = :1§{tfaij5€ijdtdv = {tf (011 SennW + 011 @ e P+
t +01130e11® + 01,M821,M) + 01,5215, + 01,51, +
+013Mde131) +013P813? + 73 5513(3)) dtdv;

OnpegenuM 4ieHbl HOTeHIUAJILHONR SHEPIUN B CJI0IX:

Caoii 1: "
[ [ouWéeWdtdv = [ [ o1, M52U = dtdv =
vt vt

= [ [ouWsZ (1™ — zaW + ca + LaW) dtdv;
vt

ffa“(l)dg“(l)dtdv =/J (ff <‘711 (58 u® 011(1)5259%_;1) +

t x Yy z

o0 deta 4 0055280 dydz) dud.

Brejsiem cienyromue 0603HaueHNST HATIPSAYKEHUIT 110J] THTErPAJIOM 110 Y U 2.

qu) _//011(1)d2d3/; Ml(}) —//011(1)zdzdy.
Yy z Yy oz
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I/ICXO,ZLH N3 93TUxX 0603Haq€HHfI, BbIpazKC€HUE JJIAd HAIIPAZKECHUA 3allUCblBa€TCA CJIC/YIO0-
muM 06pazoMm:

f fan selVatdv = f lep(sf’"“)d dt — f foPéaa‘”dde

+CffN11 5aa<”d dt+ 1 ffNﬁ)awd W

Hcnonb3ys ob11yio (bopMy 1y HHTETPHPOBAHMS 110 YACTIM, HHTEIPUPYEM KazK bl 1IeH
Bapualluy MOTEHIIUAJIbHON SHEPIUHU B OT/IEJbHOCTU U UMeeM:
YJIEHbI €CTeCTBEHHBIX TPAHNYHBIX YCJIOBHUIT W ypaBHEHU B caoe 1

dt—

[ [otYseYdtdv = | [Nl(i)(m(l) — MPsa® 4+ NP sa® + %Nﬁ)éa(l)}
vt
v (11)

t

(1) (1) (1) (1)
- tf [ {—%m(l) — 2150 4 2350 %8{%5@“)} ddt.

Caoit 2:

fon Joen @ dtdv = ffal (2)5(9“1(2) dtdv ff (Jll @ 5815:)_

[[ou®sen@dtdv=[ [ \[ ] (0—11@)53 W o (2)5,0@)

T yz

—011P5ca® — g, 5k 2 2)) dzdy} dxdt.

31ech MBI BBOAUM OOO3HAYCHUA:

Nl(f) ://‘711(2)61261% Ml(f) ://011(2)Zd2dy. (+)
y =z Yy oz

I/ICXO,ZLH U3 9TUX 0603HaquHfI, BbIpazKC€HUuEe JAJId HAIIPAZKEHUA 3allUCbIBa€TCA CJIC/YI0-
muM 06pazoM:

[ [on®@bey,@dtdv = [ [ NP2 qudt — [ [ M 5222 dudt—
vt t x t x

—c [ [ NP3 drdt — 1 [ [ N 222 ddt.
t x t x

2)

00 Jdt, —c /] N2 5292 gt

3ech koabdunuenTo ffo?cS@gf) dxdt,—ffMl(f)é
t x t x

hy (2) c0a@
n—= ffNH 6 %5—dxdt mHTErPEPYeM 10 JacTAM.
t x
YJieHbl €CTECTBEHHBLIX IPAHUYHBIX YCJIOBUIl U ypaBHEHUS 2-T'0O CJIOS:

[ [ on@de,@dtdv = [ [Nf?aw ~ MP5a@ — ceNPga® — %Nf?a@w] dt—
v t r

t

( (2)
—ff [aN11 sul 81\84;1 Sa® — 0‘9];11 sa? — aNll Sal? }da:dt.
(12)
Caoit 3:

I (oo

vt

)dtdv = ff% (011 62 (u® 4 Mo 4 240 4 2l

Fu® — f;_za@) — 24 21200 dtdo;



Maremaruwgeckas MOI€eIb 1ePOPMANANA TPEXCIONHBIX . . . 67

I (oot )‘“d“—f * [f (et ot e oo

(3) 52 h1 da (1> u? ho 9a(?) z Ou?
+oy 025 S5 Dyou2 _ 53 (5c 50 T

C

C? ox

roVgzt W)) dzdy} dedt.

Bsejem ciieytonue 0603HadeHMA:

NS —//011 Jdydz; M —//011 zdydz. (")

Uexons w3 9tux 00603HaYeHU i, BEIPAYKEHNe i1 HAPSIKEHUST 3aIUCHIBACTCS CJIE/TYI0-
muM 0bpazom:

T (o2 Yt = 1 (f § NP0+ [ VDo e
v t
h1

%ffMH 162 ot + 2—}[[%?5(’“% dt+fan 16082 et —

B sToM ciiyyae HEKOTOpBIE YIeHBl HHTEIPUPYIOTCS 10 YacTsIM BO BTOPOI pas, 4ToObI
0CBODO/IUTH UX OT BAPbUPOBAHUS:

[ [N 5% et = 1 ] M 5%+ [ [ M)

B[S NS dudr, b [ [ NSO dwdt, 3 [ [ M52 vt
t x t x

b [ M 5% dwdt, § [ [ N{o%E dvdt, — —fan 5952 g,
t x t

=2 MP 52 gy, b I/ M 5‘93;,2>dxdt.

[Tocsie BapbUPOBAHUS ITUX WICHOB HMEEM CJICYIONNE eCTECTBEHHBIE TPAHUYHBIE YCI0-
BUS W YPaBHEHUS B 3-M CJIO€.

t

%Mf?aa(l) + AN ou® — %Nf?(sa(?) — MY 5u®+

7 (oo Y = [N + 5 NP0+ 0o

hQM 3)5a(2)i| ‘ dt — ff [ 1 BNH Sul }21 8N11 Sa— (13)
2lc 3M;1 Su® h1 3M§1 SaM — ;‘9];;1)5
+%818V_?5 ) 2168M;1 Su® — g_iaﬂg—?aa@) dxdt.
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C yuerom (2) 3anuiem cjie/yomiee:

[ f o Voeitdv = [ [ V5 (‘9“5” agf)) dtdv =
= ff013(1)5 (8w1 — 8w1) dtdv = 0

[ [ ohsdeatdn = ] [ ot ( £ o) dudo = [ [ 3 (% - %) s =0
vt

vt

ffag)éeg)dvdt:ffag) (Bu;) 6u1 ) dvdt = (3)5( A(1+2)w +
(= D))+ 2 (2 (B 4 g0 —% L4 10 ®)) ddo;
[ Jotaedauto = [ (3] ] ( %6&“ ol 520 1 o050
—o36z0 4 5510 2—13 55—;;0) GoLu® 12020 dzdy) ddt.
Bsesiem cienyromue 0603HaAYEHUS:
i =/ orydady; M3 = [ [ 201 dz=dy. (+")

B 5ToM ciIyuae HEKOTOPbIe HJICHBI %fo%)é%dxdt, = ffMl(g)é%dxdt,
t x t x

8w2 1 (3) ¢ wa o
3 fo ) 522 oy dt, —Q—CffM13 0%2drdl MATErpupyOTCA 1O YacTAM BO BTODOH pas,
t
‘{TO6I)I 0CBOOOJUTD UX OT BapbupoBanus. [loc/ie BapbUPOBAHUS ITUX UJICHOB UMEEM CJIe-

Ayomue eCTeCTBEHHbIE I'DaHUYHbIC YCJIOBUA U YpaBHEHHA B 3-M cJoe.

[ [ o1z Mot dtdv = [ [é@%?awl + 5 M3 Swn + %@ﬁ?éwz - %ch?dwz] dt—
vt t
—ff[la@1361+c i Gy + 32908 G — L2 Qi out = (14)

b QP 5a™ 1+ LV — %Qg)aa(?)] dudt.

13 BhIpazKeHWii, pa3pabOTAHHBIX IS BBIIIEIIEPEYHCICHHBIX CJI0€B, IPUBOINM 10106~
upte wrenst 10 0uM, du®, saV), §a? fwy, Swy u umeem:

[ (-5 -4 - L2 o) oudsds 15)

ff ( Nl(l) B %SI;i?) %caz\gil _ _le) Su® dadt: (16)

I R e e L L = L
(0 e 0 ) e 19
!xf (—%82? — 5 8M;3 ) dw'dzdt; (19)

3) 3)
ff< ;83;3 + 4L aMf ) Sw@dxdt. (20)
t x



Maremaruwgeckas MOI€eIb 1ePOPMANANA TPEXCIONHBIX . . . 69

Ucnosbsys Beiine npusegennsie npeobpasosanus (*), (*7), (*7) u (*) , wiensr ypas-
mennii (15) - (20) M0okHO BHIPA3uTh cJemyionM o6pa3oM 1o 3akomy ['yka:

1(}) = ffalldzdy = [ [ Eeydzdy = ffEau

Yy z Yy z

(1)
=[JE [6“1 — 2% e+ f’)a”]d dy;

Mﬁ —ffzandzdy_fszgndzdy_ [ Eau(l) _

Yy z

—ffE[a“l o) om0 *aeiy

ox

NI = ] [oildedy = | ] Belldedy = [ | B2 =

y z y =z

oul? PNe) 9@ ho 5a® )
_ffE|: : _Zﬁx _C&c _?281‘ dZdy7

My = ffwn dedy = [ [ 2Epe\Pdzdy = [ [ 2E,2%2 =

y z Yy z

. oul? 2802 502 hy O
_ffEQ |:Z Ox -z ox — zC ox _27 ox dd
Yy z

L3
NG = [ [oldzdy = [ [ Bseldzdy = [ [ B35
Yy z Yy z y z

f Mo
MP = ffzaﬁ)dzdy = ffZE3511)dZdy = ffZE3aam ;
Yy z Yy

3) 3)
Q13 = ff013 dydz _ffG35(3)dde =[/Gs (a;‘m + agl ) dydz;
Yy z

3 3 3 oul | oul®
M1(3) = ffzagg)dydz :fsz;gsgg)dydz :ffZGg ( e + 5 ) dydz;
y = Yy z Yy z
= A7) A7) Ar(3) (3)
ITpu pacuere HopmasbHbIX Hanpsizkenuit Nyy’, Ni17, N}’ nepepesbiBatomiue cHibl (s
1 U3rubaIoNnuii MOMEHTEI Ml(i), Ml(f), Ml(‘f), Ml(g) B IIEPBOM CJIO€, IPUHUMA IMUPUHY OaIKH
(bo, (bo-moCTOSIHHOIT), MHTErPUPYEM 4JIeHBI 1O Z (BBICOTE):

ox

z

_ duM  h142¢ HalD) aa<1> h1 oM |
_bOElh1< ox 2 oz t+c ox + 2 Oz )

MY = b (f o0de — 20500 o oo 4 o0 ) =

. hi42c u®  h34+3%43h1 9oV 2¢24+-chy HaV) h242h1 o@D .
- bOElhl < 2 oz 2 oz + 2 oz + 4 oz )

2 ou(® a2 a2 hi [ 8a? o
Ny =boEy | [%—dz— [2%—dz —c [ B—dz— % [ 4—dz | =
z z z z

o ou(2) (—h2—2¢) Ha(?) a2 @aa@) .
_b0E1h2<8x - 2 oz oz T 2 o= ’
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(2 _ o 29a? da(® ha da(® _
My =boFEy | [2%—dz— [22%%—dz—c [ 2%—dz— "2 [ 2%9—dz
z z z

= boEsh —ha—2c du(?) o h%+3c2+30h2 da(?) o —2c¢2—chy 9a(? _ —h%—2ch2 8o\ |
— Y0212 2 Ox 3 oz 2 Ox 4 ox )

NGO 1 au<1> +h oo | zou® | hyz 9ot au<2> _ h2 8a®
11 2ff 2 Oz +c Oz + 2¢ Ox + o 2 Ox
Yy z

2D s 0s®) g = Bk (2% 4 iy 25 4 222,200

ox

_ HuV) h1 9ot u(® h2 9a@ \ |
bOEC( +2 8x+6x_2 ox )

(1) (1) 2 9D 2 9a (D) (2)
11 — ff( ou zh1 da +z_8u 4 h1z* da +26u

2 Oz c Oz 2¢ Oz ox

l\')lH

_ @804(2) 22 0u® | hy2? 9a® au<1
22 ox ¢ oz +20 ox ddZ bOE332 2 +

(1) (2) (2) 2 (1) (1) (2)
_l_hlaa _28u +h28a > :bQEg% (Bgz _‘_ﬂaa _ Ou

ho Oa(2)

ox 2 Oz ox +7 8z>;

ng _ % (8w1 + iaauil + ng _ 20wy %u@) + %Q(Q) _ %u(Q) 4 %a@)) -

c Ox

= boGo (¢22 + %2 (1) 4 o) — @) 4 224())

= 0 (4 S ) )

=} (G B — b 52 ) = G (5 — 52).

OnpegeﬂeHHe obmrero ypaBHeHI/IH g vV Beomg 0603HAUEHIA U HOICTABIIAS BbIPa-

JKEHUST TSI Nl(1 : NH), M1(1 u Q13 B ypasrenue (15), mosydaem cJeayromiee;

w%

8Nﬁ) 10N 1 oMY 1 43)) 5 (1) _
f( — 3o~ a2 o T 2@y ) outdrdt =
xT

_ D hi42¢ JaD) o) hi 9a® |
_.tff|:b0E18x<8m s or TC 0 T2 o
X

o Aut) h1 6a(1) Bu(Q) ho 8a(? .
iboEi’)C&( ow T2 T T e

1 2 9 oV h1 8o 9u® ha 8a(?
2_cb0E3§8_< o T2 e T e )T

FaboGoQY) (2 4 22 (V) 4 () @) %a(m)} SuVdzdt;

rae

3 _ auU hi aa<1> 8u(2) _ hp 8a@ Y |

1) _ ou® h1+268a(1) aa<1> h1 8a® \ |
Ny’ = boE1hy Er 2 +c + 55 )

2

3 (1) (1) 1) (2)
M1(1):bOESC_ (8u _i_haa _ Oa +h_28a >;

3 ox 2 Oz ox 2 Oz

13 = boGlo ( 8“;} + c% +u® 4+ %a(l) —u® 4 %a@)) _
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Beimosmas HEKOTOpbIE MaTeMaTU41eCKUX BbIKJIaJKW, UMEEM:

oy _aoN oMY | 15B)) 5,0 _
‘tff<_ oz 2 Ox 2¢Oz §Q13 outdxdt =
x
2. (1) 2 (1) 2 (1) 2 (1)
:ff[bOElh(_au +h1+208cx _Caa _ h19%a >+
t x

Oz2 2 Oz2 0x2 2 Oz2
192%™ by 820D 1526 ha 82
+b0E30 ( 2 Ox2 4 0Ozx2 2 Oxz2 + 4 Ozx2 +

2 9 1924V hy 82a) 18%u® ha 9a®
+b0E338ac <_2 82 4 ox? +2 8z2 = 4 oz +

+boGo (32 + 10wz 4 Ly 4 o) — 4y 4 22 @] 50D dzdt,

CrpymmupyeM mpusenennsie soimre ypasuenns mo dull), du?, oM, §a?, sw®, sw®
1, BBIIOJIHAS apudmerndeckne onepanuy Haj KoahdUIUeHTaMyu CrpyIupOBAHHBIX dJIe-
HOB, TIOJIYYaeM CJIe/IyIoIee:

(1) (3)
[ (-5 45 - 220 1 40 suthdear =

:ff[m (1>( boE1hy — byEs% )+32 <2)< bOE33) 19 <2 ( boE. ch1)+
t x

(21)

2P0 <OE ) i aw1 ( boGs) + 8w2 (%bgGg) +uM (boGi%zlc) +

Oz2

+ul? (=byG35) + o (boG32) + a® (byG342)] suVdadt.

Onpenesenne obmero ypasuenns ast u'?: Bpogs 0603HaUeHIs I TOICTABISAS BBIPa-

wenns st N NS MDD QP g ypasnenne (16), nonyuaem crexyonmee:

ox 2 Ox 2¢ Oz

(_aNl‘?’ 1Ny oaem® g (3)) Su®drdt =

ho1+2c 92a(2) _82u(2) 92a(2) @8261(2)
(bOE2h ( 2 Oz2 Oz2 tc Oz2 + 2 0zx2 +

192 by 820D 152 ha 92
+b0E30( 2 Ox2 4 Ox2 2 Ox2 + 4 0x? +

2 9 1924V hy 820D 1 92u® ha 0a®
+60E33 (+2 227 T 1 0a2 202 T4 o )T

oz 2
+boGo (—1%w — 18w Ly — () 4 @) — B242))) 5uP)dadt,
e
N11 = by E 1 ho (8“(2) _ (—h22—20) Bgfj) . 63(;> %agf)) :

8u( ) h1 Ba(l) 8u(2) ho 8a(®

(3)_ 2 ou® h1 8aD) ou® ho 8@\ |
M bOE’C u +_1CM _'lL +_20£ :

3 ox 2 Oz ox 2 Oz

13 = boGlo ( 8“;} + c% +u® 4+ %a(l) —u® 4 %a@)) _
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Beimosmas HEKOTOpbIC MaTeMaTH41eCKHUEe BbIKJIQJIKW, UMEEeM:

696 2 Ox 2¢ Oz

2 3 3
( oMP 1Ny 1oy 1 ) SuPdzdt =

Oz2 2 oz2 Oz2 2 022

180%™ by 9200 1522 ha 82a(®
+b0E30( 2 Ox2 4 Ox2 2 Ox2 + 4 Oz +

2, (2) 2 (2) 2 (2) 2 (2)
|:boE2h2 (_8u _'_h21+206a _'_Caa +h_28a >+

2 9 192 h1 82V 1824 ho da(?
+b0E3__ <+§ o0x? +I 0r2 2 Ox2 +I ox +

FhoGl (— 12w — 10w Ly() _ lg() 4 @ — 120(2))] 5 dadt.

Crpyunupyem npuseenssie soime ypasaenns 1o oul), u®, sa®, 5o, sw® sw®
1, BBIIOJIHAS apudmerndeckne onepanun Haj KoahdUIUeHTaMu CrpyImupoOBaHHbIX dJe-
HOB, TIOTy9aeM CJIeIyIomee:

ON® aN® oM® 3
ff( 1 ol 4 i — ngg)) SuPdxdt =

= [ I [ 55 (~boBaha — WEs%) + 255 (boBs2) + %5 (boBss) +
t x

P (b Es) + 2 (~3G) + %2 (—uGa) + ) (G +

+ U(Q) (—FboGgQic) + CY(I) (—boGgZ—é) + 04(2) (—boGgZ—i)] 5U(2)d£ﬁdt

Onpenenenne 06Luero y aBHeHI/IH ,ZL.HH oM. Boas 0603HAYEHNS U [TOCTABIISSI BBHIpa-

JKeHUs 14 Nl(i), N11 , 1 HQ13 B ypaBHeHHe (22), moJydaeM Creyoniee:
(- f;;‘? -yl ol 2 ) st -
[/ <b0E1 2 <h1—21-2c ag;n B h§+3z+3h1 83;1) n 202-50}11 33? n h§+42h1 ag;)) B
—boEfmca% (2 — bugpeos® , cos ) eosD) gt (—bugteas®) 4
2+ o 2 - e (G0 + 950 + 5 - 98 -

. chi [ 82u®) ha%ﬂ) . 524,(2) @Bga@) h1 8w1 811)2
b0E3 ( Ozx2 + 2 Ox2 Ox2 + 2 Oz2 +b0G04c( +C +

+u + Lo — 4@ 4 220())) saVdzdt,

roe

hi+2c 9uD)  h34+3%43h1 9o (V) 22 4+chy daD) h242h1 9o\ .
M - bOElh ( 2 ox 2 oz + 2 ox + 4 ox )

1) ouM  h142c dalD) 8a® | hy 9aM Y |
NH _bOElhl Oz 2 Oz +c Oz + 2 Oz )

8u( ) h1 8a(1) 8u(2) ha da(?

(3) _ A (u® | by 8aD 80D | hy 9a@ ) .
MU —boEgg Oz +7 Oz Oz +? Oz )

13 = boGlo ( 8“;1 + c% +u® 4+ %a(l) —u® 4 %a@)) _
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Beimosmas HEKOTOpbIC MaTeMaTH41eCKHUEe BbIKJIQJIKW, UMEEeM:

1 1 1 3 3 3
[ (2l oMy oy w 0N MY 9950 () g =
) ox ox 2 Ox 4 Oz 4c Oz 4c  Ox
T

_ hi+2¢ 92u@® _ h3+3°43h1 920 | 2c%4chy 92a)
- f‘f [bOElh1< 2 Oz? 2 Oz? + 2 Ox? +

h3 +2h1 a2a<1> 2w m42¢82a® 920D by 82D
+= 4 ) + b0E1h16< Ox2 + 2 Oz2 ¢ Oz2 2 0z2 +

—FboElh—% (_Bzu(U T h142¢ 82aD 682a(1) h1 8204(1)> —|—b E ch1 (_62u<1> _
3

Ox2 2 Ox2 Ox2 2 Ox2
_h1 820 924 | by 5202 chi [ 92u® by 520 | 924
2 Ox? Ox2 + 2 Ox? + bOE3 Ox2 2 Ox? + Ox2

h22 52a ) + bOGO ( 8w1 + Cawz + u(l) + %&(1) U(Q) + h2a )] 5a(1)dl‘dt

Crpynmupyem npuseentsie soime ypasaerns mo dull), du®, a5, sw®, sw?®
¥, BBINOTHAL apidMeTHIecKre ONepannn Hajl Ko3hdUIHeHTAME CIPYIIHPOBAHHLIX tle-
HOB, TIOJTy9aeM cJIeIyIomee:

1 1 1 3 3
ff oM c@]\,l(l) m NG g oN® ) om® e a@w s dedt —
f ox ox 2 8;18 4 896 4c Oz 4c Ox
T

= [ J (% (bt + T (o) + 2 (b~ boB) +
_I._

T (boBsig2) + G (boGa't) + 52 (boGi'y) +ul!) (boGs'y) +

(23)

) (~boGa) + ) (boGsld ) + a® (byGsi2) ) daVdudt.

Oupegiesienne obmero ypasuenns jyuis o'?). Bpojus 0603HadeHnd M OACTABIIsAA BbIPa-
(2 3) (2) 3) .
xenns s Ny, Ny, My, My Q)5 B ypasuenue (18), nosydaem ciemyoriee:

!

8 —l

8M1<§) 8N1(§) ha 8N1(§) ha 8N1(§) ha 8M1<?) ha 8Q533> (2) _
< T T e T e T he o T ae ) 00 dudt =

ox 4c Ox
o 9 [ (=h2—2c) 9u®  h34+3c*4+3ch2 9a(®)
- ;[f |:b0E2h2% ( 2 ox 3 ox
T

_ (=2c2—chs) 9a® _ (=h3—2chs) aa(2> ou®
2 ox 4 +bOE2h2C ox

_ (=h2=20) 9@ 92  hy 9o\ h 9 [ ou®
2 oz ¢ oz 2 Oz bOE2 2

_ (=h2=2¢) 9@ 9o hy dal? cha 8 [ Ou®)
2 ox ¢ oz 2 Oz +b0E3 4 Ox +

h1 9all u(2> _ h2 9a@\ chy & (0uV) | hy 9a®
2 Oz + 2 Oz b0E3 12 8z ox +

_815(;) + h22 3(1(2)) + b()GO ( 6w1 + Can +u( ) + h1 a(l) -

—u® + hzoz 2))} SaPdxdt,
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rae

2 —ho— (2) h2+43c2+3ch (2)
Ml(l):boE2h2< hy—2¢ Ju gtdcHichs 9ot

2 dr 3 oz
_ =22 —chy 9a® _ —h3—2chs 9o\ .
2 oz 4 oz )
(2 ou(?) (—h2—2c¢) Ha(2) da(2) h2 9a@ \ |
N11 _bOE1h2 dr 2 or  CTor T 2 oz )
Ou() h1 OaD) Ou2) ho 0a(®) 1\ .
N = boBye (20 + 2820 4 242 _ 12000,
(3) 2 (0u® | b1 8o u® | hy Ha@ .
M o bOE3? Ox + 2 oz oz + 2 Oz )
f;] _ ( Bwl + cam +u® 4 h1a(1)

u@ 4 b2, (2)
+ 5 ) .
Brinonngsa HeKoTOpble MaTeMaTHYeCKIE BHIKJIAIKHA, TMEEM:

) @) ) 3) ® 3)
My 8N11 ho ON; hg ON1Y" _ hg OM; hy 9Q13 (2) _
{f( ax oz + 2 Oa: +I Oz 4c 890 +E oz ooV dudt =
xX

2. (2) h2 3¢2+3chs §24,2)
—ff[boE2h2< Sluo2) O Mike siehs

Ox2 3 az2
—2c2—chs) §2 (—hZ—QChQ) 92a/(2) 82 (2)
- 2 822 -7 a0z | T boErhac T2 —
_(=h2=2¢) 920 520 Ry 92a@ | h_% 2u®
2 Ox2 C 52 2 Ozx2 b0E2 2 Ox2
_ (=h2a—2c) §2a® 92a®  hy 9203 cha [ 02u®)
2 Oz2 ¢ 0z2 2 Ox2 +bOE3 4 0zx2 +
h1 92aM) 2u®  hy 92a® ) chy [ 92u®) h1 920
+ 2 0z2 + Oz2 2 0zx2 b E3 Oz2 2 022

2, (2) 2 (2)
—ous b oo > + bpGoh2 (cFr 4 02 4 gD 4 B ()

—u® 4+ %a@))] da@dxdt.

CrpyunupyeM npuseenusie spime ypapaerns o oult) | su®, sal), 5o, sw®, sw?

u
) 7
BBIIIOJIHAA apupMeTHIECKHIE Ollepaliuu Had KOXPMUIIMEeHTAMI CTPYIIITHPOBAHHBIX 1JICHOB
MoJIydaeM CAeayrolee:

1 1 1 3 3
ff aMl(l) . 8N1(1) . maNl(l) _ Q8N1(1) _ haMf1) 4 h1 8Q13 50& dl‘dt —
f ox 2 Oz 4 Oz 4c Oz 4c Ox
x

T (5 ) + 252 (-l - )

+a§)a<1> (boByehalz) 4 21 (porulia) 4 s (p o ha)

Qu(l) (b E chz)
U (boG342) +

U (boGa™2) + u® (~boGai2) + 0@ (oGt ) ) dadadt

Onpenenenne odIero ypaBuenus Jas wi: BBoasg obo3HaUYEHUsS W MOJACTABJsIS BbIpa-
3
Keuuga aag M ®

13 Q13) B ypasHenue (19), nmoaydaem ciemyroniee

(49 - £ ) st = [ ] (-
t

+ulV) +2a0

(24)

% 8& ( 8w1 8w2+
—u® 4 2a?)) - —boGs%aﬁ (G — 2u2) Sy dadt,
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rae
) = oG (¢t 4 2 4y 4 B () @) 4 2 ()

3) _ 2 (Ow ows \ .
M13 - b0G3§ ( dx oz ) )
BBIHOJIHHH HeKOTOpre MaTeMaTH4YeCKUe BbIKﬂaZLKH, nMeeM:
(3)
_lans 1 8M13
{f( 2 Oz 2¢ Ow 5w1dxdt
T
_ _cdPwr  cdws  10uD by daV) 10u®  hy §al®

_[f[b0G3( 2 Oz2 2 Ox2 2 Oz 4 Ox +2 ox 4 Oz +
T

+hoGsg (~ 155 + 155 )| dwidedt,

CrpyunupyeM npusenennsie soimre ypasaenns o oull), du®, sa, §a?, sw®, sw®
U, BBIIOJIHAS apudMeTHUYeCKHe Olepalui HaJl KO3 MUIHeHTaAME CIPYIITPOBAHHBIX UIe-

HOB, HOJIY49aeM CJIeJyIoNiee ypaBHEHHE.
[f ( P L0 e = [ [ [ (~Ga¥) +
T
57 (~uGag) + + 252 (~3G) + 42 (~nGaly) +

+282 (3boGs) + 25 (—boeg%)] Swidadt,

Onpepesienne odIero ypaBuenusd Js we. BBojasg o003HAUYEHUS M MOJICTABJsAS BbIpa-

JKEHUST JI/1sT Ml(g) Q%) B ypastenue (20), mosydaeM cJIeayomiee

(25)

2 Oz ox

ff ( L9914 1 oM, ) Swodzdt = ff (—3b0Gsz (B2 +c%2 +uM

+ i — @ 4 h2q®) 4 4 LpGae 2 (om M)) Swodzdt,

rie
QY = boGo (c2 ez tul +5alh) —ul 4 o),
ow Ow
M13 = bOG3 7 (52— 52)

Brimonmnas HEKOTOpbIC MaTeMaTH4YeCKNEe BbIKJIaJKW, UMEeM:

2 Ox ox

[ ( 129 13M13)6w2dxdt I [bGs (=558 - 55 — 457
t x

_m9a® | 18u®  hy 92 Py _ 19
i or T2 o 2065 )+ boGas (354 — 354 ) | dwadudt.

CrpymmupyeM mpusenennsie soimre ypasuenns mo dull), du?, saM, §a?, sw®, sw®
1, BBIOJIHsAS apudMeTHdecKne onepanun Hal KodduimueHTaMu CrpyIupOBAHHBIX HIe-

HOB, IIOJyYaeM CJeAyIollee YpaBHEHHUE.
ff( PO LY buadude = [ [ [ (-G +
t x
w2 (—byGy2) 4 242 (—1hoGly) + 8a“’( boGsl) +

+8u(2) (%boGs) I ag;m (—boGg%)} dwqdxdt.

