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Abstract The problem of spherical shock wave propagation in an elastic-plastic medium is
solved analytically and numerically by the method of characteristics on the basis of the strain
theory, including the generalized equations of state of the medium. The spherical shock wave
propagation in an elastic-plastic medium with a more complex equation of state for the
medium forming is studied. The results show that an account for nonlinear—elastic shock
diagrams leads to an increase in circular stress wave compared to an elastic medium. It was
found that the stress concentration is higher on the spherical cavity than on the cylindrical one.

1. Introduction

Recently, fast-running wave processes and as a result, the cases of intense short-term loads are often
found in many fields of science and technology, in particular, in aircraft manufacturing, shipbuilding,
rocket engineering, mechanical engineering, seismology and earthquake-resistant construction. In the
practice of civil and industrial construction this is connected with the erection of various hydro-
technical and underground structures of spherical and cylindrical shapes in seismically dangerous
zones, using an explosion in the mining, with predicting the strength of structures, machines, units and
massifs subject to dynamic (including seismic and explosive) high-intensity impacts, and with the
development of theoretical and experimental methods for calculating their stress-strain states
considering wave diffraction.

In this case, a special place is occupied by the study of the wave interaction with a structure or a
formation in the case when the structure (unit) and the environment undergo irreversible strains, i.e.
when the stress—strain state of the system in question is, on the whole, beyond elasticity. In this case,
to determine the dynamic loads from the above mentioned effects on various structures, it is necessary,
first of all, to study the nonlinear waves propagation in the medium and its kinematic parameters, and
then to study the processes of wave diffraction from the surface of structures considering the
properties of the structure material. However, the problem under consideration is three-dimensional
and non-stationary one, therefore, the methods for calculating underground structures on dynamic
impacts due to the complexity of physical and mathematical properties of soil, the nature of seismic
and explosive effects, the shape and geometry of structures have not yet been developed. However,
from the simplified methods of studying this problem, the study of non-stationary processes can be
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carried out in one- and two-dimensional statements. Some success has been achieved in this direction
using a barrier of various shapes within the framework of the nonlinear theory of elasticity. Despite
this, a limited number of publications are devoted to similar studies on elastic-plastic strains.

In [10-13], the characteristics of a shock wave propagation caused by a gas detonation wave
emerging from the open end of a cylindrical detonation tube were investigated experimentally. The
results were obtained using dimensionless pressure and distance, which did not depend of the mixture
diversity and pipe diameter. Based on the results of the studies, it was determined that an account of
viscosity leads to wave attenuation. Subsequently, the shock wave attenuates more rapidly than the
ideal sound attenuation, turning from a quasi-spherical wave to a spherical one.

In [14-15], the propagation of a spherical wave in linear-elastic and viscoelastic media was studied.
There, for modeling viscoelastic damping, a new model and a new approach to the analytical solution
of the problem were developed. Wave propagation is achieved by cascading individual mechanisms of
geometrical attenuation and viscoelastic attenuation. Comparison of the analytical model with the
results of dynamic finite element modeling shows that the cascading method of individual transfer
functions is an appropriate approach for the wave propagation in viscoelastic medium.

Propagation of isolated spherical blast waves in the form of point explosions and gas explosions
under high pressure were considered in [16-17]. The test data on the explosion overpressure as a result
of interaction of spherical blast waves initiated from explosives in the form of cumulative charges of
various strengths were presented. The results were discussed with the laws of scaling relating to the
reduction of explosion overpressure and indicated the possibility of detecting a source explosion by
pressure measurements in the far zone.

In [18], modeling of soil fragmentation during underground explosions was studied and a modified
smoothed particle hydrodynamics method (SPH) was introduced. To solve interphase problems with
high density coefficients, a modified continuity equation was used. To describe the mechanical
behavior of the, elastic and hypo-plastic constitutive models were used. The obtained simulation
results were compared with experimental data, which showed that the smoothed particle
hydrodynamics method SPH in combination with these two basic models can solve the problems of
detonation of landmines associated with large strain.

In [19-22], the methods for propagation damping of strong spherical waves were investigated and
dynamic calculations of structures supported on a layer of a sand base subjected to explosive effects of
soil were carried out. Numerical results show that the use of a sand base is effective in reducing the
structural response and damage from ground movements caused by an explosion, both at high and
relatively low frequencies, even though the effects of insulation tend to decrease with a decrease in
fundamental frequency of ground motion.

