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Abstract. This article is devoted to solving urgent problems related to the development of a
mathematical model and methods for assessing the dynamic characteristics of railway
wheelsets. In the simulation, railroad wheelsets are considered as a one-dimensional
deformable body based on the Bernoulli-Euler theory with two rigid disks. The cross-section
of the shaft is assumed flat and perpendicular to the centerline during vibration. Disks are
modeled as a rigid body characterized by mass and moment of inertia. The centrifugal and
gyroscopic effects and the damping properties of the material are taken into account. With
these factors, the problem under consideration is reduced to a higher order of a homogeneous
system of differential equations, which is then solved using the Altair Hyperworks and Matlab
software. The dynamic characteristics of railway wheelsets are investigated depending on the
angular speed of the wheel (without taking into account the contact between the wheelset and
the rail), with and without damping. At that, a number of new mechanical effects were
established.
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1. Introduction
The study of the dynamic processes of various systems begins with the determination of
dynamic characteristics, i.e., the determination of eigenfrequencies and corresponding
vibration modes of the system. One of the main dynamic indices of rotating systems is the
determination of eigenfrequencies and modes of vibration of the systems under consideration.
The dynamic characteristics include eigenfrequencies, modes, and decrements of the system
oscillations. Generally, dynamic characteristics are a passport of the system, which allows one
to preliminarily estimate the dynamic properties of the system. Until recently, the
determination of the dynamic characteristics of complex systems created a number of
difficulties.

In recent years, significant advances in numerical modeling and computation of
eigenfrequencies and modes of wave vibrations have greatly simplified design in all spheres
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of industry. However, at present time, the determination of dynamic characteristics and the
prediction of dynamic properties of various systems are still complicated tasks and issues.

As is well known, the dynamic characteristics depend on the physical and geometric
parameters of the system and determine the pattern of structural vibrations under various
operating loads. Any strain in a linear structural system can be expressed as a linear
combination of structural forms that set up an orthonormal vector base.

The results of dynamic analysis of the system are used in a variety of numerical
simulation applications, including vibration sensitivity calculations, root cause analysis of
induced vibrations, damage detection; they are used to provide flexibility in the analysis of a
system of various bodies, to speed up calculations of durability and vibroacoustic properties.
The results of evaluating these parameters of the system make it possible to efficiently
calculate changes in the structure response to various impacts.

Classical monographs [1-4] describe the modeling of rotors, considering the disks as
rigid bodies with their mass and moments of inertia.

In [5], the latest advances in the dynamic characteristics of the curve matching between
the wheel and the rail were discussed. For modern railways, a framework and methodology
were proposed that correspond to the characteristics of the dynamic interaction of a wheel and
arail on a curved track.

In [6], the setting up of a model was considered, intended to simulate the prediction of
maximum dynamic torsional stresses to check the stability of railway wheelsets. That model
assumed that vibration excitation comes from the wheel-rail contact point and that the
vibration energy comes from the high-frequency drive control.

The study in [7] investigated the dynamic response of a wheel and a rail in the process
of rolling contact for high-speed trains using the finite element method. The influence of the
train speed on the wheel-rail contact forces was considered. The simulation results showed
that the lateral and longitudinal wheel-rail contact forces are less than the corresponding
vertical contact forces, and they appear to be insensitive to train speed.

In [8], two modeling methods were presented to analyze the dynamics of flexible
wheelsets. The kinematics of the wheel profile is described taking into account the flexible
displacements of the wheelset units. The Lagrange approach was used in modeling, to obtain
all the terms of the equation of motion, including the inertial forces, and the Euler approach
was used at the stage of integrating the equation of motion. A non-rotating finite element
mesh of a wheelset was considered using the interpolation of flexible displacements at the
nodes.

In [9], the model of flexible shafts was adapted to simulate a railroad wheelset. The
dynamic properties of a rigid body were obtained from a rigid-body finite element model of a
real wheelset. The model used the Euler axes set for numerical calculations. The results show
that the gyroscopic effect can contribute to the determination of the wavelength fixing
mechanism in some corrugation problems, even if the train speed is low.