(26)
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Borunciienus paborsbl 00beMHBIX, TOBEPXHOCTHBIX M TOPHOBLIX cujl. Pabora, BbIIOJIHSI-
eMast TPEXCJORHBIMU CTEPXKHAMU:

Mw

3

1 t s1 k=1

[oAdt = ffZF(;UZdU—i—f

t v i= s

O

3
[oAdt = [ [ > F®6ut™ dvdt + f D> F3<k>5u§f>dvdt+ [ f > ¢PoutM didi+
t l

t v k=1 v k=1 t k

v;_x

) -
+fo S o ouPdidt + [ [ 2 AWou W dsydt + [ [ z FPsuPds,dt.
t

k=1 t s1 k=1 t s1 k=1

Joadt = [ [ [PPou” + PPou? + PPsul® + PP aul) +
t v

t
+PPou + PPouY | dvdt + [ [ ol 0ul" + ¢P5ul? + g ouf® +
t
a0 + P00 + 00l dsudt + [ [ [ O5u D + ;P60 +

t s1

+ D0 ® + f305us™ 4 £, 50,2 4 f3<3>5u3<3>] dsydt;

JoAdt=[ [ [R©6 (u® = (z -~ B) a®) +
t t v
+F%5 (u(Q) — (Z +c+ %) a(Q)) +
(

FROS((142) () + ) (1= 2) (Ju - 1
+ F3(1)5’LU1 + F3(2)5w2 + F3(3)5 (% (1 + i) w1 + % (1 — %)

[ 08 (a0 = (s = c= ) a®)
F03 (14 2) (u? + )
)

gsMow; + 3P ows + 3P owy + g5

¢\?s (u® — (z+c+22)a®)+

(1-2) (2u® — 24@)) +

ey [fl(”é (u® = (2 —c— 1) a®) +
t s1
AP0 ((1+2) (Gu® + Fall) + (1= 2) (5ul® = f2a®)) +
AP0 ((1+2) (Gu® + Grall) + (1= 2) (5ul = f2a®)) +

+f3(1)5w1 + f3(2)(5w2 + f3(3)5 (% (1 + E) w1 + % (1 — %) wg)] dSldt
Boeruncagem obbeMubIe CHITHI:
[ 6Adt = | Fou + FPou + FPul® + FVau) +
t
2
FRES (W — (4 o+ )a®) +RO5((14+2) (0 + 5a) 4

£ (1= 2) (3u® = 200)) 4 BOsw, + F@duw,+

+FP 50 Fz,fs su ] dvdt = [ [ [Fl(l)é (u® = (z —c— )aW) +
t v

FEOF (314 2w + 31— £)u)] dods
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[Adt=[[ f / [FW6u® — F{0z60 + cF;V5a®

+%F1t(1)504(1) —1—;7 (5u — 19260 — c;P5a® — h—QFl(Q)éoz(Q)
+%F1(3)5u(1) + %F J5a™ + o F @) 25uM) + th ) 260 4
HEO5u® - 2P ®5a@ — LG 5u@ 4 22 3)502) +
FiWsw, + F,® 6w, + %Fg(g)éwl + iF;g @) 26w, + %Fg ) Sy —

—%F;;(‘g)zéwz] dzdy] dxdt.
[TpuBogum obo3naveHus:
F(l) ffF(l dydz, ffF dydz F(g) ffFl(S)dydz,
MFEY f fF Vadydz, MF® f fF V2dydz, MF® f fF(3)zdydz,
F(l) = ffF(l)dydz = ffF(2 dydz, F(3) = ffF(?’)dydz

MF ffF zdydz MF(Q) ffF zdydz MF ffF(3)zdydz.

y =
[ Adi= ] | [Fﬁ”auw — MFM50® + (F V504 BF V500 + FP5u®—
t —MF )50 cff)éoz@) - %ﬁ '5a® + %F?)éu(l) + %Fgg)(m(l)%—
+ L MFP5u® + 1M FPsa® 4 1FV5u@ — 2FP5a@ -
—LMFP5u® + 2 M FP50® + FVgw, + Fy w, + LF dwy+ (27)
—i—zicMFgfg)(iwl —i—%ﬁ(j)é MF 5w, dadt.
B]:)ILII/IC.HHGM TTOBEPXHOCTHBIE CHUJIBI.
[ oAdt = ff [ql sul + ¢Poul? + ¢Poul? + ¢ oul +
t
+ ¢5ul? + P suf } didt = [ [ [V6 (u® = (z —c— &) aW)+
F®8 () (= o+ ) 0®) + 008 (14 2) (30 + 5a®) +
+(1-2) (3u® = 22a®)) 4+ ¢;Véw; + g5 dwy+
+¢3P8 (3(1 + 2)wy + 3(1 — 2)wy)] dldt;

[oAdt = [ [ [ V6 (u® — za® + ca® + M) + 4,5 (u® —
t t 1

_z@(2) — 606(2) — %@(2)) + q1(3)6 (%u(l) + %a(l) + %%u(l)_'_

>

+q3(2)w2 T ®s (%wl + 12w + dwy — ng)] dldt.
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[IpuBojum obo3nauenus:

f f ¢V dydz, g f f ¢Pdydz, g” = f f gtV dydz,
Mq1 ffch 2dydz, ]\/[q1 ffql zdydz, Mq(g) ffql zdydz,
Yy
5 f / ¢y dydz, —f / qf)dydz 7 —f / q3 \dyd,

Mq3 fqu zdydz, M(I3 ff%, zdydz, MC] ffq( )zdydz

ITocse 3TOTO MOXKHO 3alUCATD BUJ YpaBHCHUA:

JAdt=[][ [agl)du(l) — Mg"sa 4 giVsaM+ ughsam
t t
+§§2)5u(2) —l Mq§2)5a(2) — cqu)éa@) — 2 q1 )sa? ;qf’ duD)
+87P 500 + LM su® + Mg saM + 17 su® -
4 q1 )50 %qu’)éu@) + %qu’)éa@) + G§1)5w1+

+q3 V6w, + 2q3 Yowy + & Mq3 5w, —|—2qg )6, — (3)5w2 dldt.
Beraucisem Topresble CHITHL.

Joade=[ [ fPou” + P + fPoul® + Poul+ P oud+
t

t s1

—l—fég)éué?’)} didt = [ [ [fl 1)5( — zaW 4+ ca® + hloz( )+
t s1
+AP6 (u? - za® —ca® — 2a@) 4 {35 (Ly® 4 a® 4

+f3Mw; + f3Pwy + 338 (fwy + $2wy + 2wy — ——wg)] dsydt.
[IpuBosuM npeobpasoBaHus:

—(1 —(2 (3
V= [ Py, fﬁ)—f [ 1y, 7 If £ dydsz,

MY = f fyf zdydz, MfP = f f FD2dydz, MY f f 9 2dydz,

(”—fffsf”dyd 75 —fffg dydz, (3)=fff§3’dydz,

Mfé fffs zdydz, M fff3 zdydz, Mf fff§3)zdydz.

TTocsie 3Toro MOXKHO HAINCATH BUJ YPaBHEHUD:

[Adt=[[ [75”5u<1> — MfD5a® 4 FVsaW4 BFY5a0 4
t t 1

S50 M50 — 750 — 5T P50 + 17 jud

(28)
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173 1 —(3)
+8 7 6a® + £ Mf1 th1 + 3/, oul
~Ba P 5a@ — AL 5@ 4 g P60 4 +7§”5w1 (29)
750wy +17 0wy + LM P sw, + 1706w, — LM f§3)5w2} dldt.

Berapisig bopmystsl Kuretudeckoii suepruu (10), norennuanbuoit sueprun (15)-(20)
u paborel BHemHux cut (27)-(29) B (1) moaywaem:

2. (1) 2 (1) (1) 2,,(1)
(e ey o (i -

ot? ot?
_hi 2o 82D 2o 82u(?
pF ot2 [y ot? 2c2 [y ot? F ot? +

+h2pF82a<2) + p[ 9242 p[ 82a(2)>> _

ot? Yy ot? 2c2 Yy ot?

— (B (Bl — W) + B2 () + 5 (~mach) +

+ % (0B ) + % (300Gs) + 52 (300Gs) +u) (boGsg) +

u® (<) +a) (WGsh) + a® (Gst)) + T 4 170+

+2MFD + g0+ 3g® + Lyl + 7+ 47 + M| su = o,

w(@ al al w®)
[(pF%ﬁ«+pF%W ol FEAD L L (R

ot2 a2
h1 82a(1) 8241 h1 82(1(1) 92u(2)
pE ot2 ]y oz T 22l Pl ot2 pE oz T
ha 2o u 32a? (%@ _
+3 pF ot2 2 [y 12 2c2 Iy o2 022 ( boE2hs

~bo B %) + %) (boEsS) + Lo (—hy By - 2

+9u (—1pyGs) + 22 (—1byG3) + u) (—boGan) +

8x2 (b E Ch2)
( bOG320)
+alt (-~ boG'shl)ﬂv(2 (—boGgi—i)) +F§2)+%7§3)—%MF1“+ a2+

82u) h1 1 92u®) 82aM) o2 2o
[( pcF g — p3 F e — ply == — pc F =

h 82a) h 82 82aM) h 924D
P P — py el e _PlF o1 +4< 2P e

92 hy 7 82uD h} 92a® 92u(
2 PE S = sarly S — Erly e — 5 F 8t2 L+

+h2h1pF8 a? +

) 24(2)
af byl 8u _hahy 1 0% >>_

2c2 7Y ot? 4c2 Y ot?

e c e c o™ h3 ch?
(5 (b + G (i Bet) + e (Bt - )+

A () 4 B (b Gyt) + 22 (b)) (Gt +

+u® (=bpGs) 4 V) <boG3%> +a@ (byGyMl2)) — MFEY 4
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veF 3 B EY g e - Mgl e+ g+ e

Mgl MY+ e+ 7+ 57+ B ] salh) <o,

82u? ho 178%u(® 82a® 2 179%2a(®
[(ch o TP e — ply T — p

he 18%2a®@hy 1002a® b3 1292a(®) 1 ( by, pd2u®
peg B — pcg o — p3 P + 3 5 rF e+

hiho 82a(1) _ ha 924 (1) __ hiho 92aD) ha 82u(2)_
0 S0 2z Pl 5 12 ply e + 5 pFSs

h: 12920 h 2u? h’ 92 2u® ch
—drF S + 350l % — 5L, 50 - (b0E3TQ)+

Ox2

Ox2

2,,(1) . 24,(2) h3 ch? 24,(1) .
D (1, By i) + 20 (ot — b Byt ) 4 22 (b By ) ¢

+50 (boGs ) + G2 (boGis ) +ulV (boGs2) + @) (boGisi2) +

9 (-] 10 (wGl)) - M - P - T
q a 7 —(2)
2 MF® — Me® — g~ ag® g+ M - MO - Y-

5T =T M Y] a® = 0,

2w 2w 2w 2w —2w
[(_PFaatzl + 3 <_pFaBt21 — pal, S — pF % +pci2]yaat22>> a

— (%25 (~BoGs%) + 5% (~boGsg) + 2 (~3huGs) + B2 (~boGisty) +

—i—ag(j) (%boG?,) + 83;2> (—boGs.%)) + Fél) + %F;(;) + %MF:S(:S) + a§1)+

N - -3
+1389 + g + 7+ 17 + iMfég)] dwy = 0;

2 2 2 2 2
[(_pFaaff +% (—PF%Z’? "‘pc%lyaazgl - pFaaEQ - Pc%lyaazgz» -

(% (b + B (G + 2 (—LG) + 2 (—byCily) +

(30)

2 (1,Ga) + B (hyGat2)) + B+ 1FY — £ 472 + 7 -

—(2 —(2
ERVCES IS IRV P

Takum obpazom, pazpaboTaHa MaTeMaTHIecKas MOJETb MaTeMATHIECKON MOIe I Jie-
dopMupoBaHus TPEXCJAOMHBIX CTEpPKHENR 1IPU ydeTe Bapualuili KMHETUYeCKOW M MOTEeH-
UAJbHON HEpruii, a Takzke paboThl BHENTHUX O0BEMHBIX U MOBEPXHOCTHLIX cujl. Jlaib-
Heifimas Haydnas paboTa MpeJo/jaraet co3/J[anue BhIYUCAUTEIHLHOTO aJITOPUTMA pacdeTa
nedopManuu TPEXCIONHBIX CTepXKHE.

4 3akJjodeHunue

B 3akmodennn MOXKHO OTMETUTD CJIe Iy IOTue OCHOBHBIe MOMEHTHI. B paMKax n3J10KeH-
HO# paboThl Olpejie/ieHbl BapUallul KUHETUYECKOW U IOTEHIMAJIbHON HepIuil, Bapualiuu
paboThl BHENTHUX OOBEMHBIX M HOBEPXHOCTHBLIX CHUJI, C KAKOBOH IEJbI0 ObLI IPUMEHEH
npunaiun Ocrporpajckoro — lamuasrora. BeiBemena matemarndeckas Moae/b gedopma-
AN TPEXCJAOUHBIX CTEpIKHEN.
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UDC 539.3

MATHEMATICAL MODEL OF DEFORMATION OF
THREE-LAYER RODS UNDER SPATIAL LOADS

* Anarova Sh.A., ?Ismoilov Sh.M., 2Shokirov D.A.
*shahzodaanarova@gmail.com
!Tashkent University of Information Technologies named after Muhammad al-Khorezmi,
100200, Uzbekistan, Tashkent, st. Amir Temur, 108;
2Namangan Institute of Engineering and Construction,
160103, Uzbekistan, Namangan, st. 1. Karimov 12.

It is known that three-layer structural elements are widely used in modern industries;
so there is a constant need to develop methods for their calculation under new operating
conditions. In particular, one of the pressing problems is the study of the strain states
of three-layer rods. Based on the number of publications on this topic, much attention is
paid to the calculation of the stress-strain state and critical stability parameters of three-
layer rods. However, despite active scientific research, some important practical loading
schemes for three-layer structures remain unconsidered. In this regard, the purpose of
this study is to derive a mathematical model of the deformation of three-layer rods
taking into account variations in kinetic and potential energies, and the work of external
volumetric and surface forces, for which the Ostrogradsky-Hamilton variational principle
was applied.

Keywords: three-layer rod, Ostrogradsky—Hamilton principle, kinetic energy, potential
energy.

Citation: Anarova Sh.A., Ismoilov Sh.M., Shokirov D.A.2023. Mathematical model
of deformation of three-layer rods under spatial loads. Problems of Computational and
Applied Mathematics. 5(52): 56-82.
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NUMERICAL MODELING OF INHOMOGENEOUS
SINGULARLY PERTURBED FOURTH-ORDER BOUNDARY
VALUE PROBLEMS USING THE SPECTRAL METHOD

Normurodov Ch.B., Tilovov M.A., Tursunova B.A., Djyurayeva N.T.
ch.normurodov@gmail.com
Termez State University,
190111, 43 Barkamol Avlod Str., Termez, Uzbekistan.

In the present work the spectral method with Chebyshev polynomials of the first kind
is used for the numerical modeling of inhomogeneous singularly perturbed fourth-order
boundary value problems. Numerical and graphical results illustrate the high accuracy
and efficiency of the method used for various values of the small parameter and approx-
imating polynomials.

Keywords: spectral method, Chebyshev polynomials of the first kind, spectral solution,
high accuracy.

Citation: Normurodov Ch.B., Tilovov M.A., Tursunova B.A., Djurayeva N.T.2023.
Numerical modeling of inhomogeneous singularly perturbed fourth-order boundary value

problems using the spectral method. Problems of Computational and Applied Mathemat-
ics. 5(52): 83-89.

1 Introduction

Singularly perturbed differential equations serve as mathematical models of many
processes in physics, astrophysics, chemistry, biology, sociology and technology. Numer-
ical modeling of singularly perturbed boundary value problems in ordinary differential
equations is a current area of scientific research. In order to obtain a uniformly fea-
sible asymptotic solution expansion for singularly perturbed problems, many methods
have been developed, such as boundary layer expansion, multiscale methods, asymptotic
matching, stretched coordinates, averaging, and others.

In [1] a singularly perturbed equation is studied in two ways: the "exact"method
(since transcendental equations for eigenvalues are solved numerically) and the asymp-
totic method. A comparative analysis of the obtained results is given at diminution of
e. The existence of a boundary layer for a derivative from the solutions is established.
It is shown that at diminution of ¢ the solutions of one boundary value problem ( when
boundary conditions are imposed on the solution of the original equation as follows: homo-
geneous conditions for the desired solution and its even derivatives converge to solutions
of the degenerate problem (Schrodinger equation), and for the other (when homogeneous
boundary conditions for the sought the solution and all its derivatives ) such convergence
does not exist.

In [2] a multi-scale method is presented for solving singularly perturbed second- and
third-order problems with a boundary layer at one end, either on the left or on the right.
The original second- and third-order ordinary differential equations are transformed into
partial differential equations. These problems were effectively addressed using the multiple
scale method and numerical simulations were performed on standard test cases to validate
the robustness of the proposed method.

In [3] an initial value method was proposed for solving a class of linear singularly per-
turbed second-order differential-difference equations containing mixed shifts. In this case,
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this problem is modified to an equivalent singularly perturbed problem by approximating
the term containing the delay and advance parameters using a Taylor series expansion.
These problems are then solved analytically and/or numerically and these solutions are
combined to give an approximate solution to the original problem. The error estimate for
this method is obtained using the maximum norm. To illustrate the theoretical results,
several test problems are considered. It is noted that the method used approximates the
exact solution very well.

In [4], the method of uniform grids is extended to solve multidimensional singularly
perturbed boundary value problems. Numerical calculations on a uniform grid poorly
describe the boundary layer, since with a sufficiently small value of the parameter, already
the first grid node lies outside the boundary layer.

For practical applications, it is important to know the structure of the boundary
layer; it is necessary to construct a non-uniform difference grid, which is condensed in the
boundary layer region [5].

In [6] presents a unified convergence analysis for solving singularly perturbed problems
using the standard Galerkin finite element method on an unconventional Shishkin-type
mesh, which completely separates the boundary layers from other subdomains.

The results of the numerical solution of singularly perturbed fourth-order boundary
value problems are presented in [7]. This work proposes a solution algorithm based on the
use of a special non-uniform difference grid and the differential operator is approximated
in two ways:

1) the fourth-order operator is replaced by a more convenient operator, which is split
into two operators, i.e. instead of one equation, a system of two second-order equations
is considered;

2) by the method of integral identities, the operator is approximated on a five-point
pattern.

In the first approach, theorems on uniform convergence on the non-uniform conver-
gence on the non-uniform difference grid proposed in the work have been proved. In the
second approach, the order of uniform convergence was shown by numerical experiment.
The solution of the system of difference equations was carried out by a non monotonic
run. The described numerical algorithm was used to solve the linearized problem of the
longitudinal-transverse bending of an elastic beam with embedded ends ends under the
action of a distributed load.

In recent years along with difference methods, spectral and spectral-grid methods have
been successfully used to solve singularly perturbed problems. In spectral and spectral-
grid methods Chebyshev polynomials of the first and second kind are used as basis func-
tions. The application of Chebyshev polynomials of the first kind to solve the eigenvalue
problem of singularly perturbed boundary value problems is presented in [8]- [14], and
the application of Chebyshev polynomials of the second kind in [15]- [18]. The computa-
tional experiments carried out in these works showed the high accuracy and efficiency of
the methods used.

2 Statement of the problem

Let us consider an approximate solution of the following inhomogeneous singularly per-
turbed differential equation of the fourth order using the spectral method with Chebyshev
polynomials of the first kind:

e — 20— +u(y) = f(y),y € (-1, +1), (1)
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with the boundary conditions
u(£1) = —(£1) =0, (2)

where ¢ is a small parameter.

To check the convergence and order of accuracy of the spectral method, we use the idea
of the test function method [18]. The essence of this method is as follows.

A certain function is selected u(y) ( it can be chosen arbitrarily), substituting it into
equation (1), we find the right side and edge values (2). The resulting problem is solved
using the spectral method and the resulting spectral solution is compared with the known
test function u(y) for various values of the small parameter € and Chebyshev polynomials
of the first kind. As a test function, select the following function:

u(y) = (1 - y*)%e™ (3)
Then the right side f(y) has the form:

fly) =cl(e* + € +e)y* + (166® + 8 + 4)y® + (70e* — 2e* — e + 12)y*+
(88 — 16 — 4)y + (* — 23&% + 20)]e™V

(4)

3 Solution method

In the spectral method, the approximate solution of problem (1)—(2) and the right-
hand side f(y) searched in the form of the following rows:

N N
ua(y) =Y anTu(y), f(y) = Y baTu(v), (5)
n=0 n=0
where T,,(y) are Chebyshev polynomials of the first kind:

To(y) = 1, Ti(y) = v, Tos1(y) = 20T (y) — Tna(y),n = 1,2, ...,

a ap(n=0,1,2,...N) are unknown coefficients.

Derivatives of various orders from a function u,(y) are calculated using the formulas
presented in the monograph [ [14],p. 62-63|. Substituting the values of the derivatives and
the right-hand side f(y) into the differential equation (1) and equating the coefficients
for the same powers of the Chebyshev polynomials T,,(y), we have the following algebraic
system:

N
£
5ic ( Z p(P*(p* — 4)? — 3n?p* + 3n'p? — n?(n® — 4)%)a,
n p:(n—l—ﬁ(ll )
p=n(mod2
, (6)
—=( ) p*—n)ay) +an = by,
n p=n-+2
p=n(mod2)

n=0,1,...,N —4,

where ¢cg = 2,¢, = 1ifn > 0.

Here, based on 7 the method [14], the algebraic system (6) is considered up to n = N —
— 4, the missing equations are taken from satisfying the boundary conditions (2). These
equations, taking into account the following properties of Chebyshev polynomials:

To(£1) = (£1)", T, (£1) = (£1)"2p?
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have the form

N N
Z a, =0, Z na, =0 (7)
n=0 n=0
n=0(mod2) n=0(mod2)
N N
Z a, =0, Z na, =0 (8)
nzlnr:nlod2) nzln(;}ozﬂ)

Here, equations (7) are the boundary conditions at the left end of the segment [—1, +
+1], and equations (8) at the right end of the segment [—1, +1].
Expansion b, coefficients for a known function f(y) at collocation nodes of Chebyshev
polynomials y; = cos %l,l = 0,1,... N are determined by the following inverse transfor-
mation [12|- [14]:
N

2 Zlf(yl)Tn(yl)vnzovlv 7N (9)

Nec, ~~ ¢

where ¢ = ¢, =2,¢,, = 1if m #0; N.

Algebraic system (6) with boundary conditions (7),(8) form a system of (N + 1) equations
for determining (N + 1) the unknowns: ag, ay,---ay.

It is convenient to write the resulting system in matrix-vector form:

Aa =D, (10)

where A is the known square matrix of coefficients, b is the known vector of the right
side,a is the vector of unknown coefficients, and

CLTZ(CLO aq (IN), bT:(bo b1 ...bN_4 0 0 O 0),
here a” | b” are transposed vectors.
By solving system (10), you can find the vector of unknowns a’ and substituting their
values in series (5) to determine an approximate solution u,(y) to problem (1)—(2)

4 Discussion of results

Let us present the results of calculations for the numerical solution of the differential
problem (1)-(2) by the spectral method for values of the small parameter £ = 107%; 1072
and various values of the Chebyshev polynomials of the first kind (/N = 20, 50). However,
we present the calculation results when e = 1073,

Table 1 shows a comparison of the exact and spectral solutions when the number of
polynomials is equal to N = 20 .

Table 1. Comparison of exact and spectral solutions.

[ Y the exact solution | the approximate solution error
1 -0.98769 0.00059 0.00019 0.00040
5 -0.70711 0.25017 0.21705 0.03312
10 | -6.12323e-17 1.0 0.93163 0.06836
15 0.70711 0.24982 0.21669 0.03312
19 0.98769 0.00059 0.00019 0.00040

The results shown in Table 1 are most clearly illustrated in Fig.1.
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Figure 1 Dynamics of exact and spectral solutions with Chebyshev polynomials of the first kind
(N = 20).

From Fig. 1 it is clear that the small parameter € most strongly affects the middle part
of the segment and there are corner sections in the graphs of the function. To smooth the
graphs of the function, we increase the number of approximating Chebyshev polynomials
to N = 50 and leave the value of the small parameter unchanged ¢ = 1073. We present
the results in Table 2.

Table 2. Comparison of exact and spectral solutions.

l Ui the exact solution | the approximate solution error
1 1-0.99802 1.55600e-05 3.32738e-06 1.22326e-06
10 | -0.80902 0.11946 0.09746 0.02199
20 | -0.30902 0.81838 0.75690 0.06148
30 | 0.30902 0.81788 0.75639 0.06149
40 | 0.80902 0.11926 0.09726 0.02199
49 | 0.99802 1.55289e-05 3.29635e-06 1.22326e-06

The numerical results given in Table 2 are graphically presented in Fig. 2

=== Approximate — solution
—— Exact - solution

Figure 2 Dynamics of exact and spectral solutions with Chebyshev polynomials of the first kind
(N = 50).
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From the results given in Tables 1, 2 and Fig. 1, Fig. 2, it is clear that the accuracy of
the spectral method is consistently maintained as the number of Chebyshev polynomials
increases, at the same time the spectral solution becomes smoother.

5 Conclusions

For the numerical modeling of singularly perturbed boundary value problems of a
fourth-order inhomogeneous equation, a spectral method with Chebyshev polynomials of
the first kind is proposed, which provides a stable calculation of the dynamics of changes
in the solution for various values of the small parameter and the number of approximating
polynomials.
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B crarbe criekTpasbHBIN MeTOT ¢ TTIOJIMHOMaMU UebbIileBa IepBoro pojia, MpUMeHsieT-
€ NJId YUCJICHHOTO MOJEUPOBAHNA HEOTHOPOJHBIX CUHTYISPHO-BO3MYIIEHHBIX KPAaeBbIX
3ajad 4eTBeproro mopsaka. llpuBoasitca unciennbie U rpadUIeCcKne Pe3yabTraThbl UILII0-
CTPHUPYIOIIHE BHICOKYIO TOYHOCTh 1 9(PPEKTUBHOCTD MPUMEHIEMOTO METOAA TTPU PA3IAY-

HBIX 3HAYEHUAX MaJIOTO IMapaMeTpa U alllPOKCUMUPYIOIMUX TTOJIMHOMOB.
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CraTbga mocBsIIeHa pa3paboTKe MHOTOMEPHONH MaTeMAaTHIeCKOM MOAEIN s KOM-
IJIEKCHOTO MCCJIEOBAHUST MPOIecca (pUabTPaln MHOTOMA3HBIX (DJIFOUIOB B MMOPUCTHIX
cpenax. st MHTErprmpoOBaHMS TTOCTABIEHHOMN 33,14 TTpeIioxkeH 3P OEKTUBHBIN UNCIeH-
HBI aJICOPUTM BBICOKOTO TOPsiKa annpokcumMarun. C UCIoIb30BaHIEM MPEIJIOKEHHOTO
MaTeMaTUIeCKOr0 MHCTPYMEHTa B JaHHOH paboTe paccMaTpuBaeTCs (PUIBTPAIHS TPEeX-
asnoit cmecu (Boja ¢ my3bIpbKaMu, HedTH ¥ CBOOOJHOrO ra3a) B mopucToit cpeae. Ilpn
MOJEINPOBAHUN TIPOIECca (DUIBTPAIINNA BOIOTA30BOM CMECH B MOPHUCTON Cpeie yUIUThI-
BalOTCA POCT U YKPYIDHEHNE MCEJIKUX IIY3BIDHKOB B ITOPOBOM IIDOCTPAHCTBE TIOPOAHBI, 06-
pazoBaHme CBOOOIHOMN Taz0BO da3wl, 3PDEKT MTPOCKATBLIBIBAHNA, CXKUMAEMOCTH TTOP U
HEM30TePMUYHOCTL mporecca. g yuera mepemeHHOCTH K03(DPUIMEHTOB (buIbTpaIun
U TOPUCTOCTH CJIOST TIOJTyI€HBI MaTeMaTiHaeckue popMysibl ((DYHKITHOHAIBHBIE 3aBUCAMO-
CTH), OMUCHIBAOIINE XapAaKTep Tepenaja JaBieHns B 1eOPMUPYEMOM CKeJIeTe KOJLIEK-
TOpPA.

KurroueBbie cjioBa: MareMaTuuyeckas MOjesb, MDMOEKTUBHBI YUCAEHHBIH AJATOPUTM,
BOJIOTA30Basi CMeCh, (DUIIBTPAIUS BOJOTa30BOM CMeCH, OPUCTas CPeJIa.
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TOPUTM JIJIs1 HCCIIEA0BAHUs TIpoIiecca (DUIBTPAINH BOJOTA30BOM CMECH B IMOPUCTOMH Cpe-
ne // IlpoGaempl BEIMHCINTENBHON M HpuKJIaAHON Maremarmkm. — 2023. — Ne5(52). —

C.90-114.

