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Abstract.

The main difficulty in working with fuzzy quantities 1is that, even in the case of the
simplest relevance functions, as a result of elementary operations carried out on them,
relevance functions of a complex form requiring a large number of parameters are formed.
Therefore, the article analyzes the approximation of the current relevance functions and
the results of operations performed on them by triangular, exponential, and trapezoidal
functions of a certain class depending on a set number of parameters. In this case, there
is an opportunity to build relatively simple basic operations that do not exceed the class
of selected functions.

Keywords:

theory of fuzzy sets
algebraic operations
relevance function
calculation
experiment

This work 1s distributed under the terms of the Creative
Commons Attribution-ShareAlike 4.0 International License 5 1 7
(https-//creativecommons.org/licenses/by—sa/4.0/).


https://doi.org/10.51582/interconf.19-20.03.2024.050

Proceedings of the 6th International
Scientific and Practical Conference

«Scientific Goals and Purposes NO

in XXI Century» 1 9 3

(March 19-20, 2024).

Seattle, USA INTERCONF

SoenTIF PubLiHNG CenTe

INFORMATION AND WEB TECHNOLOGIES

1. Introduction. The analysis of the effect of the degree
of fuzzy and appearance of the parameters on the sensitivity
of the numerical alternative function in relation to several
types of functions is presented in [1-3]. Attempts to create
portable, universal, structured packages for performing
interval analysis on the AUGMENT processor have increased the
execution time of operations by 50-200 times, depending on
the conditions, compared to traditional calculations on the
same primitive objects [1-2]. An original extension of the
standard programming language by introducing variables of the
FUZZY type in order to work with fuzzy quantities is presented
in [4]. The FAGOL language made 1t possible to perform
calculations on fuzzy quantities by approximating them to the
F-function using the triangular relevance function.

Also universal microprocessor; O0XQ, special processors
designed to carry out calculations on fuzzy sets; work 1is
being carried out on the creation of linguistic terminal
complexes consisting of DXQ-terms designed to store the
initial term-values of linguistic wvariables [5].

But all these methods are based on the approximation of
the resulting relevance functions by certain functions, which
leads to loss of information and an increase in the area of
fuzzy.

2. Main part. The operations of addition, multiplication,
subtraction and division defined in the set of real numbers
extend to the class F(R) as follows. Every binary operation
in R [1]

f: R *R™ R

consists of reflection. If two intervals A=[a,b], B=[c,d]
are taken, then their sum

f: A *B 7R

vxe A Vy eB

determined by reflection, it is relative to
f(x,y) = z = xty

(X,y)e AxB

takes the form, where So, A+B = [atc, b+d].

This work is distributed under the terms of the Creative
5 1 8 Commons Attribution-ShareAlike 4.0 International License
(https.//creativecommons.org/licenses/by—sa/4.0/).
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The law of transition to algebraic operations on F-
magnitudes is now clear.

A, B €F(R) and ° - {+, - , *, /} be an arbitrary operation
taken from the set. Taking into account the reflection
relations, it is possible to write as follows:

Hap(2) = Sldp{/lA(X) A pg(V)}

U ={x,y) e o(AxB)[xoy =7z}. 1)

If the Cartesian product is determined by the second type,
then

Hap(2) :Sgp{ﬂA(x)'ﬂB(y)} )

we will have a relationship.
The general case for the four types of Cartesian
multiplication takes the following form:

Has(2) :Sﬂp filsta (%), 15 (Y) :17_4 (3)

where fi - 1s one of the four types of function introduced
above.

Thus, 1in order to create an Haon F-function, it 1is
necessary to solve the parametric problem of finding a
conditional extremum, that is, to find the upper limit of the

function to z€rR HAB in the set U given by the following
limitation (binding equation) :

o

g(x, y; z) = X y - z = 0. (4)

It should be noted that the solution of the given problem
is always available, unlike the problem of finding the maximum

This work 1s distributed under the terms of the Creative
Commons Attribution-ShareAlike 4.0 International License 5 1 9
(https-//creativecommons.org/licenses/by—sa/4.0/).
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of a function in a given set [2].