In this regard, in this paper, the one-dimensional and two-dimensional non-stationary problems of
dynamic theory of plasticity are studied as applied to the calculation of medium parameters in the
cases of wave propagation and deformation from a different surface, based on a deformation theory
with more complex equations of state.

2. Methods

The problem of wave propagation in soil under the action of intense monotonically decreasing load
o,(t) applied to the boundary of a cavity radius is considered. Soil at high stresses is modeled as an
elastic-plastic medium considering the linear irreversible unloading of the medium. To describe the
motion of a medium, a deformation theory [1] is used with determining functions o = a(¢), g; =
oi(g;), where ¢, g, o, o are the first and second invariants of the strain and stress tensors.
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Figure 1. Change in the first and second invariants of the stress o, o; and strain ¢, ¢ tensors

These functions in the process of loading the medium are presented in the form of polynomials in
which constant coefficients «;, B; (i = 1,2) are determined experimentally considering the triaxial
stress state of soil.

o(e) = (ay + azleDeoi () = (By — Br&)ei 1)

The solution to the problem is constructed analytically by the inverse method for a given surface
shape of the shock wave in the form of a polynomial of the second degree with respect to time t and
numerically by the method of characteristics for a given randomly decreasing load o, (t). Based on the
obtained analytical formulas, the parameters of the medium are calculated on the computer, including
the load profile and the comparison of stresses, mass velocity of plastic and elastoplastic medium.

Let a monotonically decreasing load o, (t) be applied to the boundary of a spherical cavity r = .
In the case under consideration, the problem within the framework of the deformation theory of soil
plasticity [3], the equation of motion of the medium

90U _ 9gyr 2 (00rr=04¢)

Po at2 - or + r (2)

considering dependence between stress and strain components
= £+ 26 = 099 = EA+ 26, e = 2428 1= ()% = H& 3
Opr = € + grr,0<p<p_099_£ + grr'g_ar‘l' r e 9 Si' _(3)5i ()

takes the form

0%U

b3 2 s ) b Y 4 S

P )

where

0 (5-0r) 25+ [ = 5) =2 o+ 5] 57 = (o 5702) 7] G - )

We introduce the notation

a? = [(a1 +§ﬁ1)—2(a2—%ﬁz)g—g—‘}(ﬂlz—%ﬁz)%]/l’o ®)

From (5) at U=0 Z_lr] =0 wehave ag; = /(“1 + 2.31)/.00

where a is the velocity of the elastic wave; a - variable wave velocity
Research (4) shows that at (a, — 2% B>)>0, according to the condition for the existence of a shock

wave (4) (at the front of the shock wave the displacement is U = 0), a shock wave propagates in soil
r = R(t) (Fig. 2.)
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Figure 2. Graph of shock wave propagation in Figure 3. Changes in the unloading wave

soil r=R(t). t=f"(r) at the boundary of the medium
loading and unloading

otherwise, at (a, — %ﬂz) < 0, the centered Riemann loading waves, which are cut off from above by

the unloading wave t = f*(r), which is the boundary of the region of loading and unloading of the
medium (Fig. 3.)

Since the shock wave is a load-unloading wave and the medium is unloaded behind its front, then
from (2), considering the unloading theorem of A.A. llyushin, expressed by the formula
Orr = 07 (1) + 10(5 - S*(T‘)) + ZGO(Srr - E:r(r)) (6)

Opp = 04 (1) + Ao(& = €7(1) + 2Go(£pp — £y (1))
we get the equation

U _ a[0% 2000 _UY L 0w
ez~ o [arz + r (ar r) + poctd )
d 2
Q(T) = ﬁ [Urr(r) - poafgs*(r)] + ; [O-:r(r) - O-q)(p(r) - ZGS*(T)]

poag = Ay + 2G (8)

2 1 4
Ao = E; —§E2, Go = §Ez, Qo = ’(E1 +§.31)/.00

Where, E;, E,- tangents of the angles of inclination of the branches of rectilinear unloading of

diagrams a(¢) and a;(e;) , respectively with the axes € and ¢;, U — is the displacement. Front
parameters of the medium are indicated by an asterisk.