In [10], the vertical dynamic interaction of a train and a track at high speeds of vehicle
motion was investigated. The inertial effects caused by the rotation of the wheels were taken
into account in the vehicle model by implementing the model of structural dynamics of the
rotating wheelset. To test the model of train-to-rail interaction, the calculated contact forces
were compared with the contact forces measured with an instrumental wheelset. It was stated
that when the system was excited at a frequency at which two different wheelset modes (due
to wheel rotation) have the same resonant frequencies, significant differences were found in
the contact forces calculated using the models of rotating and non-rotating wheelset.

In [11], an analysis and comparison of the Hopf bifurcation behavior of a two-axle
railway bogie and a double wheelset in the presence of nonlinearities in the form of damping
forces in the longitudinal suspension system and a heuristic model of the creep of the wheel-
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rail contact, including the gap clearance in the dead surface, when moving along a curved
track were presented. Frequency power spectra at critical speeds, in subcritical and
supercritical bifurcations, were presented by comparing a two-axle bogie and a model with
two wheelsets. Along with this, in [12,20], special attention was paid to mathematical
modeling of the dynamics of rotor systems, and in [13-19] — to the modeling of the dynamics
of flexible rotors and a numerical method for solving the equation of motion of a rotor system
with supports. A special elastic finite element was used to solve the problem [21].

It should also be noted that the determination of the dynamic characteristics of various
structures [22-26], along with the rotating elements of machines, plays a certain role in
predicting the dynamic behavior of these structures.

In the above studies, each approach and method has its own advantages and
disadvantages. Despite this, they all are applied in solving various practical problems.

From the review of the above studies, one can notice the incompleteness of research,
especially in the field of accounting for the gyroscopic effect and internal damping when
determining the dynamic characteristics of rotating shafts with disks.

Therefore, this article is devoted to the development of mathematical models for
assessing dynamic processes in deformable shafts with a rigid disk, taking into account the
gyroscopic effect and internal damping, as well as determining their dynamic characteristics,
which is a relevant problem at present.

2. Methods

Simulation of dynamic processes on a rotating shaft. An element (of the finite element
model) is considered, isolated from a circular section shaft (Fig. 1) of length [ with the
beginning of the node A and the end B. The deformations of the element at any point x are
described by deflections u(x) (in the x direction), v(x) (in the y direction), w(x) (in the z
direction), the Euler angles of rotation of the section plane 9(x), ¥ (x) and torsional rotation
@(x). It is assumed that the section plane n{ after straining remains perpendicular to the axis
of the deformed shaft.

To obtain the corresponding finite element matrices, the kinetic and potential energies
of the shaft element are used and then substituted into the Lagrange equation. In this case, to
determine the kinetic energy, it is necessary to determine the velocity of the material point of
the shaft element, located at a distance x from the origin.

When using the expansion of the basic motion at the point S (i.e., at the center of mass),
of an element of length dx (Fig. 1), the speed of the sliding motion in the xyz coordinates is

u(x)
v(x) = |v(x) +w- wyl. (1)
w(x) +v-w,

The instantaneous angular velocity of the relative spherical motion about the XYZ
coordinate system, taking into account the small strain angles 9(x) and 1 (x), is described in
the én coordinates, i.e.:

wo + ¢
w(x) = |—weyp +9I|. (2)
—wed + 1
The kinetic energy of the e-th finite element of the shaft is determined by the sum:
Elge) = Elgerzos + Elges)fer’ (3)
where E,Eegos is the kinetic energy from the sliding motion, and E,Ees)fer is the kinetic energy

from the spherical motion. These energies are determined by integration over the length of the
element, i.e.:
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l l
ESs = 2 [} A0 0(0)pdx, ESper = = fy 07 (0) J0)w()pdx, 4
where A(x) is the cross-sectional area, p is the density of the material, and
J(x) = diag (]p(x),](x),](x)) is a diagonal matrix defined in terms of polar J,(x) and

quadratic J(x) moments of the shaft section. Substituting relations (1) - (2) into (4), we
obtain:

E(e)

k pos = %folA (x) [uz (x) + :UZ (x) + WZ (X)—Z v (X)(U()W(X) +2w (X)(UOU(X) +

+(w2(x) + v2(x))w?]pdx,
Eer = 21 [0 (08 + 2005 () + % () + 1) (@5 () — 2000 () B () +

+3700) + 1) (059 () + 2009 P () + B (0] pdlx. ©
The potential energy of the strained e-th finite element of the shaft is determined as:
l
ES” =3 0 Joaoen |EE200) + 6 (3, () +v2,00)| dA()dx, (6)

where E is the tensile modulus and G is the shear elastic modulus of the material.
Assuming the incompressibility of the cross-section of the shaft, we can determine the
components of the displacement vector of an arbitrary point of the shaft relative to

YPx) =v'(x), 9(x) = —w'(x), ie.