If we express one of the variables in (4) by another, for
example, y by x in the form y = u(x,z), then by putting the
resulting expression with respect to y in (3) we get the
problem can be reduced to the following unrestricted extremal
problem with a single element x:

Haen (2) = SUD i {1, (0), 22, (u(x, 2))} )

Another approach is to use Lagrange polynomials. In this
case, problem (3) takes the following form due to (4).

Hag (2) =sup{f; [, (X), s (V] +29(X, y;2)} A € R
oy (6)

In the future, 1if no changes are made, algebraic
operations will be determined according to the first type,
that is, by relation (1).

Fuzzy number limits. If the following relation 1is
fulfilled with respect to the number a

Vou, =0, wu(@a-0)=0,u@a+o)=0

then that relation is called the 1limit of the function.
If we consider that there are two such limits: upper (b) and
lower (a), the fuzzy number A can be written in the following
form:

A:

QD Sy

b
(x—a)/x+j (b—x)/x
a (11)

The principle of generalization presented in the previous
chapters takes the following form. Let A and B be fuzzy
numbers on a real straight line R. The * operation on A and
B can be performed using the following relation

This work is distributed under the terms of the Creative
5 2 O Commons Attribution-ShareAlike 4.0 International License
(https.//creativecommons.org/licenses/by—sa/4.0/).
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A*B =j min(z, (X), pg (Y)) /(X * y)
. (12)

Keeping the points mentioned in the previous chapter,

instead of the hypothetical operation *, using arithmetic +,
-, » + , four arithmetic operations on A and B can be formed:

A+B= [ minu,(X). 5 (V) /(x+ )
R , (13)

A=B =] min(u,(X), 5 (¥)) (x—Y)

, (14)
AxB = min(u, (), 5 (1)) /(xx y)
R , (15)
A:B = min(u, (), 5 (V) (x: Y)
R (16)

Using (11), the following can be obtained:

A*B = j- /JA(X)/X"'.T Ha(X) ] X | * j- ﬂB(X)/X+l_)r g (X)X | =

arh b”
= [ ta 01X+ | 110 (0
a" axh (17)
a”,b” a"b'

where are derived from a, b, and are formed

according to a known axis, and AH“B(X) is determined

according to the normalization of H with respect to the axis.

Let's calculate A+B:

This work 1s distributed under the terms of the Creative
Commons Attribution-ShareAlike 4.0 International License 5 2 1
(https-//creativecommons.org/licenses/by—sa/4.0/).
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A+B:(T ﬂA(x)/x+T ILJA(X)/XJ+ j‘,uB(X)/X+J 1y (X)X | =

C(x)/x+tj: Uc(X)Ix=C,

Il
D &y O
=

(18)

where

b a”=a+a” b"=b+b’ (19)

ol
H

Hc te =k x+Kk,

is determined by appearance. Based on the

normalization, with respect to a S;XE;C, (18) can be written

as follows:
b "
b " — C

For the rest of the arithmetic operations, the following
can be obtained in a similar way [5]:

=T e

A+B=j

(20)

Where

an:a_br’ b”:b_a" 625—6. (22)

Accepting the relevance function in the form He
we get the following:

o] ] S

2 (23)

This work is distributed under the terms of the Creative
5 2 2 Commons Attribution-ShareAlike 4.0 International License
(https.//creativecommons.org/licenses/by—sa/4.0/).
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Where

IuC ﬂC:_+k2

Taking the membership function in the form X /

we get the following:

C e b” " =
AB=| <§—a>C/X+J (b—f)C/X:c
s (C-a")x = (b"-C)x (25)

Where

"__ Al " __ - = _h &5

a"=a'a, b"=b':b c=b:a (26)
Below we consider another method of performing operations

on fuzzy numbers based on the use of degree polynomials, the

calculations in which are simplified compared to operations

based on the principle of generalization [2-5]. In addition,

the following definitions should be wused [5]: A Dbinary
operation * in R is called increasing if
(X1>’%JX2>>y2):>X1*X2:>y1*y2. * operation is called

decreasing if (X0 > Y, X > Y,) = X %X, <Y, %Y,

If fuzzy numbers A and B with membership function Ha and

Hs are given, then the result of the generalized * operation

on them is the fuzzy number C=A*B given by the following
membership function:

e () = sup min(, (X), g (Y))
Z=Xx*Y (27)

More precisely, the four arithmetic operations can be
described as follows:
Addition.

