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Abstract. This article provides a model of multistage processes in biogas plants. In developing a mathematical model of 
the process in biogas plants, the relationship between the elements of interdependence is given separately. A quantitative 
level of generalization of each working part of a biogas plant has been developed, a clear formula has been developed to 
describe the number of parts in the system, and several similar innovations have been developed. 

INTRODUCTION 

The systematic nature of the anaerobic process in biogas plants [1-4] modeling indicates the complexity of 
showing that it has not been seen in biogas production [5-7]. This process should be continued until small and 
precise systems are obtained that are not difficult to model. Such other indivisible subsystems are called elements of 
a complex system. 

In the mathematical modeling of the above process, the interrelationships between the interrelated elements play 
an important role, i.e., the temperature depends on the rate of biomass loading or the duration of the process. 

The mathematical model of a complex multilevel system consists of mathematical models of elements, 
systematic analysis, and the relationship between them in terms of element speed or process duration. 

The division into subsystems continues until simple subsystems are obtained. That is, the mathematical 
representation of these systems should not be complicated. This part of the system, which has no other divisibility, is 
called the elements of a complex system. When choosing a mathematical apparatus for modeling such elements, it is 
important to consider the elements of a given system class and their relationships. 

It can be seen that the creation of mathematical models of optimization of multistage process control is also 
complicated by the fact that there are control systems in which optimal models operate. Multi-level system processes 
are continuous and discrete. 

In general, the diversity of management problems requires the construction of a multi-level system that requires 
the parent system's configuration. The formation of the component of the optimal model of the problem depends on 
the periodicity of control and the frequency of correction of the models [8-10]. 

MATERIALS AND METHODS 

In the form of a hierarchical model, we can say that a multi-state technological process includes models designed 
for all control system states. 

The composition of this system model depends on the degree of integration of technological areas and the 
subsystems in each part of the system [9,11,12,13]. The quantitative degree of aggregation of each working part of a 
biogas plant describes the number of parts in the system. In this case, the degree of concentration is determined by 
the following expression: 
 ܵ = ݇௦ ∗ ݉ିଵ , 
 

Here m is the number of component systems involved in the construction of the integrated macromodel; ݇௦ is the 
coefficient representing the structural properties of the system. 
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RESULTS AND DISCUSSION 

The mathematical model of the anaerobic process in biogas plants consists of a system of equations for a 
separate local part system and contours, which includes mathematical expressions of technological processes that 
represent the relationships between them [14-16]. 

For each contour of this system, depending on the raw material to be processed and its quality, the material 
balance law is fulfilled concerning the total product and its components. 

From a mathematical point of view, the balance calculation of the scheme is brought to the solution of a system 
of algebraic equations [16-21]. The following balance equations can be constructed for the contour of each circuit 
according to the mass of the product: 
 ෍ߛ௜௦௕௫ = ෍ ௜௦௕ы௫ߛ  ,         ݅ = 1,݊തതതതത௞೔మ

௦ୀ௞೔మశభ
௞೔భ
௦ୀଵ   ; ݏ   = 1,݊పଵ + ݊పଶതതതതതതതതതതതതതത  

(1) 
 

 
and by mass of components: 
 ෍ߛ௜௦௕௫݀௜௝௦௕௫௞೔భ

௦ୀଵ = ෍ ௜௦௕ы௫ ݀௜௝௦௕ы௫ߛ   ,                          ݆ = 1,݉തതതതതത௞೔మ
௦ୀ௞೔మశభ  .  

(2) 
 

 
Here ݅ is the contour number, ݇ is the number of contours, m is the number of components, s is the contour 

product number, and ݇௜ଵ݇௜ଶ is the number of inputs and outputs. 
It should be noted that the solution of the array of balance equations has several computational difficulties: the 

size of the system measurements, poor substantiation, uncertainty, inconsistency, and flammability of ore 
beneficiation schemes. The modern technological scheme of processing raw materials does not work without the 
return of circulating products. The product from the following circuits must be sent to the beginning of the scheme 
for processing [22, 23]. However, when calculating the balance of the contour of the scheme, it is necessary to 
consider the product's full characteristics. In this case, it is necessary to use balance equations and more complex 
equations. 

In the second stage, mathematical models are constructed for each separated contour, taking into account the 
constraints and limitations based on the first stage results. 

Let's look at the process of creating an integrated macromodel of an anaerobic multistage process in biogas 
plants. The following material balance equations are appropriate for the u-contour of a multistage process in biogas 
plants: 

ఈ೔ߛ௜ߙ  = ௜ߛߚ  + ఏ೔ߛ௜ߠ ఈ೔ߛ ,   = ఉ೔ߛ  + ఏ೔ߛ   ,  
(3) 

 
Here ߙ௜ ௜ߚ,   ௜ are the amount of useful metal in the concentrate and и is the amount of useful metal in the wasteߠ, 

products of the contour; ߛఈ೔ ఉ೔ߛ  ఏ೔ߛ   is the amount of solids in the concentrate and waste products consumed by the 
contour. 