Consider the case (a; — % B-)>0. In this case, the conditions at the wave front of the cavity
boundary have the form oy = —poRI(U; UF = =R ()&}, 9)

U(r,t)=0atr =R(t)o,, =op(t)atr =1, t=0
where U, = Z—Z =U! RI(t) = ?3_}: (10)
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As was said above, the solution to the problem is constructed in the reverse way, therefore, it is
assumed that R(t) is given and in solution course, the load profile is determined using o, (t). Then
R!(t) considering (3) atr = R(t) takes the form:

" _ . PoR?(t)- (a1+4/3'1)
g (t) = & () = ( . 27/32)

Uf = R()e" (1)
Using the d'Alembert formulas, the solution of equation (7) can be represented as:

) (11)

U(T t) y/*(r—aot)+¢(r+a0t) w(r— aot)+¢(r+a0t)

- = 3
3(4o +260)f Q(T)dT + 3(Ao+2G, )rzf Q(T‘)T dT‘(lZ)
Where yand ¢ are the unknown functions.

Substituting (12) into (11) to determine the sought for functions wand ¢ we obtain a system of
ordinary differential equations of the form;

VIR(8)—aopt]+4R(t)+aqt] 2x//’[R(t) aot]+gR(®)+aot] LoV [R(D)-aot]+gR(O)+aot]

R(t) R2(t) R3(t)
1 R(t) B 2 R®) 3 _ PoR* D)= (art5 ~B1)
3(4o +260)f Q(r)dr 3(1o+26G, )R3(t)f Q(r)dr = (az— 27132) (13)
—yHR(E)=aot]+gR(D)+aot]  YR(D)-aot]+gR(E)+aot] _R® poR*(t)—(a;+3 ﬂl) (14)
R(t) R%(t) @o (a’z—;ﬁz)
Further, considering that at the shock front r = R (t), displacement U (r, t) = 0 we get:
VIR(E) = o]+ AR(D)+atot] [poR?()-(a1+51) 1 R
= — 1
R(t) (az 2732) + (ﬂo+260)f1”0 Q(r)dr (15)
Substituting (14) and (15) and differentiating by t we have
H[R(E) — ayt] = ! « {[(2R'(t) — ap)(R() + ap) + R(OR (¢
VIR = aot] = oy s+ @RI = ) (R() + o) + ROR' @)
R(®(RI(DQR(®))

[poRZ(t) - (a1 + %Bl)] + 2poRI (O (R () + )R (£)} — (=R (1)) (Ao +26Go)
1

R(t)
¥ 3arza o QA 16
If we introduce the notation R(t) — a,t = Z then (16) takes the form
v1(2) = ¢,(2)

$,(2) ={|(2R'(F.(2) - @) (R'(F'(2)) + @) + R (F1(2) * R"(Fy(2)))] [poR(F1(2))] —
R(E)(R (FH)ew(r?)
+

(a1 +580+ 200k (RDR (Fi@) ++ak (@} -~ Lo

1 R(FP)
2(Ao+2Gy) fro Q(rdr (17)
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After that, the solution of the problem regarding the displacement U(r,t) considering (11) is
written in the form:
U(r,t)

1 r—agt & r—apt R(F2(&2))-ao(F2(&2)
o R D | 0,6,

0 To

r+“0tR(Fz(fz))PoRz(Fz(fz) —(az + ¢ 31)
JGU| e dsy (-
To - E 2

r+aot
+f R(Fz(fz)) dt,

R(F2(£&2))
(Ao + 209) .f

2

- {fr " g, [ dEa0, 75 dgy - (—B)} + [poR2(0) = (o +581 )| t—

+agt R(F(E))pRz(F(E)(a+B) + £ R(Fu(5) R(F,(E,)
firestdeyg [ HEERNE EIST M g, riea gg f o A g, [N g, -
27

mfro QD& 9% f Q(r)dr + ——— 3@ f Q(®) &dg (18)

+20)

where F;(Z;) - (i =1.2) is the root of the equation R(t) + a,t = Z; relative to time t;
¢, () is a well-known function of its argument, expressed in terms of the parameters of the medium
at the shock wave front.