& = U (x) —yv"(x) —zw"(x), Yay = —29"(X), Vxz = Yo' (x). (7)
Substitution of (7) into the expression for potential energy (6) results in:
Eée) = %fol f(A(x)) [E(u’(x) — yv"(x) — ZW”(x))2 + G2 (x)(y* + Zz)] dA(x)dx. (8)

=

Fig.1. Scheme of the e-th finite element detailed from the circular section shaft

The components of the displacement vector inside the e-th finite element of the shaft
are approximated by a linear and cubic function (a polynomial), i.e.:
v(x) = @(x)cy, P(x) = v'(x) = @' (x)cy, ulx) = P(x)cz, ¢(x) = P(x)ey,
w(x) = @(x)c;, 9(x) = —w'(x) = —@'(X)cz, P(x) = [Txx* x°], P (x) = [1x].  (9)
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To describe the strained state of the e-th finite element of the shaft in the xyz
coordinate system, we use the vector of generalized displacements of the nodes A (for
x = 0)and B (forx = 1)

7° = [qiqiq5q1]", (10)
where
v(0)] w(0)
¥(0) 9(0) u(0) ¢(0)
q: = lv(x) y 2 = W(x) y 43 = [u(l) y 4 = (p(l)] (ll)
P(x) I(x)
Using approximation relations (9) for the end nodes A and B of the shaft, we obtain
q; = Sicl', i = 1,2,3,4‘, (12)
1 0 0 O 1 0 0 0
where S, = (1’ % l(; 103 S, = (1) } ?2 ?3 S, = [1 (l)] (13)
0 1 21 3I? 0 -1 -21 -3I?

Eliminating the unknown vectors c; of the coefficient of approximating functions (12),
we obtain approximation relations connecting the components of the displacement and strain
vector through the generalized displacements of the nodes, i.e.:

u(x) = Y(x)S3'q3,v(x) = ®(x)S7'q, wx) = & (x)S3q,,
P(x) = @'(x)S7'q1,9(x) = —P'(x)S3'q2, p(x) = P(x)S3'q4. (14)

The kinetic (5) and potential energy (8) of the e-th finite element of the shaft can be
rewritten in matrix form using the approximation relations (14)

1, . \T _ . C NT 1 _
E® =§(fq(e)) @G + w, (q(e)) COg® +§w5(’q(e>)TK§f)’q<e> n
~io)\ 7 1 1~ eN\T 7€)~
+ao (4@) FO +503©, B =3(@9) ROq¢), (15)
where M@ is the mass matrix, C© is the Coriolis matrix, K is the reduced rotation

matrix, f§e> is the vector of gyroscopic forces, acting on the e-th finite element, I?ge) is the
static stiffness matrix and ¢ is the moment of inertia of the e-th finite element of the shaft,
which expresses the kinetic energy of a rotating unstrained element that rotates with a
constant angular velocity wy.

The matrix and vector of the e-th finite element of the shaft have the following form:

ST, + 187t 0 0 0 ]
W© - 0 S;T(I, +1,)85¢ 0 0 (16)
0 0 $;71,851 0 ’
0 0 0 S;T1.S51
0 _SIT(Il +12)551 0 0
¢t — |S27UL + I)ST! 0 0 0] (17)
0 0 0 0
! 0 0 0 0
[S7T(I; +1,)85 0 00
Rgf) _ 0 ST, +1)8;1 0 0 } (18)
0 0 00
! 0 0 00
STTI;S71! 0 0 0
—(e) 0 S571;,851 0 0
K., = : 19
¢ 0 0 §571655" 0 J (19)
0 0 0 s$;71,851
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fO=M0 o oIis3'". (20)
Here the quantities in (16) - (20) have the form:
l l

L= [ A @ e, 1= [ 1@ @7 @ dx,
Ol Ol
I; = fE](x) @' (x)P" (x)dx, I, = pr(x) YT()¥(x)dx,
0 l Ol
I = pr](x) YT ()P (x)dx, Ig = fEA(x) YT ()P (x)dx,
I, =2 G/(x) T ()P (x)dx, Is =2 [ pJ(x) ¥" (x)dx. (21)

The values that include the spherical motion of the shaft are represented by integral
matrices I, and I.