Currents from other circuits and the initial current may come to the input of the и - circuit. As a result, we get: 
௜ߙ  =   ∑ ቀ߱௜௝ߚ௜ߛఉ೔ + ℵ௜௝ߠ௝ߛఏೕቁగ௝ୀଵ + ∑ఈ೔଴ߛ௜଴ߙ  ቀ߱௜௝ߛఉೕ +  ℵ௜௝ߛఏೕቁ + ఈ೔଴గ௝ୀଵߛ  ,  

                                       (4) 
 
ఈ೔ߛ  =  ෍ቀ߱௜௝ߛఉ೔ +  ℵ௜௝ߛఏೕቁ + ఈ೔଴గߛ 

௝ୀଵ  
 

                                   (5) 

Here          ߱௜௝ = ൝   ܫ,   ݂݅  ݆ −  contour concentrate ݅ − comes to the contour,0,   for the rest,  

              ℵ = ൞  ܫ,  ݂݅  ݆ − ݅   ݎݑ݋ݐ݊݋ܿ ℎ݁ݐ ݂݋ ݏݐܿݑ݀݋ݎ݌ ݀݁݀ݎܽܿݏ݅݀ − comes to the contour,0, for the rest;  
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Where ߙ௜଴  is the presence of a useful metal in the initial flow; ߛఈ೔଴   is solid output in the initial current. 

By changing i from 1 to n, we create a system of linear algebraic equations using equations (4),   (5), and solve 
the system and find the functions: 
ఉ೔ߛ   = ଶ଴ߙ,ଵ଴ߙఉ೔൫ߛ  … ,௡଴ߙ, ఈభ଴ߛ , ఈమ଴ߛ , … , ఈ೙଴ߛ ,ଶߚ,ଵߚ, … ௡ߚ, , ,ଵߠ ,ଶߠ … , ఏ೔ߛ     ,௡ ൯ߠ = ଶ଴ߙ,ଵ଴ߙఏ೔൫ߛ  … ,௡଴ߙ, ఈభ଴ߛ , ఈమ଴ߛ , … , ఈ೙଴ߛ ,ଶߚ,ଵߚ, … ,௡ߚ, ,ଵߠ ,ଶߠ … ,    ,௡ ൯ߠ
 

In this case, i varies from 1 to n             i=1,2,..,n . 
If ߚగ  and ߛఉഏ  represent the amount of useful metal in the finished product, then the system of equations is 

determined from the state of material balance according to the following technological scheme: 
 ෍ߙ௜଴గ

௜ୀଵ ఈ೔଴ߛ = ఉ೙ߛ௡ߚ + ఏ೚೘್ߛ௢௠௕ߠ   ,  
(6) 

෍ߛఈ೔଴గ
௜ୀଵ = ఉ೙ߛ + ఏ೚೘್ߛ  .  

                                       (7) 

 
From this system, we create a macromodel to determine the amount of useful metal in the waste products: 

௢௠௕ߠ  = గߚ − ఉഏ ∑ ఊഀ೔బഏ೔సభ ି∑ ఈ೔బഏ೔సభ ఊഀ ೔బ∑ ఊഀ ೔బഏ೔సభ ିఊഁ೙  .                                                     (8) 

 
In terms of the amount of useful metal in the finished concentrate, the macromodel looks like this: 

గߚ        = ௢௠௕ߠ − ఏ೚೘್ఊഇ೚೘್ି∑ ఈ೔బഏ೔సభ ఊഀ ೔బఊഁഏ  .                                                        (9) 

 
The extraction of a useful metal from a similar finished concentrate is determined as follows: 
 

                           ℇ = ఉഏߛగߚ   ∑ ௜଴గ௜ିଵߙ ⁄ఈ೔଴ߛ   .                                                                       (10) 
 

Thus, in the initial stage of modeling, a macromodel is created for the whole process using only the input and 
output parameters of the contours. 

So, in the second stage, a macromodel is created for the local part systems of a multi-state technological process. 

CONCLUSIONS 

The hierarchy of the system under study is represented by the first global mathematical model. Then, using the 
hierarchy structure, the micromodels of the local part systems are derived from the original macromodel. Thus, the 
problem leads to finding the optimal solution of the initial mathematical model. The results obtained using different 
methods are then compared, and the best method that meets the specified criteria is selected. In this case, the high-
level model is built, considering the conditionally optimal solutions of low-level micromodels. In turn, a solution 
found using a high-level macromodel is sent to a lower-level model, and a detailed solution is sought in that model. 
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