Differentiating the equation (18) by time t and r we determine the mass velocity U,(r,t) and the
strain £(r, t), and then, based on formulas (6), the stress components o, g, are calculated. Further,
substituting (6) considering (18) into (10) we find the load profile g, (t). Note that the expressions are
valid as long as oy(t) = 0. In the future, in the case of a,(t) =0, it is necessary to solve the
corresponding boundary value problems.

3. Results and discussion

To do this, we carry out the characteristics of AB, BC, CD, etc. Then, the region under consideration
is divided inton = 1.2.3 (Fig. 2) regions, each of which for n> 2 is limited by the characteristics of
the positive, negative directions and the boundary of the cavity or part of the wave front r = R(t).
Solving problems for regions 2 and 3 (Fig. 2.), as well as for subsequent areas, can be obtained
according to the methodology of work [5].

In addition, further studies show that the above inverse method becomes relatively effective in
studying wave processes near the boundary of a spherical cavity, i.e. in the vicinity of the point r = 1,
t=0 in the plane (r, t) (Fig. 4).

Indeed, in a sufficiently small time interval, varying the law of velocity change of the spherical
wave R(t) in time by the selection method, with a certain accuracy, we can achieve the specified law
of time decay of the load g, (t). In this case, the wave pattern of the problem takes the form shown in
Fig. 4.

Considering that the solution to the problem for the form of region 1 (Fig. 4) was obtained above in
the reverse way and the displacement of the medium in this region was calculated using formula (18),
we proceed to the description of the solution to the problem for regions 2 and 3.

Let us present a solution to the problem for region 2. In this case, from (7), based on the d'Alembert
formula, it is easy to obtain

U,(r,t) =

_ T r 1 r 3
3(Ao+2Go) fTo Q(rydr + 3(Ao+200)12 Iro e Q(rdr
(19)

z/é(r—aot)+¢;(r+aot) Nz (r-aot)+¢, (r+agt)
r r?




FORM-2020 IOP Publishing
IOP Conf. Series: Materials Science and Engineering 869 (2020) 052074 doi:10.1088/1757-899X/869/5/052074

To find , (2) and ¢,(z), we have the conditions

a U2 au,

=Ui() == ¢&r(t) v =19 = ao(t — to) (20)

U, =U (t) at o (1,t) = —0p(t) atr =1y, t, <t<t, (21)
where U;(t), U;(t), & (t) - is the displacement, velocity and radial strain in soil on the AB
characteristic (Fig. 4), determined from solving problems in region 1.

Substituting (19) into (20) and (21), considering (6), we obtain

w,(z) = %e“lz [sin wz [~ M(Z)e%z cos wzdz — cos wz * frZ—aota M (Z)e®z sin wz@z] (22)

To— ol
_ Ui () _ 4 NEE) .
¢2(Z) - 121y [Z + (rO aOtO()] + fro_aota[z + (rO 4] a)] fr0+a0ta [E+(ro—apty)] dedzl (23)
where
1Z—(Tg—0£0ta) U (t )
N(2) = —2—[Z + (ro — @ote] +3 [E1(t)T0 = 242270 = Uy () (24)
- * % (Lo+2Gy) 4G
M(2) = =00 (%F) = 07:(r0) + (Ao + 260D (rg) — 2L ¢;’(2r0 —2)+ 24,2 —2) -
2 @ -2
Ao +2G, - 40, _ 4ag L |4, — 1f
o~ r T2 2_r03' 01_2l0 @= 21,

Therefore, substituting (22) and (23) into (20) considering (24), the displacement U, (r,t) is
determined after differentiating (20) the velocity Ui(r,t) and the strain components
€rr, (1), Epq, (T, 1), €2(1, 1) including volume strain of soil in region 2. Further, formulas (6) make it
possible to determine the components of soil stresses in region 2:

Orr, (T‘, t) Opp, (T‘, t) = Ope, (T‘, t)
Proceed to solving the problem in region 3. We represent the solution of the equation (7) in region
3 in the form

Us(r,t) =

frb r3Q(r)dr
(25)

It should be noted that in [6], when studying the propagation of a one-dimensional plastic wave in
soils, it was found that the front of the shock wave as a function of time is almost straight, although the
parameters of the medium vary significantly. The curvature of the front in the considered time interval
is approximately 15-20% of the initial state. Consider this circumstance and the finiteness of the length
of section BD, in a first approximation, the ratios on the surface of the shock wave r = R(t) are
satisfied relative to the initial shape of the front corresponding to the point B(ry tp,).