1 Bsenenue

OueBuHO, YTO /18 PA3BUTHS OOJBITHHCTBA OTPAC/ell TPOU3BOJICTBA, B IIEPBYIO OYe-
pe/ib, BaXKHBI 3HepreTudeckue pecypchbl. HecmoTps Ha OOIIEMUPOBYIO TEHIEHIUIO Tepe-
X0J1a K BO30OHOBJIsIeMbIM HCcTOYHMKAM sHepruu (BUD), nHedrerazoBas mpOMBIILIEHHOCTh
SIBJITETCS TJIABHBIM JIpaiiBePOM IKOHOMHYECKON aKTUBHOCTH JTI000i cTpansl Mupa. C yde-
TOM CKa3aHHOI'O, CO3/[aHUEe HAay4IHOro Oasmca JJIs IPOBe/IeHNs] KOMIIJIEKCHBIX HCCJIE/10Ba-
HUIi, TPOCKTUPOBAHUSA U pa3pabOTKU HeTEra30BbIX MECTOPOK/ICHUI MMeeT BarKHeliriee
3HaveHue B HepTe- U Ta30BO TPOMBITILIEHHOCTH. /laHHoe HayIHOe HAIIPaBJICHUE HEe TepseT
AKTYaJTbHOCTH U JIazKe eTle OOJIbITIe BO3PACTaeT Ha HOBOM BUTKE T€XHOJIOTHYECKON IBOJIIO-
uu. Pe3ysibTaTsl N3BICKAHWH BOOPYIKAIOT HWHZKEHEPHO-TEXHUIECKIX PAOOTHUKOB HedTera-
30BOI MPOMBITIIEHHOCTH HAYYHO 0OOCHOBAHHBIMHU METOIAMHU MPOCKTUPOBAHUS, aHATN3A,
peryJupoBaHus U OUPEJEJCHUs NEePCHEeKTUB Pa3pabOTKU Ta30BbIX U T'a30KOHICHCATHBIX
MeCTOpOK Tenuit [1].

Jlng nosbinienuss HepTOOTAAYHM KOJIEKTOPOB IPU pa3padOTKe HePTIHBIX MECTOPOK-
JIEHU# MCTIOJIb3YIOTCS PA3IUIHble TeXHOJIOTHUH, a OMHUM U3 ID@MEKTUBHBIX METO0B AB-
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JISIETCST BOJOTA30BOE BO3/EHCTBUE HA ILJIACT — TO €CTh TEXHOJIOIWSI BBITECHEHHS 3a/I€IKU
HedTH Ta30M BBICOKOTO JaBJIEHUS.

Kak moka3biBaeT aHaJIM3 MHOTUX HCCIETOBAHUN 1O MOJIEIUPOBAHUIO MPOIEcca MUIb-
Tpanuu HepTH B HOPUCTHIX CPEIaX, IIPU HUCIOIb30BAHUH TEXHOJIOTUN BBITECHEHUST 3A/I€7KI
HedTH NPOUCXOIUT Psif ABJEHHIT: BEIPABHUBAaHNE MPOMUIS TPHEMUCTOCTH MPUCKBAYKIH-
HOIl YacTW NJ1acTa BOJM3W HATHETATETbHON CKBAYKUHBI, YBEJIMYEHNE CTEIIeHN BBITECHEHU ST
HeTH B KOJLIEKTOPE, a TaKKe 3HAYUTe/IbHBIIH IpUpocT 06/1acTH oxXBarta ILiacta. Jannas
TEXHOJIOTHSI He TOJHKO HOBBIIIAET HedTEOTIAdy KOJIEKTOpa, HO U TO3BOJIAET MPOBECTH
YTUIA3AIUIO OOJIbIINX 00'beMOB YIJIEBOIIOPOIHOIO I'a3a, JI00bIBAEMOIr0 MOIYTHO ¢ HEPTHIO
1 KOTOPBIH 9aCTO CXKHUTAETCS HA (DaKeIax.

Onucanue KCIEPUMEHTOB IO BBITECHEHHIO HePTH U3 ILIACTA BOJONH M ra3oM MOYKHO
HATH B IeJIOM psijie HaydHO-HCCaesoBarenbekux pabor |2]. Tak, B pabore [3] mist moBbI-
menns HedTeoTnaun HePTAHOTO KOIEKTOPA, BIEPBbie OBLIO MPE/IOZKEHO 3aKAUNBaTh B
KOJLTEKTOP He CILIONIHYIO Ta30BYyI0 a3y U BOLY, a JAUCIEPCHYI0 BOIOTA30BYIO CMECh, T/1€
ra3 COJIEpPKUTCS B BUJE MEJTKHX My3bipeil. ABropamu ctarTbi [4| OpuBeseHbl pe3yJibra-
THI JJA0OPATOPHBIX MCCJIEJIOBAHMIN 110 M3YUEHHIO MEXaHM3Ma BbITeCHeHHs HedTH BOJOH U
ra3oM IIPU HAJIUIHU TEeHOOOPAZYIOIINX cMeceii.

[Ipomnecc dunbrpanun AByXdas3HON KUJKOCTH B MOPUCTONR HEOTHOPOIHON cpeje Ipu
ydere KAIWUISIPHBIX CHJI PACCMATPHUBAJICS aBropamu paboTsl [5|, mias wero mvu Obi-
Jla TpeJIoXKeHa MaTeMaTHdecKass MOJeIb, OMUCHIBaeMasi HECTAIMOHAPHBIM YpaBHEHHEM
KOHBEKITUU-IUPPY3Un ¢ y4eTOM CKOPOCTH (PUIBTPAIUE U [IOPOBOro JaBjenud. Kak or-
MEYAIOT aBTOPBI CTATHHU, TPOIECC XAPAKTEPUIYETCSI CYIIECTBEHHBIM MPeod/Ia anneM KOH-
BEKTHBHOTO CJIArAeMOr0 B YPABHEHHH /I HACBIIMEHHOCTH. ABTOPAME HCIIOJIb3YOTCS IPO-
THUBOIOTOKOBBIE AIIITPOKCUMAIIMH ITOCPEJICTBOM JI00aBICHUS HEOHOPOIHON HCKYCCTBEHHOM
auhdy3un, a cKOpocTh U JaBJAeHHE ANMPOKCUAMUPYIOTCS ¢ HCIOIb30BAHUEM CMEITaHHOTO
METO/Ia KOHEYHBIX 3JIEMEHTOB. PacCMOTPEHBI HECKOJIBKO CJIYUIAeB, CBSI3BAHHBIX C JIMHEHHDI-
MU ¥ HeJUHEHHBIMU KO3(DpUIMeHTaMI OTHOCUTEIBHON MPOHUTIAEMOCTH (DIIION/1a U HAJIH-
YueM KallWIISPHBIX CHJI.

Apropamu mybaukarmit [6, 7|, ¢ TOMOIIBIO MATEMATHIECKOTO HHCTPYMEHTA HCCIIeI0Ba-
HO HEM30TEPMHUIECKOE JIBUKEHIE Ta30HACKHINEHHON He(DTH B CKBAaXKWHE ¢ MHOTOILIACTOBOM
cucremoii pu ydere 3 derra zxoyasa — Tomcona. [IpunuMas Bo BHUMaHue ajgunadaTu-
qecKuit 3PPEeKT U TEIIOTy «pa3ra3supoBaHUsS», aBTOPHI HCCAEAYIOT paclpele/eHue TeM-
nepaTyphbl B CKBaykKMHE U I1acTe. BBII0 MOKa3aHo, YTO 10 PACIpeIeIeHUI0 TeMIePATY PhI
MOZKHO OIEHUTH [TOJIOKEHHUE TPAHUIILI 00/IACTH pa3ra3upoBaHus HeTH B CTBOJIE CKBAYKU-
Hel. Kak oTMeuaroT aBTOpBI, TOyYeHHBIE PE3Y/IbTATHI BBIYUC/IATETHLHOTO YKCIEPUMEHTa
MOTYT OBITh HCIOJIH30BAHBI JIJIsT WHTEPIPETAINN PE3yJIbTATOB TEMIEPATYPHBIX HCCIEI0-
BaHMI CKBayKUH HpH JI00BIYUE Ta3upPOBAHHON HedTH.

Cratbsa 8] mocssieHa mareMaTHYECKOMY MOJEIMPOBAHHUIO TPOIecca oxaHOMa3HOI
duapTpanun GJIIONIa B CUCTEME <«CKBaXKWHA — ILIacTy. HecranmonapHas MOJE/Nb JIIs
CKBayKUHBI HUCIOJb3YETCS COBMECTHO € IOJYAHAJHTHYCCKOH TeMIepaTypHOH MOJIEIbIo
IJIACTA B PEXKUME JOOBIYYM U OCTAHOBKY CKBaxKUHBI. Kak orMedeno B 9], pe3ysibraTsl Bbi-
YUCJUTETbHBIX IKCIEPUMEHTOB XOPOIIO COIVIACYIOTCS C MOJIEBBIMU JIAHHBIMU U UX MOXKHO
HCII0/IH30BATH MPHU WHTEPIPeTannn npoduieil TeMmepaTypbl B CTBOJIE CKBAYKUHBI, M3Me-
PEHHOI ¢ TIOMOIIHIO PACTIPE/IETEHHBIX TATINKOB TeMIIEPATYPhl. B MOme/n CKBaKUHBI YU~
TBHIBAIOTCA HEM30TEPMUYECKOE, MHOIOKOMIIOHEHTHOE M MHOro(asHoe TedeHus KUJIKOCTH
B IOPUCTOU Cpee.

Crarbs [10] mocBsiieHa pa3BUTHIO MaTeMaTHIECKONH MOJEIH Mporecca (bUIbTparun
MHOroda3Ho U MHOIOKOMIIOHEHTHOH CMecH B IIOPHCTOI cpeje, IOCTPOEHHON IO aHAJO-



92 Pasmanos H.

I'MU C KBa3UI'a304UHAMUYCCKON CuCTeMO ypaBHEHUN U JA01IYyCKAOIIEeH peaan3anuio ABHbIM
YUCJE€HHBIM KOHE€YHO-PAa3HOCHBIM METOAOM BBICOKOI'O IMOPAAKA aIlIIPOKCUMaIlUH. MO,ZLGJIB
0bob1ena Ha ciydait MHOrO(pra3HOr0 MHOTOKOMIIOHEHTHOTO (DJIOUIa W YUUTHIBAET BO3-
MOYKHBI®€ MCTOYHHKH Telaa. ABTOpaMHu HpOBeIeHbl YUCJIEHHBIE PACUYeThl IS PelreHust
TECTOBBIX 3aJ1a4 O T€YEHUU B OJHOPOJIHON MOpUCTOii cpee Tpexdasnoil kuakoctu [11].

Pa6ora [12] mocpsiieHa TeOpeTHIECKOMY W YHCIEHHOMY HCCJIETOBAHUIO Pa3pabOTKH
IJIACTA C BBICOKOBSA3KOH HEeMTHIO IPH IMOMOIIM TEXHOJOTHH IAPHBIX TOPU30HTAJIBHBIX
CKBaXKMH. ABTOpaMHU HOJIYUIeHBl YHCJIEHHBIE DeIleHHs 3aJa49d O J00bIYe BBICOKOBI3KOM
HedTU U3 IJIACTa ¢ HIPUMEHEeHUEeM TeIJIOBOIO BO3/efiCTBUS B JBYyMepHOIl mocraHoBke. Ha
OCHOBE 4ero ObLI MPeJIoYKeH CIIocod MnoBbienus 3pOEeKTUBHOCTH pa3paboTKu HedTaHO-
ro IJIACTA C BBICOKOBSA3KOI He(PTHIO 3a cueT obecredeHnsi paBHOMEPHOTO MPOTI'peBa OCBa-
UBaeMOIl 30HBI MecTOpoxKaeHus. PazpaboTannas MareMaTudecKasd MOJEIb U UUCICHHBIH
AJITOPUTM MOJIE/Ib TO3BOJISET IIPOCIEIUTD JIeTAIbHYIO IBYMEPHYIO KAPTUHY (DUIbTPAIIIH
HedTH B IJIaCTe U UCCAETOBATH OCHOBHBIE 3aKOHOMEPHOCTH JaHHOTO IIPOIecca.

B auccepranuonHoil padore [13] moayveHbl aHAJIUTHYECKAs] 3ABUCAMOCTD JIJIsI pacye-
Ta TeH30pa 3PHEeKTUBHON MIPOHUIIAEMOCTH CTOXACTUYECKH HEOTHOPOIHON aHU30TPOIHOM
HOPHUCTON Cpelbl ¢ YUIeTOM pPa3IUYHBIX aBTOKOBAPUAIMOHHBIX (DYHKIHH pacrpepe/eHus
IIPpOHUIIACMOCTH M aHAJIUTHYICCKOC DeEIIeHue 3a/Jda4u CI)I/IJ'IpraL[I/II/I (bJ'IIOI/I,ZLa B CJOUCTBIX
TJIMHU3UPOBAHHBIX IIJIaCTaX, COCTOAINNX M3 YepPeAYIOIINXCAd BBICOKO - MU HU3KOIIDOHHUIAE-
MBIX HHTEPBAJIOB PA3JIMIHON MOIIHOCTH U IMpOoHHUIIaeMocTH. TakxKe, pereHa obopaTHasd 3a-
Jlada JUid onpeaeaeHus (pUIbTPAIMOHHBIX XapaKTEePUCTHK CJOUCTOrO IIMHU3UPOBAHHOIO
KOJITIEKTOPA € UCTOTb30BAHHEM JTAHHBIX HOPMAJIbHOM SKCILTYaTAIINN CKBAYKUHBI U TIPEJIT0-
JK€H CIIOCO0 ompejiesieHus cpeHell MIPOHNIAeMOCT! KOJLJIEKTOPA U TJIMHbI 6€3 OCTAHOBKHU
CKBaZKHNHBI.

B pa6ore [14] paccmaTpuBaeTcst oIHOMEPHAsST MaTeMaTHIECKast MOJENb (DUIbTpAIUHT
MOHO/IMCIIEPCHON CYCIEH3UU B HEOJIHOPOJHON mopuctoii cpejie. Kak yTBepKaioT aBTOpbI
CTATbH, NpU Ipolecce (pUILTPAINA TOTOKA CYCIHEH3HHU 4Yepe3 IMOPHUCTYIO TOPHYIO TOPO-
JIy 9acTb I'eJib YaCTHUIl KOJbMATUPYETCsS B IMOpaX W oOpa3yeT KeWK-cjioit, OJIOKUpyIonuii
MOPBI, ITO BIOCJIEICTBAH BJIMSeT HA WHTEHCUBHOCTH MOTOKA I'PYHTOBBIX BOJ. IIpemmona-
raeTcs, 9To TPH 33 /IePKAHIN TBEPBIX YaCTHUIL CYCIEeH3UN TTOPaMU, OCHOBHYIO POJTb HTPaeT
MeXaHI/IKO—FeOMeTpI/I‘{eCKI/Iﬁ MCXaHHU3M 3aXBaTa YaCTHII. ABTOpr CTaTbu JJisd pelreHud 1mo-
CTaBJIEHHON 33291 NCHOJAb3YIOT METOIO0M KOHEYHBIX PA3HOCTEH.

Cratbs [15] mocBsieHa BOTPOCAM MaTeMATHYECKOIO MOJEJIUPOBAHUS CTPYKTYD MO-
pucCTO# Ccpejibl B BUAE NMOCTPOCHUA aJANTUPOBAHHBIX PA3HOCTHBIX CETOK JIJIS aHU3aTPOII-
HBIX W HEOTHOPOMHBIX cpef. CTPOUTCS KOHETHO-PA3HOCTHBIH BHIYUCIUTE/IHHBIN ATTOPUTM
U MMPpOU3BOJUTCA aHaJN3 pPacHYeTOB MO,[LeﬂbHOﬁ 3a,/1a4911 BBITECCHECHHA Ha OCHOBE CHCTEMDbI
ypaBuennit Bakiu-JleBeperrta. Ilo pesyabraramM YucIeHHBIX pacdeToB Ipejjiaraercs ob-
Iast METOIUKA yueTa HeOIHOPOIHOCTH IOPUCTOH CcpeIbl, KOTOpas 0c000 BayKHA IIPU OIEH-
Ke U aHa/iu3e pa3paboTKu MecTOpoxjienuil nedpru u rasa.

Mojiesin yIJIOTHEHHS IIOPUCTOM CPeJIbl PH OCAXKACHUU achaJIbTEHOB B IIOpaX CPEJIbl, a
TaKzKe PeIlleHUs] YPABHEeHUsT HECTAIIMOHAPHON (DUIBTPAIlNH TPeJJIoKeHbl B [16] 1i1st oren-
KU (DUJIbTPAIMOHHBIX XapaKTEPUCTUK 1HOPUCTOil cpejipl. [lojuépkuBaercs, 410 cpaBHeHHE
IIpUuBEJCHHBIX MO,ZLe.HefI C IKCIIEpUMEHTAJbHBIMU JaHHBIMH IIOKa3aJI0 YAOBJECTBOPHUTE/Ib-
HYIO CXOJMMOCTH pacdeTa C KcIepuMeHToM. [1pe/iyioyKeHbl HOBbIE KpUTEPUHU MOA00us, Xa-
paxTepusyiomue (pUIbTPAIUIoO KUJIKOCTelt B opucToit cpeje. Pazpaborana TeXHOIOTHS
OYUCTKHU achaabTeHOB KUAKOPAZHON IKCTPAKIIMEH U3 CTOYHBIX He(DTIHBIX BOI.

B pabore [17| mpoBoguTcst unceHHOE MOJeANpOBaHre 3a1a4d AByXda3Hoi (uibTpa-
AW B TPENMIUHOBATO-TIOPUCTHIX CPeIaX ¢ UCIOIb30BaHUEM MOJEIN JIBOMHOM MMOPUCTOCTH C
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CUJILHO HEOJIHOPOJAHBIM KO3 duimenToM rnponunaeMoctu. [IpuBojurcs cucrema ypaBHe-
Huil Juta caydad AByxdasznoit puabrpanun 0e3 yuera KaluaAsgpPHbBIX U IPABATAINOHHBIX
CUJI, KOTOPas MPeJCTaBIsgeT COOON CBA3AHHYIO CUCTEMY YpaBHEHUN i JaBJICHUS U Ha-
CBHIIIEHHOCTH B IIOPHCTOH cpejie, UMeoIIel cucTeMy TpeluH. ucaennas peaJu3alus JIIs
AIMTPOKCUMAIINY CKOPOCTHU U JIABJIEHHUS CTPOUTCS Ha OCHOBE METOJIa KOHEYHBIX 3J1eMEHTOB.
it iucKperu3alui ypaBHEHUs HACBIIEHHOCTU [OCPEJICTBOM METO/Ia BBEJEHUS] UCKYC-
cTBeHHO uddy3un UCIo/Ib3yeTcs Kaaccudeckuit metos ['ajepkuna ¢ IpoTUBOIIOTOKOBOM
arrrpokcumManueit. [IpuBoggaTcs pe3yabTraThl YUCACHHBIX PACUYETOB JIJI MOJIEILHON 33/ 1a9u
C MCIIOJIb30BAHUEM PA3JIUIHBIX (DYHKIUNA HEePEeTOKA.

B pabore [18] mosryuensr opmyabl mast GuaBTPAIMORHOT0» Yncaa PefiHosbaca B Bue
CKaJIAPHOH (DYHKIUKM OT BEKTOPHOI'O apryMeHTa, KOTOPad IO3BOJIET ONPEIeJTUTh YUCIO
Peitnonbica /g 060ro HammpaBiaeHus U KodddUImeHTa THIPABINIECKOTO COIPOTHB/Ie-
HUS JIJIsE MOJI€JIbHBIX HOPUCTBIX CPEJI U BbIIIMCAHbI MHBAPUAHTHbIE (DOPMbI PEJICTABJIEHUS
HEJIMHEHHBIX 32aKOHOB (DUJILTPAITMOHHBIX T€YCHUN JIJIT KPUCTAJLIOTPAPUICCKIX TOYCTHBIX
Py CUMMETPUHU KYOUYECKOi, TeTParoHaJ bHOfl, TPUTOHAIBLHOM, TeKCArOHAILHOW U POM-
ouueckoil cunronuii. B auccepranuonHoii paboTe IOKa3aHO, 9TO HeJIMHEeHHbIe 3aKOHbBI Te0-
pun (GUIBTPAIUUA MOTYT IPOABIATH ACHMMETPHUIO (PUILTPAIMOHHBIX CBOMCTB M UTO IPH
nepexoje oT JHHEHHbIX YpaBHEHUI K HeJIUHEeHHBIM BO3MOYKHO H3MEHEHUEe T'PYIIbl CHM-
METPUU (PUILTPAINUOHHBIX CBOMCTB M PACCMOTPEHBI TEOPETHYECKHE OCHOBBI J1adopaTop-
HOTO OINpeJeeHnus] MaTepHa/bHbIX KOHCTAHT B HEJUHEHHBIX 3aKOHAX (PUIbTpAIuu JiIs
AHU30TPOIHBIX HOPHUCTBIX CpeJl ¢ KyOM4uecKoi, TeTparoHaJbHON, TPUTOHAJIBHOM, rekca-
FOHAJIBHOM U poOMOMYECKO# cuMmMeTpreil (pUIBTPAIMOHHBIX CBOMCTB. Tak ke B pabore
HOJIYYeHBl MpejcTaBaeHust 3akona PopxreiiMepa B HEJHHEHHOro 3aKoHa (DUIBTPAIUU C
OPTOTPONHBIMH (PUJIHLTPAIMOHHBIMU CBOMCTBAME, Pa3pelleHHble OTHOCUTEIbHO CKOPOCTH
dpuabTpanuu.

®unbrpanus HedTH B HI3KOIPOHUIIAEMBIX KOJUIEKTOpax paccmorpena B [19]. B wacr-
HOCTH, JaH aHa/JU3 IKCIEPUMEHTATbHBIX JAHHLIX 3aBUCUMOCTH CKOPOCTH (DUIbTPAINH
OT I'PAJNEHTa JIABJEHNs. ABTOpAMU CTaTbH IOKA3aHO, YTO 3aKOH (PUIBTPAIMH B HU3KO-
HPOHUIAEMBIX KOJIJIEKTOPAaX OTJIHYAeTCd OT JUHEHHOro 3akoHa Jlapcu B OT HeJIMHEHHOro
3aKOHA C HAYAJbHBIM TI'DAJIMEHTOM JIaBJIeHUs. JKCIEePUMEHTAJIHLHO 000CHOBAH CTEIEeHHOM
3aKOH (DUJIBTPAIMU B HU3KOIPOHUIAEMbIX KOJJIEKTOPAX M HPE/JIOZKEHbl MOJIEJIN BJIMSHUS
HeJIMHEHHON (UIbTpanuu Ha JeOUT CKBazKUHBI. [IpoBeieH aHa/ 3 BAUSHUS TapaMeTpPOB
HeJIMHEWHON (UIbTpannu Ha JeOUT CKBayKUH MPHU TEXHOTEHHO W3MEHEHHOI OKOJIOCKBa-
JKUHHOU 30HE.

B [20] ommchiBaeTcs MareMaTHUeCKasi MOJENb mporecca Tpexdasnoit dpunbrpanun B
HOPHUCTON cpejie U ee YUCACHHAS Peau3alus /g pelleHusd Ha HeCTPYKTYPUPOBAHHBIX
cerkax B makere nporpamMv HUM®A. IlpuBenens! pe3yabraThl pacdeToB TECTOBOM 3a-
naan SPE7 no makery HUM®A u xommepueckum mporpamMMmubiM npoaykram. Ocoboe
BHUMAHUE yJI€JIEHO MeTOo/laM paclapaJuie/IMBaHusd JIJId YUCACHHOTO MHTEIPUPOBAHUS T10-
CTaBJECHHON 3a/Ia4u HEM30TEePMHUYECKON TpexdasHoit puabTpanu BOJIbl C My3bIphKaAMU
HedTH U Tra3a B dJeMeHTe MOpHCcTOi cpenabl. [Ipu paszpaboTke MaTeMaTHYECKONR MOJIE/H
00'beKTa UCCJACTOBAHUS YIUTBIBAIOTCSI POCT U YKPYIIHEHHE MEJKHX MYy3bIPHKOB B IIOpax,
obpazoBanue cBODO/IHON 123080 asbl, dPPEKT HPOCKAJIL3bIBAHUS, & TAKKE CKUMAE-
MOCTb IIOP B JIBYXMEPHOI MOCTAHOBKE.

2 IlocranoBka 3aga4n

PaccmarpuBaercs 3ajada COBMECTHOTO HEU30TEPMHUYECKOT'O BBITECHEHUS HEePTH TTIy-
3bIPbKOBOI KHMJIKOCTBIO B 3JIEMEHTE IOPHUCTON Cpebl ¢ IMOPHCTOCTBIO M, IJe B 00beme
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LyCTOTHOI'O HPOCTPAHCTBA OJHOBPEMEHHO MMEIOT MECTO HeDTEHACHIIIEHHOCTD S, BOJIOHA-
CBHITIEHHOCTD S, ¢ My3bIPhKAMHI Ma30HACHIIIEHHOCTH Sy, W CBOOOMHBIN ra3 HACHIIIEHHOCTH
Sy. CoryacHo onpeiesIennio

So+ Su+ Sy + Sy = 1.

Kaxk 6b1710 oTMedeHo B pabore [2|, BbITecHsIIOIAast XK1 IKOCTh IIPeJICTaB/IseT COO0 BOIO-
ra3oByIo cMech (0003HAUEHA HUZKHUM HHIEKCOM «Wby ), Tie Boia — JUCIePCHOHHASI Cpe/ia,
(Hecymasi daza), a my3bIpbkKu — jgucrnepcHas ¢daza, TOrJa HACBIEHHOCTh BOIOra30BOi
CMeCH MOXKHO 3aIllHCaTh KaK Sy, = Sy + Sy, 00beMHoe cojiepzKanue my3spbKOB B BOJIOTa-
30BOit cvecu Ry, = S,/ Syp. CKOPOCTH (DUIBTPAIMH BOJOTA30BON CMECH, COOTBETCTBEHHO
no HanpasaenuaM 0x u Oy omnpejgensieTcss Kak

_ Fky OP

Vg wb =
Mawh Ox

kv OP
Hwh OY

= Vgw + Vab; Vywb = = Vg 1+ Uypb-

Bs3kocTh BoJ0Ta30Boi cMecH anmpoKCUMUpYeTcst 0600mennoit dhopmynoit DiHITeH-
HA [l = Hw(1 + xRp) tae x = 2,5 — smuupudeckuii koaddunuent (ganHoe 3HadeHHE
coorBeTcTByeT cdepudeckuM Iy3bipbkam). CKOpOCTH (GUIBTPAIME Ty3bIPHKOB U BOJBI
CBSI3aHBI CO CKOPOCTBHIO (PUJIBTPAINN BOJOTA30BONH CMECH B MOPUCTON Cpejie CJIeyIOInM
obpa3zom:

Up = RyVyp, Uy = (1 — Rp) Uy

NuTencuBHOCTD TIEpPEX0/ia My3bIPHKOB B CBOOOIHYIO Ta30BY10 a3y 3a cUeT X 00be iH-
HEHHS OIpPeJIe/IseTcs Kak

_ JORyRy;
99 UpPblg (Rb*RZ,*),Rb >Ry,

rje j, - KoJIM4ecTBO OObeJMHEHHBIX IIy3bIPLKOB B eJuHuIle odbema; [t - KpuTHUecKoe
3HaYeHne OOBbEMHOIO COIEpKAHUS IMY3BIPHKOB B BOIOIa30BOH CMECH, NPH JAOCTUZKEHUU
KOTOPOTI'O MY3BIPHKH HAYUHAIOT O0bEINHATHCSA U HEPEXOIIT B CBODOTHYIO ra3oByIO (ba3y.
C y4eTom CKa3aHHOTO BBIIIE, MATEMATHIECKasT MOJETb IIPOIecca (pUIbTpalun MHOTOMa3-
HOI CMEeCH ¢ y4eToM 3aKOHa COXPAHEHUs Macchl 1 HedTH, BOJBI, MY3bIPHKOB B BOJIE U
cBODOOIHOTO Ta3a UMeeT CJeAYIOIIN BH/I;

é)[kmmwgg]__i9[ﬁﬁm225}::0
—_— b)

0 _ 9 9
E(mS()po) oz po Oz Jy po Oy

%(mswpw) - i [M@} _ i |:(1*Rb)kkrwpw @i| — 0,

ox Hawb z Jy Hawb Oy
i) d kk P d kk P (1)
o _ o rwpPp O | _ O rwPb O | __ _ 5 .
at (mePb) Bz [Rb Lob 8xi| dy [Rb Lwb 8yi| = —dy;

0 |:kkrgﬂg @i| 0 [kkrgpga_P

o) —
8t(msgpg> T oz wg Ox | By g 8yi| = dy-

C HaYaJIbHBIMHU U FpaHH‘{HbIMH YCIIOBI/IHMI/I:
P(z,y,0) = P*(z,y); S,(z,y,0) = SH(x,y);

Sp(w,y,0) = SH(z,y); Sw(z,y,0) = SH(z,y); (2)
Sg<x7y70) = SH<x7y)7

9
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((BOPOL — o (P(0,y,1) — P(x,,1));
/%W = OZZ(P(szy7t) o Pv($,y7t)),
(3)
OP(x,0, v ;
l% (821 . = QB(P(x707t) - P (x7y7t>>7
OP(x,Ly,t) v
| EP@ID — oy (P(x, Ly, t) — P(x,y,1)),

rje p - WJIOTHOCTD; P, PV - cOOTBETCTBEHHO, JaBJEHUE B CJI0Ee W 3a HpejenamMu 00/1acTu
pellleHns 33/1a91; (L - BA3KOCTh; k - TPOHUIIAEMOCTh HOPUCTON CpPeJibl; K, - OTHOCUTEbHAS
dazoBag MpOHUNAEMOCTh MOPUCTOH CPEJIBI; (v, (i, (3, iy - ODe3pa3MepHbIe TTapaMeTphl,
npuHIMatorie 3Hadenne 0 mwam 1.

