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Abstract. This study is devoted to the dynamics of an auto-balancing
device (ABD) when the rotor rotates at critical angular speeds. In this
article, a model of an auto-balancing device (ABD) is proposed. The rotor
is not only eccentric about the symmetry axis but also has a horizontal axis
of rotation. A mathematical model is proposed based on the Lagrange
equations; it describes the nonlinear motion of a balancing system (BS)
with two running lines with a different number of balls, considering
eccentricity, angular error, and changes in the horizontal axis of rotation.
The nonlinear dynamics of the rotor motion with two running lines and two
balls at a constant rotation speed and in the accelerating mode of the rotor
motion is studied by a numerical method, taking into account the change in
the horizontal axis of rotation.

1 Introduction

The problem of balancing rapidly rotating rotors is especially acute with the emergence of
mechanisms such as gyroscopic inertial navigation devices and gas turbine engines. A
sufficient number of scientific publications were devoted to the problem of rotor dynamics
with balancing devices.

These publications can be divided into two parts. One part relates to an increase in the
angular speed of the rotor in the subcritical zone; it is reduced to a design with high values
of the rotor rigidity, and the other part relates to the issue of a smoother passage of the
critical speed, which allows using the designs with thin rotors mounted on elastic supports.
The use of balancing systems allows the rotor to more smoothly pass the critical angular
speed and rotate at critical angular speeds while the loads on the supports remain within the
allowable range.
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General issues of the dynamics of various types of rotors mounted on elastic supports
(such as determining the critical speeds for various models of the rotor and supports,
stability of partial motions, dynamic characteristics for elastic and combined supports, and
the influence of rotor parameters on critical speed) are considered in [1-10].

Various balancing devices and methods to solve the problem of motion at critical speeds
are considered in numerous studies. Researchers often use auto-balancing devices for
dynamic balancing since, unlike complex electronic balancing systems, they are quite
simple to manufacture.

Fundamental results were obtained in [11-18], where the dynamics of the motion of an
unbalanced rotor mounted on an elastic shaft is considered, taking into account the
eccentricity of the center of the auto-balancing device (ABD) during installation. The ABD
presents a flat disk with a running line for balancing balls, and the rotor is modeled as a flat
thin disk that performs a plane motion. The running line has a circular or elliptical path.

When the running line of balancing balls has a circular path, the equations of motion are
obtained in the form of the Lagrange equations in generalized coordinates. In the coordinate
system rotating with the rotor, the conditions for the existence of stationary motion with
different arrangements of balls along the running line are obtained, and the issues of rotor
acceleration when passing through the critical angular velocity and stability of partial
motions are investigated.

In the case when the running path of the balancing balls is an ellipse, it turns out that the
full balancing mode is not realizable, but a semi-balanced stable stationary motion exists. In
these studies, the issue of the rotor dynamics in various modes, the stability of stationary
motions using the A.M. Lyapunov methods, and a rather deep mechanical analysis of the
model of a single-disk rotor with a multi-row balancing mechanism were considered. It was
shown that the law of motion of balancing balls along the running line depends on external
damping forces, friction forces, and the eccentricity of the balancing device (BD).

In [10], the issues of stable periodic motions of a vertically located rotor and the causes
of the oscillatory motion were considered using classical methods of the theory of nonlinear
oscillations. Numerical results were obtained for specific values of the system parameters.

References [22-23] consider the problem of balancing a horizontally located rigid rotor
with two balancing devices, each containing two balls. The issues of stability of balanced
stationary motions and the issues of numerical solution with various initial conditions were
considered. In contrast to [13], the eccentricity of the balancing system is not taken into
account.

Below we consider a model of an auto-balancing device, where the running lines can
perform a rotational motion about a certain axis in a horizontal plane rotating together with
the rotor. In a particular case, equations that consider the angular error of the balancing
device can be easily obtained from the equations of motion.