Then we have:

vir—aot)+d;(r+agt) vy (r—agt)+g; (rtagt)
r r2 3(/10+260)

I, @()dr +

3(Ap+2Gy)T?

5 = Uz(t) err(t) Us(r,t) =U,(t) at r+apt =1, + agty
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( R2(t)—(as+=
! &) = _le - #0)
(az2—5-B2)
s R2(t)—(ay+=
|5 = Rb(o) oo -]
t (a2—5-B2)
where U, (t), Ué(t),srrz(t) is the displacement, velocity, and radial strain of the medium on the
aircraft, determined from the solution of the problem in region 2.
Expressions (26) and (27) with (20) allow to determine the required functions w,(r — a,t),

¢, (r + apt) and Ri(t) in region 3. Proceed to the solution of problems in the region 3. Solutions (7)
of the region represented in the form:

r—rm, = RI(t,)(t—t,) at (26)

U3 (r, t) =

yl(ro—agte)+0h (fo+otgty) _ 3 (ro—aote)+9, (rotaota) r r 1 r 3
. 2 30.0+2G0) frb Q(r)dr + PO frb r3Q(r)dr
(27)

where 7, -is the coordinate of the point B. To find the functions y,(z) and ¢,(z), the problem has a
boundary condition on

C Ny (§)
vy (2)=2[z + (rp + aotp)® + ffb_aotb[z + (1 + aotp)? * [ —ao ty Erreracn 4dz+Ce (28)

$,(2) =
Cy %o _ x-1 z g _ x
e+ 1) [ T iy o~ R (tb)tb] + L pvaots [Z T iy 0~ R (tb)tb] *
z M1 (&)
J.rb+aotb [Z+R?t‘;)(rb—R(tb)tb)] d¢dz + Cg (29)
where x = (1 + R?to )) > 2, Cs,Cq,C7,Cq — are the arbitrary constant coefficients, determined from the
b

conditions of problem (26) and (27) for r =1, t = t;,, i.e. at point B (Fig. 4)
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Figure 4. Change in a spherical shock wave in Figuré” 5. Change in stresses oy, d,, 0Of mass

the vicinity of the point r =ro velocity U; and load o, (t) at the boundary of the
spherical cavity r=r,=1.
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The calculations were carried out for the case when the surface shape of the shock wave, for the
beginning of the wave process, is set in the form of a polynomial of the second degree

R(t) =1y + Ryt — (%)t2 where R (t) > 0, and initial parameters in the form (29)
2 kN sec?

po =" 09(0) = 10.5MPa ry = 1mR; =391 = or 420 == Ry =2+ 10% x
Ry (), @ =12127+10*MPa, @, = 5873 10°MPa, f; = 3.538 x 10°MPa, f, =

1.164 * 10*MPa, E; = 1.4 * 103MPa, E, = 0.2 x 103MPa

The results of computer calculations are presented in Figs. 5-8 in the form of graphs of stresses,
mass velocity and load depending on time and spatial coordinate r, as well as on the shock front
r = R(t). Here, the dashed and solid lines correspond respectively to an ideal nonlinearly
compressible and elastoplastic media, and the results of the method characterizing the elastoplastic
problem are indicated by a dashed line with points. Calculations at t = 0 considering relations (9) in
the case of fulfilling the boundary condition.

0yr(15,0) = —P(75,0) = 00(0) = 10.5 MPa

show that the shock wave velocity R'(0) = R, for non-linearly compressible [7] and elastoplastic
media is different and equal to Ry = 391 —or 420 —, respectively.

Consequently, the perturbation region of the elastoplastic medium becomes wider than the
perturbation region of a nonlinearly compressible ideal medium.

It can be seen from Fig.5 that in the case of soil modeling in a nonlinearly compressible medium, as
compared to the elastoplastic problem, the load profile o, (t), found from the solution in the reverse
way, changes relatively slowly in time.

In addition, all medium parameters atr = r,, depending on time t, have a decaying character. A
similar law of variation of the parameters o, = —p, 04y, Us = Ut in time is observed at r > 7.
However, at r > r,, the intensity of the above parameters is somewhat weaker than at r = r,. The
curves in Figs. 6-7 show that a,,., U;, depending on the spatial coordinate r at fixed moments of time
t =0.15%1073. 0.30 « 1073, 0.45 * 10~> sec. excluding o, of the elastoplastic medium (Fig. 7, the
solid line) change, mainly according to the linear law.