In the case of a prismatic shaft (A (x) = A, J(x) = ]), the integral matrices in (21) have
the form

T 1 12 1273 13/4 00 o0 0
B /2 12/3 13/4 14/5 o1 12
Li=eAlio o 3 o5 1560 =9 o 1 a3 332
[13/4 1*/5 1°/6 19/7 0 % 313/2 9l*/5
00 0 0
oo 0o o _ 127, [1 1/2
I; =EJl 0 0 4 6l | 1, = Al [l/Z 12/3_, Is = gJ,l /2 l2/3’
0 0 6l 1212 -
I, = EA [0 1], I, = GJ,l [0 ) (22)

where J, = 2], o is the density of the material, E and G are the constants of the elastic
material (i.e., the moduli of elasticity under tension and shear).

After discretizing the one-dimensional continuum (a shaft) into finite elements and
using the finite element method procedure and (15), with corresponding matrices, vectors for
finite elements and the permutation matrix PeR'?'? X(©) = pTX©p, X =M,C, K, K,
we obtain the following expression for the energy for the shaft (a continuum)

N
1 1 1
Fi= ) B =3a"M +wo(@)7Cq +5 03 (@) Kad + 0o@"f1 +5 031,
e=1
Ep = 201 By =2 (@)"Kqq, (23)

where N is the number of finite elements into which the considered shaft is partitioned, M is

the global mass matrix, C is the global Coriolis matrix, f is the global vector of gyroscopic

forces, I is the total moment of inertia of the shaft around the x axis, K is the global matrix

of rotating reduction, K is the global static stiffness matrix, and q is the matrix of the global

vector of node deviations (generalized coordinate vector), in the form

q=1[q:], q; = [u(x),v(x),wx), p(x),9(x),P()]", i =12,..,N,N + 1. (24)
The Lagrange equations for the shaft (without damping and external excitation) in

matrix form can be written as

d (9E O OE

=(G) -G+ G) =o 29)
Substituting the expression for the kinetic and potential energy (23) into the Lagrange

equations (25), we obtain a system of ordinary differential equations in matrix form

describing the motion of a rotating shaft taking into account the above factors, i.e.:
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M{(t) + woGq(t) + (Ks — wiK)q(t) = 0. (26)

Here: wyG = wo(C — CT) is the global matrix of gyroscopic effects.

Simulation of dynamic processes in the rigid disks. The rigid disk model can be used
as a simplified model of gears, couplings, wheels of railway vehicles, etc.

Therefore, in this section, we will consider the constructed mathematical model for
describing dynamic processes in the rigid disks in rotating coordinates. For this, a disk
(Fig. 2) is considered with mass m as a rotating symmetric one and it has a center of mass at
point S. Suppose that the origin of the Cartesian coordinate system &nd is at the center of
mass of the disk, i.e. at point S and the coordinate system is rigidly connected to the disk.
Then the distribution of the disk weight can be described by the inertia matrix
Is = diag(ly, I, 1), in which these moments of inertia were determined around individual
axes Iy = Iz, 1 = I, = I; [4]. Further, considering the second Cartesian coordinate system
xyz, which rotates around the x-axis with a constant angular velocity w,, which corresponds
to the nominal angular velocity of the body w. The oscillatory motion of the disk is described
by displacements u, v, and w, respectively, in the directions of the x, y, and z axes and at the
Euler angles of ¢, 9, and . The general spatial motion of the body is resolved into
translational motion, described by a velocity vector with components in a rotating coordinate
XyZz as

u(t)
vs (B) = |v(t) — wew(t) |, (27)
w(t) + wov(t)
and the relative spherical motion around the center of mass of the disk S, which is determined
in the coordinate system {n{ by the angular velocity vector