Jlns 3ambikanusg cucteMmbl AudepeHnuaibHbIX yPaBHEHUH, OMUCHIBAIOIINX (PUIBTPa-
M0 MHOPO(MA3HBIX CMeceli B OPUCTON Cpejie MPenoJaraeTcs, 9o Kuakue das3sl (Boaa
1 HeDTH) HeCKMMaeMble, a IIOTHOCTD Ta3a W3MEHSETCsl COTJIACHO YPABHEHUIO COCTOSHUS

. PM
pg—pb— RT7

riae M - monsipras Mmacca rasa; 1’ - remreparypa; IR - yHuBepcaJjibHas ra30Basi IOCTOSTHHASI.
Jlng onpejesieHns U3MEHEHUH TeMIlepaTypbl MHOrO(pa3HbIX cMecell B TIOPUCTOH cpejie
Oy/eT UCIOMB30BATHCA yPABHEHUEM TeIJIOTPOBOTHOCTH:

()2 + (ep)yos o+ (ep)pos ot = 2 (3 I5) + 2 (5,28 (1)
PIt ot PO o pff@y_(?x "ox oy \"" oy
C COOTBGTCTByIOH_[I/IMI/I Ha4YaJIbHBIMU 1 KpaeBbIMI/I yCJIOBI/IHMI/IZ
T(x,y,0) = Ty(z,y); (5)
(A 22D = B(T(0,y,t) — To(,y,1));

A Gt — B(T(Ly, y, t) — To(,y,1));

A 20D — B(T(2,0,t) — T (x,y,1));

APLEL) _ BT [, 1)~ T,(,9.).

\

3nech (cp)r = (cp)wSw+ (cp)oSo+ (cp)g(Sp+5y) — obberHas TEMTIOEMKOCTD (BIIOnIA;
(ep)y = m(cp)f(1 — m)(cp)s - OObeMHAS TEIIOEMKOCTh HACHIIEHHON HOPHCTON CPeIbL;
Ar = [AwSw + X050 + Ag(Sp +5,)] + (1 — m)Ay, - K03 UIEEHT TEMIONPOBOAHOCTH Ha-
CBHIIEHHOM TTOPUCTO cpenbl; B - KOIMDMUIUEHT BJIATOOTAAYH MEeXKIY IPAHUIIAMHI 00JIACTH
pemtenus 3agaum; Ty, T, - COOTBETCTBEHHO, HAYa/bHAsI TEMIIEPATYpa U TeMIeparypa 3a
001acThio (puIbTpanun MHOrOMA3ZHON CMecH. 3eCh HHIEKC Y OTHOCHTCS K HACHIIEHHOM
HopucToii cpefe, f - K daonmy, S - K cKeery, a CKopocTh (PUIbTpaIuu (hJIFOH, 12 PACCIN-
TBHIBAETCS ¢ TOMOIIBIO COOTHOIIEHUS:

Vg = Vg + Vyp + Vy.

BojiorazoBasi cmech MoxkeT ObITh HpejICTaB/eHa KaK KUJAKOCTh ¢ 3PDeKTUBHON 1Po-
HHIAEMOCTHIO, Iyie yanThiBaeTcs sbderT npockanb3biBannsg k = ko(1 + 4b/r), tae b -
K03(pUIMeHT NPOCKAIB3BLIBAHNA, I' - CPeIHUIT PaJnyC MOPOBOrO KaHaga, ko - TPOHUIAe-
MOCTD, KOTOpas 3aBUCAT OT JABJICHU.
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[Ipu paspaborke HEDTEra30BbIX MECTOPOKIECHUI IJIACTOBOE JABJIECHUE B KOJLJIEKTOPAX
CO BPEMEHEM MaJIAeT, CJeI0BATEHLHO HALIDSZKEHIE B CKEJIETE 05 BO3PACTAET, CAET0BATE b
HO YBEJIMYIUBALTCS 00hEM 3€PEeH U YMEHBITAeTCsT 00heM TOp, & YBEJUYEHNEe 0x MTPUBOIAT
K TOMY, 4TO 3epHA TOPOJbl UCIBITHIBAIOT JOMOTHATEIbHYIO gecdbopMmanuio [23]. B rakux
CJIydagx, MOPUCTOCTb 3aBUCHT TOJBKO OT JIABJIEHUS B KoJIeKTOpe. BeneacTsue masioit
nedopManuu TBepIoit da3bl M3MEHEHHE MOPUCTOCTH 3ABUCHT OT HU3MEHEHHS JIABJICHUS
JINHEHHO B 00OWX CJIOAX TMOPUCTHIX CPEJ. 3aKOH CXKUMAEMOCTH MOPOJIBI 3AIUIIEM depe3
ko3ddurpent ynpyroctu miacra [, [21-23):

AV
%evap

rie dVi - u3sMmenenne oobeMa Iop B 3JeMEHTe I1acTa, uMeloneM obbeM V' IIpu u3MeHeHnH
AaBJICHUA Ha BEJIMYUHY dP ECJ'H/I O6”beM dJIEMEHTa IlJIaCTa CHUTaCTCAd HEU3MEHHbIM, TO

AV /V = dm
1N 3aKOH C2KHUMaeMOCTH IIOPOADLI IIPpUMET BU
dm = B.dP

WK, B KOHEYHOH dhopme
m:mo—l—ﬁc(P—Po),

rjie my - HadaJibHag 1nopucroctb upu P = Fj.

[Ipu 3HaYUTEILHBIX U3MEHEHHSIX JaBJICHUS H3MEHEHUEe IMOPUCTOCTH OIUCHIBACTCS CO-

OTHOIIIEHHEM
m = mge Peto=P)/mo.

AHam3 IpoBeIeHHBIX UCCJIEIOBAHMI TOKA3aJ/1, YTO He TOJbKO IOPHCTOCTH, HO U IPO-
HUIIAEMOCTDb IIOPHCTBIX CPeJ CYIIECTBEHHO MeHseTcs ¢ U3MEHEeHHeM ILJIaCTOBOTO JaBJjie-
HUs KOJIJIEKTOpa, HMPHIeM YacTO HPOHUIAEMOCTh U3MeHsieTcsl B 0oJiee CUIBHOM CTeleHH,
4eM MOPUCTOCTh. [Ipu MaJIbIX U3BMEHEHHAX ILIACTOBOIO JABJICHUS ITa 3aBUCUMOCTH MOZKET
OBITH B BU/IE JTUHEHHOTO (DYHKITHOHAIA:

k?:]{?o[l—aK(Pg—P)],
a IIpu OONBINNX — IKCIIOHEHIHaJIbHOT'O beHKHI/IOHaJIa

k= koe—aK(PO_P)'

Kaxk 6n110 IpeJJIozKEHO BO MHOI'HMX JIMTEPATYPHBIX UCTOYHHKaX, AJId BbIYUCIACHHUA ab-
COJIIOTHOH IIPOHUIIAEMOCTH HUCHOJIB3YyeM CJACAYIONMIYIO SMINPUYICCKYIO 3aBUCUMOCTD:

n
m

K:KQ —
mo

st peliieHusi 1OCTaBJICHHON 3a/ladu M 3aMbIKaHUsI CUCTEMbl ypaBHEeHUl, (a30Bbie
IPOHUIAEMOCTH JIjisi HeDTH, BOJBI U ra3a ONPeIessIioTCs CcoracHo [24] u npeanosaraercs,
9TO B HaYaJIbHBIA MOMEHT BpeMeHu nopucTad Cpeda paBHOMEPHO HaCBIIIIEHA HerTbIO n
BOMOM (Ss0, Swo) IpH WIacToBLIX nasiaennu (Fy) u remueparype (1p).
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N3 nocranoBKu 3a/ia4u BUJHO, YTO PEIICHUE B aHAJMTUYECKOM BUJIE HMOJYUYUTH ITPAK-
TUYECKUiT HeBO3MOZKHO. [103TOMY, 1718 9UCICHHOTO penienns 3a/[a4u UCII0/1b3yeM KOHeYHO-
Pa3HOCTHBII METOJI, OCHOBAHHBIH Ha 3aMene JuddepeHnualIbHbIX ONepaToOPOB Ha, PA3HOCT-
Hble C BBICOKHM IIOPJIKOM AIIIPOKCUMAIIMK 110 BPEMeHU U IPOCTPAHCTBEHHBIM IIePEeMeH-
HBIM.

3 Meroa penienus

Tak Kax mMocTaBIEeHHYIO 33/7a9y HEBO3MOXKHO WHTEI'PUPOBATH B AHAJUTHIECCKOM BHJIE,
TO JI/Is PEIIeHns UCIOIb3yeM KOHEeUHO-PA3HOCTHBINR MEeTOI, TO €CTh HeIIPEPLIBHYIO 00/1aCTh
periennst 3aMeHsieM Ha CETOUHYIO:

ri=1Ax, i=0,1,2.N,, Az = ]Lv—z;yj =Jj Ay, j=0,1,2..N,,
WAz, Ay, At = L, T
Ay = Vy?tn =nAt, n=0,1,2.N,, At = o
Jamee, Aad YUCIEHHOTO WHTETPUPOBAHHUS MOCTABJIEHHON 3a7a4u IepBOe YpaBHEHHE
CHUCTEMbIL (1) 3aMEHYEM Ha PA3HOCTHLIN aHAJIOr CO BTOPBLIM LIOPAJJIKOM AIIIPOKIUMAIANA 110
BPEMEHU U IIPOCTPAHCTBEHHBIM IIE€PEMEHHBIM:

1 n
+1/2 n
oag P05 T —QAtmi,jpo,i,jso,i,ﬁ
1 Sn+1/2 1 qn _
+—2Atmi+l,jp0,i+l,j 0,i+1,j — _2Atmi+1,j/00,i+1,j 0,i+1,j —
o ki+0,5,jk7'0,i+0,5,jp0,i+0,5,j n ki+0,5,jk7'0,i+0,5,jp0,i+0,5,j_'_
- i+1,5
Ho,i+0,5, ;A3 Lo, i+0,5, jAx?
+ ki—075,jk7’0,i—0,5,jp0,i—0,5,j n + ki—0,5,jk7“0,i—0,5,jp0,i—0,5,j Pn + (7)
i?j 1_17]
Ko, z'fo,s,jAﬂf2 Ko, i70,5,jASC2
+kz',j+o,57fr0,z’,j+0,5po,m‘+0,5 n (ki,j+0,5kro,z',j+o,5po,z',j+0,5 n
2 i, j+1 2
Ho, i, j+0,58Y Ho, i, j+0,58Y
+ kivj*ﬂ,f)k'?“o, i,j*O,SPO, i,j0,5) Pn ‘I‘ ki,j*O,E)kTO,i,j*0,5p0,i,j70,5 n
i, ] i,j—1°
o, i,j70,5Ay2 Ho, i,j—O,SAy2
B ypasrennu (7) rpynmoupyst CXOXKUe WIeHBI MOJIY IHM:
1 n 1
+1/2 ntl/2
§mi+1,jﬁo,i+1,jso,z+1,j— —5Mi 0.0, Soij =
1 n 1 n
=— —§mz’,jpo,z‘,j50,i,j - §mi+1,jpo,i+1,jso,i+1,j +
n Ki+o5,jkr0,i+0,5,j00,i+05, 5 n ki—05,kr0,i-0,5,P0,i0,5, j n
Ho,i+0,5, ij2 Ho, i—0,5,jAfE2 (8)
k?z',j+0,5k?r0, i, j+0,500,1,540,5 ki,j—0,5kr0, i,j—0,500,4,5—0,5 n
2 + 2 Pi,j_
o, i, j+0,52Y Ho,i,j-052Y
kitvos,ikr0,i405,i00,i405,5 pn Ki05,5K10,i-05,100,i-05,j pn
i+1,7 i—1,7
Ho,i+0,5,j Az fo,i—0,5, ;AT ’
ki, j+0,5Kr0,4,j+0,500,i,j4+0.5 n ki j—0,5Kr0,,j-0500,i,j-05 pn
- il T i1

2 2
o, i, j+0,52Y 1o, i,j—0,58Y
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nJIn
n+1/2 n+1/2 n+1/2
aso,i,i50,i+1,5 — 050,i,750,5,;  + €80,4,550,i-1,; = —ds0,,5, (9)
rie
1 1
As0,i,5 = 5Mit1,iP0,i+1.55  bsoig = —5MijPoigi  Cs0i =05
den s i — — e o s S™ S qno
SO,'L,] - 2mz7]p0317] O,i,j 2ml+1a.]p071+17] 0,Z+1,]
ki+0,5,jk’r0, i+0,5,jp0, i+0,5,7 ki—O,S,jkTO, i—0,5,jp0, 1—0,5,7 n
+ 2 + 2 Pi,j+
Ho,i+05, 5T Ho,i-05, 5T
ki,j—l—O,BkrO,i,j+0,5p0,i,j+0,5 i ki,j—O,BkrO,i,j—O,BPO,i,j—0,5 pno_
Z?]
to, i, j+0,5 A2 to,4, j—0,5 AT
ki+0,5,jk'r'0, i—‘,—(),5,jp07 i+0,5,7 pn ki—0,5,jk7'0,i—0,5,jp0, i—0,5,7 pn
- > i+1,j T > -1,
[o,i+0,5, ;A7 fo,i-0,5, ;A%
ki jr05Kr0,i,540,500,5,5405 o Ki j—0,5Kr0,4,1-0,500,4,i-05 pn
i, j+1 i j—1-

2 2
Ho, i, j+0,5A% o, i, j—0,5Ax

AHAIOrUYHO, AMMPOKCUMUPYSI IePBOe ypaBHeHHe cucTeMbl (1) Ha KOHEYHO-PA3HOCTHBIE
A7 BpeMeHHu 1 + 1 moayyanm:

1 1
n+1 n+1/2 n+1
—— My jPo,i,j i oM, P, A _i_—ml.’ i+100,1, .+1S L
IAL J I~0,4,7 2AL J I~0,4,7 IAL J J 0,,7+1
ki+0,5,jkr0, i+0,5,300,i40,5,5 Hn+1/2
2 i+l
Ko, i+0,5,jA$

ki—o,5,kr0,i—0,5,jP0,i-05, j n+1/2

1 mn
+1/2
T oAy ti+LP0, 41504, 41 =
IAL 1,] [2¥) 0,4,7+1

kito5,jkr0,i+05,jP0,i+05,j

+ , +
2 2 i,]
[o,i+0,5, ;AT [0, i-0,5, j AT 0)
+ki70,5,jkr0,i70,5,jp0,i70,5,jPn+1/2 n Ki, j+0,5Kr0,4, j40,5P0,4, j+0,5 n+1/2
. A2 =17 . A2 4, J+1
H0,i—0,5, Ho,i,j+0,5Y
ki, j+0,5K00,4,j40,500,4,j+0,5  Ki, j—0,5Kr0,4, j—0,500,4,j—0,5 n+1/2
o A2 A2 1,5 +
Ho,i,5+0,5Y Ho,i,j—0,5Y
ki,j70,5kr0,i,j70,5p0,i,j70,5 Pn+1/2
T A2 ij-1 -
Ho,i,j—0,5Y
B ypasuenue (10), rpymnupyst ¢X0:KHe YIE€HBI, Oy UUM:
1 cooogntl o T ) grtl —
5 M, j+1P0,4, j+190,4, j+1 oM jP0si,j ) 90,35 =
1 n 1
. +1/2 n+1/2
== | —gMiiP0iiS0i5 " — 5Ma+1P0,5+15,5 41
Kivo5,kr0,i+05,700,i+05,5 . Ki—os,ikr0,i—0,5,7P0,i-0,5,j n+1/2
2 + 2 PZJ +
Ho,i+0,5, ;AT Ho,i-0,5,j AT (1)
i, j10,5Kr0,4, j40,500,4, 40,5  Ki, j—0,5Kr0,4,—0,5P0,4, j—0,5 n+1/2
2 2 i
10,4, j+0,52Y [o,4,j—0,52Y

ki+o,5,jk’ro,i+0,5,jﬂ0,i+0,5,j n-+1/2 k’z‘—o,5,jkr0,i—o,s,jpo,i—o,s,j n-+1/2
B 2 i+1,5 2 i—1,5
Ho, z‘+0,5,jA$ Mo, i—0,5,jAI
_ki,j+0,5kr0,i,j+0,5p0,z’,j+0,5 n+1/2 ki,j—0,5kr0,i,j—0,5p0,i,j—0,5 Pn+1/2
AN T, i,5+1 N '
NO’Z7]+075 y M0717]_075 y

i,7—1
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njin
= n+1 7 nt+l | = ntl 3
(50,4,750,1, j+1 ~ 050,i,350,1,5 F €50,4,75,7, -1 = —ds0,i,j;
rie
_ 1 - _
aso,i,j = §mi,j+1p0,i,j+1; bso,i,j = —§mz‘,jpo,z‘,j; €50,i,5 =
7 _ nttj2 1 n+1/2
dso,i,j = —5Mi,3P0,i,350,1,5  — 5 +1P0.5, 54157 j41

Kito,5,ikr0,i+0,5,7P0,i+0,5, j ki—o,5,ikr0,i—0,5,jP0,i-0.5, j n+1/2

+ .
2 2 i,j
Ho, i+0,5,jAl‘ Ho, i70,5,ij

Ei, j10,5Kr0,4, j4+0,500, 4, j+0,5 4 i, j—05kr0,4, j—0,5P0,i, 0,5 n+1/2

2 2 i, ]
Ho, i, j+0,5AT Ho, i, j—0,5AT

Eivo5,iKr0,i405,00,i405,5 pnt1/2  Kicos,iKr0,i-05,700,i-05,5 pnt1/2
_ _ A

2 i+1,j 2
Ho,i+0,5,jAT fo,i—0,5, ;AT

_ki,j+0,5kr0,i,j+0,5p0,i,j+0,5 n+1/2 ki, j—0,5kr0,4,j—0,500,i,j—0,5 prt/2

)

2 i, j+1 2
Ko, i,j+0,5A37 Ho, i,j70,5A37

(12)

Jasee, aHAJOTHYHYIO HPOIELYDY IPUMEHsIeM IS BTOPOro ypapHenust cucrembl (1)

PN BPEMEHW WHTETrPUPOBAHUA N + %, W TOJTYINM:

1 n
+1/2 n n+1/2
—2Atmi,jpw,z‘,j wi,j —QAtmz‘,ij,z‘,ij,i,j + _2Atmi+17jpw7i+17ij,i+l,j_
1 ) n (U= Ry iv05,5) kivos, ikrw,iv05,500,i105. P
o Ti+1, 5 Pw, 41, jPw, 41, = '
2At P, i+0,5, j AT?

(1 — Ry it05,5) ki+075,jk3rw7i+0757jpwvi+0’5’j—l—
P, i+0,5, j AT?
N (1= R,i05.5) Ki-05.5Frw,i-05,iPw,i~05.5 P!+
P, i—0,5, j AT? v
LU= Bricos.5) Kicos, jbrw. iz05.iPuw.i=05.5 pn
[wh, i—0,5, ; AT? o
(1= RByijv05) ki jroskrw,i 1050w i 105 pn
Mwb’i7j+075Ay2 1, J+1
_ (<1 — R, j+0,5) ki,j+0,5krw,i,j+075pw’i’j+0’5‘|‘
b, i, j+0,50Y>
(1—Rsij—05) ki,jo,5krw,i,j075pwvi710’5) P+
Hwb, i,j—O,SA?JZ "
(1= Ro,ij—05) Fij—0.5krw,i.i-05Pw,i.j—05 pn
Mwb,i,j_OjAyz i,j—1°

+

B ypasrenue (13), rpynnupyst ¢XO:KHe UIEHBI, Oy UHM:

1 n

+1/2 nt1/2
§mi+17jpw7i+17j5w,i+1,j_ — 5P, Swij =
= 5 i, 5Pw, 4, 5w, i, j 9 i+1, 5 Pw,i+1, jPw, i+1, §

(13)
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(1= Ry ir05,5) ki+0,5,jkrw7i+ov5vjpw’i+0’5’j—l—
P, i+0,5, j AT?
o U= Bricos.5) kicos. v i-05.5Pw.i=05.5 pn |
Lowb, i—0,5, 5 AT? v
(1 —Rsi j+o05) ki,j+075krw»i’j+0’5pw’i’j+0’5—i—
P, i, j+0,50Y?
(1= Re,ij—05) Kij—0.5Krw,i,j~05Pw,ij-05 P —
b, i, j—0,5 Y2 v
(U= Ryivos,j) Kivos,iFrw, it05,iPw, 4055 pn
b, i+0,5, j AT? o
B (1 = Ry i—05,5) ki—05, krw,i—0,5, j Pw,i—0,5, j pro.
P, i—0,5, jAT? o
_ (1 — Ry i, j105) Ki, j40,5Krw,i, 4050w, i, 40,5 pn _
PRI i,j+1
- (= Ry j0s5) ki j—05Krw,i,j=05Pw,i,i-05 pn
RPN iyj—1
WIn
aSw,i,jSZ::}k/f,j - bsw,i,jsgfﬁ%z + Csw,i,jsgjril—/lz,j = —dsw.i,j; 14
riae
1 1
Asw,ij = 5TMi+1,jPw,i+1,5; bsw,i,j = TP g CSw,ij = 0;
1 0 1 n
dsw,i,j = _§mi,jpw,i,j8w,i,j - §mi+1,ij,i+1,ij:i+1J+
(1= Bo,i405,5) Fivos,iKrw,i405,5Pw, i+05.5 +
b, i40,5, j AT?
+(1 — Ry i—05,5) ki—05,jkrw,i-05,jPw,i-05,j P+
b, i—0,5, j AT> v
<<1 — Ry i jr05) ki,j+0»5krw”’vj+0’5pw’i’j+0’5—i—
P, i, j+0,5 DT

(1= Ryijo05) ki j—05krw i j—050wii05\ pn
+ Fli—

Hawb, i,j70,5Ax2
(1 — Ry i+05,5) kito5,jKrw,i405,jPw,i405,5 pn
_ no
b, i+0,5,jA$2 Hh
(= Ryic05,5) ki-05,iKruw,i-05,iPw,i-05.3 pn
> i1,
[ab,i-0,5,j AT
(1 - Rb,i,j+0,5) ki,j+0,5k7‘w, z’,j+0,5pw,i,j+0,5 n
i1
Hawb, i,j+0,5A«T2 /
(= Boij05) ki j-05Kru,ij—05Puw,i,-05 pn
i,5—1"
Hawb, i,j*O,SAxQ

Jlajiee, aHaJIOrUYHO i BpeMeHu n + 1 nosryaum
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1 1
i, JPw, 1 Sn+l - i, JPw, 1 Sn+1/2 A 1
2Atm Jp sy B I w, g 2Atm Jp sy LI w, g + 2At

n+1
M, 41 Pw, i, j+150 1, 41—
1 1-R Kivos ik (15)
m p gnt1/2 (1 — Ry, it05,5) kitop, rw,i+05, w1055 pn+1/2
- 4, J+1Pw, i, j+15w, 4, j+1 — i+1,5
2At I b, i40,5, j AT? !

_ ((1 = Bbi105.5) Kivos. jFruw.iv05.iPw.i+05.5
Huwb, z’+0,5,jA932
N (1—Rpi-05,5) k’i—O,B,jkrw,i—O,S,jpmi—0,5,j) iz,
(%]
Hwb, z‘—o,s,jA$2
(1—Rpi—05,5) kfi—o,5,jk?rw,i—0,57jpw,i—0,5,jPn+1/2+
NN i1,
Hwb,i—0,5,; T
(1 = Rb,i j+05) ki, j+05Krw, 4, j+0.5Pw, i, j+40.5 /2
AL i) 1
Hawb, i, j+0, Y
(1 — Ru.i,j+05) ki, j+0,5Krw, i, j+0,5Pw, i, j+0,5
B j j j JH+05
2
o, i,j+0,5Ay
N (1—Rsij—05) k'i,j0,5krw,i,j0,5pw,i,j0,5) pri2y
Hawb, i,j70,5Ay2 ’
(1= Rui.j—05) ki, j—0.5Frw,i,j—0,5Pw,i, =05 pnt1/2
i j—1 -
Hawb, i,j—O,SA?JZ

+

B ypasrenusg (15), rpynnupyst CX0:KHe HYI€HbL, Oy IHM:
1

n+1 n+1 __

S g +1Pw, i1 1 41 — | "5 MPei ) Swli =

1 " 1
_ +1/2 n+1/2
= - (—gmi,jﬂw,i,jsw,i,j - §mi,j+1ﬂw,i,j+15w,i,j+1 +

<(1 — Ry it05,5) k¢+o,5,jkrw,i+o,5,jpw,i+o,5,j+
[ab, 40,5, j AT
(1—Rei-05,4) ki—0,5,jkfrw,i—0,5,jpw,i—0,5,j) Pn+1/2+
Hwb, i—0,5,jA$2 I
n ((1 — Ryij105) ki j+0,5Krw, i, 4050w, i, j+0,5 n
2
Hwb, i,j+0,5Ay
N (1—Rsij—05) ki,j—0,5krw,i,j—0,5pw,i,j—0,5> prl/2_
Hawb, i,j70,5Ay2 /
(1 — Ry i+05,5) kito5,jKrw,i+05,jPw,i+05,j /2
N A2 i+l,j
Hawb, i+0,5, ; AT
B (1—Rpi05,5) k’i—O,B,jkrw,i—O,S,jpw,7L—0,5,jPn+1/2_
A A2 i—1,j
Hwb,i—0,5,; AT
B ,%, 710, %, J+0,5Vrw, ¢, 740,59 Fw, ¢, 40, n+1/2
(1 = Ru,i j+05) ki, j+0,5Krw, i, j40,5Pw, i, j+0,5
o 2 i,j+1
Hoawb, i,j—l—O,SAy
_ (1 — Ry s, j—05) ki, j—0,5Krw, i, j—0.5Pw,i,j—0,5 prti/2
o A2 3,5—1
Hwb, i, j—0,5Y

+

njm

= n+1 7 n+1 = n+1 o 7
ASw,i, S 0. j4+1 — OSw,i, i 5. ; T CSw,i, i i j—1 = —dSw,i,j- (16)
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3neco
_ 1 - _
Asw,i,j = 5, j+1Pw,i,j+1; bsw,i,j = oM iPwi i Cswig = 0;
_ 1 . 1
_ +1/2 n+1/2
Asw,ij = —5MijPw,i iS5 — 5Mii+1Pw,ii+1%w,i, 51T

((1 — Ry iv05,5) Kivos, jKrw, it05,jPw,it05, ) .
Hwb, i+075,ij2

1’7]

+
Hwb, i—O,5,jA$2

<(1 — Ry ijto05.) ki,j+0,5krw,i,j+0,5pw7i,j+0,5+
Hwb, z‘,j+o,5AI2

%,

(1—Rpi-05,5) ki—O,s,jkrw,i—0,5,jpw,i—0,5,j> Pn+1/z+

N (1—Rpij—ops) ki,j—O,Skrw,i,j—0,5pw,i,j—0,5> prtl/2_

b, i, j—0,5 AT

B (1 — Ry itop5,5) ki+0,5,jkrw,i+0,5,jpw,i+0,5,jPn+1/2_

i+1, 5
Hawb, z’+0,5,jAI2 "

_ (1—Rsi-05,4) ki70,5,jkrw,i70,5,jpw,i70,5,jPn+1/2_

2 i—1,j
Hawb, ifO,E),ij

(1- Rb,ij+0,5,) Ki, j+0,5Km0, 1, j40,5Pw, i, j40,5 prti/2

i, j+1
Hwb, i,j+0,5A$2 I
(L= Ryij-05) ki j—05krw,i,j-05Pw,i,j-05 prl/?

b, i, j—0,5 AT

i,7—1 °

Hasee, Tperhe ypaBHernne cucteMbl (1), 3aMeHsieM Ha KOHEYHO-DA3HOCTHBIN aHAJIOL CO
BTOPBIM MOPSIJIKOM TOYHOCTHU 110 BPEMEHHU U IPOCTPAHCTBEHHBIM IePEMEHHBIM:

1 . 1
+1/2 n n+1/2
S L0600 5 — s TP, 08 i i T s VL, 3P, i1, 5, 41,5 —
AL J I~b i, 2AL J I~b, i, IAL J I%b,i41, 5
1 ) gn Ry, 1405, 5Ki+05,Krw,i+05,5Pb, i+05.5 pn
T oAz T G Pb i1, 50 i1, 5 i+1,7
2At P, i+0,5, j AT?

_ (Rlxi+0,5,j’<?i+0,57jk?rw,z‘+0,5,jpb,i+0,5,j n
2
Huwb, i+0,5,jA-70
Ry i—05,jki—05,iKrw,i—05,1Pb,i-05,5 \ pn
+ 2 Pi,j+
Hawb, z‘—0,5,jA$
Rb, i—0,5,jki—0,5,jkrw, i—0,5,j,0b, i—0,5,7 pn
Hawb,i—0,5,; AT
n Ry i, i+05Ki j+0,5Krw, i, j40,5Pb.4, j40.5 1o
2 i,j+1_
Hawb, i, j+0,5Ay
B (Rb, i i4+0,5Ki, j+0.5Krw, i, j40,5Pb, i, 40,5 n
2
M, i,j+0,5Ay
Rb,z',j—o,57fi,j—o,5krw,z‘,j—o,5/)b,w‘—o,5)
2
Hawb, i,j—0,5Ay
Ry, i, j—0,5Ki, j—0,5Krw,i,j-0,5P5,i,j-05 pn .
i, -1
Hwb, i,j—O,SAyQ !