2 Methods

2.1 Mechanical model

A rotor model is considered a rigid cylinder fixed along the vertical longitudinal axis with
an elastic shaft on two supports. The model considered in [12] was taken as a mathematical
model. The running lines for balls can rotate about a horizontal axis, and the rotor performs
a plane motion. Below (Fig. 1), for convenience and comparison, we will keep the
parameters' designations in [1].
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Fig 1. Calculation scheme of the auto-balancing device

2.2 Mathematical model

Since the constraints imposed on the system are geometric, the Lagrange equation in
independent coordinates was used to build a mathematical model. In this model, the system

has $Xn+3 degrees of freedom. Coordinates X and ) of point O, the angle of rotation
of the rotor &, angles & ; (j =1,...,5) between the coordinate plane Oxy and the plane
of the tubes, and angles @ (i=1,..,m j=1,...,5) for determining the positions of the

balls inside the tubes (Fig. 1) are taken as the generalized coordinates. The kinetic energy of
the system under consideration has the following form:
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is the speed of the ball located in the tube with serial number j;m,,m,,m, are the
masses of the rotor, balancing device, and ball, respectively; J G» 1s the moment of inertia

relative to the principal axis of the rotor; J a2 J J are the moments of inertia of the

tube relative to the principal axes; ;,j,k is the corresponding vector basis of the fixed

coordinate system. Accordingly, the kinetic energy of the system under consideration in
generalized coordinates has the following form:
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Taking into account the potential energy j7 — lk(XZ +y?) of the elastic shaft and the
2

dissipative function

=—(c(x +y )+056?2+c 2 2(oﬂ+c Za )
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with (1), (2), the Lagrange equation has the following form:
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The generalized forces in variables « . and @, of the nonlinear system of the equation
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of motion (3) in the rotating coordinate system with the rotor take the following form:
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where the following relationship holds between the Cartesian coordinates of the center of
mass and its coordinates in the rotating system [15]

z=x+iy=Ce", x+ip=(C+C00)e”, ¥+iy=(C+200i—C0 + 0. (5)

If, in the auto-balancing system, the running lines are located in the same plane, and the
device is installed at a small angle a;, then from the system of equations (1), it is easy to
obtain the equation of motion for this case, eliminating the equations concerning variables
a,;. For ¢ =0, we get the equations of motion that completely coincide with the

equations obtained in [15]

3 Results and Discussion

The issue of the existence of stationary motion for the model under consideration can be
obtained by substituting a partial solution

¢ =Ae™, P = gofi = const, A = const,§, = const,a; = a;) = const. (6)

into the equation of motion (6), where A and ¢, are the constant amplitude and phase of

the rotational shear. Substituting the solution of the form (6) into the equation of motion
(4), we obtain the conditions for the existence of stationary motion in the following form

n
(k= My>) & +iny) =—(msji+ Y m(s,ie” +rising,e'”? +rcosg, cosae’")iv?
i1

mr(cosg, (=&, cos(B+ y) —n,v> sin(f + y) +sing, cosa(E,v’ sin(f +y) —
—nyv’ cos(B+7)))—m,(r’ sin’ asing, cosp, +rs,(cosp, cosy —sing, cosa siny))v’ =

=m,gsing,sina. (i =1,2,...,n)
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+75, cosg, siny sina))y’ = Z m,g cos@, cosa,
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Since the system of equations (2) has a complex structure, integration is a difficult task.
Therefore, we study the solution of the nonlinear system of equations (4) by the numerical
method in various combinations of the ABD arrangement with two balancing balls. Using
the MAPLE 18 software package, the following numerical results were obtained:

1. The balancing system is installed with eccentricity §,and small angular error @ ,

with one running line. The rotor rotates at a constant angular speed. Numerical results were
obtained for the following values of the system parameters (Fig. 1):
ml:=1.5;m2:=0.7;m3:=0.05;m4:=0.05;r:=0.3;s1:=0.001;52:=0.001;alpha(t):=Pi/40;beta:
=P1/6;c1:=0.1;¢:=0.1;c0:=0.1;theta(t):=600%t.
The results obtained are presented in Fig. 2: Fig. 2a shows the change in the center of

mass of the system over time; Fig. 2b shows the change in angle ¢, that determines the

position of the first ball in the tube over time; Fig. 2c shows the change in angle ¢, that
determines the position of the second ball in the tube over time.