Wy C?S(ﬂ(t)) cos(P(t)) + I(t) sin(P(t)) + @(t)
w(t) = I(t) cos(P(t)) — wo cos(I(t))sin(yP(1)) : (28)
P(t) + wesin(d(t))

wl “:Jr
/_/’ /

Fig. 2. Rigid disk in a rotating coordinate system

Taking into account the smallness of the angles of rotation (¢,9 << wy),
expression (28) can be simplified, i.e.:
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W J_n"i(t)lll(t) + @(b)
w(t) = ) — weP(t) | (29)
Y1) + wed(t)

In this case, the kinetic energy of the disk is determined as follows:

E, = %mvgvs + %wT Isw. (30)
After substituting (27) and (29) into (30) and after some correction, we get:

Ee = smi? + ~m(v — wow)? + mWw + wov) 2+ <[l (wo + @)% + 2wedp] +
+21(8 = wo)” + 211G + wed)?. (31)
Substituting (31) into the Lagrange equation allows us to obtain a system of ordinary

differential equations in matrix form which describes the motion of a rigid disk:

d (0Ex\ _ (9Ex 0Ep\ _ . . 2
TG - (35 + (32) = Mpin(®) + woGpan(®) + (@iKp)an (0. (32)
Here: qp(t) = [u, v,w, @, 9,¥]T is the vector of generalized coordinates of the rigid

disk. At that, Mp are the rigid disk mass matrices, which have the form:

Mp = diag (m,m,m,l,,1,]), (33)
and the gyroscopic effect matrices of the rigid disk are:
0 0 0 0 0 0 7
0O 0 -2m O 0 0
0 2m 0 0 0 0
G=lo0 0o 0o o o 0 (34)
0 0 0 0 0 I,—2I
0 0 0 0 20-1I, 0

he rigid disk reduced rotation matrix Kj,, is diagonal and has the form:

Kp, = diag(0,m,m,0,1,1). (35)
It should be noted that for axisymmetric bodies in the form of a thin disk, I, = 21 holds;

it means the relationship between I, — the moment of inertia about the axis of rotation and

I — the moment of inertia of the cross-section of the disk. More information on modeling rigid

and flexible disks in dynamic processes is described in detail in the monograph [4].

3. Results and discussion

In this study, the determination of the dynamic characteristics (i.e., eigenfrequencies, modes,
and decrement of oscillations) of a specific system (an object) is performed using the Altair
Hyperworks and MATLAB software packages.

The dynamic characteristics of the system are determined by solving the problem of
natural vibrations for the system under consideration. Natural vibrations are the most ordered
motions of the system, occurring in the absence of external influences; all points of the system
oscillate according to the same real or complex harmonic law, with different amplitudes. In
this case, the real part of the complex eigenfrequency means the frequency of oscillations of
the system, and the imaginary part determines the velocity of oscillation damping and has the
meaning of the damping coefficient.

Determining the dynamic characteristics of a system is an important part of any
dynamic analysis and it allows evaluating the dynamic behavior of a system (an object).
When studying the natural vibrations of the system (determining the dynamic characteristics),
a homogeneous system of ordinary differential equations (26) or (32) is solved.

The described method was used to evaluate the eigenfrequencies and modes of vibration
of a simple test steel shaft of wheelsets mounted on two bearings (radial-axial and radial
ones).
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The tested wheelsets consist of a hollow shaft and two disks (Fig. 3). Calculations were
made for wheelsets with the following parameters - geometric dimensions: inner diameter of
the shaft dshat = 0.026 m; outer diameters of the shaft D, = 0,130 m, D, = 0,165 m,
D; = 0.194m,D, = 0.1475m, Ds = 0.179 m; the length of the shaft | = 2.216 m; bearing
stiffness k;, = 6e + 12 [N/m], k, = 2e + 12 [N/m]; the moment of inertia of the disks
Lo =10 =54.69 kg -m?1, =1, = 27.88 kg - m?; mass of disks m; = m, = 364.57 Kg;
material properties: modulus of elasticity E = 2.1e+11 Pa, G = 8.076e+10 Pa; Poisson's ratio
v = 0.30; specific gravity of the material p = 7850 kg/m°.

Determination of the dynamic characteristics of a rotating wheelset without
damping. In the case of non-rotating wheelsets (for w, = 0 rad/s), taking into account the
bearings, the system of equations of motion has the following form:

(M +MP + MP)i() + (K + Kp)a(t) = 0, (36)
where K - is the bearing stiffness matrix, M, MgD) are the disk mass matrices.