B+

_|_

(17)
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B ypasrenuu (17), rpynnupysi ¢XozxKue 4eHbl, OKOHYATEIbHO TOJIY 9UM:

1 n+1/2 1 n+1/2
imi+1,jpb,i+1,j5b,i+1,j_ _§mi,jpb,i~,j Sb,i,j =

1
— n n
== <—2mz‘,j0b, 0,550, i, 5 = 5Mit1,3Pb,i+1, 5%, 41,5 +

2
n (Rb,i+0,57jki+0,5,jkrw,z‘+0,5,ij,¢+0,57j n Rb,i—o,&jki—o,s,jkrw,i—o,s,jpb,z‘—o,&j) P4
7,7
Kb, i40,5, j Az? P, i—0,5, j A2 J
, 4, J+0, i, j+0, rw, i, j+0, , 4, J+0, 52, )—Y, ,7—Y, rw,,)—Y, ;2,7 —U, n
Ry, i, 540,55, j4+0,55rw, 4, j40,500, 4, j40,5 . L, 4, j—0,5%i, j—0,5Krw, 4, j—0,50b, 4, 1—0,5
+ A2 + A2 P
Hawb, i, j+0,5 Y Huwb, i, j—0,5 Y
_Ryivo5.5kiv05, ke, 405,500, 4055 pn - Bi-05,5ki-05,5krw,i-05.3Pb,i-05.5 pn
i+1, 5 i—1,7
Hoawb, i40,5, j Az? J Hawb, i—0,5, j Az? J
_Ryi 05k 40.5Frw, 1,540,500, 5,5405 pn  Bbi j—0.5Ki,j—0.5Krw,i,1-050b,i,§-0.5 pn
AR iy j+1 A i\ j—1
Hawb, i, j4+0,5 Y Hawbd, i, j—0,5Y
nJINn
n+1/2 n+1/2 n+1/2
a5b7i7jsb,i+1,j - bSb,i,ij,i,j + CSb,iJSb,i—l,j = —dsp,i,j; (18)
rme
1 1
asy,i,j = Emi+17jpb,i+17j’ bSbJ}j - _§mi,jpb,i,j, CSb,i,j = 0’
dsp.i s = — = ipp.a S0 1,10, 141, 357
Sb,i,5 = T M, P19, 0, 5 T 5L Pb, i, 5, it1,5; T
n (Rb, 40,5, K405, jKrw, i40,5, 1 Pb, i+0,5, j n Rb,71—0,5,jki—0,5,jkrw,i—o,s,jpb,i—o,&j) P4
i,
Kb, i40,5, j Az? P, i—0,5, j A2 J
Ry, i, j+o,5ki, j+0,5Krw, 1, 40,504,405 | Bb,i,j—0,5Ki, j—0,5Krw,i,i-0,5Pb,i,i-05\ pn
+ + P
i,
b, i, j+0,5 A7 [wb, i, j—0,5 A2 ’
_ Ry ivos5.5kiv05, ke, 405,500, 4055 pn - Bi-05,5ki-05,5krw,i-05.3Pb,i-05.5 pn
it+1, 5 1
Hawb, i40,5, j Az? J b, i—0,5, j AT !
_Buijro5ki j10.5krw, i 540,500, 0. 5405 pn Bbij—0.5Ki,j—0.5krw,i.i-050b,i,5-0.5 pn
iy j+1 i i1

Pwb, i, j+0,5 A2 Pwb, i, j—0,5 A2

Brimeykaszannas nporenypa, TpuMeHsieTcs i1 BpeMeHn: n + 1

1
. g .o.gntl & ontl/2 % o gntl
2Atm17]pb7l7jsb,i,j 2Atm171pb,z7j‘9b,i,j +2Atm17]+1pb,17J+1Sb,i,j+1
1 m p gn1/2 Rb,i+0,5,jk?i+0,5,jkrw,z‘+0,5,jpb,i+0,5,jpn+1/2
— 5 M, 1P,y 415y 4 11 = e
2At LIt b, i+0,5, j AT? g

B (Rb, 40,5, 5 Ki+0.5, Krw, i+0.5.3Pb. 14055 | n

b, i+0,5, j AT Kb, i—0,5, j Az?
Ry, iz05,5ki=05. jkrw.ic05.3Pb.i-05.5 pnt1/2 | Bb.ijr0.5Ki j10.5krw.i 4050015405 pn+1/2
Lo i 05 102 i—1, A i, j+1
wb,1—0,5, 7 Hawbd, i, j4+0,5 Y
Ry, i, j+0,5ki, j+0,5Frw, i, j+0,5Pb,4, j+0,5
- Ay + Ay?
Hawb, i, j4+0,5Y Hawb, i, j—0,5Y
Ry, i, j—0,5ki, j—0,5Krw, i, j=0,5P, i, 0,5 pn+1/2
A2 P
Hawb, i, j—0,5Y

Rb,i—0,5,jki—0,5,jkrw,i—0,5,jpb,i—0,5,j) pnt1/2
i, ]

(19)
+

+

Rb,i,j—0,5k'i,j—0,5krw,i,j—0,5pb,i,j—0,5) pn+l/2
i, ]

+
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B ypasuenuu (19), rpynnupyst ¢Xozxue 9I€HbI, HOJLY 9UM:

1 1
n+1 n+1l __
§mz’,j+1pb,i,j+15b,i,j+1 - *§mi,jpb,i,j Sb,i,j =
1 ntij2 1 n+1/2
= - <—2mi,jpb,i,j big T M d+1Pb i +15 i 1
i <Rb7 40,5, 1Ki+0,5, jFrw, i40,5, j Pb, 40,5, j n Ry, i—0,5,iki—0,5, jKrw, i—0,5, 1 Pb, i—0,5,j) priieg
[hwb, 40,5, A7 Hhwb, i—0,5, j AT I
n <Rb,i,j+0,5ki,j+0,5krw,i,j+0,5pb,i,j+0,5 n Rb,i,jO,Ski,jO,Skrw,i,jO,SPb,i,jO,5> prt1/2
1,7 -
b, i, j4+0,50Y? Pawb, i, j—0,50Y? J

Ry, 40,5, i%i40,5, jkrw, i+0,5, jPb, i+0,5, j prtl/2 Ry, i—0,5,jki—0,5, jkrw, i—0,5,Pb,i—-0,5, j pnt1/2
- _ Ax2 i+l _ A2 i—1,j
Hwb, i4-0,5, j AT Hwb,i—0,5, j AL
Ry i, j+0,5k:, j+0,5Krw, 4, j+0,50b, 4, j4+0,5 pntl/2 Ry i, j—0,5ki, j—0,5Krw, i, j—0,5Pb,4,7—0,5 prt1/2
N A2 i+l A2 i,j—1
wb, 4, j+0, wb, i, j—0,
Hawb, i, j40,5Y Hawb 0,52y

Win
S om#l _po ondl 4o gnbl  _ 7
aSbJ,]Sb,i,jJrl bSb,wa,i,j + CSb,leSb,i,jfl = —dsgp,i,j- (20)
31ech
B 1 - _
Asb,i,j = 5Ma,j+1Pb, 0,415 bSb.i g = —5Mi,jP,i.5;  Csbiig =05
d 1 nt1j2 1 gnt1/2
8b,6,5 = T iPbi b 05 T 5 M 1P, 19,4 1T
n <Rb, 40,5, 1Ki+0,5, jFrw, i40,5, 1Pb, 40,5, j n Rb,i—O,S,jki—O,S,jkrw,11—0,5,ij,i—0,5,j> prlz
P, i40,5, j A2 Kb, i—0,5, j Az? ©J
n <Rb,ij+0,5,ki,j+0,5krw,i,j+0,5pb, i 505 Ry, ij—0.5,ki, j—0,5Krw, i, j—0,50, i,j—0,5> prt1/2_
b, i, j+0,5 A2 b, i, j—0,5 022 ¥

Rb,i+05,jKi+05,jkrw,i+0.5,3b.i+05,5 pr+1/2 _ Mb,i-05,iki-05,iFrw.i-05,iPb.i=0.5.5 pn+1/2
o . Ax2 i+1,5 ) A2 i—-1,5
Hwb, i+0,5, j AT Hwb,i—0,5, j AT
Ry, i 40,5k, j40,55rw, 4, 40,500, i, j40,5 prtL/2 Ry, ij—0,5ki, j—0,5Krw, i, j—0,5Pb, i, 7—0,5 prtl/2
o i,j+1 T i
Pawb, i, j+0,5 D22 J Pwb, i, j—0,5 A2

i,j—1 °

AHaJIOTUYIHO, BHITIIEYKA3aHHAS MPOIEIYPa ITPUMEHSIETCS I BPEMEeHH 1 + % JIJIS 9eT-
BEPTOrO ypaBHeHusl cucTeMbl (1):

1 ) 1 1
+1/2 n n+1/2
1 p gn _ kivos,5krg,i+05,iP,i405,5
T oAy it g i+, g i1, T 2 i+1,5 7
24t Mg iv0,5, ;AT
Kivos,jkrg,i+05,iPg,i+05,5 | Ki—05 ikrgi—05,Pg,i-05,5 \ pn
2 + 2 Pi,j—i_
fhg,i+0,5, ;0T Lhg,i-05, ;AT

21
+l{?i_075,jk7‘g,i—0,57jp97i_0’5’jP.n + -

2 lil’j
fg,i-05, ;AT
ki, j+0,5krg,i, j+0,509,i,j+0,5 o ki, j+0,5krg,i, j+0,50q,i,j+0,5
2 5+l T 2
Ihg,i,j+0,52Y Mg, i,j+052Y
ki, j—05krg,i,j-05Pg,i,i-05 ki j—05krg,i,j—05Pg.i,j-05 pn
2 2 i,j—1"
g, i,j—050Y g, i,i—050Y

+ +

+

B+
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B koneuno-paznocTHOM ypaBHenuu (21) rpynnupyeM CXozKue 9IeHbl W MOJTY THM:

1 n 1
+1/2 n+1/2
émi+17jpg7i+17jsg7i+1,j A\ TP Sg.ig =

1 1

_ _ - n

n
= 2mi,jﬂg,i,j5g7i,j - §mi+1,jpg,i+1,jsg,i+1,j +

Kivos, jkrg i+05,iPg,i+0,5,5 | Ki—05,ikrgi-05,iPg,i-05,5 \ pn
+ Ax2 + A2 Pi,j+
/.11971_5'_075,] $ /'Lg7z_0757] ':C

ki j+05Krg i j+0,50g.0,j+05 | Ki j—05kKrg i j—05Pg.i,i-05\ pn

+ pr—
. 2 . 2 1,7
M9727J+075Ay ugyl’]io’E)Ay
Kivos, jkrg,i+0,5,7Pg,i405,5 o ki—o5,jkrg,i—05,jPg,i-05,j pn
- it1,j i—1,j

fhg,ivo,5, ;072 [g,i-05, jAT

ki, j+05Krg,i,j+0,50g,i, 7405 pn ki j—05Krg,i,j-05Pg.i,7-05 pn
- 2 Gt T > i1
Lhg,i,j+0,52Y Lhg,i,j—0,5Y
nJin
n+1/2 n+1/2 n+1/2
aSg,i,ng,iJrl,j - ng,i,ng,z',j + CSg,i,ng,i—l,j - _ng,i,j- (22)
3nech
1 1
ASg,i,j = 5Mi+1,3Pg,i+1,5; bsg,i,j = —5Mi Py CSgii =05
1 n 1 n
dsg,ij = —5Mi,iPg,i.i5.i5 ~ §mi+17jpg7i+1,jsg,i+l7j+
Kivos,ikrg,i+05,iPg,i+05,5 | Ki—05,ikrgi-05,iPg,i-05,j pn
+ N + A2 i,j+
Hg,i+0,5, ;AT fg,i—0,5,jAT
ki j+05Krg, i, j+0,50g.1, 405 | Kij—05krg i j—05Pg.i,j-05 pn
+ A2 + A2 ,j
Hg,i,j+0,5T Hg,i,j—0,5L
_ Kivos kg, i+05,3Pg.i+055 pn _ Kiz05,ikrg,i-05,iPg,i-05.5 pn
i+1,j i-1,j
[g,i+05, jAT [g,i-05, jAT
ki, j+05Krg,i,j+0,50g,1, 7405 pn ki j—05Krg,i,j—05Pg,i,j-05 pn
- i,5+1 i j—1-

2 2
Ihg,i, j+0,5AT Ig,i,j—05AT

Jlasee, yKasaHHYIO BBIIIE TPOLEAYDPY HPUMEHAEM JJI BPEMEHHU 1 + 1 JIs 4eTBEPTOro
ypaBHeHus cucTeMbl (1) 1 oy anM:

1 n+1 1 n+1/2

Q—Atmz‘,jpg, i,ng,i,j 2_Atmi»jpg,i7jsg, ij T

1 1

n+1 n+1/2
+QAtmi,j+1pg»i7j+1Sg,i,j+1 - _2Atmi,j+1/)g,i,j+1s g1 =
_ kito05,5krg,i405,iPg,i+05,5 pnt1/2 (23)

- i+1,7 -

fhg,it05, ;AT !

Kit05,ikrg,i+0,5,iPg,i40,5,5 n ki0.5,ikrg,i-05.iP9.i-05. | p
2 2 (2%}
Hg,it05, ;AT Ig,i-05,jAT ’

n+1/2

+
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[t} ’ Yy ) )y 1
J g JIrg J P /

ntl/2
2 1_17]
fg,i-05, ;T

ki jvo5krg,i,j+050g,1,j+05 pnt1/2 [ Kijro5krg,i, j+05Pg,1,j+05

+ s
2 i, j+1 2
Ig,i,j+0,52Y Ig,i,j+0,52Y

+

ki,j—o,skrg,z‘,j—o,&spg,z’,j—o,5 n+1/2+ ki,j—0,5krg,i,j—0,5pg,i,j—0,5 n+1/2

+ 7]
2 2%} 2
Mg, i,i—050Y Ihg,i,j—0,52Y

B ypaBrenuu (23) rpynmupyeM CXOKHe YIeHbI U MOy IUM:

1 1
Lo gt (A ) onl
Zm%JJrlpg:Z,JJrng,i,j—H zmz,Jpg,z,J Sg,i,j_
1 . 1
_ +1/2 n+1/2
== | —5MiiPe.iiSgi; " — 5Mii+1Pgi+15y 0 a1 +
Kivos,jkrg,i+05,jPg,i+05,5 | Ki—05,ikrgi-05,iPg,i-05,j\ pnt1/2
+ 2 + 2 Pu +
[hg,i+0,5, ;AT fg,i-05, ;AT

ki, j+05Krg,i,j+0,5Pg, 1, j+0.5

kz',j0,5krg,i,j0,5ﬂg,i,jo,5) nt1/2
2 2
g, i, j+0,52Y Hg,i, j—0,5Y

Kitos,ikrg,i+05,iPg,i+05,5 pn+1/2  Kiz05,ikrg i-05,iPg,i-0,5,5 prt1/2
o 2 i+1,5 2 i—1,7
Ig,i+0,5, ;AT fg,i—0,5, ;AT

ki jr05Kkng i, j+0,5Pg,i, 405 pn+1/2  Kij—05Krg, i j—0,5Pg,i, 0,5 Pn+1/2)

2 i, j+1 2 i j—1
Hg,i,j+052Y Ihg,i,j—0,5Y
nn
_onfl  _p. o om+l = omil g3
(5g,i,55g. 1, j+1 — 09,1, 1,5 T Cs9.1,55g. 4,51 = —dsg,ij-
3nech
B 1 - _
Asg.ij = 5 TWPgijt1; bsg,i,j = —5MiiPgigi Cgi =05
i, j+1
i 1 . 1
- +1/2 n+1/2
dsg,i,j = —§mz‘,jpg,z‘,jsg,i,j - §mz’,j+1ﬂg,i,j+15 g1t

+075»] rgvl+0»57.7pg77’+0757] 170757] 7"9,1*0757.7p971*07571 n+1 2
+( + PRy

1y
[y, i+0,5, ;AT [g,i-05, ;AT? !
ki, j+0,5krg,i,j+0,5Pg,i,5+05 | Ki,i—05Krg,i,i—05Pg,1,j-05\ pn+1/2
A2 + A2 iy
Ng77”‘7+0’5 I‘ M9717]—075 x

ki+0,5,jk7”g, i+0,5,jpg, i+0,5,5 pn+1/2 ki*0,5,jkr‘g, i*O,S,jpg7 1—0,5,7 Pn+1/2
- 2 e 2 i-1,j
Mgvl+0757]Ax lLLg7Z_0757.7A$

Ki,j+0.5Krg,i,5+0.50g.1,5+05 pn+1/2  Kij05Krg,i,j-05Pg,i,5-05 pn+1/2

2 i, j+1 2
Ig,i,j+0,5AT Mg, i,j—05AT

i,j—1

i,j—1
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Jlast onpejiesieHnst M3MEHEeHUI TeMIiepaTypbl MHOIoOga3HbIX CMecell B IOPUCTOM cpejie
3aMeHnM ypasHenus (4)-(6) Ha KOHEYHO-PA3HOCTHBIE A7l BPEMEHHOTO CJIOS N = 3
(cp)t,i,j Tn+1/2 (cp)t i, Tn (Cp)t i+1,5 Tn+1/2 (Cp)t i+1,5 ™"
2At BT oAt h 2At it TN
N (€p)s,i V8,05 = |(€P)y 4, V1,4, 5 TZT;?Q - T"‘H/2
4 Ax *
. (€P)f,s, 505,45 — ‘(cp)f,i,jvf,i,j T =T,
4 Ax
(Cp)f LI RN ‘(Cp)f,i,jvf,i,j’ T:jl/z — T"+11§2+
4 Ax
(€p) g i, 508,05+ |(P) s 00|\ TP, T”1 (25)
5 J J_|_
4
( cp) I L (Cp)f i,5VF5:7 ) Tnﬂ-l T,
5 14
(Cpfl]vflj—'_(Cpfljvﬂl])TZnJ i1
5 =
- E ()\t i+0,5, JTZ-I:TJQ (At i+0,5,5 + At i—05,5) T; n+1/2 + At i—0,5, JTnJr11§2> +
1
+Ay2 ()‘t’i,j+075TzTLj+1 (/\t i,§40,5 >\t i,5—0,5 Q)T + /\t i,5—0 5T7] 1)
B ypasuenun (25 ACKPBIBaA CKOOKH, IIOJIYUIUM
yp , paCKp ) y
(Cp)t,i,j n+1/2 (cp)t,i,j " (Cp)t,i+1,j n+1/2
T2Ar BT 2Ar b T RAE Ry
(ep)s.iva, i pn COrSRCIN b ’(Cp)f, i,j”f,i,j‘TnH/Q
S oAt b 4Nz et
(0)g,050005 =[085 e, (Oggtris = |COgosorial
4Ax b 4Ax i1
(05000 = @il P asvnas +@isonial e
4Ax BJ 4Ax i
(ep)y i jvr,ivs + ’(Cp)f,i,jvai1j‘Tn+1/2 . (cp)y s jvr,ivg + ’(Cp)f,i,jvf,i,j‘Tn
4Ax i—1,3 4Ax CE (26)
(Cp)f,i,j“f,i,j + ‘(Cp)f,i,jvavj’Tn (Cp)f,i jUf 4,5 — ‘(Cp)f,i,jvf,ivj’Tn
1Az i=1.j 20y LIt
(€P) g i, 308,05 — ‘(Cf’)f,i,j“fvivj‘Tn (€p) g i, 05,05 + ‘(Cp)f,i,j”fmj'Tn
2Ay ) 2Ay o
(€P)g,i V505 + ‘(Cp)f,i,jUvaﬂ"Ty B )\t,i+0,57jT7H—1/27
2Ay i,7—1 7 A2 i+1,7
At 40,5, T Ati—0,5,f nt1/2 | At,i—0,5,5 pmt1/2
Ax2 Ti,j + Ax2 T -1,J +
At i, j—0,5
LI 05pm

At,i, 405 T Atij=05 om n
i, j Ay2 i,

At,i, 40,5
+ Ay? T — Ay?
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B ypasrenuu (26) rpynmupyeM CXOxKHe YI€HBI U HOJTY 9aeM:

At i—0,5, L ()54, 504,05 ‘(Cp)f,iﬁjvf»ivj

/2
Ax? 4Azx i—1,j
[ (P n At,i40,5,5 + At i=05, n ‘(Cp)ﬁivjvf”"j’ T2
2At Az? 2Ax nJ

. At,i40,5, (Cp)t,7:+1,j (Cp)f,i»jvf-rivj*‘(Cp)f,i,jvaivj‘
Ax? 2At

n+1/2
1Az Tivs

_ (Cp)t,i+1,j B (Cp)fyi,jvf’i»j - ‘(Cp)f,iijfvivj‘ ™ 4
2At 4Azx i+l

(Cp)f,i,jvf,i,j + ‘(Cp)f,i,j”f,i,j‘ "
+ 4Ax Tt
(Cp)t,i,j B (Cp)ﬁi,jvf,i’j‘ ‘(cp>fﬁi_’jvf,i~,j’ B )\tyi,jJrO,B +)\t,i,j70,5 T4
2At 2Azx Ay Ay? ©J

)‘t,i,j+0,5 (cp)f,i,jvfai;j_ ‘(cp)f,i7jvf7i7j‘ "
+ Ay 27y Tt

n At,i,j—0,5 n (Cp)f’i’jvfﬂvj + ’(Cp)f,i,jvaiaj T
Ay? 2Ay 4,j—1

nJIn
+1/2 +1/2 +1/2
ai T = by T2 4 e T = —dis. (27)
3nech

_ )\t,i70,57j (Cp)f,i,jvai;j + ‘(cp)f,i,jv.f;iJ
@i, j = +

Azx?

4Ax ’

N COIRY L Airos g FAi—0s. ‘(Cp)fvivjvf’i’j .
J 2At Az? 2Ax ’

 ALi0,5, (cP)y,it1, (€P)f,s,505.4,5 — ‘(Cp)f,i,jvfai:j _

€07 T A2 2A iAx ’

(Cp)tfz#l,j (Cp)f,i,jvfﬁi;j - ‘(Cp)f,i,jvf,i,j’ "
=\ TaAr 1Az Tt

+(Cp)f,i,jvf7 ijt ‘(Cp>f,i,jvf7i;j ™ 4
4Azx =1

‘(Cp)f,i,jvf,id _ )\t,i,j+0,5 + )\t,i,j7075 ™
Ay Ay? i,

(¢h).i (€p)g,i, 05,1,
2At 2Ax

+

At i, j+0,5 () 5,4, 704,05 — ‘(Cp)f,i,jvf»"'vj n
+ Ay? a 2Ay i,j+1t

n At i, j—0,5 N (€P) i, 50805+

(Cp)f, i, V7, m‘ .
Ay?

.
20y g1
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Boiieykazannyio mporeypy OyjeM BBIIOJHATD I BpEMEHHOTro ¢jiosd n + 1, B pe-

3yJbTaTe 9ero IOJIyYuM:

(Cp)t’iyj n+1 _

PN

(CP)t, i+1,j TnH/Q

(cp)f’ i,§Vf 45 — ‘(cp)f, i, V7, Zﬁj‘

(Cp)t,i,an+1/2 (cp)t,i+1,an+1
I R

n+1/2 n+1/2
T, — Ty

i+1, ]
oAr  hatl T 2 Ax *
N (Cp)f,i,jv.ﬂi,j + ‘(cp)f,i,jvfxi,j Tfjlm - Tlnjff n
2 Ax
N (cp)g i jVf 05 — ‘(Cp)f,i,jvfmj Tffﬁl — T{f;‘l_’_
4 Ay
o o 1/2 1/2
N (Cp)f,i,j”fw,J ‘(Cp)f,i,jvfa%]’ T:L;_{ *Ttnj / N
4 Ay
N (Cp)f,i,jvfyi-,j + (Cp)f,i,jvf»ivj’ Tijl — Tznj_ll
4 Ay
(Cp)f,i,jvf,i,j + ‘(Cp)f,i,jvf»ivj‘ Ts;rl/z — Tl??;r_l{Q
4 Ay
1 +1/2
=z (ssos T -

1
+—

()\t’”o‘f”j + Atvi*0’5»j) Tn+1/2 + )\t,ifo,S,an—i_l/Z) +

i, i=1,7

n+1 n+1 n+1
Ay (M i, j+05T0 1 = Mei 405 + At j—0,8) Tid 4 Avi j—0,5T5 1 21) -

B ypasrenue (28), packpbiBasi CKOOKH, MOJIY IHM:

(Cp)t,i,j Tntl M

PN

T@+1/2_~_ (cp)t,iJrl,j n+1
i,]

2AL At LI
(cp)t,HLanH/2 (cp)s s, 05,05 — ‘(Cp)f,i,jvfm‘ nt1/2
T T 9Ar itLi 2AZL i+1,5
B (Cp>f’i’jvf,i,j - ‘(Cp)f,i,jvf,i,j‘Tnﬂ/z N (Cp)f,i,jvf,i,j + ‘(Cp)f,i,jvf,i,j’Tnﬂ/Q_
2Azx +J 2Azx b
(ep)yi vt ‘(Cﬂ)f,i,jvf,i,j‘ . (€P) i 0105 — ’(Cﬂ)f,i,jvfm‘ i1
2Azx i-1j 4Ay EERE

(cp)ﬁ i,70f5 ‘(cp)f’ i,5 V1 i,j’

4Ay

(Cp)f,i,jvaiaj - ‘(Cp)f,i,jvfs@j’
4Ay

(Cp)f, i,jVfi g T '(Cp)f, i,70f 1J‘
4Ay

B (Cp)f,i,jvf-,i,j + '(Cp)f,i7jvf7i,j‘ n+1/2 _ >\t,i+0,5,j nt1/2 >\t,i+075,j + )\t,i—0,5,j

1Ay ij—1

n At,i-0,5,; L2 At,4,§40,5 il
Ax2 t—1,7 Ay2 i

(¢p)g i 05,05+ ’(Cp)f ; 'vf,i,j‘
TZ};'__ll + 58,0 W)

i, +1

_ (p) s i V105 — ‘(Cp)f,i,j”fyi’j‘ nt1/2
ij T 47y i, j+1

n+1/2

N (Cp)f,i,jvf,i,j + ’(Cp)f, i,jvf7i1j‘ bl
i

1Ay g

/2
4Ay b7

Ax2 i+1,J A2

At i, j+0,5 + Atji,j—05
Ay?

o s
n+1 t,1,7—0,5 41
Ti; AR T3

e
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7 TPYNIUPYA CXOXKHE YJIEHBbI, OKOHYATEJIBHO HOJIY YAM:

At i, j—0,5 + (P)g.i.5v0.03 F ‘(Cp)f’i’jvf’ b Tt —
Ay? 4Ay ba-t
(€P)eij | Miijros+ Aeij—05 ‘(Cp)f’i’jvf’i’j’

— Tl
oAt T Ay T oAy iy T

At i, j40,5 (€P)r,it1, _ (€P)s,s,395.4,5 — (Cp)f,i,jvf’i»j’ Tl

N 2L 1Ay i+l =

_ (€P)t,iv1, B COTRNLINN Ay ’(Cp)ﬁi,jvf’i’j‘ /e
2At 4Ay REA

(29)

(cp)s.i j0f5 + ’(Cp)f,i,j”fvi’j‘ nt1/2
+ Ay ij-1 T

(€P)ii; (Cp)f»ivjvaivj‘ B ’(Cp)fvivjvai’j‘ _ ALit0,5,5 A i—05,5 /2,

2At 2Ay Az Az? b

)\t,i+0,5,j _ (cp)f,i,jvf’i’j - ’(Cp)f,i,jvf’iaj‘ Tn+1/2+

+ Az? 2Azx i+l j

At,i-0,5, N (Cp>f,i,jvf7i,j + ‘(Cp)f,i,jvf,iJI pRRYE

+ Azx? 2Azx i—1,J

Vpasuenue (29) B MaTpudaHON hOpME MOKHO 3AIUCATH KaK:

— n+1 7 n+1 P n+1 __ 7
ai 150 — bi T + ¢ 1 = —di . (30)

3mech

At i, j—0,5 + (P) g, 305,05 + (Cp)f,i,jvf’i’j).
Ay? 4Ay ’

Qi j =

= @iy | Aigros + A 05 n ‘(CP)fyivjvf”"j‘.

b; ;=
(2W) 2At Ay2 2Ay ’
g .= At,i,j+0,5 B (Cp)t7i+1,j _ (Cp)f,i,jvf»iJ - ’(Cp)f,i,jvaivj‘.
BT A 2At 1Ay ’
i [P (¢P)pi.s08 03 — ‘(Cp)f’ivjvf’i’j‘ /2
na N 4Ay Bt
(cp)g i j0s,0,5 + ’(Cp)f’@jvf, i —
* 1Ay ig-1 Tt
(Cp)t’ i (Cp)f, i, Vf 0,5 B ’(Cp)f’ i,jVf 0,5 _ At, i+0,5,5 T At, i—0,5, j Tn+1/2+
2At 2Ay Ax Az i,
)\t,i-‘rO,S,j (Cp)f}@jvaivj - ’(cp)f7i7jvf,i,j Tn+1/2
+ Az2 2Ax i1, T
+ )‘t,i—0,5,j n (Cp)f,i,jvai»j + (Cp)f,i,jvfyivj’ Tn+1/2

Ax? 20z =L
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Hasee, jyisi periienne HOCTABICHHON 3a/4a4 TPAHIYHOE ycaoBHe (6) 3aMeHHM HA Da3-
HOCTHBIHI aHAJIOT W TOJIY9IUM:

_ gt/ +4Tn{r1/2 _nt1/2

0,5 1,j 2,5 _ n+1/2 n 31
A = BTy Y% — BTTY, ;. (31)
pynmnupys B ypasaerue (31) ¢X0:Kue WICHBI, MOXKHO TOJYUATH COOTHOIICHHE
Tn{rl/z _ /\fbl,j - 4)\fcl,j Tn—il-l/Q I —ZAJUBCLJTS,DJ - )\fdl,j (32)
0.9 )\fal,j — 2AIBCLJ' — 3>‘fcl,j LJ >\fa1,j — 2AIBCLJ' — 3)‘fcl,j .