14=115 10 cex
1 . 24=13 107 cox
34=145 107 cox

10[ 10

‘J’/ B /.——
| 1
el %

0 0

TV

T.07 7.08 117 116 E

Figure 6. The change in pressure P = g,,- and mass velocity city U, depending on
coordinate r at fixed times t = 0,15 - 10 ® sec (curve 1), 0.30 - 10 sec (curve 2),
0.45 - 107 sec (curve 3).
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The stress g, calculated for an elastoplastic medium is the smallest in absolute value. The same
picture occurs when the stresses oy, g4, and the mass velocity U; along the wave front depending on
time change (Fig. 8). In order to compare the results of similar and numerical methods on a computer,
using the method of characteristics, we calculated the problem of wave propagation in soil for the load
o,(t) previously obtained analytically by the inverse method (solid line in Fig. 5). Comparing the
results of calculations on the distribution of the medium’s parameters along the shock wave front, we
note that the results of the method of characteristics (dashed lines with circles in Fig. 8) satisfactorily
coincide with the analytical solution of the problem.

Uy —grr| Iy,
A MPa e p— I
N ““"‘“-1____
10 10 10 K ‘i“‘““‘*-
SIS S 3 T
AR’—""_ J \ 1,
] ‘m\___..—-;"—
_——>§ ’ 3 =
5 = — . - \
/— FR I
L—]
L J
0 07 70z 107 Los 108 110 11 Py
0 TNETR ] L
// ’
e
ﬁ
-~
Pl ~ ==
; .
= =
__\,_ Typ /“#/ DT
/ =~
/ ,ﬁ =]
v P L
= _d,,—r""'ﬂ#
-1 ,,,:./*f =

Tyg,

e,

Figure 7. Change in radial stress -c_rr and mass Figure 8. Change in stresses oy, gg, and
velocity depending on the coordinate t = 0.30.10 velocity U, at the wave front as a function of time
sec for elastoplastic (solid) and ideal nonlinearly elastoplastic (solid) and ideal non-compress
compressible plastic (dashed lines) medium plastic (dashed lines) medium, ;dashed lines v
circles are the results of the method of characterist

Thus, it should be noted that if the velocity of the shock front is a monotonically decreasing
function of time, then all the parameters of the medium in the disturbance region, including the load
profile at the cavity boundary, are also obtained by the damped function of time. The stress
components and the mass velocity of the medium at the boundary of the cavity decrease faster over
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time than at the wave front. In the study it was found that with an increase in coefficients a;, «,,
B1,B-, the stress components increase, and with an increase in Young's modulus, E,, E,- they damp.
However, the effect of E, on the distribution of medium parameters is weaker than of E,.

4.

Conclusions

Based on the results of the studies, the following conclusions can be drawn:

1.

The problem of a spherical shock wave propagation in an elastoplastic medium is solved
analytically and numerically by the method of characteristics on the basis of the deformation
theory, taking into account the generalized equations of state of the medium. The study showed that
for an elastic-plastic medium, a change in the values of Young's moduli E; and E, noticeably
affects the profile o (t).

The propagation of a spherical shock wave in an elastoplastic medium with a more complex
equation of state for medium forming o; =o; (g, &) was investigated by the inverse method. The
calculation results showed that in this case the monotonically decreasing load profile o (t) turns
out to be steeper and faster decreasing in time than in the case o; = oi(e;) and substantially depends
on the shape of the spherical load—unload shock wave.

An analysis of the results of computer calculations shows that an account for nonlinear elastic
shock diagrams o(e) at 6 = n/2 leads to an increase in the circular stress wave aggg compared with
an elastic medium with Young's modulus E calculated in tangent to the curve a(¢) for e — 0. If E is
determined “by chord” of the curve o(¢), then the value of ogg for 6 = /2 is the greatest.

It was found that the stress concentration on the spherical cavity is higher than on the cylindrical
one. Due to irreversible properties and complex equations of state of the medium, the stress
distribution on the spherical cavity changes significantly, in contrast to the case of diffraction of an
elastic wave on the cavity, and transient wave processes turn out to be long and complex in
structure.
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