A&
10°° [’H
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Fig. 2. Change in the center of mass of the rotor and position of the balls in the tube over time

The analysis of these results shows that the center of mass of the rotor after a certain
time makes a precessional motion, and the balancing balls occupy a fixed position along the
path; that is, a semi-balanced case takes place.

2. The balancing system is installed with eccentricity §,, and small angular error ¢ ,

with two running lines and two balls while the rotor rotates at a constant speed. Numerical
results were obtained for the following values of the system parameters (Fig.1): m1:=2.5;
m2:=1; m3:=0.05; m4:=0.08; rl:=0.3; r1:=0.4; s1:=0.001; s2:=0.001; alpha(t):=Pi/40;
beta:=Pi/6; c1:=0.1; c:=0.1; co0:=0.1; theta(t):=300%*t.

The results obtained, i.e., the change in the system's center of mass under rotational
motion at a constant angular speed, are shown in Fig. 3.

An analysis of these results shows that the change in the position of the center of mass
over time occurs in terms of beating pattern since the masses of the balls installed in the
lines and the radii of the tube are close to each other.

A A
0.01s

ooin

oons

Fig. 3. Change in the center of mass of the system over time under rotational motion at a constant
angular speed
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3. Acceleration mode. In this case, the system's center of mass (Fig. 1) with two running
lines and two balls rotates about a certain axis in a short time. Numerical results were
obtained for the following values of the system parameters (Fig.1): ml:=2.5; m2:=1;
m3:=0.05; m4:=0.08; r1:=0.3; r1:=0.4; s1:=0.001; s2:=0.001; alpha(t):=Pi/40; beta:=Pi/6;
c1:=0.1; ¢:=0.1; co:=0.1; 6(¢) :=100¢".

Figure 4 shows the results of calculating a system with two lines and two balls during

acceleration mode: Fig. 4a shows the change in the center of mass of the system over time;
Fig.4b shows the change in angle ¢ that determines the position of the first ball in the tube

over time; Fig.4c shows the change in angle & between the coordinate plane Ox) and the
plane of the tubes.

0.3 | || || ! |||' \l ¥ 2 04 06 08

s |\ \ | Q\ }l | /' \‘ i / §| | )

shi L] |
' H | IR

J

| V i

(=]
.—AW

=154
b) ¢)
Fig. 4. Change in the center of mass and angle ¢ of the ball position, and angle &
between the coordinate plane and the plane of the tube over time

4 Conclusions

1. A mathematical model was proposed that describes the motion of the balancing
system with two running lines and various combinations of ball arrangement, taking into
account eccentricity, angular error, and changes in the horizontal axis of rotation.

2. The motion of the balancing system with eccentricity and a small angular error was
investigated at the rotor's constant angular speed of rotation with one running line.

3. The motion of the balancing system with eccentricity and a small angular error was
investigated at the rotor's constant angular speed of rotation with two running lines and two
balls.

4. The motion of the balancing system (Fig. 1) with two running lines and two balls was
studied under the accelerating motion of the rotor, taking into account eccentricity, small
angular error, and change in the horizontal axis of rotation.

10



E3S Web of Conferences 365, 04017 (2023) https://doi.org/10.1051/e3sconf/202336504017
CONMECHYDRO - 2022

References

1. Dimentberg F.M., Shatalov K.T., Gusarov A.A. Fluctuation of machines. M.:
Mashinostroyenie, 1964. 308 p.

2. Kelzon A.S., Tsimansky Yu.P. Yakovlev V.I. Elastic-supported rotor dynamics. M.:
Nauka, Moscow, 1982. 280 p.

3. Tondle A. Rotor dynamics of turbogenerators. L. Energy. 1971. 388 p.
Genta G. Dynamics of Rotating Systems // Springer. 2005. 658 p.

5. Jeffcott H.H. The Lateral Vibration of the Loaded Shafts in the Neighbourhood of a
Whirling Speed // Phil. Mag. - 1919. - Vol. 6, no. 37. — pp. 303-314.