Ucnonb3yst cooTroteHne (32), MOKHO OIPEIEJUTh MPOrOHOYHbIe KOhDMUIMEHTH CJie-
JIYIONM 00pa3oMm:

I Arbij —4Aser; o= —2Axfer, Ty — Asda
0.7 )\fal,j — ZAZ’ﬁCLj — 3)\]0617]' ’ 0.5 )\faLj — 2A[IZ’5CL]‘ — 3)\]0017]‘ ’
COOTBeTCTBeHHO, rpamp4dHoe ycjaoBue (6) Inpu r = LI 3aMeHdeM Ha KOHEYHO-

paBHOCTHbIe nu HOﬂqu/IM:
n+1/2 n+1/2 n+1/2
Ty gy —4TN 205+ 3Ty
2Ax

[pynmupyst ¢XoxKue 4jaeHbl B COOTHOIEeHUe (33), OKOHYATETHHO MOJIY THM:

s = BTy ? — BT (33)

v,N,j*

2 _ ABN-1,jAr — an—2 jBN-1,jAf — Bn-2,j s — 2A2BT)
Nj OéN,Q,jOéN,Lj)\f—4OéN,17j)\f+3)\f —2Azp

AHANOTHYHYIO TPOTeIypy TPUMEHsIEM I TpaHuIHOrO yeaosus (6) npu y=0:
) ’ ) _ +1 n+1/2
f 2Ay - BTZLO - /BTU,i,O : (34)
pyumupys cxoxkue 4ieHbl B (34), OKOHIATETBHO MOJIY IHM:
_ ~ _ +1/2 7
ntl _ Arbi1 — 4G et —QAy/BCi,szi,o — Apdi
0.3 )\fC_Li, 1 — QAyﬁE% 1 — 3)\f51’ 1 51 )\fC_LZ'7 1 — 2Ayﬁéz7 1— ?)/\fél7 1 ’
rjiae IMporonovYHnbie KOS(I)(bHHI/IeHTBI MOZKHO BBIYUCJIHUTDL C IIOMOIIBIO COOTHOIIIEHU
_ ~ _ +1/2 7
Apbi1 — ANsG o —2AyBe; Ti o = Npdia
— — — Do,j = ~— - -
Arai 1 — 2AyB¢; 1 — 3XfCi T N1 — 20yBe 1 — 3MsEin
Hasee, B rpanudnoMm yciaosuu (6) mpu y = L, , 3aMeHsSeM OIepaTOphl HA KOHEYHO-
PAa3HOCTHBIC H IIOJIYYHUM:

il 4Bi,M—1)\f - di,M—2Bz‘,M—1>\f — Bi,M—2)\f - QAZJ@TET}N
N.j O_éi7M_2di7M_1)\f — 4O_éi7M_1>\f + 3)\f —2Ayp

Qp,j =

4 BrIiBoapbl

I/ITaK, MOZKHO CKa3aTb, 4YTO JAJdAd NpOBeAeHUA HCCJICJOBAHUA HECTaAIUOHAPHOTO IIPO-
necca (bUIbTPAIMU BOAOTA30BOIl cMecH B HOPUCTOH cpeie pa3paboTaHbl MHOIOMEpPHas
MaTeMaTu4d4eCKad MOAeJIb 1 YUCJeHHBI I AJITOPUTM.
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UDC 519.6
MATHEMATICAL MODEL AND NUMERICAL ALGORITHM

FOR STUDYING THE FILTRATION PROCESS OF A
WATER-GAS MIXTURE IN POROUS MEDIA

Ravshanov N.
ravshanzade-090mail .ru
Research Institute for the Development of
Digital Technologies and artificial intelligence,
100124, 17A, Buz-2, Mirzo-Ulugbek district, Tashkent, Uzbekistan.

The article is devoted to the development of a multidimensional mathematical model
for a comprehensive study of the filtration process of multiphase fluids in a porous
medium. To integrate the problem posed, an effective numerical algorithm of high order
approximation is proposed. Using the proposed mathematical tool, this work examines
the filtration of a three-phase mixture (water with bubbles, oil and free gas) in a porous
medium. When modeling the process of filtration of a water-gas mixture in porous media,
the growth and enlargement of small bubbles in the pore space of the rock, the formation
of a free gas phase, the slippage effect, pore compressibility and the non-isothermal nature
of the process are taken into account. To take into account the variability of filtration
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coefficients and layer porosity, a mathematical formula (functional dependencies) is ob-
tained, which takes into account the pressure drop in the deformable reservoir skeleton.

Keywords: mathematical model, effective numerical algorithm, water-gas mixture, fil-
tration of water-gas mixture, porous medium.

Citation: Ravshanov N.2023. Mathematical model and numerical algorithm for study-
ing the filtration process of a water-gas mixture in porous media. Problems of Computa-
tional and Applied Mathematics. 5(52):90-114.
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VIIK 539.3

BEPTUKAJIbHBIE HEJIMHENHBIE KOJTEBAHUS
BA3KOYIIPYTUX CUCTEM C TPEMS CTEIIEHAMU
CBOBO/IbI

Y IOcynos M., ' Kapwues J.K., > Illapunos X./I.
*ysupovmajid1956@mail.ru
I Tankenrexmuit rOCYJapPCTBEHHBIN arpapHbIil YHUBEPCUTET,
Vabekucran, TamkenTckast obacTh, Kubpaitckuit p-u, ya. YHusepcurerckas, 2 A;
2HaquO—I/ICCﬂe;LOBaTe,HBCKI/Iﬁ WHCTUTYT Pa3BuTud MudPOBBIX
TEXHOJIOTUH U UCKYCCTBEHHOT'O WHTEJLJIEKTA,
100125, Y3sbekucran, Tamkent, m-B. By3-2, 17A.

PaccMoTpenbl BepTUKAJIbHBIE KOJIEOAHUS TPEX PY30B C PA3IUYHBIMU MAaCCAMHU, CO-
eINHEHHBIX HEJUHEHHO-BSI3KOYIPYTUMH MPYKUHAMHA (TIOBECKAMN). YUET DPeosorude-
CKHe CBOWCTBA TOJBECKU WCIOJB30BAHA WHTEIPAIbHAS MOJEIb C SAPOM PEITaKCAINH
Kosrynosa-Pxannneiaa. Pazpadorams: 3¢pbDekTuBHBIE BHIYACIUTEIBHBIE JITOPUTMBI Pe-
IMeHnd 337189 OCHOBAHHOTO HA WCIOJB30BaHWE KBanparypabie dopwmyrte. Mccaemosamo
BJIMSHIE PEOJIOrHYeCKe CBOHCTBO IOJIBECKU HA CMEIEHNE MACCHI OT [OJIOKEHUS CTaTU-
4ecKoro paBHoBecusi. VccienoBanbl BAMsiHIE HEJTWMHEHbIE CBOMCTBA MO/IBECKU Ha (hopmMe
KoJiebaHUE W YACTOTHI.

KurroueBbie cisioBa: ajropuTM™, sJipo pejlakcanuu, uarerpo-auddepeHimaibHoe ypas-
HEHUE, JacToTa, aMILIUTY/Ia, YIPYTOCTb, BA3KOYIPYTOCTh, HalpsKeHue, jgedopmarius,
UHTeTpaJIbHbBIl OTIepaTop.

Huruposanue: Ocynos M., Kapwues /. K., Hlapunos X./[. Beprukajibable HenHEN-
HBIE KOJIeOaHWsI BI3KOYIIPYTUX CHCTEM C TpeMs creneHsaMu cBoboabr // IIpobiembl BbI-
YUCIINTEJLHO U IpuKJIaHO# Maremaruku. — 2023. — Ne5(52). — C.115-122.

1 Bsenenue

M3BeCTHO, 4TO HPAKTUYECKM BCE KOMIIO3UTHBLIC MaTepHaJibl ¢ HOJUMEPHONR Marpuuei
001a1aI0T TaKzKe CBOICTBOM 0OpaTHOil moasydectu. [lpu pasrpyske dacrh gedopManun
KOMIIO3UTOB BCJIEJICTBHE YIPYIUX CBOMCTE NOJUMEPHOTO CBSA3YIONIEro BOCCTaHABIMBACTCH,
a 3aTeM IPOHMCXOAUT IIPONECC YIPYroro HOCaeIeiCTBAs BCICACTBHE MTOCTEICHHOIO ACYes3-
HOBEHHUsI BBLICOKOJIACTUIHOM nedpopmannu. TakuM oOpa3oM, KOMIIO3UTHBIE MATECPHAJILL C
HOTMMEPHBIMA MATPHIAMY IIPOAB/IAIOT O, HAPY3KOil BI3KOyHpyrue ceoiicrsa. Hambosee
[OJTHO 3TO ABJICHUE — BA3KONPYIOCTh — YYUTLIBAETCH B HAC/ICCTBEHHBIX TEOPUSX MOJI3Y-
yectu. [Ipu onpejeneHnn HAIPSKEHHO-1ePOPMUPOBAHHOIO COCTOAHUA KOHCTPYKIHI U3
BA3KOYIPYTHX MATEPHAJIOB HCIOJIb3YIOTCS COOTHONICHNS, CBA3LIBAIONIIE HAIIPSAKCHEA, J1e-
dbopmaruu u Bpemst [1].

Bripazkenue g pesakcalliil HAIPszKeHUIl IPH IOCTOAHHBIX YPOBHAX JedopMariuii
MOZKHO TIOJIy 9MTh U3 OBINEro ypaBHEeHUsl BA3KOYIPYIOCTH sl PEJAKCAInE MaTepuaia |2,

3
o (t)=Fe(t) —E/O R(t—7)e (1) dr

it onmcanus peslakcaln KOMIIO3UTHOO MaTepuaJia Obljia BbiOpaHa (pyHKIMS BJIU-
gHuA B BUJjE ¢1a00 cuHTyasproro aapa Koarynosa - Paxannmpma: R (t) = Ae PitoL,

B HesmmHefiHbIX BA3KOYHNPYIUX CHCTEMaX € YyYeTOM HECKOJIbKUX (hopM KoJebaHuii 3Ha-
YUTEJHHO CJIOYKHEee, 9eM B CHCTeMaX C OJHON CTemeHbI0 CBOOOBI, HO Pe3yJbTaThl TAKOTO
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aHaJM3a IPeJICTABISeT HeCOMHEHHBIH umHTepec. OTMeTuM YTO, OJHMUM M3 BAaXKHBIX IPU-
Jiozkennit adppexra m3MeHEHNE JUCCUNATUBHBIX XapPAKTEPUCTHK MEXAaHUYECKHM CHCTEM
SABJISIOTCS 3a/Ia9W BA3KOYIPYTUX CUCTEM C HECKOJHKUMHU CTEIEeHSIMU CBOOOJIBI.

2 IlocranoBka 3aga4n

PaccmorpuM BepTUKaIbHBIE KOJleGaHust Tpex TPy308 (puc. 1) ¢ Maccamu my, mo U Mg,
COEJIMHEHHBIX HEeJMHEeHHO-BI3KOYNIPYTUMHU mojBecKamMu. OO03HAYNM CMEIIeHus] Mace My,
Mg ¥ M3 OT IOJOKEHUS CTATUYECKOrO0 PABHOBECUs 4Yepe3 T1, To U T3, & CUIY JeHCTBHUA
noaBecKaMu Ha Maccy — depe3 F' (z). Memoawsys npunmun lamambepa n paccMaTpuBas
dbukTHBHON paBHOBecust (puC. 2) Macc, K KOTOPHIM NPUJIOKEHBI CHJIBI HHEPIINH W BOCCTa-
HABJIHBAIONTHI CHIIBL, TTOIyInM |4, 5]:

mljl + F(I’l) —F (CL’Q - IL‘l) = O,

mzfi'g + F (SBQ — Zl?l) - F (ZEg — QTQ) = 0, (1)
mg.l"g + F (ZE3 - Ig) =0.

Hnst byuxmun F (z) npumem Bbipazkenne [6-9):

F(z)=k {z (1+~2%) — /OtR(t,T) 2(7) [1+72% (1) dr] } , (2)

rje k - XKecTKOCTh O/IBECKH; Y - KOA(MDPUIMEHT HeJIMHEHHOCTH, 3aBUCIIINAT OT (PU3NIECKUX
CBOMCTB MaTepuaJa noaecku; R (t,7) - a1po pesakcamum.

LIS 1\
F(xy)
$ my X,
np F(xz-x1)
X7 1\
> $ myX,
X
? 1\ F(x3—x2)
ns I
X3 \|, UEES
Puc. 1 Puc. 2

Ecau ki, ky 1 k3 - cOOTBETCBEHHO »KECTKOCTH IIEPBOil, BTOPOIl U TpeTheil MOIBEeCKH
) 3 ) p /1, )
Torja ¢ yaerom (2) cucrema (1) Gymer nMeTh BU:

71 + w%ﬂh = w§1 (5102 - $1) [1 + 72(% - $1)2} - w%%x%—i—

—i—wf/o Ry(t, m)x1(7) [1 +71xf(7')] dr—
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—wgl/o Ro(t, 7) [ () — 21(7)] {1 + ~alis (7) — 22 (1))} dr,

[i‘g + w%xz = w%xl [1 + ’YQ(IQ — 1‘1)2] + ng (I‘g - ZEQ) [1 + ’73(%3 — 172)2} —
t
—winata(y — 21)° + W%/ Ry (t,7) [wa (1) — 21 (7)] - {1+ alza (1) — 1 (T)]Q} dr— (3)

0

t
—y [ Ro0) s (0) = (] {1+l (7) = (1)}
0
jg + ngg = w§x2 [1 + ’)/3(1’3 — $2)2} — w§73x3(x3 — 1’2)2+

+w§/0 Ry(t,7) [23 (1) — 22(7)] {1 + y3[m3 (1) — 2o(7))*} dr,

2 _ ki o5 C2 _k2 2 _ ks
e wi = oo, 0= 1,2,3; wyy = 2wy = Ot

[IycTh 3amanbl Hada ILHBIE 3Ha‘{eHI/IH CMeIlleHHs MacC U UX CKOPOCTH, T.e.
xT; (O) = Tj0, IZ (O) == 191‘0, 1= ]_, 2, 3.
3 Meron penienus

Cucrema (3) pemaercst METOJaAMI OCHOBAHHOI HA MCIIOJIB30BAHUE KBIPATYPHOMH (Hop-
mysiel [10-12]. JIBa pasa uaTerpupys no t cucremsi (3), Ha uaTeppase [0;t] nveem:

z1(t) = 10 + V10t + /0 (t — ) {ws [22 (s) — 21 (8)] [1 + Y2lz2 (s) — 21 (5)]2} _
—wizy (5) — winai(s)}ds + wf/o Ti(t — s)xi(s) [1+ nazi(s)] ds—
—i [ Talt = 9) o2 () = 2a(s)) {1+l (9) = o)} .
To(t) = w90 + Voot + /0 (t — s) {wiz1 () [1 4 yalza (s) — 21 (s)]Q] — wary (8) +

i [w3(s) — 22(s)] {1+ sl (5) — 22 ()]} — winewa(s)[aa (s) — 21 ()] }ds+

+w§/0 Do(t — 5) [2a (s) — 21 ()] {1 + Y2lza (5) — 24 (s)}z} ds—
—y [ ot =)l (9) = a2 ()] {1+ ks (5) = (9] s,

ralt) = aw -+t + [ (6= 5) s (5) 1+ nafe (5) = (9] = s) =
()l () — 2 ()] }ds+

+u [ Talt =) (5) = aa (9] [1+ e (5) = 2 ()] s,

rae

t—s
Fi(t—s):/ (t—s—7)R;(r)dr, (i=1,3); Ry(t) = ere it . goi?
0
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B nocnennue cucreme 3ameHss MHTErpaJjibl KBaJApaTypHbIMEU (DOPMYJIaMU TPAlEuu,
JUlsl OLpEJeIeHNs] CMeIeHHe IPy3a OT IIOJOXKEHHsl CTATHYeCKOrOo DABHOBECHSI Tp; =
=1 (t;), Toi=x2(t;) masy =2x3(t;) (i =1,2,3,...), UMeeM CJIeIyIONHe PEKKYPEHTHBIE
COOTHOIIIEHHE:

T1n = 10 + Viotn+

n—1
+ Z Ai (tn — t) {wdy (z2i — @13) [1+ Y22 — 9511‘)2} — wiwy; — wimad; p+
i=0
n—1
+wi Z ATy (b — ti)zy; (14 ma3;) —
i=0
n—1
—wh Z AL (ty — 1) (w2 — 1) [1+ yo(22s — xlz’)ﬂ ;
i=0
n—1
Ton = T2 + Voolp + Z A; (tn — ti){wizy; [1 4 y2(wes — 9511')2} — WiTo+
i=0

W?2,2 (xdz - IBzi) [1 + ’Ys(fl’sz - $2i)2] - w;’hxzi(ﬂ?zi - $11)2}

n—1
+wj Z ATy (ty — t;) (w2 — 1) [1+ yo(22s — $1i)2] -
i=0

n—1
—W3 Z ATy (b, — t;) (w3 — m25) [1 + vs(asi — 962i)2] ;
i=0

n—1
T3n = T30 + Vsotp + Z A; (ty — i) {wima; [1 4 y5(w3 — ZBQi)Q} — wiTg—
i=0
n—1
—wiyaTai(Ta; — T25) "} + wi Z AiLs (tn — t) (23 — @2i) [1 + v3(23; — $2@')2] ;
i=0

I‘,JGAQIA”I%; Aj=At, j=1n-1

4 Pe3yabTaThl

Jlist 1poBeieHns, BLIYUCITEILHOIO S9KCIIEPUMEHTa, pa3paboTana KOMILIOTEPHASs HPO-
rpaMma, KOTopas IOJIyU4eHHbIe Pe3y/IbTaThl 0TparKaloTcs B Buje rpadukos. [Ipu pacuéra
MCII0/IH30BaHA CJIeIYVIONINe UCXOIHBIE JaHHbIe: T1g = Loy = 0; T30 = 1; U9 = Vo9 = U3 =
=0 w=w=w=w =wh =100 =ay=a3 =025 0 =B =B = 0,05
g1 = g9 = €3 = 0,05; 71 = 7 = v3 = 0,462. Ha puc. 1,2,3 uzobparkeHnbl HeJHHEHHBIE
(7i = 0,462) kosebauuu rpy3bl ¢ MacCaMu My, Mg W Mg OT IOJOKEHHUS CTATHICCKOTO
pasroBecus, Tae €; = 0 (cromnas guuus), &; = 0,01 (mynkTupsas juaus) u &; = 0,05
(roueunas munus). 13 rpaduka (puc. 3,4,5) BUAHO, 9TO YUIET PEOJOrHUIECKHE CBONCTBO
HOJBECKH IPUBOIUT K YMEHBIIEHUN AMILIUTYIbI TPY3U OT MOJIOXKEHHE CTATHYECKOTO PaB-
HOBecHs. YMEHbIIEHHe YacToTa KojieOaHuil rpysu, npuBoauT K casury ¢das. C reyeHneM
BPEMEHHU BSI3KOYILPYIUE CBOMCTBA IIOABECKHU CYLIECTBEHHO BJIMLAET HA AMILIMTY/Ibl U 4aCTO-
THL
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0
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| x:0)
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Puc. 3 Popma mHeuueiinbie Kosiebanme rpy3bl C MACCAMUI M.

08 -

xaft)
0,6
0,4

0.2

-0.2

'D_.d

-0,6

Puc. 4 ®opwma weuneitnbie kojiedanme rpy3bl C MACCaAMU My.

x3(t)

0,6

0.2

-0,2

-0,6

-1 -

Puc. 5 ®opma mHequHeitnbie Kosedanme rpy3bl ¢ MACCAMU M3.
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McenenoBanbl BIMsSHAC HEIUMHEHbIC CBOHCTBA IOABECKH HA CMEINEHHE TPY3bl OT IO-
JIOYKEHUS CTATUICCKOro pasHoBecud. Ha puc. 6 mokasanbl BAUSHUE HeJHHEHHBIE CBORCTBO
noaseckn Ha dhopMme KoJebaHme rpysa ¢ Maccoit my . 31aech ;3 = Yo = 3 = 0 (crmontHas
JTUHESA) U Y = Yo = Y3 = 0,462 (myHKTUpHAs JuHE); Y, = Yo = 73 = 0,645 (Toyeunas
muaus). VI3 rpaduka BUJHO UTO, ¢ yBeJWYeHWEM HEJUHEHHOe CBOHCTBO MOIBECKH, YBe-
JMYUBACTC YACTOTBI, KOTOPOE HPUXOAUTH Ha casur dasbl. Biugnue neampeiinocTu na
AMILIATYB KOJICOAHUN MACC He3HATHTEIHHO.

08

x:(t)

Puc. 6 Baugnve menuneiiabie cBoMicTBa moBecKa Ha GopMy Kojaebanue rpysa C Maccoi my.

Kak Bymmsier peosiorundeckue mapaMerpbl Ha (GOpMbI KOjiebaHme BI3KOYIPYIrux Macc?!
UccrenoBan m3menenue mapamerpa « (puc. 7) u nmapaverpa £ (puc. 8) ua dopmy Ko-
jqebannii. 13 rpacduka BUIHO 4TO, MajgOe U3MEHEHHE 3TUX MapaMeTPOB YyBCTBUTEIHLHO
BJIMdeT Ha M3MeHeHWe YacTOThI KoJiebaHus. 3aBUCHMOCTH TapaMeTpa & W JacTOTa Ipo-
HOPIMOHAJIBHO; MapaMeTpa [ B dacToTa 0OpaTHO HPONOPIUOHAIBLHO. DTO O0bACHSIETCS
CJICTYIONUM 00PA30M: € YBEJUUECHUEM TapaMeTpa v, MaTepUaJ MOJABECKN CTAHOBUTCS 0O-
Jiee BSI3KWM, a C yBeJndeHneM mapaMerpa [ Hao00pOT.

0.8

x4ft)

0,6
0.4
0.2

0

0,2

0,4

-0,6

-0.8

Puc. 7 Biusaue napamerpa « Ha (opMmy KosebaHme rpysa ¢ Maccoit myp. CrjomHas JuHusS
(a = 0,1), myaxrupras guaus (o = 0,25), Togeunas guaus (o = 0,4). ~; = 0,462, £; = 0,05,
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0.8

Xt

Puc. 8 Biyiusinue mapaverpa € #a dopmy kosiebanue rpysza ¢ maccoit mq. CruioniHas JIMHUS
(e = 0,005), nyaxkrupnas auaus (¢ = 0,05), Toueunas aunug (¢ = 0,1).

5 3akJirodeHue

Pazpaboranbl MeTo/iMKa, 1103BOJILIONNE CIIPOIHO3UPOBATH HA CTAUN IPOCKTUPOBAHUS
MeXaHWYeCKUX CHUCTeM C TPeMs CTeNeHAMU CBOOOJBI yUETaM BS3KOYIIPYTHX XapaKTepPH-
CTUK MaTepraJjioB UX dacTen.

Vcnonb3oBanue cxeM, JOMYCKAIONMKUX MOJYyUeHHE pellleHns pacCMaTpHBAeMOR 3a/1a4n
B 3aMKHYTOM BH/JIE WJIM C HOMOIIBIO aJropuTmMoB Tuia (4), npejcrasiser coboil BecbMa,
oosbioit uatTepec. [losyuennbie pe3ysibTaThl MO3BOILIOT C/I€JaTh BBIBOJ, O 1E/1ec000pas-
HOCTH y1eTa HacJIeJACTBeHHO-1e(DOPMUPYEMbIX CBONCTB AUHAMUIECKUX CUCTEM C HECKOJIb-
KHMH CTEIeHSIMU CBOOOJIBI.

Ha ocnoBbl pazpaboraHHOMY aJropuTMa Jijisd IPAKTUYECKOI0 UCHOJIb30BaHUS CO3/1aH
KOMILJIEKC TPOrpaMM JJd IIEPCOHAJBHON KOMIIBIOTEpE, NMPEJIHAZHAYCHHBIA JIJId pacde-
Ta HANPSKEHHO-1e(DOPMUPOBAHHOIO COCTOSHUA BSI3KOYIIPYTO#l AUHAMUYIECKUX CHCTEM C
HECKOJIbKUMHE CTemeHsIMu ¢BoGobl. Maremarndeckoit mMomeas (3), spisiontuecs 6a30i
KOMILJIEKCA IIPOTPaMM, OTJIMYAIOTCA YHUBEPCAJbHOCTBIO U IO3BOJAIOT HPOTHO3UPOBATH
MOBEJIEHE CHCTEM TIOJBECOK PA3JIUIHON (POPMBI, COCTOSIINX U3 KOMIIO3UIIUNA HECKOIbKUX
MaTepuaJIoB.
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Vertical vibrations of three loads with different masses connected by nonlinear vis-
coelastic springs (suspensions) are considered. Taking into account the rheological prop-
erties of the suspension, an integral model with a Koltunov-Rzhanitsyn relaxation core
was used. Effective computational algorithms for solving problems based on the use of
quadrature formulas have been developed. The influence of the rheological properties of
the suspension on the displacement of the mass from the static equilibrium position is
investigated. The influence of the nonlinear properties of the suspension on the shape of
the oscillation and frequency is investigated.
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®OPMYJIE B IIPOCTPAHCTBE COBOJIEBA
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B cratbe paccmaTpuBaeTcs mpobieMa ToCTPOEHUS ONTUMATBHBIX HHTEPIIOSIITHOHHBIX
dopmys B npocrpatncree CobosieBa. ITa (popMy/ia HHTEPIOJISIUT COCTOUT U3 JINHEHHOM
KOMOWHAIWY 3HAYeHUH (DYHKIIMKA BO BCEX y3/1aX M 3HAYEHWI MEPBOI TPOU3BOTHON (PYHK-
n Ha Konuax marepsada [0,1]. Haiigena skcrpemasbrast GyHKIMs, ¥ C TOMOIIBIO ITOI
dyHKIIMM noJTyueHo obIlee Ipe/icTaB/jeHne KBaJApaT HopMe (DYHKITMOHAIA OTPEITHOCTH.
Cucrtema JMHEHHBIX YpaBHEHUN MOJIyUEeHA METOJ0M HEM3BECTHBIX MHOKHTEsel Jlarpan-
KA JIJTs] HAXOXKJIEHUS YCJIOBHOINO MUHMMYMa (PYHKIUH MHOTHX mepeMeHHbIX. OnTuMaib-
Hble KO PUIMEHTHI HHTEPIOTANMOHHON (DOPMYIIbl OBLIN HANIEHBI TIPU JAHHON CHUCTEME

JIMHEWHBIX YPaBHEHW, paBHO M = 2.

Kumrouesbie caoBa: npocrpanctso CobosieBa, sKcTpeMasbHas GYyHKINs, (DYHKITHOHAT

TIOTPEITHOCTH, ONTHMAIbHBIE KO3(MMUITHEHTHI.

Huruposauue: Hypaarues @.A.O6 ofHON onTUMATHHON WHTEPIOIIIIHOHHON dOpMyTe
B mpoctparcTse Cobosesa // IIpobiemMbl BEIYUCAUTEIBHON U IPUKIAIHON MaTEMATHKH.

—2023. — Ne5(52). — C.123-132.
1 Bseaenue

Tunwmanoit 3amadeit mpubInKeHUd ABIdeTcd 3a7ada wHTepnosadnnn. Kiaaccumaeckuit
METOJI ee pelleHHs COCTOUT B TOCTPOEHWH WHTEPIONSIMOHHOTO MHOTOWIeHa. (OIHAKO,
MHOTOUJIEHBI 00Ja/IaI0T P/ HEJOCTATKOB, KaK allaparT TpuOJImKeHns GYHKIUI ¢ 0co-
benHocTsaAMEU U (DYHKIUIA C HE CJUITKOM OOJIBIION IIa KOCThIO. JIoKkazaHo, 4To moc/ie oBa-
TEJIbHOCTh WHTEPIOJISATINOHHBIX MHOTOYIEHOB Jlarpanza, mOCTPOEHHBIX I KOHKPETHOMN
HenpepbIBHONW (DYHKIUK N0 PABHOCTOAIIHM y3JaM, C BO3pACTAHUEM CTEIeHW MHOTOYJIe-
Ha He cTpeMsaTcd K maHHOW dyHKnuu. [losTomy Ha mpakTwke JJis TOTO, YTOOBI J0CTa-
TOYHO XOPOIIO MPUOJIU3UTH (DYHKITUIO, BMECTO MOCTPOEHUST WHTEPIOISIIIUOHHOTO MOJIH-
HOMA BBICOKOI CTeMeHU HUCIOJIb3YIoT ciuiaitael. [lepBoie crtaita yHkImn, mpeioKeH-
ubie .I1lenGeprom, ObLau CKJIeeHBI U3 KYCKOB KYOHMYECKUX MHOIOYJICHOB. B nasibHeii-
MeM 3Ta KOHCTPYKIMS MOIN(DUIHPOBAIACE, MOBHITIAIACH CTETIEHh MHOTOYIEHOB, U3MEHSI-
JINCh KPaeBble YCJIOBU, HO HJlesd OcTaJach Hem3MeHHoM. Clenyomuil cyIecTBeHHBIH 1Tar
B TE€OPHUH CILTAHHOB 3TO pe3ysabrar k. Xoaauaes, cBA3bIBAOINAE KYOUUECKre CILTANHBI
[[Tenbepra ¢ pemienneM BapuanUOHHON 339U 0O MUHUMYyMe KBaJpaTa HOPMbI (DyHKIUU
U3 IPOCTPAHCTBA L22. Janee, pesynbrat JIxx.Xomnuges Obl1 006001en ge bypowm, T.e.
UM JTIOKA3aHA, 9TO HATYPAJBHBIN CIUIaitH cremenu 2m — 1 jgaer MUHHMYM K KBaJIpaTy
HOPMBI (DYHKIUH B L(zm) , TIe Lgm) IpPO- CTPAHCTBO (PYHKIUH m - € 00OOIIeHHOE MPOo-
U3BOJIHOE WHTErpUpyeMble ¢ KBAIPATOM. DTH Pe3YJIbTATHI BBI3BAIH OOJBINON WHTEpEC U
Jlajiee MOgBUJIMCh OOJIbIIOE KOJIMYECTBO PAdOT, I/le B 3aBUCUMOCTUA OT KOHKPETHBIX Tpe-
boBarmit MOAMPUITUPOBAJICS BapuANMUOHHBIN (yHKImoHag . C TedeHneM BpPeMeHH OT pe-
MMEeHNs 33129 WHTEPIOJIANNN, KOIJIa B y3JaX CeTKN 3aJaHbl 3HadeHust (PYHKIHil, ncce-
JIOBaTEeTN CTAJIN MEePEeXOIUTh K PelleHnio 3a/ad, T/ie B y3JaX 33aBAJUCh IPOU3BOIHBIE 1



124 Hypases ®@.A.

caoxkubie nuddepennuaibabie Boipakenns. Ha 3ToM srame B KaxK10M KOHKPETHOM CJIy-
9ae W3ydaanuch BOTPOCHI CYIECTBOBAHUS, €INHCTBEHHOCTH, CXONMOCTHU CILTANHOB, aJIr0-
PUTMBI TIOCTPOEHUsI, KOTOPbIE CTAHOBHJIUCH Bce Oojiee CJ0KHBIMU, a (opMyabl Bce 0O-
Jee TpoMo3aKuMH. Teopus ciiail- HOB OCHOBAaHHBIX HA BapHAIMOHHBIE METOJbI W3yUa-
JINCh M pas3BuBaauch B paborax Jxx.Anbepra, 9. Hunscona, I:x. Yoamra, [1.2K.Jlopana, C.
deBoor, L.L.Schumaker, R.Arcangeli, M.C.LopezdeSilanes, J.J.Torres, B.A. Ba- cusenxo,
M.Attea, Barlinet, Tomas-Agnan, T.Lyche, B.Bojanov, Creukuna, Cy66oruna, raarne-
Ba, llesnoro, Nurnberger, Bexxaesa u ap.