The system of equations (36) for determining the generalized eigenvalue problem can
be written in the form

[(Ks +Kg) — AV(M +MP 4+ Mg’”)] qg=0, (37)

where A, — the roots of the characteristic equation are the eigenvalues equal to the square of
the eigenfrequencies 0O2.

Disk 1 Disk 2
Lo, Ily =lh,=5 IZUvIZy =h,=1
Ds b

" f 5
™

BN

Fig. 3: Scheme of the tested wheelset

AVAVAVA_}\\\
R

Table 1 shows the first eight eigenfrequencies f, = Q, /2 of a non-rotating wheelset
(as a deformable body) obtained using the Altair OptiStruct and MATLAB computer
programs with short characteristics of the natural modes of vibration.

Table 1. Natural frequencies of the non-rotating wheelset

Number of Eigenfrequency | Eigenfrequency Mode of vibration Error

eigenfrequencies fv [Hz], fv [Hz], Altair [%0]
f, MATLAB OptiStruct

0 0 Uniform rotation of the entire 0
system (without twisting the
shaft)

2.3 57.83 57.64 Bending mode of vibrations | 0.34

4 80.07 86.26 Torsional mode of vibrations | 7.17

5.6 163.6 170.11 Bending mode of vibrations | 3.84

7.8 354.11 363.08 Bending mode of vibrations | 2.46
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Figure 4 shows some natural modes of vibration of wheelsets corresponding to multiple
eigenfrequencies.

The second mode The third mode

The fifth mode The sixth mode
Fig. 4. Multiple natural modes of vibration of the non-rotating wheelset

Analysis of eigenfrequencies (Table 1) and modes of vibration (Fig. 4) shows that the
first mode of vibration of rotating wheelsets is the motion of an absolutely rigid body with
frequency f, = 0. An account for the elastic properties of the material of rotating shaft (as a
deformable body) with two identical rigid disks leads to the appearance of multiple
eigenfrequencies f, ;3 and f5, with the corresponding modes of vibration.

In the case of a rotating shaft (at w, # 0 rad/s), the following aspects are taken into
account: gyroscopic effects (wo(G + Gp) and the effect of rotation on the overall stiffness
(wg(Kd + KD(u)-

The equation for determining the eigenvalues has the following form:

(Ks+ Kg — w§(Kq + Kp,)q(t) — (Ks + Kg — w§(Kq + Kp,)q(t) = 0. (38)

We transform the equation of motion (26) and (32) from the generalized coordinate
space to the space u(t) = [¢7(t) q”(t)]" of the state, that is, u(t) € R*®
Su(t) + Au(t) = 0. (39)

Here:

P [ M+MP +mMPy o
0 (Ks + KB - w(zJ(Kd + KDw)
A= le(G +6Gp) (Ks+Kp— wi(Kq+Kp,,)
—(Ks + Kp — 0§ (Kq + Kp,) 0

With (39) - (41) the eigenvalue problem is written in the form of a system of a
homogeneous algebraic equation:

[A—A,Su=0. (42)

A nontrivial solution to system (42) is A,, that is, the eigenvalues of the characteristic
determinant of equations (42), which are the imaginary value obtained due to the
antisymmetry of the matrix w, (G + Gp).

l IS an asymmetric matrix, (40)

IS an antisymmetric matrix. (41)
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The eigenvalues A, of system (42) are a complex quantity, i.e. 1, = +iQ,,
v = 1,2,..,n and their imaginary part is the eigenfrequencies (., in rad/s of rotating
wheelsets.

Figure 5 shows (full line) the dependence of the first eight eigenfrequencies f, = 2nQ,
(Hz) on the rotating speed of the wheelsets per minute (the so-called Campbell diagram)
plotted in the angular velocity range from wy = 0 to w, = 3500 rpm.

400 -

B0FommESsS==E— e ———mm===-- o

300 -
——f5, f3 — bending
—f, — torsion

—fs. fe: [, fs — bending

————— f2, f3 — bending with damping
fffff fs — torsionwith damping

”””” s, fe: f7, fs — bending with damping

(3]
wh
T

200 -

150 [

Natural Frequency, [Hz]

100

50

1

1

1

1

500

1000

1500

2000

2500

3000

3500

Rotational speed.[rpm]
Fig. 5. Campbell diagram for rotating wheelset

Paired eigenfrequencies are divided into two branches, where the first increases and the
second decreases depending on the angular velocity. This phenomenon is caused by
gyroscopic effects. Obviously, the non-paired eigenfrequencies (f,) do not depend on the
rotating speed since this mode of vibrations does not affect the gyroscopic effects (torsional
mode of vibrations).