This work 1s distributed under the terms of the Creative
Commons Attribution-ShareAlike 4.0 International License 5 2 8
(https-//creativecommons.org/licenses/by—sa/4.0/).



Proceedings of the 6th International
Scientific and Practical Conference

«Scientific Goals and Purposes NO

in XXI Century» 1 9 3

(March 19-20, 2024).

Seattle, USA INTERCONF

SoenTIF PubLiHNG CenTe

INFORMATION AND WEB TECHNOLOGIES

Has(2) = sup min(u, (X), g (Y)) = sup mMin(, (X), g (2 = X)) 8

Subtraction.

Hp5(2) = sup min( g, (X), 5 (Y)) = sup min( g, (X), tg (X = 2))

(29)
Multiplication.
Mg (2) = sup min(, (x), ug (y)) =supmin(u, (x), g (z: X)), X # 0
Z=XxY X (30)
Division.
Hug (2) = SUp min(ue, (%), 425 (¥)) = sUpmin(ue, (%), 15 (X 2)) =
=supmin(z, (Yz), g (¥))-
Y (31)

If the fuzzy numbers A and B are described as:
A={w, I Xy; 0, [ Xy; C’)1/X12},. B={w /Yy, ®,1Yy,; 0)1/Y12},

then the result of the * generalized operation on them
will be the following fuzzy number:

C=AxB={a /(X *Y1); @, [(Xy * Y1); 0 1(Xp, * Y1, } (32)

This * is appropriate when the operation is ascending or
descending. Subtraction and division operations are not like
this, but they can be described as follows [7]:

A-B=A+(-B). A:B=Ax(B™")
14 .
Examples. Two fuzzy numbers are given
This work is distributed under the terms of the Creative

5 2 4 Commons Attribution-ShareAlike 4.0 International License
(https.//creativecommons.org/licenses/by—sa/4.0/).
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={0/1,0,5/15;1/2;0,5/2,5;0/3}
{0/2;0,5/25;1/3,0,5/35,0/4}

wl NI

Below are four general operations on them Ch_XJ).
Addition:

3+2={0/(2+1);0,5/(2,5+15): 1/(3+2): 0,5/(3,5+ 2,5):
0/(4+3)}={0/3:0,5/4;1/5;0,5/6;0/7}.

Multiplication:
3x2={0/2;05/375,1/6;05/875 0/12}
Subtraction:

— 2 ={0/(=3); 0,5/(=2,5); 1/(~2); 0,5/(-15); 0/(=1)}:
3-2=3+(=2)={0/(2-3); 0,5/(2,5—2,5);: 1/(3- 2); 0,5/(3,5—15);
0/(4-1)}=4{0/(-1); 0,5/0;1/1 0,5/ 2; 0/3}.

Diwvision:

21 ={0/(1:1);0,5/(1:1,5);1/(1: 2); 0,5/(1:2,5); 0/(1:3)} =
={0/1,0,5/0,66;1/0,5; 0,5/0,4; 0/0,33} ={0/0,33; 0,5/0,4;1/0,5; 0,5/0,66; 0/1};
3:2=3x(2")={0/0,66;05/1;1/15,05/2,33,0/ 4}

Additional subtraction and division operations. When
solving fuzzy equations, it is necessary to calculate opposite
and inverse numbers [5]. Arithmetic operations considered
above, based on the principle of generalization, do not allow

to find the opposite A’ (which becomes A"‘A':O) and the

opposite number A" (AxA"=1) | Also, the following inequalities
hold:

This work 1s distributed under the terms of the Creative
Commons Attribution-ShareAlike 4.0 International License 5 2 5
(https-//creativecommons.org/licenses/by—sa/4.0/).
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(A-B)+B=A. (A:B)xB=A_