6. Polyakov R. N., Savin L. A., Bondarenko M. E. Dynamics of a rotor on combined
supports with centrifugal switches. Proceedings of the Samara Scientific Center of the
Russian Academy of Sciences, vol. 18, no. 4, 2016.

7. Perepelkin N.V. Construction and analysis of the stability of resonant modes of motion
of a single-disk rotor on nonlinear elastic supports. Dynamic Systems.-2011, vol.1,
no.2. pp. 269-280.

8. Pasynkova I. A. Joint nonlinear vibrations of an unbalanced rotor and housing. Bulletin
of St. Petersburg State University. Ser. 1. Vol. 1 (59). 2014. Issue. 1. pp.152-161

9. Pasynkova N.A. Bifurcation of the precessional motion of an unbalanced rotor. PMM,
2006, No. 4. pp. 605-616.

10. Kydyrbekuly A. B., Ibraev G. E. “Systems Mounted on Elastic Supports,” vol. 1, no.
105, pp. 160-173, 2020

11. Olsson K.O. Limits for the use of auto-balancing// International Journal of Rotating
Machinery. 2004. Vol. 10, N3. pp. 221-226.

12. Bykov V.G., Kovachev A.S. Dynamics of a rotor with an eccentric ball self-balancing
device. Bulletin of St. Petersburg University. Ser. 1. 2014. Volume 1. Issue. 4. pp. 579-
588.

13. Bykov V.G. Stationary modes of motion of an unbalanced rotor with an auto-balancing
mechanism. //Bulletin of St. Petersburg University// Ser. 1. 2006.2 Issue. 4. pp. 90-101.

14. Melnikov A.E. Automatic balancing of flexible rotors. Abstract of the Thiss...Tech.
Sci. 2011. 82p.

15. Bykov V.G., Kovachev A.S. Dynamics of a statically unbalanced rotor with an
elliptical spherical self-balancing device. Bulletin of St. Petersburg University. Ser. 1.
2019. Volume 6. Issue. 3. Pp. 452-461

16. Bykov V. G. "Unsteady Modes of Motion of a Statically Unbalanced Rotor with an
Autobalancing Mechanism" pp. 89-96, 2010.

17. Zaytsev N., Zaytsev D., and Mineev D. "Simulation of Single-Disc Rotor Dynamics
With a Ball Autobalancer on Transient and Steady-State Modes of Rotation," Perm
Natl. Res. Polytech. Univ. Aerosp. Eng. Bull., no. 57, pp. 148-161, 2019.

18. Kelzon A. S., Malinin L. M. Control of rotor oscillations. - St. Petersburg: Polytechnic,
1992. 118 p.

19. Nesterenko V.P., Sokolov A.P. Residual imbalance caused by the eccentricity of the
running line during automatic balancing of rotors with balls // Dynamics of controlled
mechanical systems. Irkutsk. ILI. 1983, pp. 46-50.

20. Kovachev A.S Balancing of a dynamically unbalanced rotor, taking into account the
imperfection of auto-balancing devices. Bulletin of St. Petersburg State University.

11



E3S Web of Conferences 365, 04017 (2023) https://doi.org/10.1051/e3sconf/202336504017
CONMECHYDRO - 2022

Ser. Vol. 2 no. 60, 2015

21. Gorbenko A. N. General structure of the equations of motion of rotary machines with a
passive type auto-balancer // Aerospace Technique and Technology. - 2011. - No. 8.
pp- 71-76

22. Rodrigues D.J., Champneys A.R., Friswell M.I, and Wilson R. E. "Device
asymmetries and the effect of the rotor run-up in a two-plane automatic ball balancing
system," Inst. Mech. Eng. - 9th Int. Conf. Vib. Rotating Mach., vol. 2, pp. 899-907,
2008.

23. Dubovik V. A., and Pashkov E. N., "Stationary rotation of the unbalanced rotor with

the liquid autobalancing device under action of external friction forces," no. 3, pp.
133-135.

12