Hacroamasa pabGora mocssdieHa K MOCTPOEHUIO ONTUMATIBHBIX HHTEPHOJISIMOHHBIX

dbopmy..

2 IlocranoBka 3aga4n

B cBs3u ¢ 9TUM paccMOTPUM CJeyioniee IMpUOIHKEeHHOEe PABEHCTBO

p(2) = Py(2) = > Cal2)p(ws) + D (Aa(2)9®*(0) + Ba(2)p®*D(1)), (1)
5=0 a=1

Buech Cs(z), B =0,N, Ay(2), Ba(z), m =2s, s =1,2,3,..., 25 € [0,1] - kosbDunuenrsi
W Y3JIbl HHTEPHOASIUOHHON dhopmMyibl (1), COOTBETCTBEHHO.
Teneps, crexya CobGomneny [1], MOKeM TOCTABATHL 3a/ady TOCTPOEHUE ONTHMAIBHOL
MHTEPIIOJAIMOHHON (OPMYJIbL.
(m)
[Tpeanooxum, aro GyHKINI ¢ TpuHaaiekar npocrpanctBy Cobosesa Ly (0, 1).
ITorpeimHocTh HTEPIOAAIMOHHON (hopmynbl (1) umeer Bu

o0

(6,¢) = / U, 2)p(a)da = (z) — Po(z) = 2)

=o(2) = Y Cs(2)p(xs) = Y (Aal2)®*7D(0) + Ba(2)9* V(1))
£=0 a=1

rae 0- 310 genbra-byukmug Jupaka, u
N s
Ux,2)=0(r—2) — Z Cs(2)0(x — hp) + Z (Aa(2)0@ () + Ba(2)6®*V(z — 1)) (3)
£=0 a=1

970 (DYHKITMOHAJ MOTPENTHOCTH WHTEPIOJIATHOHHON bopMy/bl (1) U OH HPUHAIEKUT
IIPOCTPAHCTBY Lgm)*(O, 1). Hanee, mrs yaobersa £(x, z) obo3HaunM Kak £(x), 1 B TaHHOM
naparpade ¢ aro byunkmmonas (3).

ABcoroTHOE 3HAUEHNME TIOTPEITHOCTH (2) OIEHUBALTCS ¢ MOMOIIBIO HepaBeHcTBa Kormu-

[MIBapma caeayoommM 00pa3oM:

(6, 0) <I| @l L™ || - | €L |
rae
« l,
Hmém) _ (£, )]
ollelzo 1@ |l

Ce0BaTeIbHO, 9TOOBI ONEHUTH MOIPEITHOCTh HHTEePIOJANUOHHON hopmystbt (1) st
GbYHKIUI U3 IPOCTpaHCTBA L(zm)(O, 1) meoGxomumo HailTH HOPMY (DYHKIHOHANA TTOTPEIl-
HOCTH { B CONPAKCHHOM HpOCTpaHCTBeLgm)(O, 1).
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Orcroa notyaaem

3anaua 1. Haittu HopMy DyHKITHOHAIA TOTPEITHOCTH { MHTEPIIOISITHOHHON (DOPMYJThI
(1) B mpocTpancTBe Lém)*((), 1).

OdeBuaHo, 4TO HOpMa (PYHKIHOHAJIA HMOTPEITHOCTH ¢ 3aBUCHT OT KO3PDUIHEHTOB
Cs(2), B=0,N, Ay(2), Bo(2) a =1,...,5 1 y3710B T5. 3a7ada MEHEMU3AIIT BeTHIHHBI
14]] 1o xospdpunuentam Cy(z), B = 0,N. Ay(2), Ba(z) asasiercsa juneiinoit sanade,
a Mo y3J1aM Ig, BOOOINE roBopd, ABJdeTcd 3aJadeil HeJInHefHOH m JOBOJBLHO TPY/IHOIL.
PacemorpuM 3ajady MuREMEZANEE Betmanabl ||| no kosddummentam Cs(2), 3 = 0, N,
An(z), Ba(z) npn cbI/IKCI/IpOBaHHbIX ysIax .

Koadbdunumentst C/g (2),8=0,N, A (2), Ba (2) (ecm TaKOBBIE CYIECTBYIOT) YA0BIIE-
TBOPSAIONINE yPaBHEHWIO

inf

ZL(W)*
H /L3 C5(2),Aa(2),Bal2)

‘£|L<’”

(4)

HA3BIBAIOTCSI ONTUMAJIbHBIME KO3 hUIMEHTaMHI, & COOTBETCTBYOIIAs HHTEPIIOJIATTHOHHAS
dbopmyia

Py(z) = Cs(2)plzs) + (ﬁa (2)9*(0) + Ba (2)p*7D(1))
5=0 a=1

HA3BIBACTCS ONTHMAJIBHON MHTEPIOJANNN OJHO# (hbopMyIoit B mpocTpaHcTBe Lém)(O, 1).
Taxum 06pazom, Jijisd OCTPOEHUS OUTUMAJILHON UHTEPHOJAIMOHHON (DOPMYJIbI BUJIA (1)

(m)
B upocrpancrse Ly (0,1) nam HeO6XO,ZLI/IMO PeLITD CHIEAYIOULYIO 3aasy.

Banmaqa 2. Haiitu kosddbuimentsr Cg( ), B3=0,N, A (2), Ba(z) =1, s ynose-
TBOpsIoINe ypaBHeHHIO (4) npn hUKCHPOBAHHBIX y3JaX Zg.

[Tocrpoenunem u u3ydeHrneM CBORCTB ONTHUMAJIBHBIX KHTEPHOJIAIUOHHBIX (POPMYJI B Pa3-
JMYHBIX MPOCTPAH- CTBAX 3aHUMAINCH MHOTHe aBTOpHI (cM., [2-7,10-12]).

B pa6ore [2| C.JI1.CoGoseBbiM ncsieoBana 3ajada WHTEpHonpoBanus dbyHKIui n—
— IepeMeHHBIX B HPOCTPAaHCTBe Lgm)(Q) u pemena 3afada 1. B mpocrpancTse L;m)(R)
sajada 1 u 2 ucaonasanbl B [8]. CTpykTypa HacTosIel cTaTbu cieyomas. Bo BTopom
naparpade pemaercs 3ajada 1, T.e. HaiijieTcs dKCTpeMaabHas (GYHKIUA U ¢ TOMOIIBIO
9TO# (DYHKIUU BBIUUCISIETCS KBAAPAT HOPMBI byHKIHOHAMA Torpentnoctn £(x). 3arem
MUHUMU3UPYS 3Ty HOPMY 10 Ko3dduimenram nojgydena cucreMa tuiia Bunepa -Xotda
TS HaXOzK IeHust onTuManbbix kosdgdumuentos Cs(z), B =0, N, Ay(z), Ba(2).

3 SkcrpemaJsbHaga pyukiusa. Hopma pyHKIIMOHAIA MOTPENTHOCTH

Yrobb1 penuThb BaJ:Laqy 1, T.e. JuIsd HAXOXKJIEHUS HOPMBI (DYHKITMOHAJIA MOT'PEITHOCTH
(2) B mpocTpancTse L (m) (0, 1) ucmosib3yercst MOHATHE SKCTPEMAIbHO (DYHKIMI JTAHHOTO
dbyHKIIHOHAIA. CDyHKHI/IH V() HA3BIBAETCS IKCTpeMasbHON dhyHKIHeH DyHKIIHOHATA £(X)
(cMm. [1]), ecoiu BBITIOIHSIETCST PABEHCTBO

(6v0) = ||aLs™

5" (5)

B nmpocrpancrse Lgm)(O, 1), c momormbio Teopembl Pucca 06 obiieM Bu/ie THHERHOTO Helpe-
PBIBHOTO (DYHKIIMOHAIA HA THJILOEPTOBBIX MPOCTPAHCTBAX, SKCTPpeMabHasd (DyHKIHSA BbI-
pakaeTcs depe3 3aJ[aHHbIi (DYHKIHOHAT U

5" (6)
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[Mosromy u3 (5) u (6) 3akia09aem, 4T0

2

(6v0) = g™

(7)

C apyroff CTOPOHBI MO TOH ¥Ke Teopeme s JT000ro 3memMeHTa ¢(r) MPOCTPAHCTBA
LY™(0,1) monyuaem
(67 gp) - <¢7¢€>7 (8)

riae
1

(0, ) = / o ()™ () de (9)

0
-CKaJIIpHOe IPOM3BEJeHNe B IIPOCTPAHCTBE Lém)(O,l). Ilycts p(z)— dbunurnas Gecko-

neurno quddepeniupyemas dbyukims, o(x) € ¢ (0,1). Unrerpupyst mo gactaM m pa3
NpaByo 4acTh paBeHcTBa (9), mig GyHKIMA 1y(x) moTydaem

Pi(z) = (1) (). (10)

M3BecTHO, 9TO IPOCTPAHCTBO CO‘OO(O, 1) WI0THO B HPOCTPAHCTBE Lém)((), 1). CaenoBaresib-

(m)
HO, MbI MOYKeM IPHUOJU3UTH CKOJIb YIOAHO TOYHO ByHKIMU U3 npoctpancTsa Ly (0,1)
nocaenoBareabHocThio dyakuit uz C(0,1). Toraa maa Gyukus ¢(x) U3 HpocTpaHcTBa,

LS")((), 1) paccmaTpuBas CKaJIgpHOe MpousBeeHue (¢, ) U, HHTErPUPYs MO0 YacTsIM m
pas, noyanm

(ty) = ww»:/¢M@WWMMx:

Orcroma u u3 nmpousBoabHOCTH GYHKIHA ¢(x) U equncTBenHocTH byHKnun 1,(x) (¢ ToU-

-1 L™ (0,1 1
HOCTBIO JI0 MHOTOWIeHA cTenenn m— 1) B mpocrpancTse Ly (0, 1), ¢ yaerom (10), 1012KHBL
BBITIOJIHATECS CJIEJIYIONINe DABEHCTBA

(@) = (—1)™(x), (11)

wéQm_s) (x)|mzé = 0 IIpH § = 17 27 ey TN (12)

x

Crpaseainpa

Teopema 1. Pemenue ¢,(x) xpaesoit 3amaan (11)-(12) aBasgercs SKCTpeMabHOl
dbyuKIHEl DYHKIMOHATA TOTPENTHOCTH (2) HHTePIOIAIHOHHOM hopmysl (1) B mpocTpan-
cree L™ (0,1) u nmeet Bux

() = (=1)"(z) % Gm(x) + P (),

rie
x> Lsigna

Gnl®) = 5 Gm— 1)
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ABJIAETCAd pelleHueM YpaBHCHUA

PP (x) = 6(),

1, x>0,
signt =< 0, x =0, P, 1(z)- MHOrounen creneau m — 1.
-1, =<0,

Teopema 1 mokazama B padore [9]. Kpome toro, B [9] mokazana, uto DyHKIHOHAT
norperHocTd {(z) yI0BIe- TBOPSIET YCJIOBHS

(l(z),z*) =0, a=0,m—1. (13)

Pagencrsa (13) o3Havaior, 9T0 TOIYYeHHAS HAMH HHTEPHOsNHORHAs hbopmy.ta (1) Gymer
TOYHA JJIsl MHOTOYJICHOB JI0 m — 1 - it cTeneHu, T.e.
oo
(l(x),z%) = / l(x)x*dx =0, «o=0,m— 1.
—00
Tenepb, yauTbiBas PaBEHCTBO (7) W UCMOIB3YS TEOPEMY 1, MBI BBIYHCTUM HOPMY (DYHKIIH-

OHaJIa TOrPEITHOCTH. /s KBaapaTa HOpMBI (DYHKIHOHAIA moTpentHocTH {(x), ¢ yueToMm
(13), u3 pasencrsa (7) umeem

[e.e]

LE(0,1) |2 = (€.4) = / () e(a)da = (14)

—00

1€

= / ((5 (x —z) — Z Cs(z)0(x — hp) + Z (Aa(2)6®7V(2) + By(2)6% V(z — 1))) X

% p=0
N 22 lsong T . 2" lsgnx
X ((—1) U(z) * ot Pm_l(x)) dx = / ((x) ((—1) l(x) * m) dz.
Cuauana BeraucanMm cBeptky £(x) * %
2m—1
() % G(z) = ((z)% % = (15)
) o N
= / 0(y) Gz —y)dy = / (5(y —2) =Y Cs (2)d(y — hB)+
— oo —00 =0

s

+ Z (AQ(Z)(S(QQ_D(?/) + Ba(z)5(2°‘_1)(y N 1))) (y - $)2(Z;1<9_2917;<'y - $) dy =

a=1

_(a- )" sign(z — x) B iv: Co(2) (hB — x)*" sign(hfB — x)

—1)! —1)!
2(2m — 1) gar 2(2m — 1)

B i (Aa(z) (—z)*" **sign(—x) L B.(2) (1—2)"" *sign(1 — x))

2(2m — 2a)! 2(2m — 2a)!

a=1
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Torga, nogcrasiss (16) B (14), HOCIeA0BATEIBHO TOJLY Ya€M

o0

| €/Z5 1% = (€, 4b) = / () ()d =

—0o0

(z — 2)" Lsign(z —2) (hB — z)*" 'sign(hfB — x)
% ( 2(2m — 1)! =2 Gl 2(2m — 1) N

- - (AQ(Z) (—x)Qm_2O:S’ign(!—5L’) + Ba(2> (1 _ x>2m_2a8ign(1 — l’))) dr —

p- 2(2m — 2a) 2(2m — 2a)!
a (hB — 2)*" sign(hB — z)
_;Cﬁ@ 2(2m — 1) N

> — )i gn(—z 1—2)"" *sign(1 — 2
=3 (A )+ Bl )

al (z — hy)*™ szgn z— hv) hﬁ — hy)*™ sign(hB — hy)
—ch(z)( Z 2(2m — 1) -

> —hy)*" * sign(—h 1 —hy)*™ **sign(1 — h
s <Aa(z)< ) i) | gyt i 7))) )

o1 [ (=2 sign(—z al —hB)*" " sign(—hp
+2An(2>(_1> <( 2(2m — 29n)(' - Z CB(Z)( ;(Qm - 29n)(' )+

2m—2a—2n-+1

N zs: AL(2) T signx B )(93— 1) gign(z — 1) N
oem—2a—2n+ D! T 9@m — 20— 2n + 1)

- oot (1= 2)"""sign(1 — 2 al 1 —hB3)*" *sign(1 — hf
* Z Ba(2)(=1) << ;(Qm - 2971)(‘ ) 62—; Cﬁ(z>( ;(Qm - 2971)(' )+

2m —2a —2n + 1)! 2(2m — 2a — 2n + 1)!

s pm=20-2n g0 0 (z — 1) 2 2 gign(z — 1)
. (Aa(z)2< +Bu(2) -
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Orciosa, npuarMast Bo BHUMaHue, 910 G, (1), sBisercs 4eTHOil dyHKImeil, nmeem

m h — hy)*™ sign(hB — h
/28 ;;m BT TEs
hﬁ—z)2m Ysign(hB — z)
_2205 2-(2m —1)! *

z2m—2a 1 — z)2m2e
+22 <Aa(2)2 om —2ayi + Bal?) (2(2m )— 2a)!) N

(hy)™m ™ (1= hy)m ™
_QZC Z ( ) 3@m —2ay ~ B @ oy > -

a=1

1
_QZZA (2m—2a—2n—|—1) (16)

n=1 a=1

Taxum obpazom, 3aja4a 1 pemrena.

4 Cucrema JJisd K03 PUImeHToB ONITUMAJIbHBIX

MHTEPHOJIAIMOHHBIX (POPMYJI

Bajaua 2 B Takoit 001Ielt MOCTAHOBKE TOBOIHHA CJIOKHA. MUHUMU3aNUSA HOPMBI (DyHK-
nuonasa norpemtHocta o Kosdpduuuentam Cy(z), Ay(2), Bo(z) o = 1,5 310 nuueiinas
3a/7ada, a 10 y3JaM Tg BOOOIIETO HeIHHeHHAs, HOITOMY Il YIPOIIEHNsT Mbl PACCMOTPHM
3ajady 2 npu (QUKCHPOBAHHBIX Y3/IaX Tg . [IPEANOIOKNAM, 9TO y3Jbl T3 HHTEPIIOJISIH-
ouHOil dopmyabl (1) dukcuposanbl. PyHKIMOHAT TOrPENTHOCTH (2) yIOBIETBOPSIET YCIIO-
susam (13). Hopma dyrknnonana norperntnoctu £(x) 310 GyHKIUS MHOMHX TMePEMEHHBIX
otHOCHTeMbHO Koddbdunuentos Cs(2), B = 0,N, Ay(2), Ba(z) a = 1,s. 11 naxox-
JeHHsT TOYKH YCJIOBHOTO MHHHUMYyMa Bbipaxkenusi (16) mpu ycsoBuit (13) MBI mpuMeHHM
MeTos Jlarpamxka.

Pacemorpum dynkiumio

U (Co(2),C1(2),...,Cn(2), A1(2), ..., As(2), B1(2), ..., Bs(2), Ao(2), oo Am—1(2)) =

m—1
=|| ¢ |LSV* P = 2(=1)" > Me(2) (£, 2F
k=0

ITpupasuusas wacrasie npoussoansie Gyukuun ¥ no Cz(z), [ =0,N, Ai(z), ..., As(2),
Bi(z),...; Bs(2z) m Ao(2), A\1(2), ..oy Am—1(2) K HYJII0, MBI TOJIydaeM CJEAYIONYI0 CHCTEMY
JIMHEHHbIX ypaBHEeHUM:

ZC LAl il _Z(Aa(z>2<h5>m‘“‘ _Ba(z)(l—hﬁ)m_“>+

2(2m —1)! (2m — 2a)! 2(2m — 2a)!

- 18 — 2 o N
ZO a(hB)" = = Sem -1 f=0,N, (17)

> Gl (hw P Z B 55m = 2pl— onr1) 2T DMenal) =
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22m72n _
- _ 18
2em —2n) T 07 (18)
N 2m—2n S
(1 —hy) 1
C A
; A prm— +Z Vsam oyt

a! (1—z)>m 2" —
> MO T T 2@y TS (19)

N o ooall=(=1)% al B, (z)
Zow(z)(hV) =z ——A[a 1]~ m’

5 a=0,2s—1. (20)
o

Il
=)
3
Il
—_

Cucrema (17) - (20) mmeer enumHCTBeHHOE Derterne. J[0Ka3aTeNbCTBO €IMHCTBEHHOCTH
pemtenus cucreMsl (17) - (20) aHATOrHYHO JOKA3ATEJICTBY €THHCTBEHHOCTH DEIICHES CU-

CTEMBI I ONTAMAIHBIX KO3(DMUINEHTOB B TPOCTPAHCTRE Lgm), nosydernnix B [10].
B gannoii pabore Mbl mpusoguM perrenns cucremst (17)-(20) B npocrpancTse LY (0,1).
Vmeer mecro ciepyoomas Teopema.
Teopema 2. Koabdumuenrsr Cz(z), f = 0,1,....N, A(2) u B(z) onruManbuoii
HHTEePHOJAMOHHON hopmyJibl (1) B mpocTpancTBe L§2)(O, 1) umeror caeayonuii Bu:

o

N
1
Co(2) = 37516V Y @'z = P + |z = hP 4+ 1* = (4 + 3V3)+
v=0

+322h(1 — V3) + ¢V N1 (2)],

IB | 3 . o 3 . 3
Cs(z) = 2h3 6f2q Mz —=hy]° + ]z = h(B—1)” = 8|z — hB|"+
+|z—h</3+1>|3+q5M1<z>+q BNy (2)], B=1,2,..,N—1,

Cy (2) = 2h3 6quN M=y 4|z = ANV = 1) + b7~

—(1—2)*(4+3V3) +3h(1 — 2)>(1 = V3) + ¢V My (2)],

° _ h(®)
AE =i vy
© o fa(2)
Blz) = q(1 —¢?N)’
raoe
Mi(2) = 32(z + h)(z — h — V/32) + 6h? (fl_(q)w),
= —z)(1—2z —z—h— 2) — QM
Ni(z) =3(1—2)(1 — 2+ h)(1 h—+/3+V3z) —6h o

N
1
fi(z) = 53 [2\/32 :(q7+1 + q2N+1—~/)|Z — Iy + h2zq(1 — qu)_|_
v=0
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+h2?(2¢ + 1) (14 V) + 23 (¢ + 1) + 2°¢*V (3¢ + 1)+
+2h(1 — 2)*(2¢ + 1) + (1 — 2)°¢" (4q + 2)],

N
1 -
fa(2) = _ﬁp\/gz (qN v+ 4 qN+1+7)|Z _ h’ylg—i-
v=0

+h2(1—2)g1 — V) +h(1 = 2)*2¢+ DA+ )+ (1 —2)% (¢ + 1)+
+(1 = 2N (3q+ 1) + 2h2%(2¢ + 1) g™ + 3¢V (49 + 2)],

q:\/§—2.

5 3akJirodeHue

O,ZLHOfI N3 OCHOBHBIX 3a1a4 BBIYUCJIUTEIBHON MATEMATUKHI SIBJIIETCHA OIITUMH3alIUA BbI-

YUCIATEIbHBIX METOIOB B (hYHKIHOHAIBHBIX TpOocTpaHcTBax. ONTUMU3AINS BBIYUCIU-
TeJbHBIX METOI0B XOPOIIO OCBEMIAETCS 3aJadaMid TEOPHUH HHTEPHOJANHOHHBIX (DOPMY.I.
B nannoit pabore wmcciegoBaHa 3ajada MOCTPOEHUS ONTUMAJIBHON HWHTEPIIOJIATTHOHHOMN
dopmyabr B npoctpancte CoboseBa. 3/ech mepBasi 9acTh 33a49d PEIIAIach METOIOM
CoboJieBa, TO €CTh HAXOJHUJICA KBaJApaT HOPMbBI (DYHKIMH OIMHOOK ONTHMAJBHBIX HHTEP-
HOJISIUOHHBIX (DOPMYJI, peliajach CUCTeMa JUHeHHBIX ypaBHennit Tuna Bunnepa-Xomda
U HalijleH aHAJIMTUYeCKUil Bui KOI(DDUIMEHTOB.
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PaccmarpuBaercs ot6op mHMGOPMATHUBHBIX TPU3HAKOB C UCIOJB30BAHUEM MEPhI KOM-
makTHOCTU 10 obyuarorieil Boibopke 00bekToB. [Iponeaypa orbopa cBsizaHa ¢ pereHneM
TpodaeMbI MPOKASATUA pPasMepHocTu. Mepa KOMIAKTHOCTH WCIOIb3YeTCd [IJid aHAIn3a
CTPYKTYPBI OTHOTIEHU 00BLEKTOB IO OMPEIeIsIeMOil MEeTPUKE U CITOCO0Y HOPMUPOBAHUST
JIaHHBIX. KOMITAKTHOCTL OnpejiesisgeTcst Kak CpeJiHee Yucjo 00beKToB 0Oy uaroteii BbiOop-
KJ 33 BBIYETOM IITYMOBBIX, IPUTATUBAEMOE OJHUM 3TAJOHOM MUHUMAJBHOTO MOKPBITHUS.
MHOKeCcTBO 3HAYEHUT MEPbl KOMIAKTHOCTH 3aBUCAT OT BbIOOPA METPUKM JIJIsi BBIUUC/IE-
HUA PACCTOSHIE MKy O0BEeKTaAMHU U CIIOCODa HOPMUPOBAHUSA JAHHBIX. KOMOMHATOPHYIO
CJIOKHOCTH 33Ia9W 0TOOPA TPEIaraeTcd yMEHBIUTL 3a CIET mpeaodbpaboTKu TaHHbBIX.
Cwmbica npe1o6paboTKY CBOAUTCS K IMTOCTPOEHUD MATPUIILI TIONAPHON PA3IUIUMOCTH IPH-
3HAKOB M ITOCTPOEHUIO 10 HEH YHIOPsiIOUeHHON moc/esoBaTe/ibHOCTH. i BhIauceHus
Mepbl KOMIIAKTHOCTHU TPEIIOKEHO HCIOIb30BATh MUHUMAJIBHOE TOKPBITHE 00YUaroniei
BBIOOpKH 00BbekTaMu-TagoHaMu. OOBLEKTHI - ITAJOHBI IPUMEHSIIOTCSI B KAaUeCTBE 0a3bI
TIPereeHTOB JjId aJITOPUTMOB pacmo3uaBanud. [losoimennsa 0bobmaomeir crnocodbuocTn
Ha UHQOPUATUBHOM HAOOpE NMPU3HAKOB MapaHTUPYETCs 33 CUET yJIaeHud IIIyMOBBIX 00b-
€KTOB I MAKCUMAJIBLHOTO 3HAYEHUS MEPBI KOMITAKTHOCTU. OTUTUMAIBHOE YUCIO MIYMOBBIX
00BEKTOB OIPEIE/ISIETCS 0 JOTOTHUTEIbHOMY KPUTEPHUIO-PEryIsipu3aTopy. Beraucienue
K03 DUIMEHTDI PEryaapu3ariu MPOU3BOIATCH 110 3HAYCHUAM PA3HOCTH MEXKY ILJIOTHO-
CTSIMY PACIIPEIe/ e 00BEKTOR B BYX TUIIEPIIAPAX C ODIIMM TIEHTPOM.

KumroueBbie cjioBa: Mepa KOMIIAKTHOCTH, HH(MOPMATHBHBIX IPU3HAKOB, OOBEKTOB-
9TAJOHOB, 6a3a MPEIEeIeHTOB.

Huruposanue: Typcynmypomos J[.X.O160p wHOOPMATUBHBIX MTPU3HAKOB MO Mepe
komnakTHocTr // TIpoGaembl BHIYMCINTENHHON W NPUKJIAAHON MaremaTuku. — 2023. —

Ne5(52). — C. 133-140.
1 Bsenenue

[Tpobsiema orbopa nHGOPMATHBHBIX HAOOPOB IPU3HAKOB CBSI3aHA C HAJIUYUEM MHOYKE-
CTBa KpUTEpHEB U KOMOMHATOPHON CJI0KHOCTHIO MOUCKA WX SKCTPEMAJIbHBIX 3HAYEHMHI.
[Ipu uuciennoit peajan3anuu KpuTepuen ordbopa MCIOJIB3YIOT Pa3/JIuYHble IBPUCTUKU UC-
XOJIsl U3 HAJIMYHUS ONPEJIEJIeHHBIX (KAK MPABUIIO, CKPBITHIX ) 3aKOHOMEPHOCTEIH.

B kauecTBe 3BpHUCTUKH B JAHHOW MCCJEJIOBAHUM JIJIsI CBEIECHUSA K MUHUMYMY YHCJIA
1epebOPOB HCIOJIB3YETCH YIIOPSI0IeHIe TPU3HAKOB 110 OTHOIIEHHUIO IOMapHOil pa3indu-
MOCTH Me¥XKJy OObeKTaMu KJAcCOB. B maeaabHOM Jjid NPAKTHYECKON peajn3aiuy Bapu-
aHTe MUHUMAaJIbLHBIN Ha60p JOJIZKHBI TTPEJCTABJIATH HE3aBUCHUMbIE TIPU3HAKH. C ITO3UITNHN
NPUKJIATHOTO CTATHCTHYIECKOTO aHAIN3a Tpebyercs BHIOMpPATH HCXO/IHbIE (He MCKYCCTBEH-
Hble) IPU3HAKH, KOPPETUPOBAHHOCTH MeXKLy cOBOH KOTOPHIX MUHUMAJbHA, T.€. TIPU3HAKA
C MaKCUMaJIbHO Bpra)KeHHOﬁ HE3aBUCUMOCTDBIO.