Determination of dynamic characteristics of a rotating wheelset with damping.
Rotating wheelsets are considered with an account for the damping properties of the shaft
material. Generally, in the calculations, when solving practical problems in engineering, the
damping matrix [12] is used, instead of viscous damping, in the form of a linear combination
of the mass and stiffness matrices B; = aM, + bK, a is the mass proportionality coefficient
and b is the stiffness proportionality coefficient. The use of the damping matrix
B, = aM, + bK simplifies the solution of practical problems.

When describing dynamic processes on a rotating shaft with rigid disks (wheelsets),
with the damping coefficient, equation (42) (wo(G + Gp) is written using the damping
matrix(By ), in the form (wy(G + Gp) + By).

Specific calculations for the geometrical and physical-mechanical parameters of the
rotating shaft and rigid disk (wheelsets) similar to the given above were obtained. The relative
damping coefficients were determined from [12] using «, and S, for w, = 700 rad/s and
a=0,b=0.0002.

Further, using the developed model, the eigenfrequencies and the damping coefficient
for rotating wheelsets were determined, taking into account the damping properties of the
shaft material (Table 2). The damping coefficient D, was determined by the formula

—ay,
D, = —
JavtBy

Eigenfrequencies of the rotating wheelsets, considering damping, are given in Table 2.

(43)
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Table 2. Natural frequencies of rotating wheelsets

Number of Eigenfrequency £, (Hz), | Damping Eigenfrequency Damping
eigenfrequencies not considering coefficients | £, (Hz), considering | coefficients

v damping (for D, damping (for D,

wo = 700 rad/s) wo = 700 rad/s)

A =a ip,

1 —3.84e—-61+i0 1 0,0027+ i0 1
2 —1.72e — 5+ i47.88 3.59e-07 —1.75+ i47.84 0.0366
3 —1.06e — 05 + i66.97 1.58e-07 —2.45 + i66.93 0.0366
4 —2.02e — 07 £ i80.11 2.52e-09 —4.03 + i79.97 0.0503
5 —1.2e — 03 + i153.60 7.84e-06 —15.80 + i152.73 0.1029
6 —1.6e — 03+ i173.24 | 9.28E-06 | —17.83 + i172.36 0.1029
7 —5.21e — 05 £+ i350.8 1.49e-07 —78.06 + i341.96 0.2225
8 —5.27e — 05 + i357.4 | 1.48e-07 —79.54 + i348.51 0.2225

Table 2 shows the first eight eigenfrequencies of a rotating shaft (as a deformable body)
with wheelsets (at w, = 700 rad/s) with and without damping, obtained using the MATLAB
software. The results obtained show that an account for the damping affects only the seventh
and eighth eigenfrequencies. Figure 5 shows (dashed line) the dependence of the first eight
eigenfrequencies on the damping. The remaining (the first six) eigenfrequencies are
practically not affected by damping.

4. Conclusions

1. Mathematical models and methods for determining the dynamic characteristics
(eigenfrequencies, modes, and decrement of oscillations) of railway wheelsets, taking into
account internal damping and gyroscopic effect were developed in this study.

2. The eigenfrequencies, modes, and damping coefficient of rotating wheelsets at their
different revolutions with and without damping were investigated.

3. As a result of studying the dynamic characteristics of rotating wheelsets, it was determined
that:

— the values of the paired eigenfrequencies (f5, f3, fs, fe and f;, fg) were divided into
two groups; in the first group the values of (f,, fs, and f>) increased, and in the second group
the values of (f3, fi and f3) decreased depending on the angular velocity due to the influence
of the gyroscopic effect;

— non-multiple eigenfrequencies (i.e.,— f;) did not depend on the rotation velocity since
the gyroscopic effects did not affect the torsional modes;

— the damping effect did not affect the first 5 eigenfrequencies (f5, f3, fa, fs and f;), and
when damping was taken into account, the seventh and eighth frequencies f;, fg decreased
insignificantly.
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