Additional subtraction (--) and additional division (33)
are used to accurately solve the following equation:

AX+B=D, (34)
where A, B, D - fuzzy numbers, X- unknown,
In particular, the solution of (34) is as follows
X=D—B. (35)

The carriers of the set V and D are the intervals Sg =[by,b,]
and SD:[deZ], respectively. The carrier of the set X
determined by additional subtraction has the following form:

Sx :[dl__QJdZ__bZ], (36)

and its appearance expressed using the relevance function
is as follows [5]:

iy () =inf

z

{11 if 15 (2—X) < 15(2);
tp, 0 w5 (2=X) 2 14, (2). (37)

The considered subtraction operation is determined only
when the length of the carrier of the reducer is smaller than
that of the subtractor.

Additional divison. The solution of the equation AX=B is

the set X=D//A. If the carriers of sets A and D are Sy=la,a,]

SD :[dlldz] ,

and then the carrier of set X is defined as follows

[5]:

d,:a,d,:a,if S,>0;S, >0,
d,:a,,d,:a,if S,>0;S, <0,
d,:a,d a,if S,<0;S,>0,
d,:a,d :a,if S,<0;S, <0,

Sx :[dydz]//[ap az] =

This work is distributed under the terms of the Creative
5 2 6 Commons Attribution-ShareAlike 4.0 International License
(https.//creativecommons.org/licenses/by—sa/4.0/).
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or 1its appearance expressed through the relevance
function:

Loif pa(t/x) < up (1),

Hy (X):”Ef {,UD(t)’ if IuA(t/X)Z,uD(t)

This operation is not defined for arbitrary numbers A and
D, it 1s defined for numbers whose intermediate carriers
satisfy certain conditions [5].

3. A computational experiment. We solve the following
equation:

X+B=D, (38)

where B=8=(0/6; 0,5/7; 1/8; 0,5/9; 0/10),
p=14=y0/10; 0,5/12; 1/14; 0,5/16; 0/18}.

Se =[610]; S, =[1018]

Intermediate carriers for B and D

Sy =[48]

According to (36) . According to the formula (37), the

relevance function 16 /&(X) can be determined as follows.

X =(0/4;0,5/5,10/6;0,5/7,0/8)

~

Aa=8=(0/6; 0,5/7; 1/8; 0,5/9; 0/10} and D=24=(0/6;
0,5/14; 1,0/24; 0,5/36; 0/50} we solve the following equation:

AX=D. (39)

The relevance functions #A and #p are depicted in Fig. 1.
Intermediate carriers of sets A and D S, =[610]; SD:[&SW.
According to (36) Sx =[6:6,50:10] =[1,5]

According to (37), the wvalue of the relevance function
Hx (X) presented in Fig. 1 can be determined.

The solution of the equation:

X={0/1; 0,5/2; 1/3; 0,5/4; 0/5}.
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Figure 1
Membership functions of sets for additive division

4. Conclusion. Taking into account wuncertainties of
various nature and adequate mathematical formulation
increases depending on the difficulty level of the problem
being solved. In practice, the possibility of reducing the
level of uncertainty by deepening the definition of the
process of operation of complex systems is quite limited. The
fact is that according to L. Zade's principle of
incomparability, the more detailed the model, the more
uncertain factors are added to it, which directly leads to an
increase in uncertainty in the results. As a result, at a
certain stage of model complexity, despite the high accuracy
based on the detailing of the definition, the model becomes
almost meaningless. In general, L. Zade's principle of
uncertainty limits the possibilities of mathematical modeling
methods, which previously seemed limitless.

The concept of fuzzy sets is an attempt to mathematically
describe fuzzy information in order to build mathematical
models. This concept is based on the idea that elements with
the same characteristic that make up a given set can have
this characteristic to different degrees, which means that
they can belong to a given set to different degrees. Based on
such an approach, statements like "some element belongs to a
given set" cease to have meaning, because it is necessary to
show to what extent or "how strongly" a specific element
satisfies a given set.
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