ITporece orbopa nHMOPMATUBHBIX ITPU3HAKOB MIPEJIaraeTcs MPe/JIaraloTcd pPean30-
BaTh Y€pe3 Mepy KOMIAKTHOCTH, OIIPEAC/IAEMYIO IO MHOXKECTBY HIYMOBBIX O6”beKTOB n
00'bEKTOB — 9TAJTOHOB MUHUMAJIBHOTO MOKPBITUS 00ydJaloleil BLIOOPKH.
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[Ipu reoperuyeckoMm obocHOBaHUM PMOEKTUBHOCTH MeTOJa 0TOOpa 2KeJjaTe/IbHbIM
CBOMCTBOM 4BJIETCA MOHOTOHHOCTH 3HAYCHHI MEPbI KOMIAKTHOCTH II0 OIPEIEIsdeMbIM
HAbOpaM W3 YIOPSIOYEHHON MTOC/IeI0BATETbHOCTH MPU3HAKOB. AHAJTUTHIECKON (DOPMBI
3aBUCUMOCTH MEK/Iy YIOPSAT0YeHHBIM HAOOPOM W MepOil KOMIAKTHOCTH HeT.

[Ipu mocTpoenun MoCaeA0BATEILHOCTH PU3HAKOB B O0IEM — TO MPUXOAUTCH abcTpa-
rUPOBATHCH OT TIKAJ M MaciTaDoB u3Mepenwuii. MHCTpyMeHTOM JI/Isi aOCTpPArupoOBAHUS
SIBJIAIOTCA ONTHMU3AINS KPUTEPUEB JJIsT Pa30UeHns TaHHbIX Ha He TepeceKarolIne HHTep-
BasIbl. Yepe3 Takoe pa3bueHue JTOCTUTAETCS WHBAPUAHTHOCTD K MAacITadaM W3MepeHUil u
Hpe/ICTaBJIeHUS] 3HAYEHU N ITPU3HAKOB B HOMHHAJILHOM IIKAJIe.

[TocnenoBaTeTbHOCTD, MOJIYUEeHHAS MO PE3YIbTATAM JUCKPETU3ANNN KOTUIECTBEHHBIX
NPU3HAKOB, HEOOXOIMMA JIJIsl PeIIeHns MpoOJIeMbl TOUCKA MEeTPUKH, MAKCUMATBHO aJall-
TUPOBAHHO{ 110/ OPSIJIOK CJleioBanue eé (II0CIe0BATEeIbHOCTH ) SHAYCHHUIT.

KopperupoBanHOCTE MeK Ty HAOOpPAMH MPU3HAKOB U OTHOIIEHUSIMHU MeZKITy O0beKTa-
MU KJACCOB MpeJaraeTcs OTCIeKUBATh dYepe3 Mepy KoMIakTHOCTU. [IpuMepom mombopa
0a30BOIl METPUKHM JIji BBIYUCICHUS MEPbl KOMIAKTHOCTH MOYKET CJIYXKUTh BbIYHUCJICHHE
BECOB TPU3HAKOB C UCIOJIb30BAHUEM HEONpPeJAeI6HHbIX MHOXKHUTE e Jlarpanxka.

[Tox oneHKoi (Mepoit) CIOKHOCTH ANTOPUTMA TMPUHSTHSI PEIIEHUs 1O JTOMYCTUMOMY
00bexTy S Oy/eM MOHHUMAThH KOJUYECTBO JIEMEHTAPHBIX ONMEpAIuil /i ero pacro3HaBa-
HUS TIO OTpeJieIsieMoOMy HaDOpPY TMPU3HAKOB.

2 IloctranoBKa 3amaun. IIpemobpaborka gaHHBIX

PaccmarpuBaercst nocrpoenue ynopsii04eHHoll 110 He yObIBAHUIO CJIOZKHOCTH AJrOPHT-
MOB pPaCHO3HABAHUS MOCAEJI0BATEALHOCTH IIPU3HAKOB. [1yCTh 3aaH0 MHOKECTBO 00bHEK-
toB Fy = {51, ..., S}, pa3aenéunoe Ha | HemepeceKAIIIXCs KIaccoB (MoaMHuoKecTB Fy)
Ky, ..., K;. JIna onmucanusg oObeKTOB HUCHOJIb3yeTCsd HAOOP U3 1 PA3HOTHIIHBIX IPU3HAKOB
X(n) = (z1,...,x,), 0 U3 KOTOPBIX U3MEPSIOTCI B HOMHHAJIBHON TIKAJIE, 7 — 0 B KOJIHAUeE-
CTBEHHBIX IIKAJIaX.

Cumraercs, 9To onpe/ieseHa Mepa KomnaktHoct i By, T, p). Beraucienue mo MeTpuke
p 1 BBIOOPKe Ej mocJie yaaaeHnn IyMOBBIX 0ObeKTOB 1’ IPUBOIUT K YBEJIMUCHUIO 3HAUE-
uusi ((Ey, T, p) na nadope X (u) ornocuresibHo Habopa X (v). CyiiecrByer KOppeJisiiust
3HAYEHWIT MEepPbl KOMIAKTHOCTH M MEPhI CJIOKHOCTH BLIYUCJICHUIT aIrOpUTMa PacIO3HOBA-
st R(X (a)) na X(«).

Tpebyercst naiitu nocseoBaTebHOCTh nHbopmaTuBabix Habopos X (n), X (n —1), ...,
X(k), k < n Ha KOTOPHIX 3HAYEHUs Mepbl cjaoxkHOCTH aaropurmo R(X(n)), R(X(n —
—1)), ..., R(X(k)) obpaszyior HeBo3pacTaroILyto mocaegopaTeabHoctb R(X(n)) > R(X (n—
—1)) > ... > R(X(k)).

Ob6osnaunm depe3 I, J MHOKECTBO HOMEPOB COOTBETCTBEHHO KOJMYECTBEHHBIX H HO-
MWHAJIBHBIX TIPU3HAKOB B OIHCAHWA JOMYCTUMBIX 00bekTOB, |I|+ |J| = n. Cenexiun o6y-
YAIOIIIX BEIOOPOK Peasi3yercs Yepes yaajdeHne IMyYMOBBIX 00beKTOB i MPU3HAKOB. B mpo-
Hecce peai3alii PellaeTcsd 3a1a49a 0 MUHIMAJILHOM HOKPHITHH 00yuaomeil Bbi6opku Fy
obbekTamu-srastonamu muoxecrsa I1; = {S1, ..., 9. },a <m,a <m,1l; C Ey,j =1,2,....
Enuncrsennocts muoxkecrsa [I; = {57, ..., 5, }KaKk 10 MOIIHOCTH TaK U IO COCTABY 3a-
BHCHT OT eIMHUCTBEHHOCTH BHIOODA MHOZXKeCTBa MIyMOBbIX 00bekToB 1" Ha Habope X («),
asn.

Jlns BBeeHNs Mepbl OJIM30CTH Ha, MHOYKECTBE PA3HOTHUIHBIX IIPU3HAKOB M yHH(pUKA-
AW TTKAJ U3MEpPeHuil mpejraraeTcst npeaodpadboTka JaHHbIX. 3BeCTHO, 9TO OT CHIBHBIX
(MHTEPBAJBHBIX) [IKAT W3MEPEeHHH BCerja MOXKHO MepefiTu K c1abbiM MIKaJIaM. YIIOpsaI0-
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9UM MHOZKECTBO 3HadeHuil npusnaka xj,j € 1.
Ti1y -3 Tjm- (1)

PazofbeM mocae10BaTeIbHOCTD (1) Ha HemepeceKAIecst HHTePBAbL (Cok_1, Cax|, Cop—1 <
Cor, k=1, ..., IO KpUTEPHUIO

3

l !
ZZuf’ m—|Ki]—Zlu§—|—uf
]:

p=1:i=1

1
> 2 (wf = 1)
p=1i=1

l l smax (2)
2 [ Kl (Kl = 1) 2 [ Kl (m = [ K))

rje u?— KOJIMYECTBO PA3/JIMYHbIX 3HadeHuil npusnaka r;,J € I y obbekros Kiacca K; B
rpannnax marepsasa (cop_1,Coypl, A = (ag,...,a;), a0 = 0,a; = m, a, — HOMED IO HOPAIKY
3JIEMEHTa YIOPSI0YeHHON TTOCTIeI0BaTeTbHOCTH 3HAYeHIH TPU3HaKa T; ¥ 00BeKTOB U3 [,
OIIpeJIes IO IPaByIo0 IPAHUIly MHTEPBAJIa Cypy = Ty, .

3HaveHHIO TPU3HAKA B IPAHNIIAX HHTEPBAJIA CTABUTCS B COOTBETCTBHE IPAIaIisl HOMU-
HAJIBHOTO Tpu3Haka. Kpurepnii (2) m03BOJIsIET BHIUUCIATH ONTUMATLHBIE 3HAYCHUS IPa-
HUI HHTEPBAIOB {(Cop_1,Cop)} B NCHONB30BATH UX AJIS OLUPEIEICHUSA TPATAIHNA KOIHIC-
CTBEHHOTO NMPH3HAKa B HOMHUHAJILHON Mmikaae m3mepennii. [Ipomece mpeobpasoBaHus mpu
9TOM OKA3bIBAETCsS HEPA3PBIBHBIM OT KJIACCH(DUKAINE, BBOJUMOI HA MHOXKECTBEe 00bEK-
TOB 00y4eHHus U npeaodbpadboTKa JaHHLIX. Pe3yabrarsl mpeao6paboTKU HCIOIb3YIOTCS s
BBIYHCICHNS 3HAYeHU BKJIAJA KayKIOTO IPU3HAKA Tp, p € [ U J B IpUHATHE pelleHus o
pasieneHnn 00beKTOB KJIACCOB KaK

l Up . . l P . -
i; ]; 2 (75 — 1) ; ]; Zpi%pj
)\P - 1 - l 3 (3)
Z:l T; Z bipbip

rue z;;j, zzif — KOJIMYeCTBO 3Ha4YeHuit j — i rpajanumii p — ro npusHaka COOTBETCTBEHHO
kiaacca K; u ero nononnenus CK; = Ey\ K;, uy, u, — 9ucao rpajanuii p — ro npusnaka, l;,
— YUCJIO TPaJalyii p — ro mpu3Haka B Kaacce K;, b;,, b, — unciio 3mavenuit p — ro npn3naka

6e3 nponyckoB coorBeTcTBenno B K; u CK;

(bip - lip + 1)(bip - lip)a lip
bip(bip - 1), lip

P =

NV

MuozxecTBO 3HaUeHMT {)\p } , BBIYHUCJIEHHBIX IO (3), MOXKeT ObITh HCIOIb30BAHO 15T TPEe/I-
BapUTEJILHOIO yajeHnsd HeuH(MOPMATUBHBIX IPU3HAKOB JJIsd CJIy4das ¢ OOJIBIION pa3Mep-
HOCTBIO (0T 500 1 GoJiee) MPOCTPAHCTBA B OIUCaHUN 06beKTOB. KanauaraMu Ha yiaaeHne
ABIAIOTCA IPU3HAKK ¢ OTHOCUTEILHO MAJbIMH 3HAUEHHAMHA A,

3 Bribop Ty MOBBIX 00'bEKTOB u BbIYUNCJIEHUS MepbI

KOMIAKTHOCTH. MMHNMAaJIbHOE TIOKPHITHE BHIOOPKU 3TAJIOHAMU
O6ozraunm gepes B (E,p) =<S € E |p(5;,9) = min Si, S, - MHOXKECTBO
pes B (E,p) p (S, S) serl p (Si, Sa)
rpaHnaHbIX 00beKToB Ki1accos, £ = E\T,T(T C B(Ey, p)) - MHOKECTBO ILyMOBLIX 00b-
eKTOB, OlpejieiseMbiX Ha Fy mo Merpuke p(x,y).
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Ob6vekrot S;,5; € K, t = 1,...,] canraiorcs cBA3aHHBIMU MeXKIy coboit (S; <> Sj),
ectn {S € B(E,p)|p(S,S;) < ri u p(S,S;) < rj} # @, rue r;i(r;)— paccrogHme 10
onmkaitmrero or S;(S;) oovexra u3 CK(CK; = E\K,) no merpuke p(z,y).

MuoxkectBo{ Gy, = Sy, -y Su}, ¢ = 2, Gy, C Ky, v < |Ky| mpeacrapisier 061acTh
(rpymmy) co cBsSI3aHHBIMH 0OBEKTAMHU B Kjiacce Ky, ecan st 00X S, Sy, € Gy Ccyme-
CTBYET HYTh Sy, ¢+ Sy, 4> ... <> Sy, O0bekT S; € Ky, t = 1, ..., | npunajiiexkuT rpyue us
OJIHOTO 3JIEMEHTA M CUNTAETCH HeCBA3AHHBIM, €CJU He cymnecTByeT myTu S; <+ S; HU 171s
onHoro oovekTa S; # S; u S; € K.

Cunraercst, uro Ha MuoxkectBe £ = Ey\T onpenenén xKa ublii aaroput™ hopMuapoOBa-
HUAd MHOZKECTBa O6’beKTOB*3Ta.HOHOB MHUHUMAJIBHOT'O IIOKPBITUA Eob U BbIYUCJICHUA MEDbI
KOMIIaKTHOCTH

w(E, p) = |E| ] |Eop| (4)
bimsocts Kk oObekTy-aTasiony S € Ey N K; BBIYUCASETCA IO JIOKAJIBHOW METPHKE
ps(z,y) = agp(x,y), rae ag - mapamerp, ompeleseMblii 0 TPAHUYIHBIM O00bEKTAM W3

ENCK,.
Tpebyercst orpeie/IuTh MOITHOCTH MHOZKECTBA IMITyMOBBIX 00beKTOB 1’ 1 €ro cocTap Ipu
KOTOPOM

(B, p) = max u (Eo\T, p) (5)

B nponece (popMupoBanng MEHHMAJIBHOIO HOKPHITHA 00y4aronieil BLIOOPKH 00beKTa-
MU — dTasoHamu u3 [2| BBogMTCS MojudUKANMs B BUIE TOUCKA U YIAJEHUS IIYMOBBIX
obbektoB T C B(FEy, p) u3 MHOKecTBa rpaHndHbiX. C 9TOH 1€/IbI0 BbIIEIAETCS 1O [MHO-
JKeCTBO 00y4Jalolieil BBIOOPKHU, B KOTOPOM OJIMKANUIIINM K KazKJIOMY TPAHUIHOMY OOBEKTY
KJacca OyjleT TPaHWYHBI O0bEKT W3 JIOMOJHEHHS K 3TOMy Kiaccy. OnupemensieTcs mo-
MHOKECTBO TpaHUIHbIX 00beKTOB BG C B(E)y, p) caeayionmmM o0pa3om

BG=<S¢€eB(E N K,
{ < ( 07p> i S;€B(Eo,p)NCKy

Gn p(S;,8)=__ min_  p(S5;5) 7t={1,m7l}}

W3 muO)KecTBa, BG dhopMupyeTcss MHOZKECTBO AP

Juvl = {(Sia Sj) C BG.S; € K; S,eCKNBG
4 t

p(Si,S;)=_min  p(S;, %) ,t={L, ...,l}} n

p(Si,S;)—  min _ p(S;,S¢) >0m

S.€eCKNBG

Juv2 = {(SMS]),SZ € BGN Kt,

p(Sza S]) - Sdeénlg%BGp(Si’ Sd) = S}gg}(t U= {17 7l}}

Pamuycer runteprmapos ¢ nearpom B S; € BG mo muOXKecTBY map n3 Juvl u Juv2 onpe-
JesroTes caepyomnm obpasom. Jis (S;,.5;) C Juvl, r(S;) = p(S;, Sj), cooTBETCTBEHHO
s (5;,5;) C Juv2, R(S;) = p(S;,S;). llnorHOCTS pacmpesnesieHus 110 IHIEPIIAPAM C
1eHTpoM B S; € BG N K; BBIYUCIITCI KaK

bl (S)= > (1-455)
p(S,S;)<r(S;) '

S,Si T Sz‘
zch?2 (Sz) = Z (1 - pl(%(Si))> - (1 o R((Si))> ’
SeKt & p(S,S:)<R(S:)
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Anayuz muOKecTBa 3HadeHuil paznocreit zch2(S;) — zch1(S;) na upesbllieHure Onpeie-
JIsIeMOr0 opora 3, H03BoJIgeT BbLIeauTh 00bekT S; u3 (S;, 5;) C Juvl, S; € Ky, S; € CK,
B KadecTBe NIyMOBOro. 3Hauenne [3 pacCMaTpUBAeTCs B KadecTBe MapaMeTpa perysisaph-
3aTOpa, MpeJHA3HAYEHHOIO /I HOMCKA SKCTPEMAJBLHOIO 3HAUEHHS MEPhl KOMIAKTHOCTH
(5) mpu dbuxcupoBanHoii 6a30Boii MeTpuke. Perierue 06 3 dhekTuBHOCTH BBHIGOPA COCTAB
HAaOOpa IPU3HAKOB, UBMEHHAIONINX CTPYKTYPY OTHOIIEHUN OO'bEKTOB, KaK HPAaBUJIO, LIPU-
HUMaETCA IO pe3yJbTaTaM BbIYUCIUTEIBbHOT'O 9KCIIEPpUMEHTA.

4 Otbop MH(OPMATUBHBIX NPU3HAKOB C MaKCUMAaJIHHO

Bpra}KeHHOﬁ HEe3aBUCUMOCTBHIO

Jlng cBejieHns K MUHUMYMY 4YHUCIa 1epebopoB OyeM HCHOJIb30BaTh YHOPAI0YeHHE
NPU3HAKOB TI0 OTHOIMEHWIO WX WH(MOPMATUBHOCTH 0€3 OTHOCHTENIBHO MEPHhI PACCTOSTHUS
Mexk iy oobekTamu. Ha MHOKecTBe map 06beKTOB (Sq = (Ta1, vy Tan ), Sp = (Tp1, ---Ton)),
orrpeileuM PYHKITHH:

2, %4 # Ty 1 Laj # L
g(a,b,i,j) = Q1,24 = x3; mitm Tqj = Toj

0,24 = xp; 1 Lgj = Ty

07 Sa,Sb € KMZ = 1717

,b) =
a(a,b) 1,8, € Ki, Sy € Kj,i % j.

Mepy 6smzocTu MexKk/y mapoit HOMUHAJIbHBIX IPU3HAKOB T;, T; Ha Fy 3a1a/uM Kax

iﬁMMMMM).#.

=T y LF ]

b =] 23 Kl (6)
0, i=j.

ZLOHyCTI/IM, 4YTO 1O pe3yabTaTaM CeJICKIHUU IMOJIYY€HO MHUHHMAJLHOM ITOKPbBITHE MHOXKE-
crBa Ey Habopom obbekros — sranonos II; = {S,..., 5.}, < m,1I; C Ey,j = 1,2....
Kpurepuem s or6opa unbopMaTusHoro vabopa npussakos X (k) = (xq1,...,zx),k < n
CJYZKAT CJIOKHOCTH aiaroputma [10]

min |II;| £ — minmin |II;| £ — min (7)

{11,} T Eo\T
rae k — uucsio npusHakos B Habope, I1; — MHOXKeCTBO 06bEKTOB MUHUMAIBHOI'O IIOKPBITHAL,
nosiydaemoro Ha X (k) u obecreunBarotiee KoppekTHoe (6e3 omuboK) pacno3HaBaHue Ha
Eo\T ¢ nomomurpio (7). CraBures 3a/1a9a MOCTPOCHUS YIOPAI0YCHHOMN TOCIEI0BATEIHHO-
CTH IPU3HAKOB C IEJIBIO PEATH3ANI HAIPABICHHOrO 0T00pa HH(MOPMATHBHLIX IPI3HAKOB.
B dopme BbIAuCIMTEILHOTO SKCIIEPUMEHTA JOKA3BIBAETCS YTBEPZKIeHHE, 9TO yaaleHne (B
33]AHHOM IIODs/IKe) MPH3HAKA U3 [OCIEI0BATEIBHOCTH JOJIZKHO IPUBOJAATH K MOHOTOH-
HOMY HEBO3DACTAHHIO CJIOXKHOCTH

R(X (k) = [T & (8)

aJropuTMoB pacrnoznasanus. lanee Oygem cunmrarh, uro Marpuna B = {b;;} mocrpoe-
Ha 1o (6) u 3madenus BKIaA0B {A}} Bbrumcjens mo (3) HA MHOMXKECTBE DA3HOTUIIHBIX
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upusuako X (n) = (zq,...,x,). Jiug oupenenenust undopmarusuoro wabopa X (k) =
= (z1,...,x), k < n UCIOAB3YIOTCS PEKYyPCUBHBIE BhIuncaeHus. Pazpaborana mpore/rypa
17151 (GOPMUPOBAHNS YIIOPSATOTEHHOTO IO OTHOIIEHNIO NH(MOPMATHBHOCTH HAbOpa NMpu3Ha-
KOB

LipyLigy ooy Ty (9)

[Tycts mo marpune B oupenenena mapa (x;,x;)(A; = Aj), ¢ MAKCHMA/IbHBIM 3HAYEHIEM
bi;. DTa mapa moMemaercs B Hadaso (cseBa Hampaso) Habopa (9). Ctpoku u cTonOIbI
¢ HOMepaMu i W j. PeKypCHBHOCTH BBIYHCJICHHN BBIPAZKACTCS B TOM, YTO CJICIYIOMIAST
napa MPU3HAKOB AHAJOMHYIHBIM 00PA30M OMPENEISeTCs U3 YCeueéHHol MaTpunsl B. Dd-
¢deKTUBHOCTD 1MOMCKa MHGPOPMATUBHOTO Habopa obecrednBaeTcd 3a CUET OrPAHUYEHHOIO
nepebopa IPH3HAKOB-KaHIUIATOB (CIIpaBa HAJIEBO) HA MOC/IEI0BATEIbHOE HCKIIOYEHIe 13
(9). NuBapuantaocTh K MacmrabaM H3MepeHHil HPU3HAKOB B IOCJIEI0BATEJbHOCTH (9)
PaccMaTPUBACTCS KAK TJI00AJIBHOE OrPAHNICHUE B MOJEIISIX aJrOPHTMOB PACIIO3HABAHMSL.

5 BpruncanTeabHbIl 9KCOEPUMEHT

9KCHepI/IMeHT IIPOBOJAMJICA Ha BbI60pKe JaHHBIX II0 4 - KaHaJIbHOMY 2KHJKOCTHOMY pacC-
xozomepy USM [12]. [Tapamerpsl Boibopku: 180 00beKTOB, OMUChIBaeMble 43 KOJTUIeCTBEeH-
HBIMHU TpHu3HaKaMu. IIpomecc orbopa nHGOPMATHBHBIX NPU3HAKOB IO MePe KOMIIAKTHOCTH
C YIE€TOM CTPYKTYPBI OTHOIIEHHH 00BEKTOB AeMOHCTPHpPYeTcs B Tabs.l u B Tab1.2 .

Tabuinua 1 Or6op nHGOPMATHBHBIX IPU3HAKOB B UCXOJIHOE JTAHHHBIX

Merpuka KoangectBo (mapamerp Yucno o6bekToB Cpennee
NPH3HAKOB | Pery/ldpu3anus) | ITyMOBBIX | 9TAJOHOB | 3TAJIOHY
43 0.4 3 27 6.446
EBkuna 32 0.4 o 23 7.397
31 0.4 6 31 5.301
3 0.4 2 53 1.684
43 0.1 11 24 6.611
YebwImesa 32 0.1 22 21 7.466
31 0.1 9 35 1.641
3 0.1 2 38 1632

Tabauna 2 Or6op nHOOPMATUBHBIX TPU3HAKOB TpH HOpMupoBauuu B [0;1]

MeTpuka KoangectBo (mapameTp Yucao 06beKTOB Cpennee
IPU3HAKOB | Peryjsipu3aiiusi) | IyMOBBIX | STAJOHOB | STAJIOHY
43 0.1 9 27 6.016
Esxiaa 14 0.1 9 17 9.555
13 0.1 8 21 8.217
3 0.1 3 52 3.347
43 0.2 5 34 5.004
Yebpliesa 14 0.2 6 21 8.009
13 0.2 7 21 7.917
3 0.2 3 52 3.347
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KOAWYECTEO NPWIHAKOE

Puc. 1 I'padbuk orbopa mubDOpMATUBHBIX TPU3HAKOB 10 MEPE KOMIAKTHOCTH 110 MeTpuke FB-

KU1

6 3akJirodyeHue

Mubr pacemorpesn, 9TOo Mepa KOMIAKTHOCTH 10 OTHOIIEHUIO CBS3aHHOCTH OOHEKTOB

KJIACCOB dBJseTcsd 3(PDEKTUBHBIM CPEJJICTBOM JIJId HHTEIEKTYAILHOIO aHAJIM3a, JAHHBIX.
[IpoaeMoHCTpUPOBaHBI OCOOEHHOCTH UCIIOJIB30BAHUS PA3THIHBIX METOI0B HOPMHPOBAHUS
JIAHHBIX ¥ METPUK JIjis IPUHATHAS PelleHuil B ¢j1a00 (hOpMaJIM30BaHHBIX LIPEJIMETHbBIX 00-

JIACTAX.

JIureparypa

1]

2]

3]
4]

[5]

(6]

7]
8]
19]

Sazopytivo H.I., Kymuenxo O.A., 3upanos A.Q., Jlesanos J[.A. OGydenne pacmo3HaBaHUIIO
obpasos 6e3 mepeobyuenns // Marmmuaoe obyuenne n anaau3 jganubx, T.1. Ne7. — 2014. —
C. 891-901.

Ignatyev N.A. Structure Choice for Relations between Objects in Metric Classification
Algorithms // Pattern Recognition and Image Analysis, V. 28. — Ned. — 2018. — P. 590—
597.

3yxba A.B. OneHKa BBIMUCIUTENBHON CJIOXKHOCTHA 33739 0TOOPA 9TAJOHHBIX O00BLEKTOB U
npusnakoB. // domrompynuerit, — 2018. — 113 c.

Mupsaaes A.H. O6 BBIOGOpE MPOCTPAHCTBA I OMUCAHUST OOBLEKTOB TP MAITAHHOM 06y IeHUN
Ha, GOJIBITNIX BBIOOPKaX AaHHBIX // IIpo6eMbl BEIYHCIUTEIBHOM U TPUKIAIHON MaTeMaTH-
ki, Ne6 (36). — 2021. — C. 120-127.

Ignatyev N.A. On Nonlinear Transformations of Features Based on the Functions of Objects
Belonging to Classes // Pattern Recognition and Image Analysis, — V. 31. Ne2. — 2021. — P.
197-204.

Caudos J[. 0. ndopMarimoHHbIe MOIEN Ha, OCHOBE HEJTMHEHHBIX MPeobpa3soBaHuil TpU3Ha-
KOBOTO ITPOCTPAHCTBA B 3a7a4ax pacnosnasanus// ducc. ... mokropa dumocodun (PhD) mo
dusuko-maremarnieckuM naykam,, Tamkent — 2017. — 93 c.

Bunosves A.I0. Busyanusanus MHOTOMEpHBIX naHubIX // KpacHospek, Uz, KI'TY, — 2000.
- 180 c.

3azopytiro H.I. Tunoressl KOMITAKTHOCTA ¥ A-KOMIAKTHOCTH B METOAX AHAJIN33 JTaHHBIX
// Cub. xypH. unaycrp. maremarukd, — 1998. T. 1. Nel. — C. 114-126.

Adilova F.T., Ignat’ev N.A., Madrakhimov Sh.F. The Approach to Individualized
Teleconsultations of Patients with Arterial Hypertension // Global Telemedicine and
eHealth Updates: Knowledge Resources, — 2010. Vol. 3. Ne3. — P. 372-375.



140

Tursunmurotov D.Kh.

[10]

Seypasvcras E.H. YcroirauBocrh pa3sOMeHns TAHHBIX HA WHTEPBAJIBI B 33/la9aX PACIO3HA-
BaHUA W TOUCK CKPBITHIX 3akoHoMeprocteidr // Vssectus CamMapCKOro HAy9IHOTO TEHTPA
Poccuiickoit akagemmnn nayk, — 2018. — C. 826-829.

[11] 2Kawmbro M. Nepapxuueckuii Kiacrep-ananus u coorsercrsust // Ilep. ¢ dp. - M.: Ounanch
u cratucTuka, — 1988. — 342 c.

[12] Gyamfi K.S., Brusey J., Hunt A Gaura, Linear dimensionality reduction for classification
via a sequential Bayes error minimisation with an application to flow meter diagnostics
// Expert Systems with Applications, — 2018. vol. 91. — Nel. — P. 252-262. doi: http:
//dx.doi.org/10.1016/j.eswa.2017.09.010.

[13] URL: https://scikit-learn.org/stable/modules/generated/sklearn.manifold.
TSNE.html.

Hocmynuaa 6 pedaxyuro 10.10.2023
UDC 519.95

SELECTION OF INFORMATIVE FEATURES IN TERMS OF

COMPACTNESS

Tursunmurotov D.Kh.
mr .davrbek@mail.ru
National University of Uzbekistan named after Mirzo Ulugbek,
4, University str., Tashkent 100174, Uzbekistan.

The selection of informative features is considered using the compactness measure for
the training sample of objects. The selection procedure is related to solving the curse of
dimensionality. The measure of compactness is used to analyze the structure of object
relations according to the defined metric and data normalization method. Compactness is
defined as the average number of objects in the training sample, minus the noise, attracted
by one minimum coverage standard. The set of values of the measure of compactness
depends on the choice of metric for calculating the distance between objects and the
method of data normalization. It is proposed to reduce the combinatorial complexity
of the selection problem by preprocessing the data. The meaning of preprocessing is
reduced to the construction of a matrix of pairwise distinguishability of features and the
construction of an ordered sequence based on it. To calculate the measure of compactness,
it is proposed to use the minimum coverage of the training sample by objects-standards.
Object references are used as a precedent base for recognition algorithms. An increase in
the generalizing ability on an informative set of features is guaranteed by removing noise
objects and the maximum value of the measure of compactness. The optimal number
of noise objects is determined by an additional criterion the regularizer. The calculation
of the regularization coefficients is based on the values of the difference between the
distribution densities of objects in two hyperballs with a common center.

Keywords: measure of compactness, informative features, reference objects, base of
precedents.
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